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Preface

In the following, I introduce the Lebesgue integral on the real line R using
the method of F. Riesz. Working with increasing sequences of step functions
whose integrals are uniformly bounded above, this method, which is essentially a
special case of the Daniell approach to abstract integration, avoids the somewhat
tedious technical detail about measures that is required in the standard measure-
theoretic introductions to the Lebesgue integral, and thereby enables us rapidly
to reach the key results about convergence of sequences and series of integrable
functions.

The later sections of the notes contain material about the spaces L, (R) of
p—power integrable functions on R; a development of the Lebesgue double inte-
gral, including Fubini’s theorem about the equivalence of double and repeated
integrals; and a discussion of topics in advanced differentiation theory, such
as Fubini’s series theorem and the Lebesgue-integral form of the fundamental
theorem of calculus.

Acknowledgement. These notes arose from material prepared by F.F. Bonsall
and presented by J.C. Alexander to an honours course at the University of
Edinburgh in 1967. I am grateful to those two gentlemen for inspiring my
interest in Riesz’s work on the Lebesgue integral.



1 Compactness

Many results in real-variable theory depend on two fundamental properties of
the real line described in this introductory section.

By a cover of a subset S of R we mean a family U of subsets of R such that
S C UZ/I; we then say that S is covered by U and that U covers S. If also

each U € U is an open subset of R, we refer to U as an open cover of S (in
R). By a subcover of a cover U of S we mean a family F C U that covers S;
if also F is a finite family, then it is called a finite subcover of U.

Although there exist shorter proofs of the next theorem (see the next set
of exercises), the one we present is readily adapted to work in a more general
context.

Theorem 1 The Heine—Borel-Lebesgue theorem. FEvery open cover of
a bounded closed interval I in R contains a finite subcover of I.

Proof. Suppose there exists an open cover U of I that contains no finite
subcover of I. Either the closed right half of I or the closed left half (or both)
cannot be covered by a finite subfamily of U: otherwise each half, and therefore
I itself, would be covered by a finite subfamily. Let I; be a closed half of I that
is not covered by a finite subfamily of &//. In turn, at least one closed half, say
I, of I cannot be covered by a finite subfamily of /. Carrying on in this way,
we construct a nested sequence I D Iy D Is D --- of closed subintervals of I
such that for each n,

(a) |I,] =27™|I] and
(b) no finite subfamily of U covers I,,.

By the nested intervals principle, there exists a point £ € ﬂ I,. Clearly € € 1,
n>1

so there exists U € U such that £ € U. Since U is open, there exists » > 0 such

that if |z — &| < r, then € U. Using (a), we can find N such that if z € I,

then |z — £| < r and therefore z € U; thus Iy C U. This contradicts (b). m

We follow tradition by referring to a bounded closed interval as a compact
interval.

A real number a is called a limit point of a subset S of R if each neigh-
bourhood of a intersects S\{a}; or, equivalently, if for each ¢ > 0 there exists
xz € S with 0 < |z — a|] < €. By a limit point of a sequence (a,) we mean a
limit point of the set {aj,as,...} of terms of the sequence.

A nonempty subset A of R is said to have the Bolzano—Weierstrasz prop-
erty if each infinite subset S of A has a limit point belonging to A.

Theorem 2 The Bolzano—Weierstrasz theorem. FEvery compact interval
in R has the Bolzano—Weierstrasz property.



Proof. See Exercise (1.1,2) below. m

Exercises (1.1)

1

Fill in the details of the following alternative proof of the Heine-Borel-
Lebesgue theorem. Let U be an open cover of the compact interval I =
[a, b], and define

A= {z € I:][a,z]is covered by finitely many elements of U} .

Then A is nonempty (it contains a) and is bounded above; let £ = sup A.
Suppose that £ # b, and derive a contradiction.

Fill in the details of the following proof of the Bolzano—Weierstrasz the-
orem. Given a compact interval I, construct a nested sequence I O I; D
Is D - -+ of closed subintervals of I such that for each n,

(a) |I,] =27"]|I|, and
(b) SN, is an infinite set.

Let £ € m I,,, and show that £ is a limit point of S. (This is one of the
n>1
commonest proofs of the Bolzano-Weierstrasz theorem in textbooks.)

Here is a sketch of another proof of the Bolzano—Weierstrasz theorem for
you to complete. Let I be a compact interval, and S an infinite subset of
I; then the supremum of the set

A={zel:SN(—o0,z) is finite or empty}
is a limit point of S in I.

Let S be a subset of R with the Bolzano—Weierstrasz property, and let
(Zn),>1 be a sequence of points of S. Prove that there exists a subsequence
of (z,,) that converges to a limit in S.

Let S be a subset of R with the Bolzano—Weierstrasz property. Prove that
S is closed and bounded. (For boundedness, use a proof by contradiction.)

Show that the Bolzano—Weierstrasz theorem can be proved as a conse-
quence of the Heine-Borel-Lebesgue theorem. (Let I be a compact inter-
val in R, and suppose that there exists an infinite subset S of I that has
no limit point in I. First show that for each s € S there exists 4 > 0 such
that SN (s—rs, s+71s) ={s}.)

Let f be a real-valued function defined on an interval I. We say that f
is uniformly continuous on [ if to each € > 0 there corresponds § > 0
such that |f(x) — f(2’)| < € whenever z,2’ € I and |z — 2| < 0. Show
that a uniformly continuous function is continuous. Give an example of I
and f such that f is continuous, but not uniformly continuous, on I.



.8 Use the Heine-Borel-Lebesgue theorem to prove the uniform continuity
theorem: a continuous real-valued function f on a compact interval I C
R is uniformly continuous. (For each € > 0 and each z € I, choose 0, > 0
such that if ' € I and |z — /| < 2§,, then |f(z) — f(2')] < /2. The
intervals (z — d,,x + d,;) form an open cover of I.)

.9 Prove the uniform continuity theorem (see the previous exercise) using the
Bolzano—Weierstrasz theorem. (If f: I — R is not uniformly continuous,
then there exists o > 0 with the following property: for each n € N* there
exist @y, yn, € I such that |z, —y,| < 1/n and |f(z,) — f(yn)] = @.)

The proof of the following result about boundedness of real-valued functions
illustrates well the application of the Heine-Borel-Lebesgue theorem.

Theorem 3 A continuous real-valued function f on a compact interval I is
bounded; moreover, f attains its bounds in the sense that there exist points

&, n of I such that f(§) =inf f and f(n) = sup f.

Proof. For each x € I choose §, > 0 such that if 2’ € I and |z — 2'| < 0,
then |f(x) — f(2')| < 1. The intervals (x — §,,z + ), where x € I, form an
open cover of I. By Theorem 1, there exist finitely many points x1,...,zy of T
such that

N
IC U (l‘k—éxk,"l?k—k(sxk).
k=1

Let
c=1+4+max{|f(z1)],...,[f(zn)[},

and consider any point « € I. Choosing k such that z € (2 — 0y, , Tk + 0z, ), We
have

If(@)] < |f(z) = flze)] + | f(2n)]
<1+ |f(z)l
<¢

so f is bounded on I.

Now write
m =inf f, M =sup f.

Suppose that f(z) # M, and therefore f(x) < M, for all x € I. Then x ~
1/(M — f(z)) is a continuous mapping of I into R, and so, by the first part of
this proof, has a supremum G > 0. For each « € I we then have M — f(z) >
1/G and therefore f(x) < M — 1/G. This contradicts our choice of M as the
supremum of f. m



Exercises (1.2)

.1 Prove both parts of Theorem 3 using the Bolzano—Weierstrasz theorem
and contradiction arguments.

.2 Let f be a continuous function on R such that f(z) — oo as x — +oo.
Prove that there exists £ € R such that f(z) > f(¢) for all z € R.

.3 Let f be a continuous function on R such that f(xz) — 0 as x — +oo.
Prove that f is both bounded and uniformly continuous.

Theorems 1, 2, and 3 apply also to sets of the form I x J C R? where I,.J
are compact intervals in R: every open cover of I X J contains a finite subcover;
I x J has the Bolzano—Weierstrasz property; and every continuous function
f:IxJ— Risbounded and attains its bounds.

2 The Lebesgue Integral

By a step function we mean a function f : R—R with the following property:
there exist finitely many points z9p < z; < --- < x, and finitely many real
numbers cg, ..., Cy_1 such that

> f(x) =0 for all z < g and for all x > x,,,
> f(x) = ¢ for each k and all z € (2, Tp41) -

Note that the value of f at xj is not constrained in any way. The integral of
this step function is defined to be

n—1
/f = eIl
k=0
where |Ix| = xk+1 — x denotes the length of the interval (xg, zk11) .

Proposition 4 Let f and g be two step functions such that f(x) = g(x) for all
but finitely many points z. Then [ f = [g.

The proof is left as an exercise. It follows from this proposition that the
integral of a step function is well defined, in that its value does not depend on
the choice of the finitely many points x, that are the endpoints of intervals on
which the function is constant.

Proposition 5 Let f and g be step functions, and let o, 8 € R. Then af + Bg
18 a step function, and the integral is a linear function:

[@r+sg=afr+s s



Moreover, fg, max{f,g},min{f, g},
er = max{f,()},

and

fﬁ = ma‘X{i‘ﬁO}
are step functions. Finally, if f(x) < g(x) for all but finitely many (possibly no)
points x, then [ f < [g.

Exercises (2.1)

.1 Prove Proposition 4.

.2 Prove Proposition 5.

A sequence (f),,-, of step functions is called a Riesz sequence if

> fn(z) < foy1(z) for each n and all z € R, and

> the sequence ( i f”)n>1 is bounded above.
Since the sequence of integrals [ f,, is then both increasing and bounded above,
it converges to a limit [ € R. For each z the sequence (f,.()),,~, of real numbers
is also increasing, but it may diverge to infinity. However, the convergence of the
sequence of integrals suggests that the set of points x at which (f,,(x)) diverges
to infinity is “small” in some sense. A subset A of R is called a null set if
there exists a Riesz sequence (f,) of step functions such that f,(z) 7 oo for
each x € A. It follows immediately that every subset of a null set is also a null
set. We say that a property P(z) of real numbers holds almost everywhere
if there exists a null set A such that P(x) holds for all € R\ A; we then write

P(z) ae.

If S is a subset of R, A is a null set, and P(x) is a property that holds for all
in S\ A, then we say that P(z) holds almost everywhere in S, and we write

P(z) ae. in S.

By the definition of “null set” a Riesz sequence of step functions converges
almost everywhere.

Lemma 6 Let A be a null set. Then for each e > 0 there exists a Riesz sequence
(fn) of nonnegative step functions such that fr,(x) 1 0o for each x € A, and such
that 0 < [ f, < e for each n.

Proof. Choose a Riesz sequence (g,,) of step functions and M > 0 such that



(i) gn(z) T oo for all z € A and
(ii) [ gn < M for all n.

Then (g, — gl)n21 is a Riesz sequence of nonnegative step functions such that
gn(x) — g1(z) 1 oo for each z € A, and such that [ (g, —g1) < M + [ |g1] for
each n. It remains to take

fn

g

:m(gn_gl)'

How small is a null set?
Proposition 7 A countable union of null sets is a null set.

Proof. Let (A4,) be a sequence of null sets. By the preceding lemma, for

each n there exists a Riesz sequence ( ,in)) of step functions that diverges
k=1

=z

to co on A, and that satisfies [ f,g") < 27" for all n and k. Define step functions

fe= B4R+ 1Y k),
Then

fele) = fP @) + -+ ()
< IO @) - @)+ FED (@) = fraa (@)

and
/fk<2—1+2—2+--~+2‘k<1.

So (fk)ps, is a Riesz sequence of step functions. Finally, if = € A, then for
each k > n,

fr(x) > ,ff”(a:) — 00 as k — oo0.

Hence f(x) — oo for all z € U A, m

n>1

Proposition 8 Let (f,) be a sequence of step functions that vanish outside a
proper compact interval I and that decrease to 0 pointwise on I. Then [ f, — 0
as n — oo.

Proof. For each n there is a finite (possibly empty) set D,, of points where
fn is not continuous. Then
D=JDn,

n>1

is countable, say
Dn = {$1,$2,Z‘3, .. } .



We may assume that the endpoints of I belong to D. Choose M > 0 such that
|f1(x)] < M for all z € R. Given € > 0, for each n let .J,, be an open interval of

— o0
length < (2"+1M) ' ¢ that contains z,. Then D C U Jp and Y |J,| < /M.
n>1 n=1
Next, given « € I\ D, choose a positive integer v, such that f,(z) < e/2|I|
for all n > v,. Since z ¢ D, f, is continuous at  and hence, being a step
function, is constant in some open subinterval V, of (the interior of) I containing
z. Thus for all t € V,, and all n > v,

g

The open intervals J, (n > 1) and V, (z € I\D) form an open cover of I, from
which, by Theorem 1, we can extract a finite subcover, consisting, say, of the
intervals J,, (1 <n < N) and Vg, (1 <k < m). Define step functions g1, g2 as
follows:

N

M ifze | Jy
g1 (1’) — n=1

0  otherwise,

e/2I| ifxe | Vg,

0 otherwise.

Then
N o) o] c
n -1 _
/91gMn§_1|Jn|<Mn§_l|Jn|<M§ ("M)te =<

n=1

and, as each V¢, is in the interior of I,

92<L
2|1

v=max{ve,...,ve, }.

e
<3

U Ve
k=1

Let

Then for each n > v, since f, () < g1(z) + g2(z) for each x € I, we have

/fn</91+/92<5.

Since € > 0 is arbitrary, the desired conclusion follows. m

Proposition 9 Let (f,) be a decreasing sequence of step functions such that
lim, o0 fn(x) =0 a.e. Then lim, . [ fn, =0.



