
THERE ARE NO TRANSCENDENTAL BRAUER-MANIN
OBSTRUCTIONS ON ABELIAN VARIETIES

BRENDAN CREUTZ

Abstract. Suppose X is a torsor under an abelian variety A over a number field. We show
that any adelic point ofX that is orthogonal to the algebraic Brauer group ofX is orthogonal
to the whole Brauer group of X. We also show that if there is a Brauer-Manin obstruction
to the existence of rational points on X, then there is already an obstruction coming from
the locally constant Brauer classes. These results had previously been established under the
assumption that A has finite Tate-Shafarevich group. Our results are unconditional.

1. Introduction

Let X be a smooth projective and geometrically integral variety over a number field k.
In order that X possesses a k-rational point it is necessary that X has points everywhere
locally, i.e., that the set X(Ak) of adelic points on X is nonempty. The converse to this
statement is called the Hasse principle, and it is known that this can fail. When X(k) is
nonempty one can ask if weak approximation holds, i.e., if X(k) is dense in X(Ak) in the
adelic topology.

Manin [Man71] showed that the failure of the Hasse principle or weak approximation can,
in many cases, be explained by a reciprocity law on X(Ak) imposed by the Brauer group,
BrX := H2

ét(X,Gm). Specifically, each element α ∈ BrX determines a continuous map,
α∗ : X(Ak) → Q/Z, between the adelic and discrete topologies with the property that the
subset X(k) ⊂ X(Ak) of rational points is mapped to 0. Thus, for any subset G ⊂ BrX, the
set X(Ak)

G of adelic points that are mapped to 0 by every element of G is a closed subset
of X(Ak) containing X(k). When this subset is empty (resp., proper) one says there is a
Brauer-Manin obstruction to the existence of rational points (resp., weak approximation).

The Brauer group of X admits a natural filtration,
(1.1) 0 ⊂ Br0X ⊂ БX ⊂ Br1/2X ⊂ Br1X ⊂ BrX ,

where the nontrivial subgroups, whose definitions are recalled in Section 2 below, consist of
elements that are (respectively, in increasing order) constant, locally constant, Albanese, and
algebraic. Elements of BrX surviving the quotient BrX/Br1X are said to be transcendental.
This filtration leads to the sequence of containments,

X(Ak)
Br ⊂ X(Ak)

Br1 ⊂ X(Ak)
Br1/2 ⊂ X(Ak)

Б ⊂ X(Ak)
Br0 = X(Ak) .

In general, it is possible for any of these containments to be proper. When X(Ak)
Br 6=

X(Ak)
Br1 one says there is a transcendental Brauer-Manin obstruction. We show that this

cannot occur for torsors under abelian varieties.
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Theorem 1. Let X be a torsor under an abelian variety over a number field k. Then

X(Ak)
Br = X(Ak)

Br1 = X(Ak)
Br1/2 .

Moreover, if these sets are empty then so is X(Ak)
Б.

The first statement implies that there are no transcendental obstructions to weak approx-
imation on abelian varieties. The second statement says that the locally constant (a fortiori
algebraic) Brauer classes on X capture the Brauer-Manin obstruction to the existence of
rational points. This solves a problem stated in the “American Institute of Mathematics
Brauer groups and obstruction problems problem list” [AIM, Problem 2.4].

We hasten to note that there are abelian varieties A for which Br1/2A 6= BrA. Examples
with Br1A 6= BrA can be found in [SZ12], while examples with Br1/2A 6= Br1A are described
in Remark 9 below.

The conclusion of Theorem 1 was previously known under the assumption that the Tate-
Shafarevich group of the Albanese variety of X is finite. When X(k) 6= ∅ this is due to Wang
[Wan96]. When X(k) = ∅, this follows from Manin’s result [Man71, Théorème 6] relating
the obstruction coming from БX to the Cassels-Tate pairing.

Theorem 1 follows immediately from the next two theorems which are proved in Section 5.

Theorem 2. If X is a torsor under an abelian variety over a number field k, then X(Ak)
Br =

X(Ak)
Br1/2.

