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Abstract

An axiomatic development of the theory of apartness and nearness of
a point and a set is introduced as a framework for constructive topology.
Various notions of continuity of mappings between apartness spaces are
compared; the constructive independence of one of the axioms from the
others is demonstrated; and the product apartness structure is defined
and analysed.
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1 Introduction

Errett Bishop, thanks to whom we now know that a broad spectrum of deep
mathematics can be developed constructively [3], dismissed topology ! with the
following remark:

Very little is left of general topology after that vehicle of classical
mathematics has been taken apart and reassembled constructively.
With some regret, plus a large measure of relief, we see this flam-
boyant engine collapse to constructive size ([3], page 63).

He then suggested that, at least for the purposes of analysis, many topological
matters, such as those involved in the theory of distributions, could be taken
care of on an ad hoc basis ([3], Appendix A). Apart from Bishop’s later, un-
published attempt to develop a constructive topology [5], a number of papers
dealing with special topological spaces such as metric and locally convex ones
(for example, [13]), and work on intuitionistic topology [21, 23], general topol-
ogy has been marginalised in constructive mathematics. We believe that this
is to be regretted, since a constructive development of (some form of) general
topology is at least a challenge and may well shed light even on aspects of the
classical theory.

1However, in a later paper he mentioned general topology as a branch of mathematics ripe
for constructivisation ([4], page 29).



In [14] we presented a first—order axiomatic constructive theory of nearness
spaces based on primitive notions of point—set nearness and apartness, and
analogous to the nearness spaces studied by some classical topologists [12, 18].
We indicated at the end of that paper that although the first—order theory runs
fairly smoothly, a second—order theory appears to have substantial advantages
over it. We develop a second—order constructive theory of point—set apartness,
in which nearness is a defined notion, in the present paper.

In reading our work, one should be aware that it is not written from the view-
point of a dogmatic philosophical constructivist. For us, constructive mathe-
matics is a matter of practice, rather than philosophy, that practice being based
on intuitionistic logic, the exclusive use of which produces proofs and results
that are valid not only in classical mathematics but also in a variety of other
models, including computational ones such as recursive function theory [9]. This
is not to say, or even suggest, that we are uninterested in philosophical construc-
tivism; rather, we believe that constructive mathematics in practice produces
insights, especially computational ones, that may interest mathematicians of all
philosophical persuasions.

In order to understand the work below, one does not really need any special
background in constructive analysis: an appreciation of the differences between
classical and intuitionistic logic should suffice. However, the reader may benefit
from keeping at hand either [3] or [6]. Other general references for constructive
mathematics are [2, 11, 22]; for the recursive approach to constructive mathe-
matics, see [1, 16].

2 Apartness

Let X be a set with a binary relation # of inequality, or point—point apart-
ness, satisfying

r#y=-(x=y)),
T#EY=yYF

We say that # is nontrivial if there exist z,y in X with x # y.
A subset S of a set X with an inequality # has two natural complementary
subsets:

¢ the logical complement

S={reX:VyeS-(x=y)};

e the complement

~S={reX:VyeS(z#£y)}.

We are interested in a set X that carries a nontrivial inequality # and a
relation apart(z, S) between points € X and subsets S of X. If apart(z,.S),



then we say that the point x is apart from the set S. For convenience we
introduce the apartness complement

—S={x € X : apart(z,S5)}
of S; and, when A is also a subset of X, we write
A-S=ANn-S.
We assume that the following axioms are satisfied.

Al x #y = apart(z,{y})

A2 apart(z,A) =z ¢ A

A3 apart(z, AU B) & apart(z, A) A apart(z, B)
A4 x € —A C ~B = apart(z, B)

A5 apart(z,A) =Vye X (z#yV apart(y, A))

We then call X an apartness space, and the data defining the relations # and
apart the apartness structure on X. We say that the point x € X is near
the set A C X, and we write near(z, A) , if

VS (xre-S=3JyecA-29).

If X is an apartness space, and Y is a subset of X upon which the induced
inequality is nontrivial, then there is a natural apartness structure induced on
Y by that on X. Taken with that structure, Y is called an apartness subspace
of X.

In the corresponding classical development [12], nearness is taken as the
primitive notion and apartness is defined as the negation of nearness. It is easy
to see, using the classical axioms for nearness, that our definition of nearness is
classically equivalent to the negation of apartness; but, as we prove in a moment,
this equivalence does not hold constructively.

Our canonical example of an apartness space is a metric space (X, p), in
which the inequality and apartness are defined by

r#y<eplz,y) >0

and
apart(z,A) < 3r > 0¥y € A (p(z,y) > 7).

It is routine to verify axioms A1-A5 in this case. We call this apartness structure
the metric apartness structure corresponding to the metric p, and we refer
to X as a metric apartness space. The apartness complement

~S={reX:Ir>0vyecA(p(z,y) >7)}



is then also called the metric complement of S in X.

We denote the open (respectively, closed) ball with centre x and radius r in
a metric space by B(z,r) (respectively, B(z,r)). Note that when we describe a
set S as honempty, we mean that there exists (we can construct) an element
of S; this is a stronger property than — (S = 0).

Proposition 1 Let X be a metric space, x € X, and A C X. Then near (z, A)
if and only if AN B(z,r) is nonempty for each r > 0.

Proof. Suppose that near (z, A). Given r > 0, let

S={yeX:p(x,y) >r/2}.

Then .
x € =S C B(z,r/2) C B(z,r).

Hence, by definition of nearness, there exists y € A—S C AN B(zx,r).

Now suppose, conversely, that AN B(xz,r) is nonempty for each r > 0, and
that € —S. Then there exists r > 0 such that p(z,s) > r for each s € S;
whence B(z,r) C —S and therefore A — S is nonempty. Since S is arbitrary, we
conclude that near (z,A4). qg.e.d.