Proof. Choose a null set A such that lim,,_. f,(z) = 0 for all z € R\ A.
Given € > 0, use Lemma 6 to find a Riesz sequence (g,,) of step functions such
that g, > 0 and 0 < [ g, < ¢ for each n, and such that g,(z) T oo for each
x € A. Consider the step functions

For each n,

(fns1 = gnt1) = (fo = 9n) = (fosr — fu) + (9n — gn+1) <O,
and 80 0 < hyy1 < hy. Also, since g, > 0, for each © € R\ A we have

0< lim hp(z) < lim fo(x)=0

n—oo n—oo

and therefore h,(2) — 0. On the other hand, for each 2 € A we have

fo(2) = gn(z) < fi(z) — gn(z) <O

for all sufficiently large n; whence h,(x) = 0 for all sufficiently large n. It now
follows that h,(z) — 0 for all x € R. We can now apply Proposition 8 to show
that [ h,, — 0. Since

/h=/%—%H/%</%+a

it follows that lim, .o [ fn < €. Since ¢ > 0 is arbitrary, we conclude that
limn_,ooffn =0. m

Let ET denote the set of all functions that are limits almost everywhere of
some Riesz sequence (f,) of step functions. If f € ET, and (f,) is a Riesz
sequence of step functions such that f(z) = lim, o fn(2) a.e., then we define
the (Lebesgue) integral of f to be

In that case, if g(z) = f(x) a.e., then, as the union of two null sets is a null set,
g(z) =lim, o fn(z) a.e;s0 g € E and [ g =lim, oo [ fn = [ f.

Exercises (2.2)

.1 Prove that (i) any nonempty finite set and (ii) the set of rational numbers
is a null set. Is the empty subset of R a null set (explain your answer)?

.2 Let (f,) and (gn) be Riesz sequences of step functions such that

lim f,(x) > lim g,(z)

n—oo n—oo

10



almost everywhere. Prove that

lim [ f, > lim | g,.

n— 00 n—oo

(Consider the step functions ¢, , = (gm — fn)+. Show that for each m,
f¢m,nH0aanoo.)

Prove that the foregoing definition of the Lebesgue integral of an element
of E1 is a good one—in other words, that

(i) if (gn) is another Riesz sequence of step functions converging to f
almost everywhere, then

lim [ g, = lim / fn
n—oo n—oo
and

(ii) if f is a step function, then its Lebesgue integral coincides with the
integral as we originally defined it.

(For (i) use the preceding exercise.)

Prove that the function defined by f(z) = 1 for all x € R is not in ET.
Hence prove that the complement R\ A of a null set A is not a null set.

Let f,g € ET and let A > 0. Prove that f+g, Af, max {f, g} and min {f, g}
belong to ET, and that [ (A\f+g)=X[[f+ [g.

Now let

L={fi—fr: fr. o €E"}.

The elements of L are called (Lebesgue) summable functions. If fi, fo € ET
and f = fi — fo, define the (Lebesgue) integral of f to be

[i=[n-[s

Exercises (2.3)

.1 Prove that the foregoing is a good definition of the integral of an element

fof L.

.2 Let f,g € L and o, 3 € R. Prove the following.

(i) af+Bg€Land [(af +Bg)=aff+p[g
(ii) If f(z) = 0 a.e., then [ f > 0.

11



Let f,g be summable functions. Prove that max{f, g}, min{f, g}, and
| f| are summable, and that | [ f| < [|f|. (First consider the case where
f, g are both nonnegative.)

Prove that if f is summable, then the functions

min {f,n},max {min{f,n},—n}, and min{|f|,;}

are summable for each positive integer n.

Prove that the Lebesgue integral is translation invariant: if f € L and
y € R, then the function f, defined by f,(z) = f(z +y) is summable, and
[ fy = [ f. (Reduce to the case where f € E.)

Prove that if f is summable and « is a nonzero real number, then h(z) =
f(az) defines a summable function and |a| [h = [ f.

We say that f € L is summable over the subset A of R if the function
fxa belongs to L, where x4 : R—{0,1} is the characteristic function, or
indicator, or A :

1 ifzeA

xa(z) =
0 ifxé¢ A

We then write

| 1= [

If A = Ja,b] is a compact interval, we write

/abf= L

and if, for example, A = (—o0, b], we write

/_boo /= /(_m .

Note that

XAup = max {xa,xs} and

Xang =min{xa,xB}-

For example, we have

Xang(z)=1<z€ ANB
SreAandzeB
< xa(z) =1and xp(z) =1
< min{xa(z),xs(z)} =1.

12



Proposition 10 If f is summable over the subsets A, B of R, then it is sum-
mable over AUB and AN B.

Proof. First consider the case where f > 0. We have
fxaup = max{fxa, fxs} and
fxanp =min{fxa, fxs},

both of which are summable by Exercise (2.3,3). In the general case, set f =
St — f~. Then f* € L, by Exercise (2.3, 3). Since f*xa = max{fxa,0}, the
same exercise shows that f* is summable over A; similarly, f is summable
over B. It follows from the first part of this proof that f* is summable over
both AU B and AN B. Similarly, f~ is summable over AU B and AN B. Hence

fxauB = f+XAuB — f"xausB

is summable, as, likewise, is fxanp. B

Exercises (2.4)

.1 Let f be summable over A and B. Is f summable over A\B?

.2 Prove that if f € L, then f is summable over any bounded interval I in
R. (First consider the case where f is a step function.)

Can we extend the class of summable functions by a method similar to
the one that led us from the step functions to the set L? To consider this
question properly, we call a sequence (f,,) in L a Riesz sequence of summable

functions if f; < fo <--- and the sequence ([ f,), ., is bounded above.

Proposition 11 Let (f,,) be a sequence of elements of E such that f,(x) >0
a.e. and > [ f converges in R. Then there exists f € E' such that Y f,(z) =
n=1 n=1

f(z) ace. and [ f= §1ffn

Proof. For each n choose! a Riesz sequence ( ,En))k of step functions
>1

and a null set A,, such that

=z

(i) limg oo £ (2) = fu(z) for all z € R\A,,
(ii) limkﬁooff,in) = [ fn, and

(iii) ,gn) > 0 for each k.

I This requires a little thought, though not much. Let (gn)n>1 be a Riesz sequence of step
functions converging almost everywhere to f, and take fr, = max{0,gn}.

13



Define the step functions
g ="+ 5P gD 2 ).

Then (cf. the proof of Proposition 7) g; < gi+1. Also, since fi(") T fnasi— oo,

/gi</f1+/f2+---+/fi<n§:1/fn-

Hence (g;) i>1 18 a Riesz sequence of step functions, and so there exist f € E!
and a null set Ay such that g;(z) 1 f(z) for all z € R\Ap and [g; T [ f as

1 — 00. Let -
A= U A,
n=0

which, being a countable union of null sets, is a null set. For each z € R\ A,
f(z) = gi(x)
=@+ 1@+ + (@)
> fi(l)(w) + fi(2) (:B) 4+t fi(”) ((t) (n < Z) )
Keeping n fixed and letting i — oo, we obtain

f@) = fi(@) + - + fol2).

So the series Y fn(x) has partial sums bounded above by f(z).Since

n=1

folz)=1im fM(2) >0 (z€R\A),

71— 00
that series converges to a sum at most f(x) for each x € R\ A. For each such z,

0
£@) = lim gu(e) €3 fula) < £(0)
and therefore "
F@) = o)
Finally, | "
/gz<§:/fn</f,

o0
so, letting i — co, we have [ f= Y [f,. m
n=1
Before extending this result to the set L, we need a lemma.

14



Lemma 12 Let f € L, and let f(x) > 0 a.e. Then for each ¢ > 0 there exist
g.h € EV such that f = g—h, g(z) >0 a.e, h(z) >0 a.c., and [h <e.

Proof. Choose ¢V, h() in ET such that f = ¢ — (). There exists a
Riesz sequence (h,,) of step functions such that

hV(z) = lim hy,(z) ae. and

/h<1> = lim [ hy.

Given 6 > 0, choose N such that fh — [hy < e. Take h = R — hy and
g = g™ — hy. Since hy is a step function, so is —hy, and therefore both g and
hbelongtoET Also, [h < e, h(z) >0 ae., and g(z) = f(z) + h(z) > 0 a..
Finally, f=g—h ae. =

Theorem 13 Lebesgue’s series theorem (first form): Let (f,) be a se-

oo
quence of summable functions such that f,(z) > 0 a.e. for eachn, and > [ fn
n=1

converges in R. Then there exists f € L such that Y fn(x) converges a.e. to
n=1
f(x) and Zlffn =/ I

Proof. Using Lemma 12, choose sequences (¢y,), (1) in ET such that for
each n, f,, = ¢p —n, dn(z) = 0 ace., P, (v )>an and 0 < [ ¢, < 27" Then

the series Z J %n converges by comparison with E 27". Hence, by Proposition

n=1 n=1

11, there exists ¢ € E! such that Z n(x) = P(x) a.e. and Z [n = [
=1

Since ¢n = fr + Un, [0 = ffn + [, and the convergence of the series

> [ fn, > [ 4y, entails that of Z | ¢n. Applying Proposition 11 once more,

n=1 n=1 n=1

we obtain ¢ € ET such that i én(z) = ¢(z) ae. and Z [ én = [ . Since

the union of two null sets is a null set, it remains to take f ¢—1. m

Exercises (2.5)

.1 Prove Lebesgue’s series theorem (second form): If (f,,) is a sequence of

summable functions such that >~ [ |f,| converges, then there exists f € L
n=1
such that > fn(z) = f(z) a.e. and Y. [ fo = [ f.
n=1 n=1

.2 Let f be summable. Prove that [|f| = 0 if and only if f(z) = 0 a.e. (Hint
for “only if”: take f,, = |f| in Theorem 13.)

15



.3 Prove that a null set cannot contain a proper interval.

.4 Let (A,) be a sequence of subsets of R, and f a function that is summable

o0
over each A, such that Y [, |[f| converges. Prove that
n:1 n

(i) f is summable over A = UA”’ and [, [f| < ioj a If1s

n
n>1 n=1

I
18
N
3

~

(i) if also the sets A, are pairwise disjoint, then [, f

We are now in a position to show that the extension process that took us
from the set of step functions to ET and then L cannot be applied, beginning
with L, to extend the class of summable functions.

Theorem 14 Beppo Levi’s theorem: Let (f,) be a Riesz sequence of sum-
mable functions. Then there exists a summable function f such that

> limy, oo fo(2) = f(x) a.e. and
> limy oo [ fo= [ [
Proof. Choose M such that

T F AU

Define the summable functions

gn:fn+1_.fn (n>1)

k
Then g,(z) > 0 a.e. and > gn = fr+1 — f1; 80
n=1

g/gn:/fk+1—/f1<M (k>1).

o0
Thus the series > [ g,, of nonnegative terms has bounded partial sums and so
n=1

o0
is convergent. Applying Theorem 13, we obtain g € L such that > g,(z) =

n=1

g(z) a.e. and i Jgn=[g. Nowlet f =g+ fi € L. Then
n=1
dim (@) = fi(@) + Y gu() = file) +g(x) = f(2) ae.
n=1
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and

lim fn/fﬁi/gn/fﬁ/g/(fﬁg)/f,

n=1

as we required. m

Corollary 15 Let (f,) be a sequence of summable functions such that f; >
fa =+ =0 a.e. Then there exists a summable function f such that f,(z) —

f(z) ae. and [ f,, — [ f as n — co.

Proof. Apply Beppo Levi’s theorem to the sequence (— fn)n> , of summable
functions. m

Exercises (2.6)

.1 Define f(z) = e~**, where « is a positive constant. Prove that f is
summable over [0,00), and calculate [ f. (You may assume something
that we will prove in Section 4: namely, that if f : [a,b] — R is Riemann
integrable, then it is summable and the Lebesgue integral of f equals its
Riemann integral.)

[e°]
.2 Prove that the series > e~n’w converges for each x > 0. Define
n=1

S e ifz >0

0 if x < 0.
Prove that f is summable and that [ f = Y 1/n?
n=1

.3 Let f be a summable function, and J a bounded interval. Use Beppo
Levi’s theorem to prove that f is summable over J. (Consider the sequence
(min{f,gn}),>,, where g,(z) = n if z € J, and g,(z) = 0 otherwise.)
Extend this result to an unbounded interval J. (First take f > 0. Consider
the sequence (fy,), where f,(z) = f(x) if x € JN[-n,n], and f,(z) =0
otherwise.)

.4 Let f be summable, and € > 0. Show that there exists a bounded interval
J such that fR\J |f| < e. (Consider |f|xn, where x,, is the characteristic

function of [—n,n].)

.5 Prove Fatou’s lemma: If (f,) is a sequence of nonnegative summable
functions that converges almost everywhere to a function f, and if the
sequence ( i fn) is bounded above, then f is summable and

/fgliminf/fn.

(Apply Beppo Levi’s theorem to the functions g, = infrs,, fi.)

17



.6 Let (fn),—, be a sequence of nonnegative summable functions such that
fn(x) < fo(x) a.e. for each n. Prove that sup,,, fi is summable for each

n, that
limsup f,, = lim sup f,
k—oo n>k
is summable, and that
limsup/fn < /limsup fn-
nz1

.7 Let (fn) be a sequence of summable functions such that 0 < f,11(x) <
fn(z) a.e. Prove that lim,,_. [ f, = 0 if and only if lim, s fn(z) =0
a.e. (For “only if”, use Corollary 15. For “if’, assume that [ f, — 0,
choose a subsequence (fn,c),621 such that [ f,, < 2=k for each k, and,
using Lebesgue’s series theorem, show that limy_ fn, () =0 a.e.)

Let f, g be functions defined almost everywhere. We say that ¢ dominates
[ 1f(@)] < g(a) ac.

Theorem 16 Lebesgue’s dominated convergence theorem: Let (f,) be a
sequence of summable functions that converges almost everywhere to a function
f, and suppose that there exists a summable function g that dominates each f,.
Then f is summable and [ f =lim, oo [ fn-

Proof. By Exercise (2.6, 6), the functions

9n = Supfk:

k>n

are summable. Moreover, (g,) is a decreasing sequence that converges to f
almost everywhere. Since [ (—g,) < [ g, we can apply Beppo Levi’s Theorem
to the sequence (—g,), to show that f is summable and that [g, — [ f.
Replacing f by —f in this argument, we see that [ h, — [ f, where

hyp = ligifk

/Mg/hé/%

and therefore [ f, — [f. =

Finally, h, < f, < gn, so

Exercises (2.7)

.1 Prove that if f is summable, then [min{f,n} — [ f as n — oco. (Note
that min { f,n} is summable, by Exercise (2.3, 4).)
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.2 Let f be a summable function, and for each positive integer n define
fn =max{min{f,n}, —n}.
Prove that [ |f — f.| — 0 as n — oc.