When X = A is an abelian variety with finite Tate-Shafarevich group Theorem 2 follows
from results of Wang [Wan96, Propositions 2 and 3]. Her argument uses a result of Serre
[Ser64] on the congruence subgroup problem to identify the profinite completion of A(k) with
the topological closure of A(k) in the space A(Ak)• obtained from A(Ak) by replacing each
factor A(kv) with its set of connected components. Descent theory together with finiteness
of X(k,A) then imply that A(k) = A(Ak)

Br1/2
• . As A(Ak)

Br
• is closed and contains the image

of A(k), this forces the equality in the statement of the theorem. Our proof of Theorem 2 is
based on a recent result of the author and Viray in [CV17], and requires no assumption on
X(k,A).

Theorem 3. If X is a torsor under an abelian variety over a number field k such that
X(Ak)

Б 6= ∅, then X(Ak)
Br1/2 6= ∅.

This theorem follows from an argument using descent theory and [Man71, Théorème 6]
and is likely to be known to the experts (see Proposition 18 for details). Theorem 3 is also
an immediate consequence of the following result proved in Section 5 by using compatibility
of the Tate and Brauer-Manin pairings.

Theorem 4. Suppose X is a torsor under an abelian variety over a number field k and
B ⊂ Br1/2X is a subgroup such that X(Ak)

B = ∅. Then B contains a locally constant class
β ∈ БX such that X(Ak)

β = ∅.

By [Man71, Théorème 6], finiteness of Tate-Shafarevich groups implies that the Brauer-
Manin obstruction explains all failures of the Hasse principle for torsors under abelian vari-
eties. Using Theorem 1 we deduce the converse.

Theorem 5. The Brauer-Manin obstruction is the only obstruction to the existence of ra-
tional points on torsors under abelian varieties over number fields if and only if the maximal

2



divisible subgroup of the Tate-Shafarevich group of every abelian variety over a number field
is trivial.

After reading a draft of this paper, Olivier Wittenberg noted that Theorem 5 is stated
without proof (and in a special case) in a recent paper of Harpaz [Har17, page 3, line
5]. In private communication with Wittenberg which predated the present work, Harpaz
outlined a proof of Theorem 3 similar to the argument in Proposition 18 below and noted
that Theorem 5 then follows from results in his joint work with Schlank concerning étale
homotopy types [HS13, Corollary 1.2 or Theorem 12.1]. In fact, this approach can also be
used to give a proof of Theorem 2 and, hence, Theorem 1. Our approach avoids the heavy
machinery of étale homotopy types and yields (in addition to Theorem 4) the following more
explicit result in the case X(Ak)

Br = ∅.

Theorem 6. Let A be an abelian variety over a number field k. There exists and integer
p ≥ 1 such that if X is a locally soluble torsor under A and B ⊂ BrX[n] is a subgroup such
that X(Ak)

B = ∅. Then the class of X in X(k,A) is not divisible by np. In particular,
there is an element β ∈ БX[np] such that X(Ak)

β = ∅ and some Y in X(k, Â)[np] pairing
nontrivially with X under the Cassels-Tate pairing on the Tate-Shafarevich groups of the
Albanese and Picard varieties, A = Alb0

X and Â = Pic0X .

2. The filtration on BrX

Here are the definitions of the subgroups appearing in the filtration (1.1). Other than БX,
all groups may be defined for a smooth projective integral variety X over an arbitrary field
K. Let X denote the base change of X to a separable closure of K. The algebraic Brauer
group, Br1X, is defined to be the kernel of the base change map BrX → BrX. The group
of constant Brauer classes, Br0X, is defined to be the image of BrK := Br Spec(K) under
the map induced by the structure morphism X → SpecK. The Hochschild-Serre spectral
sequence gives rise to a well-known exact sequence (cf. [Sko01, (2.23) on p. 30]),

(2.1) 0→ PicX → H0(K,PicX)→ BrK → Br1X
r→ H1(K,PicX)→ H3(K,Gm) .

