QUANTIFYING THE DIFFERENCE BETWEEN
PHYLOGENETIC DIVERSITY AND DIVERSITY INDICES

MAGNUS BORDEWICH AND CHARLES SEMPLE

ABSTRACT. Phylogenetic diversity is a popular measure for quantifying
the biodiversity of a collection Y of species, while phylogenetic diversity
indices provide a way to apportion phylogenetic diversity to individual
species. Typically, for some specific diversity index, the phylogenetic
diversity of Y is not equal to the sum of the diversity indices of the
species in Y. In this paper, we investigate the extent of this difference
for two commonly-used indices: Fair Proportion and Equal Splits. In
particular, we determine the maximum value of this difference under
various instances including when the associated rooted phylogenetic tree
is allowed to vary across all rooted phylogenetic trees with the same leaf
set and whose edge lengths are constrained by either their total sum or
their maximum value.

1. INTRODUCTION

Phylogenetic diversity (PD) is prominent measure in evolutionary biol-
ogy to quantify the biological diversity of a collection of species. Intuitively,
the phylogenetic diversity of such a collection quantifies how much of the
‘Tree of Life’ is spanned by the species in the collection. Introduced by
Faith in 1992 [1], PD has been analysed and applied in a variety of con-
texts for various taxa including plants, bacteria, and mammals [2, 5, 12].
On the other hand, (phylogenetic) diversity indices, also called evolution-
ary distinctiveness measures, quantify an individual species’ contribution
to overall phylogenetic diversity, thus providing a convenient way to rank
species as, for example, in conservation planning [9, 10]. Intuitively, these
indices assign species with fewer and more distant relatives higher values
than those species with many more and closer relatives.

Diversity indices have been proposed and used as an alternative to PD
in conservation prioritisation [4, 8, 14]. However, although the sum of the
diversity indices across all species equates to the total phylogenetic diversity,
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in general, the sum of the diversity indices of a subset of the species differs
from the subset’s phylogenetic diversity. If a biologist or conservationist is
switching from the ideal measure of full-tree PD to an approximation by a
simple diversity index, it is important for them to understand the scale of
the possible difference that this switch might involve.

Using empirical experiments, the authors in [9] studied how well different
diversity indices ‘captured’ PD with respect to tree shape. Their experi-
ments indicate that diversity indices captured more PD on “more unbal-
anced trees and on trees with many splits near the present” and concluded
that “new measures ... may provide a transparent alternative to more com-
plicated full-tree approaches.”

In this paper, we rigorously investigate the extent of this difference for
two natural and well-known diversity indices, Fair Proportion and Equal
Splits. Both of these indices were included in the empirical study in [9] and
are used, for example, in the conservation initiative ‘EDGE of Existence
Programme’ established by the Zoological Society of London [4]. As well
as determining the maximum difference under various scenarios (see below
for details), which will inform the practitioner as to the possible extent
to which an index can fail to approximate PD, we also characterised the
shape and structure of the phylogenetic trees that realised these differences.
Such information is potentially useful to the practitioner in that the more
their phylogenetic trees of interest resemble an extremal instance, the more
attention they may need to pay to the real possibility of the diversity index
failing to accurately capture PD.

A version of the investigation in this paper was posed in earlier work [3]
but, apart from the related simulation study [9], it has not been explored
further. Furthermore, the work in this paper is related to a recent study
in [15] in which the authors consider the extent of the difference between
the Fair Proportion and Equal Splits indices of a species. We next formalise
the investigation in this paper, ending the introduction with a high-level
overview of the main results.

Throughout the paper, X is a non-empty finite set. A rooted phylogenetic
X-tree T is a rooted tree with leaf set X whose non-leaf vertices have out-
degree at least two. For technical reasons, if | X| = 1, we additionally allow
a rooted phylogenetic tree to consist of the single vertex in X. If all non-leaf
vertices have out-degree exactly two, then T is binary. For ease of reading,
as all phylogenetic trees in this paper are rooted and binary, we will refer to
a “rooted binary phylogenetic tree” as simply a “phylogenetic tree”.