.3 Give two proofs that if f is a summable function, then [ min {|f| , %} —0
as n — oo.

.4  Give an example of a sequence (f,) of summable functions such that
fn(z) = 0 ace., lim,_.o [ fn = 0, but there is no summable function that
dominates each f,.

.5 Let f € L and define g(z) = ffoo f. Prove that ¢ is continuous on R.
(Hint: Given zy € R, show that g is sequentially continuous at zg : that
is, that if (x,) is a sequence converging to xg, then g(z,) — g(z). To do
this, consider f, where f,(z) = f(z) if z < x,, and f,(z) = 0 otherwise.)

.6 Let f be summable, and let a < b. Suppose that f:f = 0 for each
x € [a,b]. Prove that f(xz) = 0 a.e. in [a,b]. (Hint: choose a strictly
increasing sequence (x,,) of points of (a,b) converging to b, and consider

fn = fX[a,zn]')

.7 Let f be a real-valued function on R that has a bounded derivative f’ on
an open interval containing the compact interval [a,b]. Prove that f’ is

summable over [a,b] and that f; f'= f(b) = f(a). (Consider the functions

(s (o0 ) - s09),

where n is a positive integer. Once again, you will have to anticipate the
connection between Riemann and Lebesgue integrals. Also, you will need
to use some results from elementary calculus.)

The following result provides an alternative criterion for summability.

Proposition 17 Let f be a real-valued function defined almost everywhere.
Then f is summable if and only if there exists a sequence (fy) of step func-
tions such that

(i) For each e > 0 there exists N such that [ |fm — fn| < & whenever m,n >
N; and

(i) fu(z) — f(z) a.e.

In that case, [|f — ful — 0 as n — oo.
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Proof. We prove “if’; the converse is left as an exercise. Accordingly,
assume (i) and (ii), and choose a null set A; such that f,(z) — f(z) for all
x € R\A;. Compute a strictly increasing sequence (ny) r>1 Of positive integers
such that for each k,

/|fm—fn|<2‘k (m.n > ng). (1)

Then [ |fas, — fre| < 27% and so the series i S | frnss = fnr| converges, by
k=1

o0
comparison with > 27%. It follows from Lebesgue’s series theorem that there
n=1

exist a summable function ¢ and a null set Ay such that Z |fnk+1( ) = [z )’
converges to ¢(x) for all z € R\As. Then A=A; UAsis a null set, and for all
x € R\ A the series Z (frgss (@) = fa,(2)) converges and

k=1

Fun (@) D (Fa (@) = fu (2)) = lim fo, (2) = f(2).
k=1
Hence f is the limit a.e. of the summable functions
K
2 fo (@) Y (Frr (@) = (@) (K =1,2,---).
k=1

Since each of these functions is dominated by the summable function |f,, |+
|¢|, we conclude from Lebesgue’s dominated convergence theorem that f is
summable.

The proof of the final part of the proposition is left to the next exercise. m
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Exercises (2.8)

.1 Under the hypotheses of Proposition 17, prove that [|f — f,| — 0 as
n — oo.

.2 Prove the following converse of Proposition 17: If f is summable, then
there exists a sequence (f,,) of step functions such that [|f — f,| — 0

and fp(z) — f(z) a.e.

3 Null Sets Revisited

A subset of R is said to have measure zero, or to be of measure zero, if for
each € > 0 it can be covered by a sequence (), -, of (possibly empty) intervals

(o]
such that Y |I,| <e.
n=1

Proposition 18 FEvery null set has measure zero.

Proof. Let A be a null subset of R, and choose a Riesz sequence (f,) of
step functions such that f,(t) T oo for each t € A, f, > 0 for each n, and
0< f fn < 1 for each n. Given ¢ > 0, consider the sets

An:{xeR:fn(x)>1} (n>1).

€

Clearly,
Ac | JA, and A, C Ay (1)

n=1

Also, since each f, is a step function, each A,, is the union of a finite number
of disjoint (possibly degenerate) intervals. For each of the intervals I that make
up A, in this way we have x; < efy,; so the total length of these intervals is

il <e [ f<e
Next, define
Bl = Al; Bn = An\Anfl (n 2 2) .

Then B,, is a finite union of disjoint (possibly degenerate) intervals, and

k
UBn=4 (k>1).

n=1

Hence, by (1),
B, = JA. > A

n>1 n>1
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Further, the total length of the disjoint subintervals that compose B, is
|Bn| = |An| - |An—1|a
SO

k
Y IBul =14kl <e (k=1
n=1

oo
and therefore Y |B,| converges to a sum < e. Since ¢ > 0 is arbitrary, we
n=1
conclude that A has measure zero. ®
Why do we introduce the sets B,, in the foregoing proof? We do so because
although A is covered by the sets A,,, the series of lengths of the disjoint intervals

making up all the A,, need not converge: since the set A,, are not necessarily
disjoint, some of those intervals might appear infinitely often in the series.

Proposition 19 Fvery set of measure zero is a null set.

Proof. Let A be a set of measure zero. For each positive integer n, A is
covered by a set A,, that is a union of a sequence (J, ) of disjoint intervals
with total length at most 1/n. Define

S={)A4n

n=1

k>1

k
Se=[)4n (k>1).
n=1

The characteristic function of Sy, is

Xk:min{XAl,---aXAk}7

and it is easily seen that

xs(z) = lim xi(x). (1)
k—oo
i
Now let x,,; be the characteristic function of |J J, , which is a step function.
k=1

We have

Xni < Xnyiv1  (121),

Jim xn,i(z) = xa,(z) (2 €R),

and

[
/Xn,i < Z | Tkl < 1/m (i >1).
k=1
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Hence (Xn,i)i>1 is a Riesz sequence of step functions converging almost every-
where to x4, ; 50 x4, € ET and

0< /XA,,, = lim /Xn,i <
11— 00

It follows that x,, is summable and that

1
0</xn</x,4"<g.

Since also xr = Xk+1, we can apply Corollary 15 to show, with reference to (1),

that xs € L and that
0</X5:klim /Xk:0~

As xs = 0, it follows that xs(z) = 0 almost everywhere. So S is a null set;
whence A, being a subset of a null set, is a null set. m

s |-

The following exercises are designed to show that not all null sets are count-
able.

Exercises (3.1)

.1 Let C be the Cantor set—that is, the subset of [0, 1] consisting of all

(oo}
numbers that have a ternary (base 3) expansion Y a,3™" with a, €
n=1

{0,2} for each n. Prove that if a,b are two elements of C' that differ in
their mth ternary places, then |a — b > 37™.

.2 With C as in the previous exercise, prove that [0, 1] \C is the union of a
sequence (Jn)n21 of non-overlapping open intervals whose lengths sum to
1, and that C' has measure zero.

.3 Foreachz= > a,37™ € C define

n=1

oo
F(z) = Z a,2 " L
n=1

Prove that this is a good definition of a function F' : C — R. Prove also
that F is increasing, continuous, and maps C into [0, 1]. Hence prove that
C' is uncountable.

23



4 Riemann and Lebesgue Integrals

We now recall the basic definitions of Riemann integration theory. By a parti-
tion of a compact interval I = [a, b] we mean a finite sequence P = (g, Z1,...,Tn)
of points of I such that

The real number
max{x;1 —2;: 0<i<n—1}

is called the mesh of the partition. Loosely, we identify P with the set {zo, ..., z,}.
A partition @ is called a refinement of P if P C Q.
Now let f: I — R a bounded function, and for 0 < ¢ < n — 1 define

mi(f) =inf{f(z) : z; <z < @it}
M;(f) =sup{f(z): @ <z <w@it1}.

The real numbers

n—1
L(f,P)=>_ mi(f) (zip1 — =),
=0

n—1

U(f, P) = Mi(f) (i1 — )
=0

are called the lower sum and upper sum, respectively, for f and P. Since
(b—a)inf f <L(f,P) <U(f,P) < (b—a)sup f,

the lower integral of f,

b
/ f =sup{L(f,P): P is a partition of [a,b]},

and the upper integral of f,

b
/ f=mf{U(f, P) : P is a partition of [a,b]},

/abf < /abf- (1)

To see this, first observe that if P’ is a refinement of a partition P, then?

exist. Moreover,

L(f,P)<L(f.P)<U(f,P") <U(f,P);

2This is easily proved: first consider the case where P’ is obtained by adding one point to
the partition P.
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so if @ is any partition, then

L(f,P) < L(f,PUQ)<U(f,PUQ) <U(f,Q).

Thus every lower sum for f is less than or equal to every upper sum, from which
(1) follows.

We say that f is Riemann integrable over [ if its lower and upper integrals
coincide, in which case we define the Riemann integral of f over I to be

== (s
/}; /ab /ab
/baf=—/abf
R R

when f is Riemann integrable over [a, ] .

We also define

Theorem 20 Let f : [a,b] — R be Riemann integrable, and extend f to R by
setting f(z) =0 if  <a orx >b. Then f is summable, and [ f = [ f.
R

Proof. With the partition P as above, define step functions gp, hp on R as

follows:

gp(r) = muya(f) fx=2,=0

0 ifx <aorxz>b,

Mz(f) if T << Tit1

hp(x)=¢ Mu_1(f) fz=z,=0b

0 ifx <aorxz>hb.
Then gp < f < hp and

/gp=L(f7P)</abf=/abf<U(f,P)=/hp-

Since f is Riemann integrable, we can choose a sequence (Pn)n21 of partitions
of I such that for each n,

[on. =ris.P) < /b f = /abf <U(.P) = [,

1
/(th —gp,) < -

25
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Define step functions

¢n =max{gp,,gpr,,---, 9P, } »
Y, =min{hp,hp,,...,hp,}.

Then for each n,

gp, < ¢n < ¢n+1 < f < ’l/)n+1 < ’l/)n < tha

/%s/ff:/abmfw, (1)

0 < /(wn - ¢n) g /(th - an) < % (2)

It follows from (1) and (2) that

and

n—oo n—o0

lim [ ¢, = af = lim [ 9y,.
h

Since fgbn < f hp, for each n, we see that (¢,,) is a Riesz sequence of step
functions; whence there exist a null set A and a function ¢ € E' such that
lim,, 00 ¢n(x) = P(x) for each z € R\ A, and

lim [ ¢, = / o. (3)

n—oo

Similarly, (—1,,) is a Riesz sequence of step functions, and so there exists a null
set B C R and a functions 1 such that —1 € ET, lim,, o ¥, (z) = () for
each z € R\B, and lim,, . [, = [¢. Now, 9, — ¢, is summable,

0 < 'l/}n+1 - ¢n+1 < 'I/Jn - (bn?

and [ (¢, — ¢n) < 1/n. By Exercise (2.6,7), there exists a null set C' such that
limy,— 00 (Y0 () — Ppn(z)) = 0 for all z € R\C. Then

S=AuBUC
is a null set, and for all z € R\S,
¥(z) = ¢(z) < f(z) < P(2)
and therefore f(z) = ¢(x). Thus f is summable (in fact, both f and —f are in

ET and, by (3), .
Jr=[o=tm [e.= [ 1
R

26



The converse of Theorem 20 is false. Define f : [0,1] — {0,1} by

[0 ifze0,1]nQ
f(x)_{ 1 ifze[0,1]\Q.

Then f: f=0and fab f =1,s0 f is not Riemann integrable. However, extending

f by setting f(xz) =0if z < 0 or z > 1, we see that f(z) = 0 a.e.; whence f is
summable and [ f = 0.

Exercises (4.1)

.1 Let f: R — R be nonnegative, bounded, and (extended) Riemann inte-
grable over R in the sense that

oo n
f= lim
— 0o n—0oo —n

R R
exists. Prove that f is summable and that [ f = [~ f.

.2 Show that the hypothesis that f is nonnegative cannot be omitted from
the preceding exercise. (Hint: Take f(z) = (—=1)" /nforn—1<z <n.)

.3 Let F be continuous on R, and let a < b. Prove that for each x € [a,b],

nfj+%F—>F(m)asn—>oo.

.4 Let f and f, (n > 1) be Riemann integrable over [a,b]. Suppose that
fn < foga for each n, and that lim,, . fr(x) = f(z) for each x € [a,b].
Prove that fffn — fabf as n — oo. (Note that we need to include the

R R
hypothesis that f is Riemann integrable here; without it, we could prove

is that f is summable, but not necessarily that it is Riemann integrable.)

Is there a convenient characterisation of Riemann integrability? To find one,
we need some definitions and lemnlas. We first introduce the limit inferior
f I — R and the limit superiorf : I — R of a bounded function f, defined
by

i(x)zléig)linf{f(t):teIﬂ(x—5,x+5)},

?(m)zlgﬁlsup{f(t):te[ﬂ(w—é,x—&—d)}.

These are well defined. For example, if 6 > 0, then for each = € I, as f is
bounded,
Ms(z) =sup{f(t):telIn(z—3dz+9)}

exists; moreover, M;(x) is an decreasing function of ¢ and is bounded below by
inf {f(t) : t € I'}. Hence f(z) = lims)o Ms(x) exists; a similar argument shows
that f(x) exists.
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Lemma 21 Let f : [a,b] — R be bounded, and zo € [a,b]. Then f is continuous

at o if and only if f(xo) = f(z0) = f(20)-
Proof. Exercise. m

Lemma 22 If f : [a,b] — R is bounded, then ?,i are summable over [a,b],
b b b b
fai:fif’ a’ndfai:faf'

Proof. Let (P,) be a sequence of partitions of I = [a,b] whose meshes tend
to 0 as m — oo, and let A be the set of all partition points in U P,,. Then A,

n=1
being countable, is a null set. Given = € I\ A and n > 1, we can find an interval
Jp, of the partition P, such that = € J2. Let §,, be the maximum, and let 8/, be
the minimum, of the distance from z to the end points of J,. For each positive
0 set

Ms(z) =sup{f(t):telIn(z—¥5z+9)},
ms(x) =inf {f(t):teIn(z—3dxz+4)}.