There is an exact sequence

(2.2) 0→ Pic0X → PicX → NSX → 0 ,

where NSX is the Néron-Severi group of X. The inclusion i : Pic0X ⊂ PicX induces a
map i∗ : H1(K,Pic0X) → H1(K,PicX). The group of Albanese Brauer classes, Br1/2X, is
defined to be r−1(i∗(H1(K,Pic0X))), where r is as in (2.1). Our terminology here comes
from the fact that H1(K,Pic0X) parametrizes K-torsors under the dual of the Albanese
variety of X. The notation Br1/2 was first introduced in [Sto07].

Now suppose K = k is a number field. For a prime v of k, let Xkv denote the base change
of X to the completion kv of k. We define the group of locally constant Brauer classes, БX,
to be the subgroup of Br1/2X consisting of those elements which map, under base change to
kv, into the subgroup Br0Xkv ⊂ Br1/2Xkv , for every prime v of k.

Remark 7. We have defined БX as a subgroup of Br1/2X. A priori, this may be smaller
than the group БX defined in [Sko01, p. 97], which is the subgroup of Br1X mapping into
Br0Xkv at all primes. One could also consider the subgroup of locally constant classes in
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BrX. In general one does not expect these groups to be equal. Theorems 1 and 3 are strongest
using our definition of БX.

Remark 8. The group B featuring in [Man71, Théorème 6] is defined on p. 405 of op.
cit. to be B := r−1(i∗(X(k,Pic0X))). A priori this is a subgroup of БX. Corollary 17
below shows that for X a torsor under an abelian variety the map i∗ is injective over every
completion kv of k for which X has kv-points. From this we deduce that B = БX when X
is locally soluble. However, as we now show, this does not hold in general. For X a genus 1
curve, the kernel of i∗ is generated by the class of X in H1(k,Pic0X) ' H1(k,A). Suppose
X is not locally soluble at at least two places. If A(k) and X(k,A) are both trivial, then
there is an isomorphism H1(k,A) '

⊕
H1(kv, A) (See [Mil06, page 83]). Hence there is some

Y ∈ H1(k,A) that is locally soluble at all but one place w, where it is isomorphic to Xkw .
The image of Y is a nontrivial element in r(БX), but r(B) = 0.

Remark 9. For k a number field the map r : Br1X → H1(k,PicX) is surjective, since
H3(k,Gm) = 0 by [Mil06, Corollary I.4.21]. Also, H2(k,Pic0X) is annihilated by 2, since it
is isomorphic to

⊕
v real H

2(kv,Pic
0X) by [Mil06, I.6.26(c)]. It follows that any nontrivial el-

ement of odd order in H1(k,NSX) is the image under Br1X → H1(k,PicX)→ H1(k,NSX)
of a class that is not contained in Br1/2X. If X = E × E ′ is a product of elliptic curves,
then H1(k,NSX) ' H1(k,Hom(E,E

′
)), yielding many examples of abelian varieties X for

which Br1X 6= Br1/2X.

3. Five lemmas

In this section A is an abelian variety over a fieldK of characteristic 0 with algebraic closure
K and X is an A-torsor. We use X and A to denote the base change to K. The torsor
structure is given by a morphism µ : A×X → X. Any a ∈ A(K) gives rise to translation maps
ta : A→ A and τa : X → X determined by ta(b) = a+ b and τa(x) = µ(a, x). For x ∈ X(K)
the torsor action gives an isomorphism τx : A→ X defined by τx(a) = τa(x) = µ(a, x).

There is a homomorphism H0(K,NSA)→ Homk(A(K),Pic0A) sending λ ∈ H0(K,NSA)
to the morphism of Galois modules φλ : A(K) → Pic0A defined by φλ(a) = t∗aN ⊗ N−1,
where N ∈ PicA is any lift of λ under the surjective map in (2.2) (with A in place of X).
This may be proved using the theorem of the square [Mum70, page 59, Corollary 4]. We
define φN = φλ.