Let T be a phylogenetic X-tree with root p, and consider a map ¢ : E —
R=0 from the set E of edges of T to the non-negative reals. Collectively,
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FIGURE 1. An edge-weighted phylogenetic X-tree (7,¢).
The minimal subtree of 7 connecting the vertices in
{z2, 24,25} U {p} is indicated with dashed edges.

we denote 7 and ¢ by the ordered pair (7,¢) and refer to (7,¢) as an
edge-weighted phylogenetic X -tree. Furthermore, we use L(T,/¢) to denote
the total sum of the edge lengths of (7,¢). The phylogenetic diversity of a
subset Y of X on (7,¢), denoted PD7 4 (Y), is the sum of the weights of
the edges in the (unique) minimal subtree of 7 connecting the vertices in Y'U
{p}. Observe that PDr ¢ (X) = L(T,{). To illustrate, consider the edge-
weighted phylogenetic X-tree shown in Fig. 1, where X = {z1,z2,...,27}.
The minimal subtree of 7 connecting the vertices in {2, x4, 25} U {p} is
indicated by dashed edges, and so PD of {z9,z4,25} is 18. The PD of
{5, 27} is 10.

A phylogenetic diversity index for an edge-weighted phylogenetic X-tree
(T,¢) is a function @7 : X — R=? that assigns a score to each leaf of T
such that

> (@) = PDrg(X) = L(T, 0).
zeX

Furthermore, if, for each x € X, we can write @7 ¢) () as a linear function
of the edge lengths of T, that is,

(1) oT0(T) = Z’Y(T,zﬁ)(% e) - L(e)
eel

for some constants (7 ¢ (7, €) that are independent of £(e), we say @1 is
a linear diversity index. 1t is easily checked that an arbitrary function ¢ )
of the form shown in (1) is a phylogenetic diversity index if and only if, for
each edge e of T, we have

(2) Z V(T 0) (z,e) = 1.

zeX

Two well-studied linear diversity indices underlie the results in this paper.
Let (T,¢) be an edge-weighted phylogenetic X-tree. The Fair Proportion
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inder (FP) for a leaf x € X, denoted F P14 (), is the value

FPrp(x)= Y. n(le)f(@),

e€P(T;p,x)

where P(T;p,x) denotes the (unique) path in 7 from the root p to z, and
n(e) denotes the number of leaves that are at the end of a directed path
starting at the root and traversing e. Intuitively, the FP index distributes
the length of e evenly amongst its descendant leaves. The Fair Proportion
index is also called ‘evolutionary distinctiveness’ [4]. The second index is
the Equal Splits index (ES) which for a leaf x € X is the value

ESirp(z) = Y Hel ((e),

e€P(T;p,x)

where II(e,z) = 1 if e is the pendant edge of 7 incident with z, and if
e = (u,v) is a non-pendant edge of 7, then Il(e,z) is the product of the
out-degrees of the non-leaf vertices (including v) on the directed path from
v to x. Since all phylogenetic trees in this paper are binary, Il(e,z) is
always a power of 2. In particular, if e = (u,v) is a non-pendant edge of
T, then II(e,z) is 2™, where m is the number of edges from v to x. The
Fair Proportion and Equal Splits indices were introduced in [7] and [11],
respectively, and a direct comparison of these two indices was investigated
recently in [15].

As examples of the Fair Proportion and Equal Splits indices, consider the
edge-weighted phylogenetic X-tree in Fig. 1. The FP indices for x5 and x7
are

FPrylzs)=3-3+1-4=5

and

N[ —
[S—
+
—
[\
Il
w

FP(Tyg) (.%'7) = % -3 +

The ES indices for x5 and z7 are

ESrp(xs)=%-3+1-4

Il
t
N[

and
ES(T,E)(x7):%'34_%'1"’_1’2:3%-

For an edge-weighted phylogenetic X-tree (T,¢) and diversity index ¢,
although the sum of the diversity indices across all taxa in X equates to
PD ity (X), the sum of the diversity indices across all taxa in a proper
subset Y of X will typically not equal PD ¢ (Y). For example, in Fig. 1,
PD(T,g)({SUE),aW}) = 10, but

> FPgy(x)=5+35 =81

ze{xs,x7}

D=
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To quantify this, set

(3) A7 (V) =PDrpn(Y) = > o)
zeY

We refer to A, 7.0(Y) as the diversity difference of Y (relative to (T, )
and ). In this paper, we are interested in the extent of this difference for
the Fair Proportion and Equal Splits indices.

The following lemma shows that the diversity difference is always non-
negative provided ¢ satisfies a natural distribution property. This property
says that, for an edge-weighted phylogenetic X-tree (7,¢) and all x € X,
the value ¢ ¢ (z) can be written as a non-negative linear function of the
lengths of edges in the path from the root p of 7 to x.