Then

M‘S% (1‘)

ms, ()

sup{f(t) :t € J.} < Ms, (z),

< < M,
<inf{f(t):t € Ju} <ms (7).

Since d§,, — 0 and §/, — 0 as n — oo, we conclude that

F(@) = lim sup{f(z): € J},
f(z) = lim inf{f(z):z € J,}.
For each partition P : a = g < 1 < ... < z, = b define step functions
¢Pa¢P by
b0 (z) = mi(f) fl<i<nandz;i_; <z<a;
P\ = 0 if x = x; for some i or x < a or x < b,

Vp(z) = M;(f) fl1<i<nandz;1 <zx<ua;
P\ = 0 if £ = x; for some i or x < @ or x < b.

Then for each x € T\ A we have

f(z) = lim ¢p, (x),

n—oo

f@) = lim ¢p, (z).

To see this, let € > 0 and choose §. > 0 such that if 0 < § < d, then 0 <
M;(z) — f(z) < e. There exists a positive integer N such that mesh (P,) < d.
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for all n > N. Let n > N, and let (zx_1,xx) be the partition interval for P,
that contains z. Then (zx_1,zx) C (x — dc,x + 0c) , SO

and therefore

0 < vp, () = f(z) = My — f(2) < My, (2) — f(z) <e.

The summable functions ¢p,_ , ¥ p, are dominated by the summable step func-
tion F' defined by

_ up{|f(@t)|:tel} ifzxel
F@%‘{;p ifz ¢l

Hence, by Lebesgue’s dominated convergence theorem, the functions f and 1,
extended by setting them equal to 0 outside I, are summable,

/f=n1LH;o/¢pn=[)f,
/f=nliggo/wpn=/abf-

Theorem 23 A bounded function f is Riemann integrable over the compact
interval I = [a,b] if and only if it is continuous almost everywhere in I.

and

Proof. We see that since f > s

b T b
f is Riemann integrable @/ f :/ f

b b
@/i:/f by Lemma 22

which, by Lemma 21, holds if and only if f is continuous a.e. in /. =

Exercises (4.2)
.1 Prove Lemma 21.

.2 Use Theorem 23 to give an alternative proof of Theorem 20.
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Proposition 24 Integration by Parts: Let f,g be summable over the com-
pact interval [a,b], and let

w)=/;f7 G<x>=/:g (a<e<h).

Then Fg and fG are summable over [a,b], and

/ab Fg+ /ab G = FH)G ).

Proof. In the trivial case where f(z) = ¢; and g(z) = ¢o are constant for
all z € [a,b], we use Theorem 20 to show that

/Fgf/clcg T —a) dxf*0162 bfa /fG

and hence that

b b
/ Fg +/ G = ciey (b—a)® = F(b)G(b).

The desired conclusion now follows in the case where f,g are step functions
that vanish outside [a, b] . In the case of general summable functions f, g we use
Proposition 17 and Exercise (2.8,1) to construct sequences (f,), (gn) of step
functions such that f,(z) — f(z) a.e., go(z) — g(x) ae., [|f — fu] — 0, and
[ 19— gn| — 0 as n — co. For each n write

[5fn ifa<az<b
Fn(x) = )
0 otherwise,

faxgn ifa<z<b
Gn(z) =

0 otherwise.

By (an obvious variant of) Exercise (2.7,5), F, and G,, are both continuous,
and hence Riemann integrable, on [a, b] . Since g, is a step function and therefore
continuous a.e., the function Fj,g, is Riemann integrable, and hence summable
(Theorem 20), over [a, b] . Similarly, f,,G,, is summable over [a,b] . Now, for each
x € [a,b],

|F(2) = Fu(2)| =

</:|f—fn|</|f—fn—>0%n—>00

< [1n.,

and

[Fn ()] =

x
fn
a
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with similar inequalities holding for |G(x) — G, (x)| and |G, (z)|. Thus

[F(2)9(z) + f(2)G(x) = (Fa(2)gn(2) + fo(z)Gn(2))|
< |F(2) = Fu(2)lg(@)] + [Fa(2)] lg(2) — gn(2)]
+f(@)]G(z) = Gu(@)] + [ fa(x) = ()] |Gn()]

<lo@ [1 =l +lo@) @] [ 15+ 1@ [ lg = g0
@) = £ [ lan

and so

/b (Fg+ fG) — /b (Fngn + fnGy)

<a</|g|) /f;n+ (f1a-a) [15
(1) flo=aut+ (f16- 1) [ 100
= (J1at+10) 1= st ( [11+150) [19-anl

But |[g| = [gnl| < |g = gnl, so

/Ignl—lgl'</lg—gn|—>0

—that is, [|gn| — [lg|. Similarly, [ |f.| — [|f|. It follows that for all suffi-
ciently large n we have

(fi1+1anl) [15 =5+ ([11+151) [19- 0
<(12f1al) [1r= s+ (12 f17) [la-anl = 0250 .

Thus
b b
[ o560 [ (gt 16 0 25—,
and so
b b
/ (Fg+ fG) = HILH;O/ (Fngn + fnGn)
= lim F,(0)G,(b) (by the step-function case)
= F(b)G(b).
[
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5 Measurable functions

Let f be a real-valued function defined almost everywhere on R. We say that f
is measurable if it is the limit a.e. of a sequence of step functions.

Proposition 25 A function f is measurable if and only if it is the limit a.e.
of a sequence of summable functions.

Proof. Since step functions are summable, “only if” is trivial. Conversely,
suppose that f is the limit a.e. of a sequence (f,) of summable functions.
By Proposition 17, there exists a sequence (g,) of step functions such that

o0
J|fn —gn| < 27" for each n. Then > [|f, — gn| converges, by comparison
(o] n=t o0
with > 27" so, by Lebesgue’s series theorem, > |fn(x) — gn(z)| converges
n=1 —1

a.e. Hence lim,_,o (fn(z) — gn(x)) = 0 a.e. Since the union of two null sets is
null, it follows that g, (z) — f(z) a.e.; whence f is measurable. m

Exercises (5.1)

.1 Prove that any summable function is measurable. Give an example of a
measurable function that is not summable.

.2 Prove that if f and g are measurable, then so are the functions f+g¢, f —
g, max{f,g}, min{f, g}, and [f|.

.3 Prove that a continuous function f : R—R is measurable.

The following result provides a very useful test for summability.

Theorem 26 A measurable function dominated by a summable function is sum-
mable.

Proof. Let f be a measurable function, g a summable function, and A; a
null set such that |f(z)| < g(z) for all x € R\A4;. Choose a sequence (f,) of
summable functions and a null set As such that lim, . fr(z) = f(z) for all
x € R\Ay. Then A = A; U A, is a null set. Define

gn = max {—g,min{f,,g}}.

Then g, is summable, by Exercise (2.3,3), and for each z € R\ A4, |g,(z)| < g(x)
and

lim g, () = max {—g(x), min {f(x), g(x)}} = f(z).

n—oo

Since g is summable, so is f, by Lebesgue’s dominated convergence theorem. m

Exercises (5.2)
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.10

Prove that a measurable function f is summable if and only if | f| is sum-
mable.

Prove that a summable function is summable over any interval.

Let (fn) be a sequence of measurable functions that converges almost
everywhere to a function f. Prove that f is measurable. (For each k
define the step function g by
kE if—k<z<k
gr(z) =
0 otherwise.
First prove that max {—g, min {f, gr}} is summable.)

Let f be measurable, and p a positive number. Prove that |f|” is measur-
able.

Give an example of a measurable function f which is not summable even
though f? is summable.

Give two proofs that a product of measurable functions is measurable.
(For one proof use Exercises (5.1,2) and (5.2,5).)

Let f be measurable, and nonzero almost everywhere. Prove that 1/f is
measurable. (First consider the case where f > ¢ almost everywhere for
some positive constant c. For general f > 0, consider f,, =1/ (f +n7').)

Let 1 < a < 2, and define

z” %sinx ifx >0

fz) =

0 if x <0.
Prove that f is summable.

Prove the Riemann—Lebesgue lemma: If f is a summable function,
then the functions x ~ f(z)sinnz and = ~ f(x)cosnz are summable,
and

lim [ f(z)sinnzdr=0 and lim [ f(z)cosnxdx =0.

n—oo n—oo

For each positive integer n let f, : [0,1] — R be defined by

n=2z=1/2 cos (nx_l) ifx#0

fn(z) =
0 if z =0.

o0

Prove that f, is summable over [0,1], that the series Y f,(z) converges
n=1

almost everywhere to a function f that is summable over [0, 1], and that

i;fol fn = fol I
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.11 Let f be a summable function, and g a bounded summable function such
that lim,—, oo g(x) = 0 = lim,_, g(z) almost everywhere. Prove that
the function h : & ~~ g(z) f(x/n) is summable for each positive integer n,
and that lim, o = [ h = 0. (Hint: See Exercise (2.3,5).)

Proposition 27 Let f be a measurable function, and ¢ : R — R a continuous
function. Then p o f is measurable.

Proof. Choose a sequence (f,,) of step functions, and a null set A, such that
fn(z) — f(z) for all z € R\ A. For each n define

gn = (bofn _¢(0)

Then g, is a step function and so is measurable. On the other hand, the constant
function z ~» ¢(0) is measurable (why?); so ¢o f,, is measurable, as the difference
of two measurable functions, by Exercise (5.1,2). The continuity of ¢ ensures
that ¢ o f(z) — ¢ o f(x) for each z € R\A. It follows from Exercise (5.2, 3)
that ¢ o f is measurable. m

A subset A of R is called a measurable set (respectively, integrable set)
if x4 is a measurable (respectively, summable) function. A measurable subset
of an integrable set is integrable, by Theorem 26.

If A C R is integrable, we define its (Lebesgue) measure to be p(A) = [ xa.
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Exercises (5.3)

.1 Let A, B be measurable sets. Prove that AU B, AN B, and A\B are
measurable.

.2 Let (A4,,) be a sequence of pairwise disjoint measurable sets. Prove that

(i) U A,, is measurable;

n=>1

(ii) if > wu(A,) is convergent, then U A,, is integrable, and
n=1

n>1

M UATL = Z/”'(A")
n=1

n=1

.3 Prove that any interval in R is measurable.

.4  Let f be a nonnegative summable function. Prove that for each € > 0
there exists § > 0 such that if A is an integrable set and p (A4) < 4, then

Jaf<e.
.5 Let B be the smallest collection of subsets of R that satisfies the following

properties.

— Any open subset of R is in B.
— If A € B, then R\A € B.

— The union of a sequence of elements of B belongs to B.

The elements of B are called Borel sets. Prove that any Borel set is
measurable.

If ¢ is a binary relation on R and f, g are functions defined almost everywhere
on R, we define

[FOgl ={z eR: f(z)0g(a)}.
So, for example,

[f >gl={zeR: f(z) >g(z)}.

We also use analogous notations such as
[a<f<b)={zeR:a< f(z)<b}.

Just as the measurability of a set is related to that of a corresponding (char-
acteristic) function, so the measurability of a function is related to that of certain
associated sets.

Proposition 28 Let f be a real-valued function defined almost everywhere.
Then f is measurable if and only if [f > r] is measurable for each r € R.
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Proof. Suppose that f is measurable, let » € R, and for each positive
integer n define

FTET
»t(f=r)7
Since the functions ¢ ~» tT and
£ %
Tt

are continuous on R and R°T| respectively, we see from Exercises (5.1,3) and
Proposition 27 that f, is measurable. But

nleréo fn = X[[f > 7] a.e.,

so [f > r] is measurable, by Exercise (5.2, 3).

Now assume, conversely, that [f > r] is measurable for each r € R. Given
a positive integer n, choose real numbers

cees T2, T—-1,70,T1,72, - .-
such that 0 < rg11 — 7 < 27" for each k. Then
[ri—1 < f<re]l =[f > re—1]\lf > 7]

is measurable, by Exercise (5.3, 1); let xj denote its characteristic function. The

function
oo
fn = Z Tk—1Xk

k=—o00

is measurable: for it is the limit almost everywhere of the sequence of partial
sums of the series on the right-hand side, and Exercises (5.1,2) and (5.2,3)
apply. To each z in the domain of f there corresponds a unique k such that
rr—1 < f(x) < rg; then

0< f(x) - fn(x) <rp—rp—1 <27

Hence the sequence (f,) converges almost everywhere to f, which is therefore
measurable, again by Exercise (5.2,3). ®

The exercises in the next set extend the ideas used in the proof of Proposition
28.

Exercises (5.4)

.1 Let f be a function defined almost everywhere on R. Prove that the fol-
lowing conditions are equivalent.

(i) f is measurable.
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r] is measurable for each 7.

[z

f < r]is measurable for each r.
f < r] is measurable for each r.
U

) [
i) [
) [
) [

(v f < R] is measurable whenever r < R.

In the notation of the second part of the proof of Proposition 28, prove
that if f is nonnegative and summable, then each f, is summable and

Let f be a nonnegative measurable function vanishing outside the interval
[a,b]. For the purpose of this exercise, we call a sequence (r,)22, of real
numbers admissible if ro = 0 and there exists 0 > 0 such that 7,41 — 1, <

§ for all n; and we say that the series Z rai(EyR) corresponds to the

admissible sequence, where F,, whose characterlstlc function we denote
by Xn, is the measurable set [r,—1 < f < r,]. Suppose that this series
converges. Let (77,)22, be any admissible sequence for f, and let x/, be
the characteristic function of E!, = [r],_; < f < r]. Prove that

[ee] [ee]
(i) the series > 7/ _;x, and > r,x, converge almost everywhere to
n=1 n=1
summable functions,

o0 o0
(i1) > rh_1xh < f < DD raxn almost everywhere,

n=1 n=1
(iii) the series > 7/ _ u(E!) and S r,u(FE,) converge, and
n=1 n=1

o0

() 3 v an(E) < 3 By,

(o]

Hence prove that if > r,u(E,) converges for at least one admissible
n=1

sequence (r,,), then f is summable, and [ f is both the infimum of the set

{irnu(En) : (1) is admissible, Vn (E,, = [rn—1 < f < rn]])}
n=1

and the supremum of the set

{Z Tn—1(Ey) @ (1) is admissible, Vn (E, = [r,—1 < f < Tn]])} )

n=1

(Lebesgue’s original approach to his new theory of integration [7, 8] was
based on the ideas of this exercise. He first defined notions of measure
of a set and measurable function. Given a bounded measurable function
f on a measurable subset E of a compact interval [a, b], he then formed

37



sums analogous to > rpu(Ey,) and > r,_14(E,), and showed that the
=1 1

n= n=
infimum of sums of the first type equals the supremum of sums of the
second; the common value of the infimum and supremum is precisely the
Lebesgue integral of f.)