Since
VEeRYr >0 (=(t<r)=t>r),

it readily follows from Proposition 1 that in the context of a metric space X,
near (zr, A) implies —apart (x, A). However, even in the metric space R, we
cannot hope to prove that —apart (x, A) implies near (x, A) . To see this, let a
be a real number such that = (a = 0), and let

A=Ra={ta:t € R}.

If apart(1,a), then —(a # 0) and therefore a = 0, a contradiction. Hence
—apart (1, A). However, if near (1,a), then, using Proposition 1, we can find
t € R such that |1 —ta| < 1; whence ta # 0 and therefore a # 0. Thus the
proposition

Vr € RVA C R (—apart(z, A) = near (z, 4)),

entails
VeeR (m(x=0)=x#0).

The latter statement is easily seen to be equivalent to Markov’s Principle
(MP):

For each binary sequence (an), if =Vn (an =0), then In (an =1).



This is a form of unbounded search that most constructive practitioners find
unpalatable since it is independent of the axioms of Heyting arithmetic; see [11]
(pages 130-131). We conclude that we cannot expect to prove constructively
that nearness is the negation of apartness.

We now derive some elementary consequences of the axioms in an apartness
space X.

Proposition 2 —(near(z, A) A apart(z, A)) .

Proof. Assume that near(z, A) A apart(z, A). Then z € —A, and so, by
the definition of “near”, there exists y € A — A, which contradicts axiom A2.

g.e.d.
Corollary 3 If near(z,{y}), then = (z # y).

Proof. Let near(xz,{y}). If also = # y, then apart(z,{y}), by axiom Al.
This contradicts Proposition 2. g.e.d.

Corollary 4 Suppose that the inequality on X is tight: that is,
Vo,ye X (n(x#y)=r=y).

If near(z,{y}), then z =y.

Proposition 5 near(z, A) A apart(y, A) = x # y.

Proof. Assume that near(z, A) A apart(y, A). By axiom Ab, either x # y
or apart(z, A); the latter alternative is ruled out by Proposition 2. q.e.d.

Proposition 6 z € A = near(z,A).

Proof. If x € A, then for each B with x € —B we have © € A — B. Hence,
by definition, near(z, A). q.e.d.

Corollary 7 —A c ~A.

Proof. Ifx € A and y € —A, then, by Propositions 6 and 5, x #y. g.e.d.
Corollary 8 A — A =1.

Proof. Immediate, by Corollary 7. q.e.d.

Proposition 9 x =y = near(z, {y}).

Proof. Ifz =y, thenz € {y} and so, by Proposition 6, near(z, {y}). g.e.d.
Corollary 10 near(z,{x}).

Proposition 11 near(z, {y}) = near(y,{z}).



Proof. Let near(z,{y}), and let B C X be such that apart(y, B). Then
by axiom A5, either x # y or apart(z, B). In the first case, axiom A1l shows
that apart(x,{y}), which is absurd by Proposition 2. Hence apart(zx, B); so
x € {x} — B. Since B is arbitrary, we conclude that near(y,{z}). qg.e.d.

Proposition 12 apart(z,{y}) = = # y.

Proof. If apart(z,{y}), then, by axiom A5, either x # y or else apart(y, {y}) .
In the latter case, since near(y, {y}) (by Corollary 10), we contradict Proposi-
tion 2. qg.e.d.

Proposition 13 apart(z, A) A B C A = apart(z, B)

Proof. By Corollary 7, we have —A C ~A C~ B. The result now follows
from axiom A4. ¢.e.d.

Proposition 14 near(z, A) AVy € A (near(y, B)) = near(z, B).

Proof. Assume that x € —S. Then, by the definition of “near”, there exists
y € A—S. Since y € A, we see that near(y, B). Since also apart(y,S), it
follows from the definition of “near” that there exists z € B — S. Thus

VSCX (xe-S=3zeB-25)
—that is, near(z, B). q.e.d.
Corollary 15 near(x,A) AN A C B = near(z, B).
Proof. Use Propositions 6 and 14. q.e.d.
Corollary 16 near(x, A) = near(z, AU B).

Proof. Apply the preceding corollary with B replaced by AU B. ¢.e.d.

One of the axioms of the classical theory is
near(z, AU B) < near(xz, A) V near(z, B) .

As in [14], we can show that a constructive proof of the implication from left to
right implies the limited principle of omniscience (LPO):

For each binary sequence (an), either an = 0 for all n or else there
exists n such that an = 1.

Since LPO is false in the recursive model of constructive mathematics?, we
cannot expect to prove the left—right implication of (1) constructively.

21t is also independent of Heyting arithmetic—that is, Peano arithmetic with intuitionistic
logic; see [2, 22].



Proposition 17 near(z, A) A apart(z, B) = near(xz, A — B).

Proof. Write S = A — B, and let x € —C. We need to show that S — C'is
nonempty. To this end, observe that x € —B and x € —C, so by axiom A3,
x € —(BUC). Since z € A, it follows from the definition of “near” that there
existsy € A— (BUC); but A— (BUC) =S — C, so we are through. g.e.d.

We now establish the extensionality of apartness and nearness.
Proposition 18 (apart(z,A) Az =a' ANA=A") = apart(z’, A").

Proof. By axiom A5, either z # 2’ or else, as must be the case, apart(z’, A).
Since A’ = A, we have ' € —A C~ A =~ A’, by Corollary 7; whence
apart(z’, A'), by axiom A4. q.e.d.

Proposition 19 (near(z,A) Ax =2’ AA=A") = near(z/, 4’).