Lemma 1.1. Let (T,¢) be an edge-weighted phylogenetic X -tree with root
p, and let o ) be a linear diversity index such that, for each v € X,

(4) ero@ =D vrplze) - Le)

e€P(T;p,)
for some non-negative constants (¢ (z,e) that are independent of £(e). If
Y C X, then
A ra(Y) 2 0.

Proof. Let Y C X. Then
PDrp(Y)= > e

eeT(YU{p})

and

Y era@ = > (Z ’7(773)(9676)) L(e),

z€Y eeT(YU{p}) \z€Y

where 7 (Y U {p}) denotes the minimal subtree of 7 connecting the leaves
in Y and p. Since (7 (z,e) is non-negative for all z € X and edges e of
T, it follows by (2) that »_ oy v (7,e) < 1. Hence A, 7,0 (Y) > 0 as
required. O

We call a phylogenetic diversity index that satisfies (4) a descendant di-
versity index. It is easily checked that the Fair Proportion and Equal Splits
indices are examples of descendant diversity indices.

In this paper, for each of the Fair Proportion and Equal Splits indices, we
will determine, for all positive integers k, the maximum value of the diversity
difference over all subsets of X of size k under the following instances:
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(i) a fixed phylogenetic X-tree whose edge lengths are fixed;
(ii) a fixed phylogenetic X-tree whose edge lengths are constrained by ei-
ther their (total) sum or their maximum value; and
(iii) across all phylogenetic X-trees whose edge lengths are constrained by
either their (total) sum or their maximum value.

In particular, for (i) and (ii), we give polynomial-time algorithms for finding
these maximum values for an arbitrary descendant diversity index while, for
(iii), we characterise the edge-weight phylogenetic X-trees and subsets of
size k that realise this maximum value for FP and ES. For (iii), it turns out
that, in the case that the edge lengths are constrained by their sum, the
class of phylogenetic trees that maximise the diversity difference under ES
is always a subclass of the phylogenetic trees that maximise the diversity
difference under FP. The corresponding characterisations are stated as The-
orems 4.2 and 4.1, respectively. However, in the case that the edge lengths
are constrained by their maximum value, the class of phylogenetic trees that
maximise the diversity difference under FP and ES coincide (Theorem 4.7).

The paper is organised as follows. The next section contains some prelim-
inaries that are used throughout the paper. Section 3 considers maximising
the diversity difference on a fixed phylogenetic tree, while Section 4 con-
siders maximising the diversity difference across all phylogenetic trees. The
last section, Section 5, consists of a brief discussion.

2. PRELIMINARIES

Let T be a phylogenetic X-tree, and let ¢ and w be vertices of 7. If P
is a (directed) path in 7 from ¢ to w, the length of P, denoted |P|, is the
number of edges in P. We denote this path by P(7;t, w). Furthermore, we
sometimes refer to a path in 7 from an edge e = (u,v) to w, in which case,
we mean from v to w, and denote this path by P(T;e,w).

Subtrees. Let 7 be a phylogenetic X-tree with root p, and let X’ be a
subset of X U {p}. The minimal subtree of 7 connecting the vertices in
X' is denoted by T(X'). Furthermore, if p ¢ X', the restriction of T to
X', denoted by T|X’, is the phylogenetic X’-tree obtained from 7 (X’) by
suppressing all non-root vertices of degree two.

Let T be a phylogenetic X-tree and let e = (u,v) be an edge of 7. The
subset of leaves that are descendants of v is called a cluster of T and is
denoted by C(v). The set X as well as each of the singleton subsets of X
are clusters of every phylogenetic X-tree, and so such clusters are called the
trivial clusters of 7. Hence a cluster X' of T is non-trivial if 2 < | X'| < |X]|.
Thus if 7 has a non-trivial cluster, then |X| > 3. Furthermore, the rooted



PHYLOGENETIC DIVERSITY AND DIVERSITY INDICES 7

subtree obtained from 7 by deleting e and whose root is v is a pendant
subtree of T.