By a simple function we mean a finite sum of functions of the form cy,

where ¢ € R and x is the characteristic function of an integrable set. Let
f be a nonnegative summable function. Show that there exists a sequence
(frn) of simple functions such that

(i) 0 < fn < f for each n,

(i) f= § frn almost everywhere, and
n=1
(iii) [ f = i:;lffn.

(First reduce to the case where f is nonnegative and vanishes outside a
compact interval. Then use the preceding exercise to construct fj induc-

k
tively such that [ (f— D fn) <27k)
n=1

This exercise relates our development to axiomatic measure theory, which
is based on primitive notions of a “measurable subset” of a set X and the
“measure” of such a set, and in which the integral is often built up in the
following way. First, define a function f : X — R to be measurable if

[f < a] is a measurable set for each o € R. Next, define the integral of
N

a simple function > ¢,Xa4,, where the measurable sets A,, are pairwise
=1
N n
disjoint, to be > cpu(A,). If f is a nonnegative measurable function, then
n=1

define its integral to be the supremum of the integrals of simple functions
s which satisfy 0 < s < f on the complement of a set whose measure is 0.

Are all subsets of R measurable? No: the axiom of choice (Appendix) ensures

that non-measurable sets exist.> To show this, following Zermelo, we define an
equivalence relation ~ on (0,1) by

x ~yif and only if x —y € Q.

Let © denote the equivalence class of x under this relation. By the axiom of
choice, there exists a function ¢ on the set of these equivalence classes such that

o(x)ex (ze(0,1)).

3Solovay has shown that there is a model of Zermelo-Fraenkel set theory, without the
Axiom of Choice, in which every subset of R is Lebesgue measurable.
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Let
E={¢(z):z€(0,1)}.

Note that if ¢ (&) ~ ¢(2'), then ¢ (&) € @'; whence =’ ~ ¢ (&) € &, 2’ ~ = and
therefore & = @’. Now let 71,73,... be a one-one enumeration of QN (—1,1),
and for each n define

E,=FE+r,={y+r:y€E}.
We prove that
(a) for each z € (0,1) there exists r € Q N (—1,1) such that x € E + r;
(b) if 7, < 7y, then B, NE, = @.

First, observe that for each z € (0,1) we have x ~ ¢(&); whence  — ¢(z) € QN
(—1,1) and therefore (a) holds. On the other hand, if r,, < r,, and z € E,,NE,,
then there exist y, z € F such that

Y+rm=T=2z+r,.

Hence y — z =1, —ry, # 0; so y ~ z and y # z, which is absurd since y,z € E.
This proves (b).

Now suppose that E is measurable and hence integrable; then each FE, is
integrable and, by Exercise (2.3,4), has measure p(E). Since (E,),., is a

o0
sequence of pairwise disjoint subsets of (—1,2), the partial sums of > u(E,)
n=1
are bounded by 3; so > u(E,) converges. It follows from Exercise (5.3, 2) that
n=1

U E, is integrable and has measure Y p(E,) = Y. pu(E). This is impossible
n=1

n>1 n=1

unless u(E) = 0, which must be the case. Hence p U E, | =0. But, by (a),

n=1

(0,1) C U E,, sopu UE" > 1. This final contradiction shows that E is

n>1 n>1
not measurable.

6 The L, Spaces

In this section we introduce certain infinite-dimensional Banach spaces of sum-
mable functions that appear very frequently in many areas of pure and applied
mathematics. For convenience, we call real numbers p, ¢ conjugate exponents
ifp>1,¢g>1,and 1/p+1/q=1.

We begin our discussion with an elementary lemma.
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Lemma 29 If x,y are positive numbers and 0 < a < 1, then
Y7 <ax+ (1 - a)y.
Proof. Taking u = z/y, consider
flw)=u*—au—1+a.

We have f/(u) = a(u®"! — 1), which is positive if 0 < u < 1 and negative if
u > 1. Since f(1) = 0, it follows that f(u) < 0 for all w > 0. This immediately
leads to the desired inequality. =

Lemma 30 Let p,q be conjugate exponents, and f,g measurable functions on
R such that |f|” and |g|? are summable. Then fg is summable, and Holder’s

inequality ,
1/p 1/q
s < (1) ([1a) &
holds.

Proof. We first note that if [|f|” = 0, then |f|” = 0 almost everywhere;
so f = 0, and therefore fg = 0, almost everywhere. Then fg is summable,
[ fg =0, and (1) holds trivially, as it does also in the case where [ |g|? = 0.
Thus we may assume that [|f|” > 0 and [|g|? > 0. We then have, almost

everywhere,
/4] _ ( N >/< g/ )”q
(LI (flgte NS 19l

| f1” lg|?
N IARITE

(where the last step uses Lemma 29), so

sol<(fu 'p>w (/ 'g'q>1/q <p|ff||;|” tar o) @

Now, fg is measurable and the right-hand side of (2) is summable. Hence, by
Theorem 26, fg is summable and

ol (o) " (o) G+

from which (1) follows. m

Proposition 31 Letp > 1, and let f, g be measurable functions on R such that
|fI? and |g|’ are summable. Then |f + g|’ is summable, and Minkowski’s

inequality
1/p 1/p 1/p
(firear) "< (fr) "+ (f1ar)
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Proof. Clearly, we may assume that p > 1. Now, |f + g|” is measurable, by
Exercise (2.3.3:5). Since

If + 91" < (2max{|f],[g]})" <27 (IfI" + 1g/")

and the last function is summable, it follows from Theorem 26 that |f + g|”

is summable. The functions |f| and |f 4+ g["~' are measurable, by Exercise
(5.2,4), and

(1F+9lP7) =17+ € Li(R).

Thus, by Lemma 30, |f + g|”~ " |f] is summable and

Jurarin<(f |f+g|P)1_pl (fur)"

Similarly, | f + g|”" |g| is summable and

Jurario< ([ +g|”)1_pl (/ |g|P>1/p.

It follows that
/|f+g\1’=/|f+g|f’*1\f+g|
< fir+a i+ 1 +gr 1o

<(/ f+g|”>1_p1 (( / |f|p)1/,, +(f g|”)l/p> ,

from which we easily obtain Minkowski’s inequality. m

Exercises (6.1)

.1 Prove Holder’s inequality

N
Z TnlYn

n=1

3
1=
<3
3
)
N——
=
_

()

and Minkowski’s inequality

N 1/p N 1/p N 1/p
(Z | +yn|p> < (Z Iwn|p> + (Z Iyn|p>
n=1 n=1

n=1

for finite sequences x1,...,xn and y1,...,yn of real numbers.
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.2 A sequence () of real numbers is called p-power summable if the series
o0
> |zn|” converges. Prove that if (z,,) is p-power summable and (y,,) is

n=1
g-power summable, where p, ¢ are conjugate exponents, then

oo
(i) > znyn is absolutely convergent, and
n=1

(ii) Holder’s inequality holds in the form

&) ] l/p 00 1/q
Z TpYn| < (Z |x”|p> <Z |yn|q> .
n=1 n=1 n=1

Prove also that if (z,) and (y,) are both p-power summable, then so is
(zn, + yn) , and Minkowski’s inequality

oo 1/p %) 1/p co 1/p
(Swsnr) < (L) +(Smr)
n=1 n=1 n=1

holds.

.3 Let p > 1, and let [, denote the set of all p-power summable sequences,
taken with termwise addition and multiplication-by-scalars. Prove that

[e%) 1/p
’ - (Z |xn|p>
P

n=1

Jtens

defines a norm on [,,. (We define the normed space [,,(C) of p-power sum-
mable sequences of complex numbers in the obvious analogous way.)

Let X be a measurable subset of R, and p > 1. We define L,(X) to be the
set of all functions f defined almost everywhere on R such that f is measurable,
f vanishes almost everywhere on R\ X, and |f|” is summable. Taken with the
pointwise operations of addition and multiplication-by-scalars, L,(X) becomes
a linear space. If we follow the usual practice of identifying two measurable
functions that are equal almost everywhere, then

= ([1)"

is a norm, called the Ly,-norm, on L,(X) : the only property of a norm that
requires nontrivial verification is the triangle inequality, which in this case is
Minkowski’s inequality, disposed of in Proposition 31.

When X = [a, b] is a compact interval, we write Ly [a, b] rather than L, ([a,]]) .

Exercises (6.2)

In these exercises, X is a measurable subset of R.
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.1 Let X be summable and 1 < r < s. Prove the following.

(i) Ls(X) C L, (X). (Note that if f € Ly(X), then |f|" € Ly/(X).)
(ii) The linear mapping f ~» f of Ly(X) into L,(X) is bounded and has

rlog7t

norm < pu(X)

2 Letl<r<t<s<oo,r+#s,

and f € L.(X)N Ls(X). Prove that f € L;(X) and

11 < TN IAIE
(Consider |f|*"[f]".)

.3 Prove that the step functions that vanish outside X form a dense subspace
of L, (X) for p > 1. (First consider the case where X is a compact interval.)

.4 Clarkson’s inequalities: Let p, ¢ be conjugate exponents, and let f, g €
L,(X). Prove that if 1 < p < 2, then

qg—1
2(IFIE+1gl2)" > 1f +gllg + 11 - gl

and )
.
p p q q
1+ gl +0f = gllb =2 (U718 + lgllE)”

and that the reverse inequalities hold if p > 2.

Theorem 32 The Riesz—Fischer theorem: L,(X) is a Banach space for
all p = 1. More precisely, if (fn) is a Cauchy sequence in L,(X), then there
exist f € L,(X) and a subsequence (fn, k=1 of (fn) such that

(i) limp—oo [If — anp =0, and
(il) fn, — f almost everywhere on X as k — oo.

Proof. We illustrate the proof with the case X = R and p > 1. Given a
Cauchy sequence (f,,) in L,(R), choose a subsequence (fy,)r>1 such that

Hfm - fn”p < 27" (m,n P le)-

Then
Hf‘rbk+1 - fnka < 27k.
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Writing ¢ = p/(p — 1), we see from Lemma 30 that for each positive integer N,
| frinss — fri| is summable over [N, N], and

1/q
/’fnk+1 - f’nk|X[—N,N] < ank+1 - fnka (/X[—N,N])

< 272NV,
so the series

Z/ |fnk+1 - fnk|X[—N,N]
k=1

converges. It follows from Lebesgue’s series theorem that there exists a null set
FEn such that the series

Z’fnk+1 fnk )’X[*N,N](:O

(o]
converges for all © € R\Ey, and the function > ’anl — fr | X[-nN,nN] 18 sum-
k=1

mable. Then -
E= ] Ex
N=1

is a null set, and
o0
f(z) = kh—{go f’”k( er1 )+ Z f7lk+1 f”lk( ))
k=1

exists for all z € R\E. The function f so defined is measurable, by Exercise
(5.2,3). Since
el < W lly + o = Frlly < Wl + 3

for all k, we see from Fatou’s lemma (Exercise (2.6,5)) that |f|” is summable
and hence that f € L,(R). Moreover, if n > n;, then by applying Fatou’s lemma
to the sequence (|fn, — ful)pe; We see that

Hence lim, o || f — anp =0. m

Exercises (6.3)

.1 Prove the Riesz—Fischer theorem for a general measurable set X C R.
Prove it also in the case p = 1.

.2 Prove that the space [, is complete for p > 1. (See Exercise (6.1, 3).)
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7 Double Integrals

We next illustrate multiple Lebesgue integration by considering double integrals
By an interval in R? we mean the Cartesian product I x J of two intervals

in R. We say that f : R? — R is astep function if there exists a finite set of

non-overlapping bounded intervals I, x J (k= 1,---,n) such that

> f(z) =0 for all z in the complement of |J Iy x Ji, and
k=1

> for each k, f has a constant value ¢ on Iy X Jy.

We define the double integral of such a function f to be

//kaZZCHIkUH

where, we recall, |I;| denote the length of the interval I;. Many fact, such
as the following, about the double integral of a step function are established
analogously to the corresponding facts for integrals of step functions on R; in
such cases we state the facts without proof.

Proposition 33 Let f and g be two step functions on R? such that f(x) = g(x)
for all but finitely many points x. Then [ [ f= [ [g.

Corollary 34 The double integral of a step function f on R? depends only on
f and not on the choice of the finite set of non-overlapping intervals on each of
which f is constant.

Proposition 35 Let f and g be step functions on R?, and let o, 3 € R. Then
af + Bg is a step function, and the double integral is a linear function:

[ Jussmaf fros] fs

Moreover, fg, max{f,g},min{f, g},
ST =max{f,0},

and

f~ =max{—f,0}
are step functions. Finally, if f(x) < g(x) for all but finitely many (possibly no)
points x, then [ [ f< [ [g.

Proposition 36 Let (f,) be a sequence of step functions such that
(i) 0 < fut1 < fn for each n and

(ii) lim,— s fn(z) = 0.
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Then limy, oo [ [ fn =0.

As in the one-variable case, a sequence (f,,) of step functions on R? is called
a Riesz sequence of step functions if fi < fo < --- and the sequence
(fff”)n>1 is bounded above. The sequence of integrals [ [ f,, is then both
increasing and bounded above, and so converges to a limit [ € R.