Proof. Let ' € —B. Then x € —B, by the previous proposition; so, as
near(z, A), there exists y € A— B. But A’ = A, so y € A’ — B. It follows from
our definition of “near” that near(z’, A’). qg.e.d.

Lemma 20 For each z € X there exists y € X such that = # y.

Proof. We are assuming throughout that the inequality on X is nontrivial; so
we can choose a,ad’ € X with a # a'. By axiom Al, apart(a,{a'}); whence, by
axiom A5, either x # a or else apart (x,{a’}); in the latter event, Proposition
12 shows that  # d/. q.e.d.

Proposition 21 apart(z, ).

Proof. Using the preceding lemma, choose y € X with x # y. Then apart(z, {y}),
by axiom Al; so, by Proposition 18, apart(z, {y} U®). It follows from axiom
A3 that apart(z,0). g.e.d.

Proposition 22 near(z, A) = 3y € A.

Proof. By Proposition 21, x € —(. So if near (z, A), then, by definition of
near, there exists 4 in A — (), which equals A. g.e.d.

3 Apartness and topology

We next look at a natural apartness in a certain type of topological space (X, 7).
If x € X and A C X, we define

apart(z,A) < 33U et (zr €U C ~A)
and, of course,

near(z,A) VB (r€ —B=3Jyc A— B).



It is easy to show that these relations satisfy axioms A2-A4. To get axiom Al,
we need X to be a T1—space:

r#y=30 et (xeclUcC~{y}).

To make X into an apartness space we also need to postulate axiom A5 or
something that implies it. One such “something” is

xeUNUeT=>VyeX (x£yVyel)

(which certainly holds in a metric space). For suppose that this axiom holds,
let apart(z, A), and choose U € 7 such that x € U C ~A. Then either = # y
or else y € U; in the latter case, apart(y, A).

We say that the topological space (X, 7) is a topological apartness space
if the apartness and nearness defined above turn X into an apartness space; we
then call the apartness structure on X the topological apartness structure
corresponding to 7.

An important non—metric example of a topological apartness space is pro-
vided by a locally convex space X [13]. If (pi);c, is the family of seminorms
defining the locally convex topology on X, then the corresponding inequality
relation, defined by

r£ye el (pilzx—y)>0),

is tight. To establish axiom A5 in this situation we argue as follows. Let
apart(xz, A); then there exist € > 0 and elements i1, ...,in of I such that

5 >

U= yeX: pilz—y)<e C~A
k=1

. . Pn Pn
Given y € X, we have either |, _; pi(x —y) > 0or _;pi(z—y) <e.
In the first case, pj, (z —y) > 0 for some k and so x # y. In the second case,
y € U C~A and so, by the definition of apartness, apart(y, A).

A subset S of an apartness space X is said to be nearly open if it can be
written as a union of apgrtness complements: that is, if there exists a family
(Ai)jcy such that S = ., —A;. Clearly, () is nearly open () = —X), X is
nearly open (X = —(}), and a union of nearly open sets is nearly open. Since,
by a simple application of axiom A3, the intersection of a finite number of
apartness complements is an apartness complement, it can easily be shown that
a finite intersection of nearly open sets is nearly open. Thus the nearly open
sets form a topology—the apartness topology—on X for which the apartness
complements form a basis.

Proposition 23 In a topological apartness space every nearly open set is open.



Proof. Let (X,7) be a topological space. It suffices to show that every apart-
ness complement —A in X is open. Let £ € —A and choose U € 7 such that
x € U C ~A. Then, by the definition of the apartness in X, U C —A. Hence
—A is open. q.e.d.

Classically, every open set A in a topological apartness space satisfies A =
— ~A, and so the converse of Proposition 23 holds. Constructively, although
A C — ~ A holds for an open set A, we cannot hope to prove the reverse
inclusion. To see this, consider the metric subspace

X =1{0,1-a,2}

of R, where a < 1 and —(a <0). Let B be the open ball with centre 0 and
radius 1 in X. Then 2 € ~ B. On the other hand, if x € ~ B and x # 2, then
x must equal 1 — a, so = (1 —a < 1); whence 1 —a > 1 and therefore a < 0,
a contradiction. It follows that ~ B = {2} and hence that — ~ B = —{2}.
If —~ B C B, then 1 — a, which certainly belongs to — {2}, is in B; whence
1 —a < 1 and therefore a > 0. Thus, although (as is easily seen) any ball B in
a metric apartness space satisfies B C —~ B C B, the proposition

Every open ball B in a metric space satisfies B=—~B

entails
VeeR (m(z<0)=2>0).

The latter statement is easily seen to be equivalent to Markov’s Principle.

This example suggests that although, for a topological apartness space, the
apartness topology and the original topology coincide classically, the former
looks coarser than the latter constructively. It is therefore pleasing to prove the
converse of Proposition 23 for a metric space.

Proposition 24 A subset of a metric space is open if and only if it is nearly
open.
Proof. In view of Proposition 23, it is enough to prove that an open subset

A of a metric space X is nearly open. To this end, let x € A, choose r > 0 such
that B(x,r) C A, and let

E={yeX:pz,y) >r}.

Then -
reX—-FECB(z,r) CA

It follows that A is a union of metric complements and is therefore nearly open.

g.e.d.

It remains an open [sic] problem to find good constructive conditions on a
not—necessarily—metrisable topological space that ensure that nearly open sets
are open.



We now define a subset S of an apartness space X to be nearly closed if
Ve e X (near(z,S) =z €5).

(This is just “closed” in a metric space.) Both X and ) are nearly closed. The
intersection of any family of nearly closed sets is nearly closed (this is easy!),
but—as with closed sets in R—we cannot show that the union of two nearly
closed sets is nearly closed ([8], (6.3)).

Proposition 25 For each nonempty subset A of an apartness space X, the
closure .