Lemma 10. For any x ∈ X(K) the pullback map τ ∗x : PicX → PicA is an isomorphism
of abelian groups which induces isomorphisms of Galois modules τ ∗x : Pic0X → Pic0A and
τ ∗x : NSX → NSA.

Proof. Since τx : A→ X is an isomorphism of varieties over K it induces an isomorphism of
exact sequences of abelian groups

(3.1) 0 // Pic0X

τ∗x
��

// PicX

τ∗x
��

// NSX

τ∗x
��

// 0

0 // Pic0A // PicA // NSA // 0 .
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Let L ∈ PicX and σ ∈ Gal(K). For the unique b ∈ A(K) determined by µ(b, x) = σ(x) we
have τ ∗σ(x) = t∗b ◦ τ ∗x as maps PicX → PicA. SettingM = τ ∗x(σ(L)) we have

σ(τ ∗x(L))⊗ τ ∗x(σ(L))−1 = τ ∗σ(x)(σ(L))⊗ τ ∗x(σ(L))−1

= t∗bτ
∗
x(σ(L))⊗ τ ∗x(σ(L))−1

= t∗bM⊗M−1

= φM(b) .

Galois equivariance of the map τ ∗x : NSX → NSA follows from the fact that φM(b) ∈ Pic0X.
Galois equivariance of the map τ ∗x : Pic0X → Pic0A follows from the fact that φM = 0 when
L ∈ Pic0X, because thenM∈ Pic0A and so its image in NSA is trivial. �

Lemma 11. Let δA, δX : H0(K,NSA) → H1(K,Pic0A) denote the connecting homomor-
phisms in the Galois cohomology of the rows of (3.1), where for δX we use the isomorphisms
τ ∗x given by Lemma 10 to identify NSX and Pic0X with NSA and Pic0A , respectively. Sup-
pose λ ∈ H0(K,NSA) is such that δA(λ) = 0. Then δX(λ) = ±φλ([X]), where [X] denotes
the class of X in H1(K,A).

Proof. Let N ∈ PicA be a lift of λ and let L ∈ PicX be such that τ ∗xL = N . Then δX(λ) is
the class of the 1-cocycle given by τ ∗x (σ(L)⊗ L−1). Let bσ ∈ A(K) be the 1-cochain uniquely
determined by µ(bσ, σ(x)) = x. Then τ ∗x = t∗bσ ◦ τ

∗
σ(x). We compute

τ ∗x
(
σ(L)⊗ L−1

)
= t∗bσ(τ

∗
σ(x)(σ(L)))⊗ τ ∗x(L−1)

= t∗bσ(σ(τ
∗
x(L)))⊗N−1

= t∗bσ(σ(N ))⊗N−1

= t∗bσN ⊗N
−1

= φλ(bσ) ,

where the penultimate equality follows from the assumption δA(λ) = 0. To conclude we note
that (up to sign) bσ represents the class of X in H1(K,A). �

The following result may be found in [Ber72]. We repeat the argument here for the sake
of completeness.
Lemma 12. Let A be an abelian variety over an algebraically closed field of characteristic 0.
Then the multiplication-by-n endomorphism of A induces multiplication by n2 on the abelian
groups NSA and BrA and multiplication by n on Pic0A.
Proof. The statement for Pic0A is well known (see [Mum70, page 75, (iii)]). For any m ≥ 1,
the Kummer sequence gives an exact sequence,

0→ NSA/m→ H2
ét(A, µm)→ BrA[m]→ 0 ,

where we have used the fact that PicA/m ' NSA/m, since PicA is an extension of NSA
by the divisible group Pic0A. Since BrA is torsion and NSA is finitely generated it suffices
to show that [n] induces multiplication by n2 on the middle term, H2

ét(A, µm). From the
Kummer sequence one obtains H1

ét(A, µm) ' (PicA)[m] ' Hom(A[m], µm). Then there are
isomorphisms

H2
ét(A, µm) ' ∧2H1

ét(A, µm)(−1) ' ∧2Hom(A[m], µm)(−1) ' Hom(∧2A[m], µm) ,
5



and on the final term [n] clearly acts as multiplication by n2. �

For an integer m, an m-covering of X is an X-torsor under A[m] whose type (cf. [Sko01,
Section 2.3]) is the map λm : Hom(A[m], K

×
)→ PicX obtained by composing the canonical

isomorphismHom(A[m], K
×
) ' (Pic0A)[m] with the inverse of an isomorphism τ ∗x : Pic0X '

Pic0A given by Lemma 10 and the obvious inclusions. See [Sko01, Section 3.3] for more on
m-coverings.