A subset A of R? is called a null set if there exists a Riesz sequence (f,,) of
step functions such that f,(z) 1 oo for each z € A. Tt follows immediately that
every subset of a null set is also a null set. A countable union of null sets is a
null set; and a subset A of R? is null if and only if it has measure zero, in the
sense that for each € > 0 there exists a sequence (I,, X J,),,-, of intervals in R?

such that A C | JI, x J, and 3 |L|[Ja| <e.
n>1 n=1

We say that a property P(z) of real numbers holds almost everywhere if
there exists a null set A such that P(x) holds for all z € R?\ 4; we then write
“P(z)a.e.” . By the definition of “null set” a Riesz sequence of step functions
converges almost everywhere.

We denote by E' (R2) the set of functions f that are limits almost every-
where of some Riesz sequence (f,,). The double integral of such a function f is
defined to be [ [ f =lim,—oo [ [ fn, and is independent of the Riesz sequence
(fn) converging almost everywhere to f.

Now let

L(R?*) ={fi—fa: 1, fae E"(R?)}.
The elements of L are called (Lebesgue) summable functions. If f1, f» € E!
and f = fi — f2, define the (Lebesgue) double integral of f to be

[fr=] s f]»

As in the one-variable case, this is a good definition; L (IR{Q) is a linear space un-
der pointwise algebraic operations, and [ [ is a linear mapping of L (R?) into R;
if f, g are summable functions defined almost everywhere on R?, then max { f, g},
min{f,g}, and |f| are summable, and |[ f| < [|f|; and the Lebesgue dou-
ble integral is translation invariant, in the sense that if f € L (RQ) and
y € R?, then the function f, defined by f,(z) = f(z + y) is summable, and

We say that f € L (R?) is summable over the subset A of R? if the
function fyxa belongs to L (RZ) ; we then write

[ [1=] [

If f is summable over the subsets A, B of R?, then it is summable over A U B
and AN B. Any element of L (R2) is summable over any interval in R2.

With all the foregoing definitions at hand, we can modify the arguments
used in the one-variable case to prove double-integral analogues of Lebesgue’s
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series theorem, Beppo Levi’s Theorem, Fatou’s lemma, Lebesgue’s dominated
convergence theorem, ... We can also define measurability of functions defined
almost everywhere on R? and of subsets of R?, and then prove analogues of
Propositions 25-28.

Our main aim in this section is to deal with the relation between double
integration and repeated integration, familiar from second-year calculus courses.
First, given a two-variable function f, we define a one-variable function f, :
R—R by f. (y) = f(z,y); likewise, if (f,,) is a sequence of two-variable functions,
we define the corresponding one-variable functions f,, , by fn..(y) = fn(z,y).

Lemma 37 If f is a step function on R?, then

(i) for each x € R, f, is a step function;
(ii) g(z) = [ fu is a step function on R; and
@) [[f=[g=[(])-

Proof. The general case easily follows from that in which f is a constant ¢
on a product I x J of open intervals in R, and is 0 elsewhere. Taking that case,
for each = ¢ I we have f, = 0 and therefore [ f, = 0; while for each x € I,

c ifyedJ

fub(y):
0 ify¢gJ

and so, by definition of the integral on R, [ f, = ¢|J|. Thus (i) holds, g is well
defined, and
c|lJ| ifzel

g(z) =
0 it gl

Clearly, g is a step function on R, and

Jo=clann=] |1

by definition of the double integral. m
Lemma 38 If A is a null set in R?, then there exists a null set B in R such
that for each x € R\B,
Alz)={yeR: (z,y) € A}
is a null set in R.
Proof. Choose a sequence ( fn)n>1 of step functions in R? and a positive

number M such that
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> fi<fo<r,
> fffnngor each n, and
> fn(z,y) — oo for all (z,y) € A.

It follows from the first and third of these properties that for each z € R the
sequence (fn.e),s; is increasing, and f, .(y) — oo for all y € A(z). On the
other hand, by Lemma 37, f, , is a step function on R, the function

gn:l'“""/fn,x

is a step function on R, and [g, = [ [fn < M. Thus (gn),-, is a Riesz
sequence of step functions on R. Hence there exists a null subset B of R such
that (gn(7)),>, converges for all z € R\B. In particular, for each such = there
exists M, > 0 such that [ f,, < M, for all n. Thus (fn,a:)n>1 is a Riesz
sequence of step functions on R and therefore converges almost everywhere in
R. Since this sequence diverges on A(x), we conclude that A(z) is a null set. m

This brings us to the fundamental theorem of double integration, Fubini’s
theorem.

Theorem 39 If f is summable over R?, then there exist a summable function
g on R and a null set S in R such that

(i) for each x € R\S, f, is summable over R and g(z) = [ fu;

(i) fg=J[F

Proof. It is enough to consider the case where f € E' (R2). Choose a
Riesz sequence (f,) of step functions on R? and a null set A C R? such that

limn—>oo fn (x,y) = f(xvy) for all ($7y) € RQ\Aa and hmn—>oofffn = fff
By Lemma 37, for each n the mapping

gn:m“’“’/fn,z

exists as a step function on R, and [ g, = [ [ fn. Hence lim,, oo [ g, = [ [ f.
Since g, < gn41 and a convergent sequence is bounded, we see that (g,) is a
Riesz sequence of step functions on R; so there exist ¢ € ET and anull set S; C R
such that lim, . g, (z) = g(x) for each z € R\Sy, and lim,, .« [ g, = [ g
Now, by Lemma 38, there exists a null set S C R such that A(z) is a null set
for each € R\ Ss. Then S = 51U Sy is a null set in R; f,.(y) = lim,, o fn(z,y)
for each z € R\ S and all y € R\ A(z); and (f f")n21 is a convergent, and hence

bounded, sequence in R. It follows that for each z € R\S, f, € ET and
[ de= i [ g =t ga(a) = g(0)
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This proves (i). Moreover, we have

[(J5)= o= f=] 5

which proves (ii). m

Corollary 40 If f is summable over R2, then there exist a summable function
h on R and a null set T in R such that

> for each y € R\T, the function x ~~ f(x,y) is summable over R and

h(y) = [ (z~ f(z,y));
> [h=[]F

Proof. Exercise. m

Here is a partial converse of Fubini’s theorem.

Theorem 41 Let f be a nonnegative measurable function on R?. Suppose that
there exist a summable function g on R and a null set S C R such that for each
z € R\S, the function f, is summable and g(z) = [ f,. Then f is summable

and [ [ f=[g.
Proof. For each n define the step function ¢, by

n if |z <nand |y <n

bu(w,y) =

0 otherwise,

and define
fn = mln{fv¢n}

Then f, is measurable and dominated by the summable function ¢,, (this is
where we need f > 0), so f, is summable. We prove that the sequence
([ [ fn),~, is bounded. To this end, we apply Fubini’s theorem to obtain,

for each n, a summable function g, on R and a null set A,, C R such that for
each z € R\A,,, fn is summable, [ f, . = gn(z), and [ g, = [ [ fn. Then

A= UAn

n=1

is a null set in R, as is S U A. Moreover, for each n and each z € R\ (SU A4),

%@:/ﬁméfh:mﬂ

Hence [ [ fn = [gn < [g. Since fn < fay1, we see that (fy),., is a Riesz
sequence of summable functions on R2.
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Now, fn (x,y) — f(z,y) for all (z,y) in the domain of f, the complement of
a set of measure zero. So, by Beppo Levi’s Theorem, f is summable. Finally, by
Fubini’s theorem, there exist a summable function A on R and a null set C C R
such that for each z € R\C, f, is summable and h(z) = [ f,, and such that
[ h=[[f; whence h(z) = g(z) for all z € R\ (SUC) and

o= o1 ]

(]
Exercises (7.1)

.1 Prove Corollary 40.

.2 Let f be a measurable function on R? for which there exist a summable
function g on R and a null set A C R such that |f;| is summable and
g(x) = [|fz] for each z € R\A. Prove that f is summable.

.3 For each o € R the function f, : R?> — R is defined by
r(1—zy)* f0<r<1,0<y<1

fa(wvy) =

0 otherwise.

Find the values of « for which f, is summable, and evaluate | f, for those
values.

8 The Vitali covering theorem

The outer measure of a subset A of R is the quantity

w*(A) = inf Z |7,] : (In)n>1 is a cover of A by bounded open intervals » ,

n=1

which we take as oo if the set on the right-hand side is unbounded.* If y*(A) €
R, we say that A has finite outer measure. Note that since, for any sequence
o0
(I)n>1 of bounded open intervals that covers A, the terms of the series Y |I,,]
n=1
are all positive, the (possibly infinite) sum of the series does not depend on
the order of those terms; this is a special case of Riemann’s theorem on the
rearrangement of absolutely convergent series ([3], page 34).
Note that A has outer measure zero if and only if for each ¢ > 0 there
exists a sequence (I,,),-, of bounded open intervals such that A C U I, and
n>1

> |In| < & —in other words, if and only if A is a null set.

n=1

4Tt is possible to give a precise meaning to this use of co as an “extended real number”;
see pages 128-129 of [3].
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Exercises (8.1)

.10

11

o0
Show that for each A C R, p*(A) is the infimum of ) |I,,| taken over all
n=1
covers of A by sequences (I,),>1 of bounded, but not necessarily open,
intervals.

Prove that if a subset A of R has finite outer measure, then for each € > 0
there exists a sequence (I,) of disjoint bounded open intervals such that

o0
AC UI” and > |I,| < p*(A) + e. (Recall that a nonempty subset of
n>1 n=1
R is open if and only if it is the union of a sequence (.J,,),,., of pairwise
disjoint sets, each of which is either empty or an open interval.)

Show that p*(@) = 0, and that if A C B, then p*(A) < p*(B).
Prove that for each a € R, p*({a}) = 0.

Let A be a subset of R, and £ C A a set of measure zero. Show that
p*(A\E) = p*(A).

Let A be a subset of a compact interval I. Prove that p*(A4) + p*(I\A) >
|| . (Perhaps surprisingly, we cannot replace inequality by equality in this
result; this is a consequence of the existence of non-measurable sets.)

Let (A,,) be a sequence of subsets of R. Show that

| UAn | <D0 w(4n),
n=1

n>1

where the right-hand side is taken as oo if either any of its terms is oo
or the series diverges. (If one of the sets A,, has infinite outer measure,
then the inequality is trivial. If each A,, has finite outer measure, then for
each positive integer n and each € > 0 there exists a sequence (I, x)r>1 of

bounded open intervals such that 4,, C |J Ink and Y [In x| < p*(A4,) +
k=1 k=1
27"¢.)

Prove that if also the sets A,, are pairwise disjoint, then

n>1

Prove that a subset A of R has finite outer measure if and only if [ =
lim;, 00 p* (A N [—n,n]) exists, in which case p*(A4) = 1.

Prove that p* is translation invariant—that is, u*(A+t) = p*(A) for each
ACRand eacht € R, where A+t ={z+t:2 € A}
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Proposition 42 The outer measure of any interval in R equals the length of
the interval.

Proof. Consider, to begin with, a bounded closed interval [a,b]. For each
¢ > 0 we have [a,b] C (a —&,b+ ¢) and therefore

w*([a,b]) < [(a—e,b+e)| =b—a+ 2e.

Since ¢ > 0 is arbitrary, we conclude that p*([a, b]) < b—a. To prove the reverse
inequality, let (I,,) be any sequence of bounded open intervals that covers [a, b].
Applying the Heine-Borel-Lebesgue Theorem (1.4.6), and re-indexing the terms
I,, (which we can do without loss of generality), we may assume that for some
N’
[a,b] clulyU---Uln.

There exists an interval Iy, , where 1 < k; < N, that contains a; let this interval
be (a1, b1). Either b < by, in which case we stop the procedure, or else b; < b.
In the latter case, by € [a,b]\(a1,b1); so there exists an interval Ij,, where 1 <
ko < N and ko # ki, that contains by; call this interval (ag, bs). Repeating this
argument, we obtain intervals (a1, b1), (az,b2),... in the collection {I,...,Ix}
such that for each i, a; < b;_1 < b;. This procedure must terminate with the
construction of (aj,b ) for some j < N. Then b € (a;,b;), so

N J
Sl =D (b — ai)
n=1 i=1

It follows that Z |[I,| > b — a and therefore, since (I,,) was any sequence of

bounded open 1ntervals covering [a, b], that p*([a,b]) = b — a. Coupled with the
reverse inequality already established, this proves that p*([a,b]) = b — a. The
proof for other types of interval is left as the next exercise. m

Exercises (8.2)
.1 Complete the proof of Proposition 42 in the remaining cases.
.2 Let{I,.. IN} be a finite set of bounded open intervals covering QN[0, 1].
Prove that Z [I,] > 1. (Given ¢ > 0, extend each I, if necessary, to en-

sure that it has rational endpoints and that the total length of the intervals
is increased by at most e. Then argue as in the proof of Proposition 42.)

.3 Let X be a subset of R with finite outer measure. Prove that for each
€ > 0 there exists an open set A D X with finite outer measure, such
that p*(A4) < p*(X) + . (Use Exercise (8.1, 1).) Show that if X is also
bounded, then we can choose A to be bounded.
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.4 Let A, B be subsets of R with finite outer measure. Prove that u* (AU B) <
w(A) + p*(B).

Let X be a subset of R, and V a family of non-degenerate intervals. We say
that V is a Vitali covering of X if for each € > 0 and each x € X there exists
I €V such that « € T and |I| < €. The fundamental result about such coverings
is the Vitali covering theorem.

Theorem 43 Let V be a Vitali covering of a set X C R with finite outer
measure. Then for each € > 0 there exists a finite set {I1,...,IN} of pairwise
disjoint intervals in V such that

N
o (X\ U In> <e.

We postpone the proof of this very useful theorem until we have dealt with
some auxiliary exercises.

Exercises (8.3)

.1 Let V be a Vitali covering of a subset X of R, z a point of X, and A
an open subset of R containing X. Show that for each € > 0 there exists
IeVsuchthat z € I, I C A, and |I| < e.