A={z € X :near(z,A)}
of A in X is nearly closed.

Proof. Apply Propositjon 14 with A and B replaced by A and | A, respectively,
to show that if near x, A , then near(z, A) and therefore z € A. g.e.d.

Proposition 26 If S is a nearly open subset of an apartness space X, then its
logical complement equals its complement and is nearly closed.

Proof. Let S = ;. —Ai be nearly open, let 7" = =S, and consider z
such that near(z,T). Given y € S, choose ¢ € I such that y € —A;. Then
apart(y, 4j), so, by axiom A5, either x # y or apart(x, Aj). In the latter case,
since near(x,T), we see from Proposition 17 that near(z,T — Aj); whence, by
Proposition 22, there exists z € T — Aj C T'N S, which is absurd. It follows that
—apart(z, Aj) and hence that = # y. We have thus shown that if near (z, -S),
then z €~S. Since ~S C =5, the desired conclusions follow. g.e.d.

Proposition 27 Let X be an apartness space. Then for each x € X and each
AcCX,
apart(z,A) < 3IBC X (x € —B C~A).

Proof. Let x € X and A C X. If apart(z,A), then x € —A C~A, by
Corollary 7. Conversely, if there exists B C X such that © € —B C ~A, then it
follows from axiom A4 (with A and B interchanged) that apart(xz, A). q.e.d.

Proposition 28 Let X be an apartness space, x € X and A C X. Then
near(xz, A) if and only if A intersects each nearly open subset of X that contains
x.

Proof. Let near(z,A), and let U = Siel —Aj be any nearly open set con-
taining x. Choosing ¢ € I such that z € —A;, we see from Proposition 17 that
near(xz, A — Aj). So, by Proposition 22, there exists y € A — 4; C AnU.
Conversely, if A intersects each nearly open set containing x, then since —B is
nearly open for each B C X, we see immediately from the definition of “near”
that near(z, A). g.e.d.

It follows from Proposition 27 that if X is an apartness space, then its given
apartness structure is the same as that associated with the apartness topology.
We use this observation later to motivate the definition of a product of two
apartness spaces X1 and X».

10



4 Apartness and continuity

Let f: X — Y be a mapping between apartness spaces. We say that f is
B nearly continuous if

Ve € XVA C X (near(z, A) = near(f(x), f(A)));

B continuous if

Ve e XVA C X (apart(f(z), f(A)) = apart(z, A));

B topologically continuous if f~1(S) is nearly open in X for each nearly
open S CY.

It is almost trivial that the composition of continuous functions is continuous,
and that the restriction of a continuous function to an apartness subspace of its
domain is continuous. Analogous remarks hold for nearly continuous functions
and for topologically continuous ones.

Proposition 29 A continuous mapping f : X — Y between apartness spaces
is strongly extensional: that is, if f(x) # f(y), then = # y.

Proof. For if f(z) # f(y), then by axiom Al, apart(f(x),{f(y)}); so
apart(z, {y}) and therefore, by Proposition 12, z # y. q.e.d.

Proposition 30 The following conditions are equivalent on a mapping f : X —
Y between apartness spaces.

(i) f is nearly continuous.
(ii) For each nearly closed subset S of Y, f~1(S) is nearly closed.
._¢ -
(iii) For each subset A of X, f "1 f(A).

Proof. Suppose that rf is near1y¢cont1nuoub on X, and let S bgg closed subset
of Y. If z € X and near z, f~1(S) , then near f(z), f f 1(S)  and therefore
near(f(x),S). Since S is closed, f(x) € S; whence z € f~1(S). Thus (i) implies
(i)

Now supposg that-(ii) holds. zlet © € X, A C X, and near(z, A). Note
that A ¢ f~1 f(A) , so near z, f~1(f(A)) , by Corollary 15. Sglce, by

Proposition 25, f(A) is nearly closed, so is f~1(f(A)). Hence x € f~1 f(A) ,

so f(x) € f(A) and therefore near(f(x), f(A)). Thus (ii) implies (i).
The equivalence of (i) and (iii) is trivial. q.e.d.

Proposition 31 A topologically continuous mapping between apartness spaces
is continuous.

11



Proof. Let f: X — Y be a topologically continuous mapping between apart-
ness spaces, consider € X and A C X such that apart(f(z), f(4)), and write

Q=f(-f(4).

Since —f(A) is nearly open, Q = ;. —Ajfor some family of sets Aj. Choose
i € I such that x € —A;. Note that A C - : for if z € AN, then f(2) €
f(A) N —f(A), which is absurd. Since 2 is nearly open, Proposition 26 shows
that =) =~{). Hence

AC-Q=~QC~—A4;

and therefore —A; C ~A. Applying Proposition 27, we now see that apart(z, A).
g.e.d.

What about the converse of Proposition 317 To discuss that, we define an
apartness space X to be completely regular if it has the following property:

For each = € X and each subset A of X such that apart(x,A),
there exists a continuous function ¢ : X — R such that ¢(z) =0
and ¢ (A) ={1}.

We then say that ¢ separates z and A.

Every metric space is completely regular. For if apart(z, A) in a metric
space X, then, choosing r > 0 such that p(z,y) > r for all y € S, we obtain a
separating function ¢ : X — R by setting

Yo ) Ya
¢(t) = min 1,;p(x,t) (teX).

Trivially, an apartness subspace of a completely regular apartness space is
completely regular.

Proposition 32 Every continuous mapping from an apartness space into a
completely regular apartness space is topologically continuous.