The following is a variant of [CV17, Lemma 4.6].

Lemma 13. There exists an integer p ≥ 1 (depending only on A) such that if n is an
integer and π : Y → X is an np-covering of X. Then the induced map π∗ : BrX/Br0X →
BrY/Br0 Y annihilates the n-torsion.

Remark 14. It would be interesting to determine if the this lemma holds with p = 1. This
is the case when BrX = Br1X and NSX = Z, so in particular when dimX = 1.

Proof. In this proof we abbreviate Hi(K, •) to Hi(•). Consider the exact sequence

H0(PicA) −→ H0(NSA)
δA−→ H1(Pic0A)

εA−→ H1(PicA)

coming from the Galois cohomology of the bottom row of (3.1). Since NSA is finitely
generated and H1(Pic0A) is torsion, the image of δA is finite. Choose q ≥ 0 such that for
any integer n, the n-primary subgroup of the image of δA is annihilated by nq. Clearly q
depends only on A. We will show that p = q + 3 will suffice.

Suppose n is an integer and π : Y → X is an np-covering. For any i ≥ 0, multiplication
by ni yields an exact sequence of Galois modules,

0→ A[ni] −→ A[ni+1]
[ni]−→ A[n]→ 0 .

In particular, the successive quotients in the filtration 0 ⊂ A[n] ⊂ A[n2] ⊂ · · · ⊂ A[np] are
all isomorphic to A[n]. From this we see that π factors as

(3.2) π : Y = Yp
πp−→ Yp−1

πp−1−→ · · · π2−→ Y1
π1−→ Y0 = X ,

where each Yi is a torsor under A = Alb0
Yi
and πi : Yi → Yi−1 is an n-covering. It may help the

reader to note that multiplication by ni induces a map ni∗ : H1
ét(X,A[n

p])→ H1
ét(X,A[n

p−i])
sending the class of Y to the class of Yp−i.

Choose yp ∈ Y (K) and let yi denote its image in Yi(K) under the maps in (3.2). These yi
induce isomorphisms τyi : A → Yi which, by [Sko01, Prop. 3.3.2(ii)], fit into a commutative
diagram

A
[n]

//

τyp
��

A
[n]
//

τyp−1

��

· · ·
[n]
// A

[n]
//

τy1
��

A

τy0
��

Yp
πp
// Y p−1

πp−1
// · · · π2

// Y1
π1
// X

Moreover, the τyi induce isomorphisms of groups τ ∗yi : BrYi ' BrA and, by Lemma 10,
isomorphisms of Galois modules τ ∗yi : Pic0 Yi ' Pic0A and τ ∗yi : NSYi ' NSA. Under these
identifications the maps π∗i induce, by Lemma 12, multiplication by n, n2 and n2 on the
abelian groups H1(Pic0A), H1(NSA) and BrA, respectively.

6



There are injective maps ri : Br1 Yi/Br0 Yi → H1(PicYi) (cf. (2.1)) and exact sequences

H0(NSYi)→ H1(Pic0 Yi)→ H1(PicYi)→ H1(NSYi) , and

0→ Br1 Yi/Br0 Yi → BrYi/Br0 Yi → BrYi .

Putting this all together, we obtain the following commutative diagram of abelian groups
with exact rows. (Both maps from the second row to the bottom row are given by π∗p◦· · ·◦π∗2.)