.2 Let I1,...,IxN be finitely many closed intervals belonging to a Vitali cover-

N
ing V of a subset X of R with finite outer measure, and let z € X\ |J I,.
n=1

Show that for each & > 0 there exists I € V such that « € I, |I] < ¢, and
N
I is disjoint from J I,.

n=1

We are now able to give the proof of the Vitali covering theorem.

Proof. If necessary replacing the intervals in I by their closures, we may
assume that V consists of closed intervals. Referring to Exercise (8.2, 2), choose
an open set A O X with finite outer measure. In view of Exercise (8.3,1), we
may assume without loss of generality that

I CcAforeach I €V. (2)
Choosing any interval I; in the covering V, we construct, inductively, an increas-

ing binary sequence (My),,.; with Ay = 0, and a sequence (I,,),,.; of pairwise
disjoint intervals in V', with the following properties for each n > 2 :
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(i) If A, =0, then

n—1
1
|1, >2sup{|l|:I€VandIﬁ Ulkzg};
k=1

n—1
(i) If A, =1, then I,, = I,y and X C | J .
k=1

Assume that we have constructed Ay,..., A, and Iy,..., I, with the applicable

properties. If A,, = 1, then we set A1 = 1 and I,,41 = I,,. If, as we now assume,
n

An, = 0, then either X C | I and so p* (X\ U Ik) = 0, in which case we
k=1 1

k=
n

set \py1 = 1 and I,,41 = I,; or else X ¢ |J I;. In the latter event, Exercise

k=1
(8.3,2) shows that the set

S::{|I|:IeV,IﬁUIk:®}

k=1

is nonempty. Since, by (2), S is bounded above by p*(A), it follows that sup S
exists; moreover, as each I € V is non-degenerate, sup S > 0. To complete our
n
inductive construction, we now choose I,+1 € V such that I,,1 N J I = @
k=1
and |I,,41| > 3 sup S, and we set A, = 0.
If A\, =1 for some n, then we are through. So we may assume that A\, =0

for all n, and hence that the construction produces an infinite sequence (I,,) 1

o0
of pairwise disjoint elements of V. Since the partial sums of the series > |I,|
n=1
are bounded by p*(A), the series converges. Given € > 0, we can therefore find
N such that

(oo}

> Ml <z

n=N+1

For each n > N let x,, be the midpoint of I,,, and let J,, be the closed interval
with midpoint z,, and length 5 |I,,|. It suffices to prove that

N 00
X\NUc U 3)

n=1 n=N+1
For then
N o) o5}
w* (X\ U 1,L> < D> al=5 ) ILl<e
n=1 n=N-+1 n=N+1
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N
To prove (3), consider any z € X\ |J I,. By Exercise (8.3,2), there exists
n=1

N
J €V such that x € J and JN | I, = @. We claim that J N I, is nonempty
n=1
for some m > N. If this were not the case, then for each m we would have
m

JN U I, = @ and therefore

n=1

J|<sup{|]|:I€V,IﬁUIk®}

k=1
< 2|Lnt1] — 0 as m — oo.

[e.e]
(For the last step, recall that > |I,,,| is convergent.) It would then follow that
m=1
|J] = 0, which is absurd as V contains only non-degenerate intervals. Thus

v=min{m >N :JNI, # 2}

v—1
is well defined, JN J I,, = &, and therefore

n=1

v—1
J|<sup{|1|:lev, In UI,F@} <2|L).
k=1

Since z € J and J NI, # @, we see that
|z — 2| < \J|+%|L,| <2|I,,|+%|L,| :%|IV|'
Hence x € J,. This establishes (3) and completes the proof. m

In the remainder of this section we apply the Vitali covering theorem in the
proofs of some fundamental results in the theory of differentiation and integra-
tion.

Let I be an interval in R. We say that a mapping f : I — R is absolutely
continuous if for each € > 0 there exists § > 0 such that if ([ag, bx]);_, s a finite

n

family of non-overlapping compact subintervals of T such that > (by — ay) < 6,
k=1

then 3 |f(bx) — f(ax)| < . On the other hand, if a,b € I and a < b, then we
k=1

define the variation of f on the interval [a, b] to be

=0

n—1
Tf(aab):SUP{Z|f($i+1)—f(9C¢)|1a=$0<$1é“'éxn:b},

if this quantity exists as a real number; in that case we say that f has bounded
variation on [a,b].
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Exercises (8.4)

1

Prove that an absolutely continuous function on I is both uniformly con-
tinuous and bounded.

Let f, g be absolutely continuous functions on I. Prove that the functions
f+g,f—g, A\f (where A € R), and fg are absolutely continuous, and that
if inf {|f(z)|: x € I} > 0, then 1/f is absolutely continuous.

Prove that if f is differentiable, with bounded derivative, on an interval
I, then f is absolutely continuous.

Let f have bounded variation on [a, b] . Prove that f is bounded on I; that
T (a,b) = Ty (a,x) + Ty (x,b)
for each x € [a, b]; and that Tt (a,-) is an increasing function on I.

Define f : [0,1] — R by

zzsin# fo0<z<1

f(z) =
0 if x =0.

Prove that f is differentiable at each point of [0,1] but does not have
bounded variation on that interval.

Prove that f : [a,b] — R has bounded variation if and only if it can be
expressed as the difference of two increasing functions. (For “only if” note
the last part of Exercise (8.4,4).)

Let f be absolutely continuous on a compact interval I = [a,b]. Prove
that f has bounded variation in I, that the variation function T%(a,-) is
absolutely continuous on I, and that f is the difference of two absolutely
continuous, increasing functions on 1.

A simple corollary of the mean value theorem, one that suffices for many

applications, states that if f is continuous on [a,b] and |f'(x)] < M for all
z € (a,b), then |f(b) — f(a)] < M(b— a). Our first application of the Vitali
covering theorem generalises this corollary, and can be regarded an extension of
the mean value theorem itself.

Proposition 44 Let f be an absolutely continuous mapping of a compact in-
terval I = [a,b] into R, and F a differentiable-almost-everywhere increasing
mapping of I into R such that |f'(x)| < F'(x) almost everywhere on I. Then

[f(b) = f(a)] < F(b) — F(a). (4)
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Proof. Let E C I be a set of measure zero such that |f'(z)| < F'(z) for
each x € X = I\E. We may assume without loss of generality that a,b € E.
Given € > 0, choose § > 0 as in the definition of absolute continuity. For each
x € X there exist arbitrarily small » > 0 such that [z, z + r] C (a,b),

[f(@+r) = fla) = f(2)r] <er,
|F(z+7) = F(z) = F'(z)r| <er,

and therefore

|f'(@)r +er
"(z)r +er
(x+7r)— F(z)+ 2er.

[f(z+7) = f(2)] <
<F
<F

The sets of the form [z,x 4 r], for such r > 0, form a Vitali covering of X.
By the Vitali covering theorem, there exists a finite, pairwise disjoint collection
([xg, zp + rk])fg’:l of sets of this type such that

w* (X\ U [k, Tk —l—rk]> < 4.

k=1
We may assume that xy + 1, < 41 for 1 <k < N — 1. Thus

N-1

xl—a—i—Z(xk+1—xk—rk)+b—xN—rN<§,
k=1

and therefore

N-1
|f(z1) = fa)| + |f(zr1) = fl@re +re)[ + [ f(b) — flan +rn)| <e
k=1
It follows that
N-1
1) = f(a)] < | f(x1) = F@)|+ D [F@rrr) = fan+7e)]
k=1
+1f(0) = flan +rn)[ + D1 (@r +7i) — flan)]
k=1
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< F(b) — F(a) + (1 +2b— 2a).

Since € > 0 is arbitrary, we conclude that (4) holds. m

Exercises (8.5)

1

Let f be absolutely continuous on I = [a,b], and suppose that for some
constant M, |f’| < M almost everywhere on I. Prove that |f(b) — f(a)| <
M - a).

Let f : [a,b] — R be an absolutely continuous function such that f’'(z) =0
almost everywhere on I = [a,b]. Give two proofs that f is a constant
function. (For one proof use the Vitali covering theorem.)

Let f, F' be continuous on I = [a,b], and suppose there exists a countable
subset D of I such that |f'(z)| < F'(x) for all x € I\D. Show that
|7 (b) — f(a)| < F(b)— F(a). (We may assume that D is countably infinite.
Let dy,ds, ... be a one-one mapping of NT onto D. Given ¢ > 0, let X be
the set of all points x € I such that

|f(§)_f(a)|<F(§)—F(a)—|—€ §—a+ Z 2—n

{n:d, <&}

for all £ € [a,x), and let s = sup X. Assume that s < b, and derive a
contradiction.)

Let f be continuous on I = [a,b], and suppose there exists a countable
subset D of I such that f/(x) = 0 for all z € I\ D. Prove that f is constant
on I.

Let C be the Cantor set. Show that [0, 1]\C is a countable union of non-
overlapping open intervals (Jn)n>1 whose lengths sum to 1, and that C
has measure zero.

&) (&)
For each x = Y a,37" € C define F(z)= Y a,27""!. Show that
n=1

n=1
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(i) if = has two ternary expansions, then they produce the same value
for F(z), so that F is a function on C;

(ii) F is a strictly increasing, continuous mapping of C onto [0, 1];
(iii) C is uncountable; and

(iv) F extends to an increasing continuous mapping that is constant
on each J,, equals 0 throughout (—o0,0], and equals 1 throughout
[1,00).

Prove that for each > 0 there exist finitely many points

<0< <ay<---<by_i1<any<1l<by

N
of [-1,2] such that C C | [an, bn],

n=1

N
Z (F(bn) — F(an)) =1,
n=1

N
and Y (b, —a,) < 6. (Thus F is increasing and continuous, but not
n=1

absoluzely continuous, on [—1,2].)
Finally, show that F'(z) = 0 for all z € [0,1]\C, but F (1) > F(0).

The last two exercises deserve further comment. Consider a continuous
function F' on [0, 1] whose derivative exists and vanishes throughout [0, 1]\ E. If
E is countable, then Exercise (8.5,4) shows that F' is constant. On the other
hand, Exercise (8.5,5) shows that if F is uncountable and of measure zero, then
F need not be constant; but if, in that case, F' is absolutely continuous, then it
follows from Exercise(8.5,2) that it is constant.

Although the derivative of a function f may not exist at a point « € R, one
or more of the following quantities—the Dini derivates of f at z—may:

f(@+h) = f(z)

D* f(x) = lim sup

h )
D, f(x) = lim int w
flz 4 h) — f(z)

D™ f(w) = Hm sup =—— ———,

R )
D_ =1 f—r -
o) =l inf =
We consider DT f(x) to be undefined if
— either there is no h > 0 such that f is defined throughout the interval
[,z + h]
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— or else (f(z + h) — f(x)) /hremains unbounded as h — 0F.

Similar comments apply to the other derivates of f.

Exercises (8.6)

.1 Prove that DT f(x) > D, f(x) and D™ f(z) > D_f(z) whenever the
quantities concerned make sense.

.2 Prove that f is differentiable on the right (respectively, left) at z if and
only if DT f(x) = Dy f(z) (vespectively, D~ f(z) = D_f(z)).

.3 Let f be a mapping of R into R, and define g(x) = — f(—z). Prove that
for each z € R, DVg(z) = D™ f(—x) and D_g(x) = D, f(—x).

.4 Let f : [a,b] — R be continuous, and suppose that one of the four derivates
of f is nonnegative throughout (a, b). Prove that f is an increasing function
on [a,b]. (Show that x ~ f(z) + ez is increasing for each £ > 0.)

.5 Consider a function f : [a,b] — R, and real numbers r, s with r» > s.
Define
E={z€(a,b): D" f(x)>r>s>D_f(z)}.

Let X be an open set such that £ C X and p*(X) < p*(E) + & (see
Exercise (8.1, 2)). Prove that the intervals of the form (z — h,z) such
that z € E, h > 0, [x — h,z] C X, and f(x) — f(z —h) < sh form a Vitali
covering of E. Hence prove that for each € > 0 there exist finitely many
points x1,...,Z, of E, and finitely many positive numbers hq, ..., hn,
such that the intervals J; = (x; — hsy,x;) (1 < 4 < m) form a pairwise
disjoint collection,

t*
.
=
<

i) > pt(E) —¢
and
> (Fwi) = flwi—hi)) < s(u*(B) +¢).
i=1
Again applying the Vitali covering theorem, prove that there exist finitely

many points yi,...,y, of EN | J;, and finitely many positive numbers
i=1

1., hl, such that

y on
Ye +hy <yrp1 1<k<n-—1),

for each k there exists ¢ such that (yx,yr + h},) C J;, and

n

Yl +hi) = Flun) > 7 (W7 (B) = 2¢).

k=1
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Our next theorem shows, in particular, that the differentiability of the func-
tion F' can be dropped from the hypotheses of Proposition 44.

Theorem 45 An increasing function F : R — R is differentiable (and has
nonnegative derivative) almost everywhere. Moreover,

(i) F’ is measurable, and

(ii) whenever a < b, F' is summable over [a,b] and satisfies
b
/ F' < F(b) — F(a).

Proof. To prove that F' is differentiable a.e., it suffices to show that the sets

S ={z e€R:DV"F(z) is undefined},
T={zeR:D"F(z)>D_F(z)}

have measure zero. For, applying this and Exercise (8.6,3) to the increasing
function x ~» —F(—x), we then see that D~ F(z) < Dy F(x) almost everywhere;
whence, by Exercise (8.6, 1)

DYF(z) < D_F(z) <D F(z) < D, F(x) < D"F(x) €R

almost everywhere. (Note that as F' is increasing, Dy F(z) and D_F(x) are
everywhere defined and nonnegative.) Thus the four Dini derivates of F' are
equal almost everywhere. Reference to Exercise (8.6,2) then completes the
proof.