Proof. Let X be an apartness space, Y a completely regular apartness space,
and f : X — Y a continuous mapping. It is enough to show that for each B C Y,
f~Y(—B) is nearly open in X. To this end, consider € f~1(—B). Since Y is
completely regular, there exists a continuous function ¢ : Y — [0, 1] such that
¢ (f(x)) =0 and ¢ (B) = {1} . For convenience, write

1ig [°
S=¢ '3 1.
Consider any y € —f~%(S). By axiom A2, y ¢ f~1(S) and so f(y) ¢ S; whence
& (f(y)) < 1/2 and therefore apart(¢ (f(y)),{1}). Since ¢ is continuous, it
follows that apart(f(y), B) and therefore f(y) € —B. Hence

—f S cft(-B).

12
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On the other hand, apartl 0, I%, 1 ¢ and ¢ is continuouspn Y, so apart(f(x),S)
and therefore, by the continuity of f, apart'x, f7XS) . Thus z € —f~1(9) C
f~1(—B). We have now shown that for each z € f~1 (—B) there exists S C Y
such that x € —f~1(S) Cc f71(-B). So f~1(—B) is a union of apartness

complements and is therefore nearly open. g.e.d.

Proposition 33 A topologically continuous mapping between apartness spaces
is nearly continuous.

Proof. Let f: X — Y be a topologically continuous mapping between apart-
ness spaces. Consider z € X and A C X such that near(z, A). Let B C Y and
f(z) € —=B; then x € f~1(—B). By the topological coatinuity of f, there exists
a family (Aj);c, of subsets of X such that f~1(=B) = ¢, —4i. CI}%’SG io wih

r € —Aj,. Then, as near(z, A), there exists y € A — Aj; C AN~ o) =4 ;
whence A I 1
fy)e fANf -4i =f(A)-B.
icl
Thus

VBCY (f(x) e —-B=3z€ f(A)— B)
and so near(f(x), f(A)). g.e.d.

Corollary 34 Every continuous mapping from an apartness space into a com-
pletely regular apartness space is nearly continuous.

Proof. Use Propositions 32 and 33. q.e.d.

There seems no reason to believe that we can say more, constructively, about
the classically true equivalence of near continuity, continuity, and topological
continuity for a mapping between two general apartness spaces. If, however,
the spaces are metric spaces, then we can say a little more.

Proposition 35 Let f : X — Y be a mapping between metric apartness spaces.
Then f is continuous if and only if for each = € X and each ¢ > 0 there exists
6 > 0 such that p(f(z), f(z')) < e whenever 2’ € X and p(x,2’) < é. In that
case, f is topologically continuous.

The proof is essentially the same as that of Proposition 1 of [14], and so is
omitted. Note that the e-0 condition in this proposition is just that of pointwise
continuity, in the usual metric space sense, of f.

Proposition 36 A mapping f : X — Y between metric spaces is nearly con-
tinuous if and only if the following condition holds: for each x € X and each
sequence (xn) converging to z, f(x) is a cluster point of the sequence (f(zn))p—y -
In that case, f(z) is the unique cluster point of the sequence (f(zn))n=; -

Suppose also that X is complete. Then f is nearly continuous if and only if
it is sequentially continuous: that is, for each z € X and each sequence (zn)

of points of X converging to z, limn_, f(zn) = f(2).
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The first part of this proposition is proved in [10]. Tt is also shown there
that if nearly continuous implies sequentially continuous for functions from a
non—complete metric space, then LPO holds.

5 Pre-apartness spaces

Let X be a set with a nontrivial inequality # . By a pre—apartness relation
on X we mean a relation apartbetween points and subsets of X that satisfies
axioms A1-A4, but not necessarily A5. Taken with such a relation, X becomes
a pre—apartness space, on which we define notions such as apartness comple-
ment, nearly open, continuous, topologically continuous, and completely regular
as for an apartness space. Results whose proofs do not require axiom A5 hold
when “apartness” is replaced by “pre—apartness” throughout.

Proposition 37 A completely regular pre—apartness space satisfies axiom A5.

Proof. Let X be acompletely regular pre-apartness space, and let apart(z, A)
in X. Construct a continuous mapping ¢ of X into [0, 1] (with the usual apart-
ness) such that ¢(xz) = 0 and ¢(A) = {1}. Let y be any element of X. Then
either ¢(y) > 0, in which case y # z, or else ¢(y) < 1. In the latter case,
apart(¢(y), 9(A)) and so, as ¢ is continuous, apart(y, A). g.e.d.

We now consider an example of a pre-apartness space that cannot be proved
to be an apartness space. This shows that axiom A5 for an apartness space is
constructively independent of axioms A1-A4.

Let X be [0,1] with the usual inequality relation, let 7 denote the topology
induced on X by the standard topology on R, and let

a

©
A= n":n=1,23,...
Define a relation apartbetween points x and subsets S of X as follows:
apart(z,S) <3V erIBCA(xe€U~BC~S).

It is straightforward to verify that apartsatisfies axioms A1-A4 and so turns X
into a pre-apartness space.® Since X € 7 and 0 € X ~ A, we have apart(0, A).
Given a binary sequence (an) with at most one term equal to 1, define

If y # 0, then an = 1 for some n; if apart (y, A), then an = 0 for all n. Thus if
axiom A5 holds in the pre—apartness space X, we can prove LPO.