Cherries and chains. A 2-element subset of X, say {a,b}, is a cherry
of a phylogenetic X-tree T if a and b have the same parent. Now let
X" = {ay,az2,...,am} be a subset of X such that m > 2 and, for all
i € {1,2,...,m}, let p; denote the parent of a;. We call X’ a chain of
T if there is an ordering of the elements of X', say (a1,as,...,an), such
that

Pmy Pm—1, ---, P1

is a (directed) path in 7, in which case, p,, is the first parent of the chain
and pp is the last parent of the chain. Note that we still refer to X’ as a
chain of T if {p1,p2} is a cherry and py,, Pm+1,-..,p2 = p1 is a path in T.
The edge set of X' consists of the pendant edges incident with a leaf in X’
as well as the edges in the path p,,, pm—1, ..., D1

Subtree prune and regraft. Let 7 be a phylogenetic X-tree. For the
purposes of the upcoming operation, view the root p of 7 adjoined to the
original root via a pendant edge. Let (u,v) be an edge of 7 such that
u # p. Let T’ be the phylogenetic X-tree obtained from 7 by deleting
(u,v) and suppressing u, and then reattaching the pendant subtree 7 (C(v))
by subdividing an edge, f say, in the component of 7 \(u,v) containing p
with a new vertex v’ and adjoining 7 (C(v)) with a new edge (u/,v). We
say that 7’ has been obtained from T by a rooted subtree prune and regraft
operation. More specifically, in this operation, we have pruned C(v) and
regrafted it to f. In the special case f is the pendant edge incident with
the root of T, we say that C'(v) is pruned and regrafted to p. (Effectively,
this corresponds to the subtree being regrafted above the root.) At the
completion of this operation, we no longer view the root p as being joined
via a pendant edge, and so the root of 77 (labelled p) is the unique vertex of
T of in-degree zero after deleting the temporary root and its incident edge.

Diversity indices. Let (7,¢) be an edge-weighted phylogenetic X-tree
with edge set F, and let ¢ be a descendant diversity index. Then, for each
re X,

ero@ =Y yrolz.e) - Le)
e€P(T;p,x)

for some non-negative constants (7 ¢ (z,e) that are independent of £(e).
For a subset Y of X, we denote the contribution of an edge e = (u,v) of T
to A(Lp,T,Z) (Y) by )\(7—’5)(6), that is,

Arole)=Le)— > yroWwelle)=te) 1= D yrole)

yeYNnC(v) yeYNC(v)



8 MAGNUS BORDEWICH AND CHARLES SEMPLE

if Y N C(v) is non-empty, and A, g)(e) = 0 otherwise. Thus

> ATle) = AprpY).

eck
It will be clear in the context which subset of X and which descendant di-
versity index A7 ¢ (e) is referring to. Observe that A\t (e) > 0. Moreover,
if either C(v) C Y or C(v) € X — Y, then A7 (e) = 0.

3. MAXIMISING THE DIVERSITY DIFFERENCE ON A FIXED TREE

In this section, we consider the problem of determining the maximum
value of the diversity difference for a fixed phylogenetic tree for when ¢ is
an arbitrary descendant diversity index.

3.1. Fixed edge lengths. We first consider the instance of a fixed phylo-
genetic tree with fixed edge lengths. Let (7,¢) be an edge-weighted phy-
logenetic X-tree, and let ¢ be an arbitrary linear diversity index. Now let
(T,0") be the edge-weighted phylogenetic X-tree obtained from (7,¢) by
adding, for each x € X, the value

L(T,0) = ¢cr,0) ()
to the length of the pendant edge incident with z. For all non-pendant edges
e, we have ¢'(e) = £(e). Note that the use of the value L(T,¢) is simply to
have a constant large enough so that all pendant edges have non-negative
lengths.

Lemma 3.1. Let (T,¢) be an edge-weighted phylogenetic X -tree, let ¢ be a
linear diversity index, let k be a non-negative integer, and let Y be a subset
of X of size k. Then

ArY)=PDim(Y)—k-L(T,0).

Proof. Now,
A70(Y)=PDirp(Y) =Y o)
€Y
= (PD(T,/z')(Y) =Y (LT 0) = o1 ) > ool
zeY zeY
:PD(T,W)( ) k- LTE +Z(p(7~g ZSDTZ
zeY zeY

— PDro(Y) = k- L(T,0).
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Lemma 3.1 is the basis of the following algorithm which finds the max-
imum value of the diversity difference under a linear diversity index for
a given edge-weighted phylogenetic tree. It is well known that Step 2
of the algorithm, that is, finding a subset Y of X of size k& such that
PD¢)(Y) = PDy(Y') for all subsets Y’ of X of size k, takes qua-
dratic time in the size of X [6, 13].