Leaving S to the next set of exercises, we now show that 7" has measure
zero. Since T is the union of a countable family of sets of the form

E={z€(a,b): D'F(z) >r>s>D_F(z)},

where a < b and r, s are rational numbers with r > s, it is enough to prove that
such a set F has measure zero. Accordingly, fix e > 0 and use Exercise (8.6, 5)
to obtain

(i) finitely many points x1,..., 2., of (a,b), and finitely many positive num-
bers hi,..., My, such that the intervals J; = (x; — hy,z;) (1 < ¢ < m)
form a pairwise disjoint collection,

r (UJZ-) > (B) e,
i=1
and

Y (F(wi) = Flai = hi) < s (0" (E) +¢);

=1
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m
(i) finitely many points yi,...,y, of EN |J J;, and finitely many positive
i=1

numbers hf,..., k., such that

e+ h <yprr (1<k<n-1), (5)

for each k there exists ¢ with (yx, yx + h},) C J;, and

NE

(F(yx + hy,) — Fyr)) > r (0" (E) — 2¢).

=
Il
—

For each 7 with 1 <7 < m let
Si =1k : (ks yx +hy) C Ji}.

Since F is increasing, it follows from (5) that

> (Flyk + i) = F(yr)) < Flw:) = Fw — hy).

kesS;
Thus, as the intervals J; are disjoint,

(F(x;) — Flai — b)) = > (Flye + hy,) — F(ur))
i=1 k=1

so that
s(W(E)+e)>r(u(E)—2e).

Since € > 0 is arbitrary, it follows that sp*(E) > rp*(E). But r > s, so we must
have p*(E) = 0.
For each n write

F,L(:E):F<x+;> (z €R)

and
fo=n(F,—-F).

Note that, being an increasing function, F' is Riemann integrable, and therefore
summable, over any proper compact interval [a,b] in R; whence F, F,, and f,
are summable over [a,b]. Let a < & < b, and choose a positive integer N such
that € + % < b. For all n > N we have

3 3 3
/fn:n/ Fn—n/F
£+ 3
:n/ F—n/F
a+% a
&+1 a+
n/ F—n/ F,
I3 a

62



where we have used Exercise (2.3,4) to produce the second-last line. Now, F' is
increasing and & + % < b, so

£+ £+
n/ an/ F(b) = F(b).
13 13

On the other hand,

a+% a+%
n/ F)n/ F(a) = F(a).

It follows that .
[ h<FO-F@ 0N,

Next we note that since f,(x) — F'(z) almost everywhere, F” is measurable.
Also, fn =0, so Fatou’s lemma (Exercise (2.6,5)) can be applied, to show that
F’ is summable over [a,£] and

¢ 4
/ F' < liminf/ fon < F(b) — F(a).

Since
(FX(un 1)) @) = (F'Xpa) (@) a5k — o0
for all z € [a, b], and, as is easily confirmed, (F’ X[a b*ﬂ)k is a Riesz sequence
: >1
of summable functions, we now see from Beppo Levi’s Theorem that
b

b
/ F' = lim F’X[a 1] = lim F' < F(b) — F(a),

n—0o0 n n—oo a

as we wanted. m

Fubini’s series theorem, our next result, provides a good application of
Theorem 45.

Theorem 46 Let (F,),>1 be a sequence of increasing continuous functions on
R such that F(z) = il F,(z) converges for all x € R. Then almost everywhere,
n—=
&) o]
F s differentiable, nZ::l F!(z) converges, and F'(x) = nz=:1 F! (z).
Proof. Fix real numbers a,b with a < b. It suffices to prove that F'(x) =
io:l F! (z) almost everywhere on I = [a,b]: for then we can apply the result to
n=

the intervals [—n,n] as n increases through NT. If necessary replacing F), by
F, — F,(a), we may assume that F),(a) = 0. Write

Srz(x):Fl(m)++Frb(x) (‘IGI)
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and note that F' — s, = ZZinH F}, is increasing and nonnegative on I. By
Theorem 45, s, is differentiable on I\ A4, for some set A, of measure zero;
likewise, F' (which is clearly increasing) is differentiable on I\ Aq for some set
Ag of measure zero. Then
o0
A= 4,

n=0
has measure zero. Since both F' — s,,41 and $,1 — S, are increasing functions,
for each z € I\ A we have

$,(7) < 8,41 (2) < F'(2). (6)

o0
It follows from the monotone sequence principle that . F) (z) converges to a
n=1

sum < F'(z).
Now choose an increasing sequence (ny)x>1 of positive integers such that for
each k,
0 < F(b) —s,,(b) <27F,

Since F' — s, is an increasing function, for each = € I we obtain the inequalities

0 < F(z) — sp, (2) <278

o0 o0

Hence Y (F(x) — sp, (7)) converges, by comparison with >~ 27%. Applying the
k=1 k=1

first part of the proof with Fj replaced by F' — s,,, we now see that, almost

everywhere on I, Y (F'(z) — s}, (x)) converges and therefore
k=1

lim (F'(z) — s, (z)) =0.

n
k—o00 k

It follows from (6) that

F'(z) = lim s,(z) = Z F)(x)
n=1

n—oo
almost everywhere on I. m
Fubini’s series theorem is a crucial tool in a development of the Lebesgue
integral as an antiderivative, a development due to Riesz. for details of this, see
[9] or [3].
Exercises (8.7)
.1 Let f be an increasing function on [a, ], and for each positive integer n

define
Sp={x € (a,b): DT f(z) >n}.
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9

Prove that
P (I\Sn) <n~ ' (f(b) = f(a))

and hence that the set of those x € (a,b) at which DT f(x) is undefined
has measure zero. (Use the Vitali covering theorem to show that there
exist finitely many points z1, 2, ..., of (a,b), and positive numbers
hi,ha, ..., hy, such that xp + by, < 241 and f(xg + hy) — f(zr) > nhy.)

Let E be a bounded subset of R that has measure zero, and let a be a
lower bound for E. For each positive integer n choose a bounded open set
A, D E such that u*(A,) < 27", and define

0 ifz<a

fa(z) =
p (A, Nla,z]) ifz>a.

Show that

&)
(i) f = >_ fn is an increasing continuous function on R;

n=

1
(ii) DT f(z) is undefined for each x € E.

Let f be a bounded function that is continuous almost everywhere on a
compact interval I. Let M be a bound for |f| on I, let E C I = [a,b] be a
set of measure zero such that f is continuous on X = I\ E, and let € > 0.
We may assume that a,b € E. For each € X there exist arbitrarily small
r > 0 such that [z,z +r] C I and

(x<a' <2’ <x+r).

() = f@")] <

2(b—a)

The sets [z,x + 7] of this type form a Vitali cover of X. With the aid
of the Vitali covering theorem, construct a partition P of I such that
U(P, f) — L(P, f) < e. This provides an alternative proof of one half of
Theorem 23.

The Fundamental Theorem of Calculus

Our aim in this final section is to prove the following version of the fundamental
theorem of calculus.

Theorem 47 Let f be summable, and define F': R — R by

F(m):/:;f.

Then F'(x) = f(z) almost everywhere.
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In order to prove this theorem, we first prove it in the case where f is
bounded.

Lemma 48 Let f and F be as in the statement of Theorem 47, and suppose
that f is bounded on R. Then F'(x) = f(x) almost everywhere.

Proof. Let ¢ be a bound for |f| on R. We may assume that f > 0. Then F'is
an increasing function on R. It follows from Theorem 45 that F is differentiable
almost everywhere. For each positive integer n and each x € R set

F,(z)=F <m + 711>

and
Note that

for all = in the domain of f. Now, by Exercise (2.7,5), F' is continuous; so both
F,, and f, are continuous and therefore, by Exercise (5.1,3), measurable. For
all a,b with a < b, since f,,(z) — F'(x) almost everywhere on [a, b], we see from
Lebesgue’s dominated convergence theorem that F'y(, 5 is summable and that
for each z € [a, b],

/ F' = lim fn
a a - 1
= lim n/ (tWF(t—&—) —F(t))
n—oo a n
x+i x
= lim n (/ F—/ F>
m+%
= lim n/ F
n—oo T
= F(z),

where the second last step uses translation invariance (Exercise (2.3,4)) and the
final line follows from Exercise (4.1, 3). Hence

[ @-n=0 e,

It follows from Exercise (2.7,6) that F'(x) = f(x) almost everywhere on [a, b].
A by-now-standard argument shows that F'(z) = f(x) almost everywhere, and
completes the proof. m
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We now give the proof of the fundamental theorem of calculus.

Proof. Under the hypotheses of Theorem 47, we may assume without loss
of generality that f > 0. For each positive integer n and each x € R define

Fa@) = [ (= win{.n).

Since f — min{f,n} > 0, we see that F,, is an increasing function on R and
so, by Theorem 45, has a nonnegative derivative almost everywhere. On the
other hand, since 0 < min {f(z),n} < n almost everywhere on R, the preceding
lemma shows that

d [ '
@/ min {f,n} = min{f(z),n} ae.

(o]
Hence

d d [*
F'(z) = @Fn + a/_ min {f,n} > min{f(z),n} a.e.

Letting n — oo, and recalling that a countable union of null sets is null, we
conclude that F'(z) > f(x) almost everywhere. In view of this and Theorem
45, we see that for each positive integer k,

/ZF/ > /ZfF(k)F(k) . /ZF’-

/(F/ — f) X[=k,k) = 0.

Since (F" — f) X[k,x)] = 0 almost everywhere, it follows that (F' — f) X[k, =
0, and therefore F'X[_ k] = fX[—#,kx], almost everywhere. Since the union of a
sequence of null sets is null, we conclude that F’ = f almost everywhere. m

Thus

Under what conditions is a given function F' : [a,b] — R an indefinite
integral—that is, when does there exist a summable function f such that F(z) =
[ f ae. on [a,b]?

Proposition 49 Let f be a summable function, and let a < b. Then the indef-

inite integral
Fa)= [ 7

defines an absolutely continuous function on [a,b].

Proof. Let ¢ > 0. By Exercise (5.3,4), there exists 6 > 0 such that if
A is an integrable set with p(A) < 6, then [, [f| < e. Let ([ax,bx])r—, be
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a finite collection of non-overlapping compact subintervals of [a,b] such that
n

Z (b —ag) <9, and let A = U [ak, b . Then p(A) <4, so
k=1

k=1
[

k=1 k
n by,
<Z/UF/W@.
k=1 Qg A

n n

Z |F(bk) — F(ar)| = Z

k=1

Conversely, we have

Proposition 50 Let F' be an absolutely continuous mapping on a compact in-
terval I = [a,b]. Then there exists a summable function f such that

F(x)—F(a):/If (xel).

Proof. Being absolutely continuous, F' has bounded variation, by Exercise
(8.4,7); so, by Exercise (8.4,6), there exist increasing functions Fj, F» such
that ' = F; — F5. Referring to Theorem 45, we see that F' is differentiable
almost everywhere, F” is summable over [a,b], |F'(z)| < Fy(z) + Fj(z) almost
everywhere;,and

b
[ 1F1< Fi) + Fa(b) - Fie) - Fafa).

Let "
G(x):/F' (a<x<b).

Then G is absolutely continuous, by Proposition 49, as is the function F'—G. By
the fundamental theorem of calculus, F'(z) — G'(x) = 0 almost everywhere on
[a,b]. It follows from Exercise (8.5,2) that F — G is constant on [a, b] ; whence

F(z) — F(a) = G(z) — G(a) :/ F',
which reduces to the desired property of F if we take f = F'. m

The function F : [0,1] — R discussed in Exercise (8.5, 5) is shown there
to be neither absolutely continuous nor (inevitably, in view of the preceding
theorem) an indefinite integral. Moreover, according to that exercise, F’(x) = 0
almost everywhere on [0, 1] and

/1F’ =0 < F(1) — F(0).
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Appendix: The axiom of choice

In the early years of this century it was recognised that the following principle,
the axiom of choice, was necessary for the proofs of several important theorems
in mathematics.

AC If F is a nonempty family of pairwise disjoint nonempty sets, then there
exists a set that intersects each member of F in exactly one element.

In particular, Zermelo used this axiom explicitly in his proof that every set S
can be well ordered—that is, there is a total partial order > on S with respect
to which every nonempty subset of X has a least element [13]. It was shown
by Godel [5] in 1939 that the axiom of choice is consistent with the axioms of
Zermelo—Fraenkel set theory (ZF), in the sense that the axiom can be added
to ZF without leading to a contradiction, and by Cohen [4] in 1963 that the
negation of the axiom of choice is also consistent with ZF. Thus the axiom of
choice is independent of ZF: it can be neither proved nor disproved without
adding some extra principles to ZF.

The axiom of choice is commonly used in an equivalent form (the one we
used in the construction of a non-measurable set):

AC' If A and B are nonempty sets, S C A x B, and for each x € A there
exists y € B such that (z,y) € S, then there exists a function f: A — B
—called a choice function for S —such that (z, f(z)) € S for each x € A.

To prove the equivalence of these two forms of the axiom of choice, first assume
that the original version AC of the axiom holds, and consider nonempty sets
A, B and a subset S of A x B such that for each x € A there exists y € B with
(z,y) € S. For each © € A let

F,={«z} x{yeB:(x,y) € S}.

Then F = (F;),c4 is a nonempty family of pairwise disjoint sets, so, by AC,
there exists a set C' that has exactly one element in common with each F,. We
now define the required choice function f : A — B by setting

(z, f(z)) = the unique element of C'N F,

for each = € A.
Now assume that the alternative form AC’ of the axiom of choice holds, and
consider a nonempty family F of pairwise disjoint nonempty sets. Taking

A=F,
B= ] x,
XeF

S={(X,z): X eF,ze X}

69



in AC’, we obtain a function

fF—- UX

XeF

such that f(X) € X for each X € F. The range of f is then a set that has
exactly one element in common with each member of F.

There are two other choice principles that are widely used in analysis. The
first of these, the principle of countable choice, is the case A = N of AC'.
The second is the principle of dependent choice:

If a€ A, S C AXx A, and for each © € A there exists y € A such
that (x,y) € S, then there exists a sequence (a),, in A such that
a1 = a and (an,an+1) € S for each n.

It is a good exercise to show that the axiom of choice entails the principle of
dependent choice, and that the principle of dependent choice entails the principle
of countable choice. Since the last two principles can be derived as consequences
of the axioms of ZF, they are definitely weaker than the axiom of choice.

For a fuller discussion of axioms of choice and related matters, see the article
by Jech on pages 345-370 of [2].
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