It follows from Proposition 37 that this pre—apartness space X is not com-
pletely regular. To see this directly, let Y denote the space [0, 1] taken with the

3 Classically, the family of (pre-apartness) nearly open subsets of X forms the Smirnov
topology [20].
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apartness relation associated with the topology on R, and suppose that there
exists a Cont%nuc.)us @@ppmg ¢ : X — Y such that ¢( o 0 and ¢(A) = {1}.
Since apart 0, 3 3,1 inY, we have apart 0,¢~ 1 % 1 in X; so there exist
r >0 and B C A such that

o]

0e0,r)~BcCrgt! %
and hence (as ¢(A) = {1}) that

j. o
0e0r)~Ac~e 'L, (1)
i ¢

Choose a positive integer N > max {1¢ 1/r}. We claim that r@arl L.[0,r)~ A

1

in X. To prove this, let apart L S in X, and choose t € O,N 7 - and

C C A such that £, . on

Next, choose y such that 1 < y < min ,il +t,r . Then y EI[O r)~ A anéi

y e —S. It follows from the d nition of nearness in X that near 5, [0,7) ~
Now, & € A and so ¢ = 1. Tt follows from (1) that

i i, ¢
apart ¢ § ,¢([0,7)~A) .

i
Since ¢ is continuous, we have apart ﬁ, [0,7) ~ A . This contradicts Propo-
sition 2 and completes the proof that X is not completely regular.

6 Product apartness spaces

Let X3 and X» be apartness spaces, let X be their Cartesian product X1 x Xp,
and, for example, let X denote the element (1, x7) of X. The inequality relation
on X is defined by

X#Yy ifand only if (r1#y1V a2 #y2).
Define a relation apartbetween points and subsets of X as follows:
apart(x,A) < 301 € X1 3V, C X5 (X € —Uy x —Up C~A),

where —Uy is the apartness complement of Uy in the apartness space Xk. Define
also
near(x,A) < VB (apart(x,B) =3y € A— B),

where — B is the apartness complement of B in the product space X. We show
that these definitions provide X with an apartness structure—the product
apartness structure. We then call X, equipped with this apartness structure,
the product of the apartness spaces X; and X5.

To verify axiom A1, suppose that X # y. Then either x1 # y1 or else x2 # y».
Taking, for example, the first alternative, we see from axiom Al applied to X3

15



that apart(zi,{y1}); whence, by Proposition 27, there exists Uy C Xj such
that 1 € —U1 C~y1}. Then X € —U; x X, C ~{y}; since X5 is nearly open,
it follows that apart(x, {y}). Hence axiom Al holds.

It is routine to verify that axioms A2-A4 hold in X1 x X3; so it remains
to deal with axiom A5. To this end, let apart(x, A) in X3 x X5, and choose
sets Ux C Xk such that X € —U; x —U, C~A; then zx € —Uk. Consider any
y € X. By axiom A5 in the apartness space X1, either x1 # y1 or y1 € —Uj.
Since X # Y in the first case, we may assume that y; € —U;. Likewise, we may
assume that y, € —U,. Hencey € —U; x —U, C ~A, and therefore apart(y, A).
This completes the verification of axiom Ab5.

Classically, the product apartness structure on X satisfies

near(x, A) & —apart(x, A)
< VYU C XqVU, C X5 (X € —U; x-U; = Ely S (—Ul X —Uz) ﬂA).

Constructively, we have

Proposition 38 Let X = X3 x X, be a product of two apartness spaces, and
let X be a point of X such that if Uy C X, U, C X5, and x € —U; x —Us, then
(—=U1 x =Uz) N A is nonempty. Then near(x, A).

Proof. Consider any subset B of X such that apart(x, B). There exist Ux C
Xk such that X € —U; x —U, C ~B. Then, by definition of the apartness on
the product space X, —U; x —U; C —B. Thus

A—BD (Ui x =Uz)NA,
which, by our hypotheses, is nonempty. Thus
VB (apart(x,B) = 3Jy € A— B)
—that is, near(x, 4). q.e.d.
To discuss a converse of Proposition 38, we need some auxiliary results.

Lemma 39 Let X3, X, be apartness spaces. Then the projection mappings pry :
X, x X, — X are continuous.

Proof. Let apart(pry(X),pri(S)), where S € X = X3 x X5; then there
exists Uy C X7 such that

x1 = pry(X) € —U1 C ~pry(9).
Then X € —U; x Xp = —U;y x —0. Also, if y € —U; x —f, then y; € —Uz, so
for all z € S, y1 # 21 and therefore y # z. Thus —U; x —) C ~S, and there-

fore apart(x,S). This proves the continuity of pry; that of pr, is established
similarly. g.e.d.
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Lemma 40 Let X be the product of two apartness spaces X1 and X», and let
X be a point of X with the following property: if Uy C X3, U, C X,, and
X € —U; x —Uy, then there exists S C X such that x € —S C —U; x —U,. If
near (x, A), then (—Uy x —U) N A is nonempty for all U; C X; and U, C X
with x € —U; x —U».

Proof. Given that near(x, A), let Uk be a subset of X such that X € —Uj X
—U,. Choose S C X such that x € —S C —U; x —Uy. Since near(x, A), there
exists y € A —S;theny € (-Uy x —Uz)NA. g.e.d.

Proposition 41 Let X be the product of two completely regular apartness spaces
X; and X5. Let x € X, and let Uk C Xk be such that x € —U; x —U,. Then
there exists S C X such that

Xe—-ScC-Ux-U,.

Proof. Since zx € —Uk, there exists a continuous function fix : Xk — [0,1]
such that fi(zk) =0 and fx (Ux) = {1}. Let

©
S=¢eX: fil&) >3V f2(&2) > 3

By the continuity of the functions fx, X € —S. On the other hand, if £ € -5,
then for k = 1,2 we have fi (§k) < 1, so, again by continuity, £k € —Uk. Hence
=S c-U; x-U,. q.e.d.

a

We now arrive at our converse to Proposition 38.

Corollary 42 Let X be the product of two completely regular apartness spaces
X1 and Xy, let x € X, and let A be a subset of X such that near(x, A). Then
(—=U1 x =Uz)NA is nonempty for all U; € X; and U, C X, withx € —Uy x—Us.

Proof. Use Proposition 41 and Lemma 40. ¢.e.d.