BrX
Br0X

//

π∗
1

��

BrA

n2

��

Br1 Y1
Br0 Y1

� � //r1

��

||

BrY1
Br0 Y1

//

π∗
p◦···◦π∗

2

��

BrA

H1(PicY1) //

π∗
2
��

H1(NSA)

n2

��

H0(NSA)
δ2
//

n2

��

H1(Pic0A)
ε2
//

n
��

H1(PicY2) //

π∗
3
��

H1(NSA)

...

n2

��

...

n

��

...

π∗
p

��

H0(NSA)
δp
// H1(Pic0A)

εp
// H1(PicYp)

Br1 Yp
Br0 Yp
? _

rp
oo � � // BrYp

Br0 Yp

Now suppose α ∈ BrX/Br0X has order dividing n. Exactness of the second row shows
that π∗1(α) = α1 for some α1 ∈ Br1 Y1/Br0 Y1. Let α2 = (π∗2 ◦ r1)(α1) be the image of α1 in
H1(PicY2). We will show that (π∗p ◦ · · · ◦ π∗3)(α2) = 0 in H1(PicYp). Commutativity of the
diagram then gives rp(π∗(α)) = 0. But rp is injective, so this gives π∗(α) = 0 as required.

Since nα1 = 0, exactness of the fourth row shows that α2 = ε2(β) for some β ∈ H1(Pic0A).
Since H1(Pic0A) is torsion, we may assume β is annihilated by some power of n. Since
nα2 = 0, we have nβ ∈ ker(ε2). Hence nβ = δ2(γ) for some γ ∈ H0(NSA). Our choice of
q ensures that δA(nqγ) = 0. Hence, by Lemma 11 (applied with Yi in place of X), we have
δi(n

qγ) = ±φnqγ([Yi]), for i = 0, . . . , p. Since nj∗[Yi] = [Yi−j] in H1(Pic0A) this gives (up to
sign)

nq+1β = nqδ2(γ) = δ2(n
qγ) = njδ2+j(n

qγ) ∈ ker(ε2+j), for j ≥ 0 .

Applying this in the case j = p− 2 = q+1 and using commutativity of the diagram we have

0 = εp(n
q+1β) = (π∗p ◦ · · · ◦ π∗3 ◦ ε2)(β) = (π∗p ◦ · · · ◦ π∗3)(α2) .

�

The proof of Theorem 4 requires the following elementary result in linear algebra.

Lemma 15. LetM ∈ Mats,t(Z/nZ) be an s×t matrix with rows mi and let c ∈ Mats,1(Z/nZ)
be a column vector with entries ci. The equation Mx − c = 0 has no solution with x ∈
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Matt,1(Z/nZ) if and only if there is some Z/nZ-linear combination of the row vectors [mi|ci]
of the form [0|c] with c 6= 0.

Proof. If such a linear combination exists, then clearly there is no solution. For the converse,
we use that there are invertible matrices P ∈ GLs(Z/nZ), Q ∈ GLt(Z/nZ) and a diagonal
matrix D = diag(di) ∈ Mats,t(Z/nZ) with di | di+1 for i = 1, . . . ,min{s, t} − 1 such that
PM = DQ. This follows from the existence of a Smith Normal Form of a lift of M to
Mats,t(Z), since reduction modulo n gives a homomorphism GLr(Z) → GLr(Z/nZ). For
notational convenience set di := 0 for i > t and b := Pc. As P is invertible, there is a
solution to Mx = c if and only if there is a solution to DQx = b. As Q is invertible, such a
solution exists if and only if diyi = bi has a solution with yi ∈ Z/nZ for all i = 1, . . . , s. For
given i, the equation diyi = bi can be solved if and only if the order of bi divides the order of
di. Therefore, ifMx = c has no solution, then there is some i0 is such that ord(bi0) - ord(di0).
Then ord(di0) times the i0-th row of the augmented matrix [DQ|b] = [PM |Pc] is of the form
[0|c] with c 6= 0. �

4. Compatibility of the Tate and Brauer-Manin pairings

In this section we assume X is a torsor under an abelian variety A = Alb0
X over a local field