MAXDIVERSITYDIFF

Input: An edge-weighted phylogenetic X-tree (7, ¢), a linear diversity index
p, and a non-negative integer k.

Output: A subset Y of X of size k that maximises A, 7 (Y) across all
subsets of X of size k.

1. Let ¢ : E(T) — R2° be the map defined by setting ¢'(e) = L(T,{) —
@70 () for all pendant edges e, where z is the leaf incident with e, and
¢'(e) = l(e) for all non-pendant edges. Construct (7,¢).

2. Find a subset Y of X of size k such that PD 7 ¢)(Y) > PDr ¢ (Y") for
all subsets Y’/ of X of size k.

3. Return Y and A(cp,T,f) V)= PD(TJ/)(Y) — k- L(T,?).

The next theorem is an immediate consequence of the discussion prior to
the description of MAXDIVERSITYDIFF and the fact that the construction
of (T, ') from (T,/¢) takes linear time (in the size of X).

Theorem 3.2. Let (T,¢) be an edge-weighted phylogenetic X -tree, let k
be a positive integer, and let ¢ be a linear diversity index. Then applying
MAXDIVERSITYDIFF to (T,4), ¢, and k correctly returns a subset Y of X
of size k that maximises

A7) (V) =PDir0(Y) = > o)
zeY

across all subsets of X of size k in time O (|X]?).

3.2. Maximum sum of edge lengths. Now consider the problem of max-
imising the diversity difference on a fixed phylogenetic tree whose edge
lengths are constrained by their (total) sum. More particularly, we con-
sider the following optimisation problem:

FIXED TREE AND TOTAL WEIGHT (k, T, m,®)

Instance: A positive integer k, a phylogenetic X-tree 7, a positive real
number m, and a descendant diversity index (.

Question: Find a subset Y of X of size k and a map ¢ : E — R2% on the
set E of edges of T with L(7T,¢) = m that maximise

Ap7.0(Y)=PDirpn(Y) = > o)
zeY
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We will make use of the next lemma in this subsection as well as in
Section 4.

Lemma 3.3. Let (k,7T,m,p) be an instance of FIXED TREE AND TOTAL
WEIGHT, and let Y* and €* be a solution to this problem. Let ¢ : E — R=?
be a map on the set E of edges of T with L(T,¢) =m and letY be a subset
of X of size k such that

A r0Y) = A7)
If ey = (u1,v1) and ex = (ug,ve2) are distinct edges of T such that £(e1) >0
and l(e2) > 0, then

(1) 2Zyevnc() YToW:€1) = X yeyncs) V1.0 (Y, €2), and
(i) A1) = (507'5)( ), where €'(e1) = L(e1) + (e2), £'(e2) = 0,
and U'(f) =L(f) for all f € E — {e1,ea}.

Proof. Let £ : E — R=Y be such a map. For each i € {1,2}, let e; = (u;,v;)
and, for each edge e of T, define \( ¢)(e) and A7 ¢)(e) to be the contribution
of e to A, 7,0 (Y) and A, 70y (Y'), respectively, where £’ is as defined in (ii).
To prove the lemma, it suffices to show that
Ao (e1) + At (e2) = A (1) + Aoy (e2).
Since ¢'(eg) = 0, it follows that A7 ¢)(e2) = 0. Now, for each i € {1,2},
Arole) =e) = > vroy.e)-Le)

yeYNC(v;)

Y vrowe) < DY vrpe),

yeYNC(vy) yeYNC(vs)
then, by linearity,

Arpler) + Aqple) < Ller) +Lex) = > yrpy.er) - (Llex) + Lez))
yeYNC(v1)
= Ay (€1) + A7) (e2),
a contradiction to the maximality of ¢. Using a symmetric argument, it

follows that
Yo vrewe) = Y. 7o e)

It

yeYNC(v1) yeYNC(v2)
Hence
Arpler) + Agple) = Ller) +Lex) = > Ty, er) - (Elex) + Lez))
yeYNC(v1)

= )\(7—751) (61).
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This completes the proof of the lemma. U

By repeated applications of Lemma 3.3(ii), we obtain the following corol-
lary.