Lemma 43 Let X = X; x X, be a product of apartness spaces, and f a con-
tinuous mapping of X into an apartness space Y. Then for each z, € X, the
mapping x — f(x, z2) is continuous on X3; and for each z; € X; the mapping
x +— f(x1,x) is continuous on X>.

Proof. Define g(z) = f(x,22). Let x € X1 and A C X1 satisfy apart(g(z), g(A)) —
that is,

apart(f(z, z2), f(A x {z2})).
Since f is continuous, we have apart((x,x2), A x {x2}), so there exist Ux C Xk

such that
(.Ii,l‘z) € -Uy x —-U, C N(A X {xz}) .

Hence © € —U1 C ~A and therefore apart(z, A). Thus g is continuous. A
similar argument shows that « — f (z1, ) is continuous on X5 for each z1 € X3.

g.e.d.
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Proposition 44 Let X = X; x X> be the product of two apartness spaces. Then
X is completely regular if and only if each Xy is completely regular.

Proof. Suppose first that X is completely regular. Let x; € —U; C X; and
let 2 € X5. Then

X = (wl,xz) € —Up x Xo =—-U; % —0 CN(Ul XXz).

Hence, by definition of the apartness on X, X € — (U1 X X3). So there exists a
continuous function f : X — [0,1] such that f(X) =0 and f (U1 x X2) = {1}.
Define f; : X; — [0,1] by
f1(§) = F (& x2).

Then f1 is continuous, by Lemma 43, and fi1(z1) = 0. Given £ € Ui, suppose
that f1 (§) < 1. Then apart (f(£,z2),{1}); so by the continuity of f, (§,z;) €
— (U1 x X>3) and therefore £ € —Uy, a contradiction. Thus f1 (U1) = {1}. This
completes the proof that X; is completely regular; that for X, is similar.

Now suppose, conversely, that each X is completely regular. Consider £ € X
and S C X such that £ € —S. Choose Uy C X3 and U, C X3 such that
£ € —Uy x —U, C ~S. There exist continuous mappings fi : Xk — [0, 1] such
that fi(&k) = 0 and fk (Uk) = {1} . Define

f(X) = max {f1(&1), f2(2)}

Then f is continuous, as a composition of continuous functions. Let X € S, and
note that
S C ~~S C (U x =U3).

If f(X) <1, then fk(zk) < 1 and so, by the continuity of fk, xx € —Uk; whence
Xe -Ui x-U C NS,

a contradiction. We conclude that f(X) =1 for each x € S. q.e.d.

It is natural to ask for conditions under which the projection mappings
on a product apartness space are not only continuous but also topologically
continuous.

Proposition 45 The following are equivalent conditions on a product X =
X1 x X, of apartness spaces.

(i) For all x € X, U1 C X3, and U, C X, such that x € —U; x —U> there
exists S C X such that x € =S C —U; x —Us.

(ii) For all U; € X3 and U, C X, the set —U; x —U, is nearly open in X.
(iii) If Ak is nearly open in Xi (k =1,2), then A; x A, is nearly open in X.

(iv) The projections pr, are topologically continuous on X (k=1,2).
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Proof. If (i) holds and Ux C Xk, then
L
—Uy x —-Up = {752X€*SC*U1><*U2},
xe—Upx—Uz

which is nearly open. Thus (i) implies (ii). It is trivial that (ii) implies (i).

It is routine to prove that (ii) is equivalent to (iii). Now assume (iii) and
let B C X1. Then prl_1 (—B) = =B x X3 = —B x —{), which is nearly open.
It follows that (iii) implies (iv). Finally, assume (iv) and let Ux C Xk. Then
pric* (—Uy) is nearly open, so pry* (—Uy) Npry* (—U3) is nearly open. But

prit (=U1) Npryt (=Uz) = (~U1 x X2) N (Xy x —Up) = —Uy x —U,.

Thus —U; x —U> is nearly open, from which we easily deduce (iii). q.e.d.

7 Concluding remarks

There is one serious issue that needs to be addressed before we conclude this pa-
per: namely, the quantification over subsets of X in the definition of near (z, A) .
Such quantification leads to impredicativity, a notion viewed with horror by the
pioneers of constructivism. Indeed, Beeson ([2], page 19) and others have sus-
pected that the power set axiom—implicit in a second—order theory like ours as
it stands—is inherently nonconstructive; to quote Myhill [17],

Power set seems especially nonconstructive and impredicative ... it
does not involve ... putting together or taking apart sets that one
has already constructed but rather selecting, out of the totality of
all sets, all those that stand in the relation of inclusion to a given
set.

Is there, then, a way of modifying our second—order theory so as to remove its
dependence on the full power set axiom?

We may be able to do this by prescribing for each space X a family F (X) of
subsets to which the relation apart may be applied exclusively. Such a family
would need to satisfy the following (and maybe only the following) conditions:

F1 {2} € F(X) for each z € X.
F2 Finite unions of sets in F (X) belong to F (X).

F3 For any map f : X — Y between apartness spaces, if S € F(X), then
f(8) e F(Y).

F4 For any map f : X — Y between apartness spaces, if T € F (Y), then
fHT) e F(X).

F5 Any interval belongs to F (R).
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Another way out of the impredicativity problem might be to work with
an informal notion of “well-constructed subset of X”, intended to capture the
idea of a subset of X built up from some basic collection of subsets by purely
predicative means. Our definition of near (x, A) would then read as follows:

VS (S is a well-constructed subset of X Az € =S =3Jyec A-S9).

This idea is not as imprecise as may at first appear: there is a constructive
formalisation of Morse set theory [7] with a universal class U, in which objects
appear® to be constructed impredicatively if and only if they can be proved
to belong to U. If this appearance is, in fact, reality, then our definition of
near (x, A) could be recast predicatively in the form

VS (SeUANSCXAze-S=TyeA-29).