K of characteristic 0. Let CH0X denote the Chow group of 0-cycles on X modulo rational
equivalence, and let A0X denote the kernel of the degree map on CH0X. For a class α ∈ BrX
the evaluation map α : X(K)→ BrK induces a homomorphism α : CH0X → BrK defined
by sending the class z ∈ CH0X of a closed point P to the image under the corestriction
map CorK(P )/K : BrK(P ) → BrK of α(P ) ∈ BrK(P ). This gives a bilinear pairing on
CH0X ×BrX. When restricted to Br1/2X, this pairing is compatible with the Tate pairing
in the sense that there is a commutative diagram of pairings,

(4.1)

〈 , 〉Tate : Alb0
X(K) × H1

(
K,Pic0X

)
→ BrK

→ ← =

A0X × H1(K,PicX) → BrK

←
↩

→ =

〈 , 〉eval : CH0X × Br1X → BrK .

The maps to H1(K,PicX) in the diagram are the maps i∗ and r defined in Section 2. Since
K is a local field, r is surjective. The pairing in the middle row is induced by 〈 , 〉eval. This is
well defined because ker(r) = Br0X which pairs trivially with A0X. For X a genus 1 curve,
this goes back to Lichtenbaum [Lic69]. The general case is given by [Kai16, Proposition
3.4]. The reader will note that while the statement there assumes the existence of a proper
regular model for X, the proof that the pairings are compatible does not make use of this
assumption. Alternatively, when X(K) 6= ∅ (which is the only case we will use) one can
apply [ÇK12, Theorem 3.5].

The compatibility of the pairings in (4.1) has the following consequences.

Corollary 16. For any α ∈ Br1/2X, the homomorphism α : A0X → BrK factors through
Alb0

X(K). Moreover, for any a ∈ Alb0
X(K) and x ∈ X(K) we have α(µ(a, x)) = α(x)+α(a).

Corollary 17. Suppose X(K) 6= ∅ and that α ∈ Br1/2X and α′ ∈ H1(K,Pic0X) are such
that i∗(α′) = r(α). The following are equivalent:
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(1) α′ = 0;
(2) α ∈ Br0X;
(3) The evaluation map α : X(K)→ BrK is constant.

Proof. We trivially have (1) ⇒ (2) ⇒ (3), since ker(r) = Br0X. It thus suffices to show
that (3) implies (1). For this, suppose the evaluation map is constant and let x0 ∈ X(K).
The Albanese map sending x ∈ X(K) to the class of x − x0 surjects onto Alb0

X(K). The
compatibility in (4.1) together with the fact that α is constant on X(K) therefore implies
that α′ is in the right kernel of the Tate pairing. But the right kernel is trivial, so α′ = 0. �

5. Proofs of the theorems

Let X be a torsor under an abelian variety A over a number field k and let Â = Pic0X be
the Picard variety of X. Let λn : Â[n]→ PicX be the type map of an n-covering of X and
set BrnX := r−1(λn∗(H

1(k, Â[n]))) where r is as in (2.1).

Proposition 18. Suppose X is locally soluble. The following are equivalent.
(1) X(A)BrnX = ∅.
(2) No adelic point on X lifts to an n-covering of X.
(3) The class of X in X(k,A) is not divisible by n.
(4) There exists Y in X(k, Â)[n] pairing nontrivially with X under the Cassels-Tate

pairing.
These equivalent conditions imply that there exists β ∈ БX[n] such that X(A)β = ∅. More-
over, if X(A)Br1/2 = ∅, then there exists an n for which the conditions above hold.

Proof. (1) and (2) are equivalent by descent theory (e.g., [Sko01, Theorem 6.1.2(a)]). The
equivalence of (2) and (3) follows from [Sko01, Proposition 3.3.5]. When X is divisible by n
in H1(k,A), the equivalence of (3) and (4) follows from [Mil06, Lemma I.6.17], while when
X is not divisible by n in H1(k,A) it follows from [Cre13, Theorem 4]. Assuming (4), let
β ∈ БX be such that its image in H1(k,PicX) is equal to that of Y . Modifying by a
constant algebra if necessary we may take β ∈ БX[n]. That X(A)β = ∅ for such β follows
immediately from [Man71, Théorème 6].