We hope to discuss ways of removing the apparent impredicativity in our
theory in a later paper. In the mean time, we believe that the work presented
above shows that the second—order theory of apartness spaces holds consider-
able promise as a constructive framework for general topology and is worthy of
further exploration. There are several avenues along which such explorations
might proceed. For example, there is the detailed examination of convergence,
which, in the absence of ultrafilters (whose classical existence depends on Zorn’s
Lemma), may turn out to be more than a routine constructivisation of the clas-
sical theory. Then there is the discussion of various types of topological space
(Hausdorff, regular, completely regular, normal, ...) and constructive analogues
of Urysohn’s Lemma and the Tietze Extension Theorem (such analogues exist
constructively in the context of metric spaces). The problem of finding applica-
ble substitutes for various classical notions of compactness is a serious one in
the absence of a uniform structure (such as that on a metric space, where total
boundedness and completeness together form a useful type of compactness).

Apartness relations generalise inequalities between points. Another avenue
to be explored leads to proximity relations, which generalise apartness relations
to pairs of sets [18]. This will be done in the next paper [19] in our series on
constructive apartness structures.

Acknowledgement: The authors thank Peter Schuster for his numerous
helpful comments on drafts of this paper, and for his continuing support and
advice.

References

[1] Oliver Aberth, Computable Analysis, McGraw—Hill, New York, 1980.

4We have not attempted a rigorous justification of this statement within the metatheory of
constructive Morse set theory, but we have little doubt that such a proof could be produced
after a tedious examination of the many cases that arise.

20



[2] Michael J. Beeson, Foundations of Constructive Mathematics, Springer—
Verlag, Heidelberg, 1985.

[3] Errett Bishop, Foundations of Constructive Analysis, McGraw—Hill, New
York, 1967.

[4] Errett Bishop, ‘Schizophrenia in Contemporary Mathematics’, in Errett
Bishop, Reflections on Him and His Research, Contemporary Mathemat-
ics 39, 1-32, Amer. Math. Soc., Providence RI, 1985.

[5] Errett Bishop, Notes on Constructive Topology, University of California, San
Diego, 1971.

[6] Errett Bishop and Douglas Bridges, Constructive Analysis, Grundlehren der
Math. Wissenschaften 279, Springer—Verlag, Heidelberg—Berlin—-New York,
1985.

[7] Douglas Bridges, ‘A constructive Morse theory of sets’, in Mathematical
Logic and its Applications (D. Skordev, ed.), Plenum Publishing Corp., New
York, 61-79, 1987.

[8] Douglas Bridges, ‘A constructive look at the real number line’, in Synthese:
Real Numbers, Generalizations of the Reals and Theories of Continua (P.
Ehrlich, ed.), pp. 29-92, Kluwer Academic Publishers, Amsterdam, 1994.

[9] Douglas Bridges, ‘Constructive mathematics: a foundation for computable
analysis’, Theoretical Computer Science 219 (1-2), 95-109, 1999.

[10] Douglas Bridges and Luminita Vitd (Dediu), ‘Characterising near continu-
ity constructively’, preprint, University of Canterbury, New Zealand, 2000.

[11] Douglas Bridges and Fred Richman, Varieties of Constructive Mathematics,
London Math. Soc. Lecture Notes 97, Cambridge Univ. Press, 1987.

[12] P. Cameron, J.G. Hocking, and S.A. Naimpally, Nearness—a better ap-
proach to topological continuity and limits, Mathematics Report #18-73,
Lakehead University, Canada, 1973.

[13] Luminita Dediu and Douglas Bridges, ‘Constructive notes on uniform and
locally convex spaces’, in Proceedings of International Symposium FCT ’99
(Tagi, Romania), Springer Lecture Notes in Computer Science 1684, 195
203, 1999.

[14] Luminita Vitd (Dediu) and Douglas Bridges, ‘A first—order constructive
theory of nearness spaces’, preprint, University of Canterbury, New Zealand,
2000.

[15] Hajime Ishihara, ‘Continuity and nondiscontinuity in constructive mathe-
matics’, J. Symbolic Logic 56(4), 13491354, 1991.

21



[16] B.A. Kushner, Lectures on Constructive Mathematical Analysis, Amer.
Math. Soc., Providence RI, 1985.

[17] John Myhill, “Constructive set theory”, J. Symbolic Logic 40(3), 1975,
347-382.

[18] S.A. Naimpally and B.D. Warrack, Proximity Spaces, Cambridge Tracts in
Math. and Math. Phys. 59, Cambridge at the University Press, 1970.

[19] Peter Schuster, Luminita Dediu, and Douglas Bridges, ‘Apartness as a
relation between subsets’, in preparation.

[20] L.A. Steen and J.A. Seebach, Counterexamples in Topology, Dover Publi-
cations Inc., New York, 1995.

[21] A.S. Troelstra, Intuitionistic General Topology, Ph.D. Thesis, University of
Amsterdam, 1966.

[22] A.S. Troelstra and D. van Dalen, Constructivism in Mathematics: An In-
troduction (two volumes), North Holland, Amsterdam, 1988.

[23] F.A. Waaldijk, Constructive Topology, Ph.D. thesis, University of Ni-
jmegen, Netherlands, 1996.

authors’ addresses:

Bridges: Department of Mathematics & Statistics, University of Canter-
bury, Private Bag 4800, Christchurch, New Zealand (d.bridges@math.canterbury.ac.nz)

Vita: Department of Mathematics, University Dunérea de Jos, Str.
Domneascd nr 47, Galati, Romania (Luminita.Dediu@ugal.ro)

22