For the final statement we use that Br1/2X =
⋃
n≥1 BrnX, which holds because H1(k, Â)

is torsion and the maps H1(k, Â[n]) → H1(k, Â)[n] are all surjective. Noting also that
BrdX ⊂ BrnX for d | n, a compactness argument shows that if X(A)Br1/2 = ∅, then
X(A)BrnX = ∅ for some n. �

Proof of Theorem 4. Let B ⊂ Br1/2X be a subgroup such that X(Ak)
B = ∅. If X(Ak) = ∅,

then β = 0 satisfies the conclusion of the theorem. Hence we may assume that X(Ak) 6= ∅.
By compactness we may assume that B is finitely generated, say B = 〈α1, . . . , αm〉. Let
n be such that the nαi = 0 for all i = 1, . . . ,m, which exists since BrX is a torsion
group by a result of Grothendieck. Let (yv) ∈ X(Ak) and define ci := 〈(yv), αi〉BM =∑

v invv αi(yv) ∈ Q/Z[n]. Let S be a finite set of places of k such that the evaluation maps
αi : X(kv)→ Br kv are trivial for all i = 1, . . . ,m and all v /∈ S. Set V :=

∏
v∈S Alb

0
X(kv)/n.

By Corollary 16 each αi induces a homomorphism of finite Z/nZ-modules φi : V → Q/Z[n]
sending (av)v∈S to

∑
v∈S invv αi(av). Moreover, by the second statement of the corollary, the

condition X(Ak)
B = ∅ is equivalent to the insolubility of the system of Z/nZ-linear equations
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φi(x) = ci. By Lemma 15 there are bi ∈ Z/nZ such that
∑
biφi = 0 with

∑
bici = c 6= 0.

Then β :=
∑
biαi ∈ B takes constant value c 6= 0 on X(Ak). Hence X(Ak)

β = ∅. Moreover,
the maps β : X(kv) → Br kv are necessarily all constant, which implies that β ∈ БX by
Corollary 17. �

Proof of Theorem 3. This follows immediately from Theorem 4 or (independently) from
Proposition 18. �

Proof of Theorem 2. It suffices to prove X(Ak)
Br1/2 ⊂ X(Ak)

Br, the other containment being
obvious. Let x ∈ X(Ak)

Br1/2 and let α ∈ BrX. Since BrX is torsion, there is an integer n ≥ 1
such that nα = 0. By Proposition 18 the assumption x ∈ X(Ak)

Br1/2 implies that x lifts to
an adelic point y ∈ Y (Ak) for some np-covering π : Y → X, where p is as given by Lemma 13.
Now Lemma 13 and functoriality of the Brauer-Manin pairing give 〈x, α〉BM = 〈π(y), α〉BM =
〈y, π∗α〉BM = 0 , showing that x ∈ X(Ak)

α. Since α was arbitrary, x ∈ X(Ak)
Br. �

Proof of Theorem 1. This is an immediate consequence of Theorems 2 and 3. �

Proof of Theorem 5. By Theorem 1, the Brauer-Manin obstruction to the existence of ratio-
nal points on a torsor X under an abelian variety A is equivalent to the obstruction coming
from БX. By [Man71, Théorème 6] and [Mil06, Theorem I.6.13(a)] there is an obstruc-
tion coming from БX if and only if X is not divisible in X(k,A). We conclude by noting
that the subgroup of divisible elements in X(k,A) coincides with the maximal divisible
subgroup of X(k,A), because X(k,A) is torsion and each n-torsion subgroup is finite (cf.,
[Mil06, Remark I.6.7]). �

Proof of Theorem 6. Suppose that X(Ak)
B = ∅ with B ⊂ BrX[n]. Lemma 13 implies that

no adelic point of X lifts to an np-covering. Indeed, if π : Y → X is an np-covering with
Y (Ak) 6= ∅, then using functoriality of the Brauer pairing as in the proof of Theorem 2
we see that the points of π(Y (Ak)) are orthogonal to B. The theorem then follows from
Proposition 18. �
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