Corollary 3.4. Let (k, T, m, ) be an instance of FIXED TREE AND TOTAL
WEIGHT, and let Y* and £* be a solution to this problem. Then there exists
a weighting ¢ : E — RZ0 of the edge set E of T with £(e) = m for some edge
e € E and a subset Y of X of size k such that

A1) =Ag1eY7).

It follows by Corollary 3.4 that, given T, k, m, and ¢ as in its statement,
we can find an edge weighting ¢ : E — RZ0 that maximises ArnY)
across all subsets of X of size k as follows. For all e € E, let (T,/.) denote
the edge-weighted phylogenetic X-tree, where /. is the edge weighting of T
in which ¢(e) = m and ¢(f) = 0 for all f € E — {e}. Now, for each e € F,
apply Theorem 3.2 and, more particularly, MAXDIVERSITYDIFF to (7T, /),
k, and . The maximum of the values returned by these applications gives
the desired value (as well as a subset of X of size k realising this value).
Since the total number of edges in 7 is 2| X| — 2, we have the next theorem.

Theorem 3.5. The problem FIXED TREE AND TOTAL WEIGHT (k, T, m, ¢)
can be solved in O (|X|*) time, where |X| is the size of the leaf set of T .

3.3. Maximum edge length. Next consider the problem of maximising
the diversity difference on a fixed phylogenetic X-tree T whose edge lengths
are constrained by some maximum value, say x. We begin with a lemma
that reduces the problem to an earlier problem.

Lemma 3.6. Let T be a phylogenetic X-tree, let Y C X, and let k be a
non-negative real. If ¢ : E — R2% is a map on the set E of edges of T such
that ¢(e) < k for all e € E, and ¢ is a descendant diversity indezx, then

Ao T tma) (Y) = A0 (Y),

where lmay is the map lmax : E — RZ0 defined by lax(e) = K for alle € E.

Proof. Let e = (u,v) € E, and let A7y (e) and A7, (e) denote the
contribution of e to A, 7,)(Y) and A, 7 4,..,)(Y), respectively. To prove
the lemma, it suffices to show that A7 ¢ (e) < A7 g0 (€)-
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Since ¢(e) < k and ¢ is linear,

AT.0)(e) = £(e) — Z Yer0)(y,€) - £(e)
yeYNC(v)

=le)- 1= > vroe)

yeYNC(v)

<k- (1= > vroWe)
yeYNC(v)

= A(Tyemax) (6),
thereby completing the proof of the lemma. ([

By Lemma 3.6, we may assume that all edges of T have length x. Thus
the problem is reduced to maximising the diversity difference on a fixed phy-
logenetic tree with fixed edge lengths. Therefore, we can find the maximum
value in time O (|X |2) by applying Theorem 3.2 and, in particular, MAX-
DIVERSITYDIFF, to (7, /max), & non-negative integer k, and a descendant
diversity index .

4. MAXIMISING THE DIVERSITY DIFFERENCE ACROSS ALL TREES

In contrast to the computational results in last section, in this section
we characterise the edge-weighted phylogenetic X-trees that maximise the
diversity difference for FP and ES. If the size of the subset of interest is
| X|, the diversity difference is zero for all edge-weighted phylogenetic X-
trees. Thus, throughout this section, we will impose the condition that
E<|X|-1

4.1. Maximum sum of edge lengths. We first consider the problem of
maximising the diversity difference across all edge-weighted phylogenetic
trees whose edge lengths are constrained by their (total) sum:

ALL TREES AND ToTAL WEIGHT (k, X, m, ¢)

Instance: A positive integer £ < |X| — 1, a positive real number m, and a
diversity index.

Question: Find an edge-weighted phylogenetic X-tree (7, ¢) with L(T,¢) =
m and a subset Y of X that maximises

Ap7.0(Y) =PDirp(Y) =Y ¢rp(e).
z€eY

We begin with the Fair Proportion index.
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Y1

Yo

Tt

Z U{y}

(i)

FIGURE 2. (i) An illustration of Theorem 4.1, where X —Y =
Z,ZU{y} =C(v),and Y = Y1UYoU---UY,;U{y}. All edges
have weight zero except the edge (u,v) which has weight m.
The “triangles” represent pendant subtrees whose leaf sets
are Y1,Yo,...,Ys, ZU{y}. (ii) An illustration of Theorem 4.2,
where X — Y = {z1,29,...,2¢}, Y =Y1UYoU---UY;, and
Y is non-empty. All edges have weight zero except the edge
(u, v) which has weight m. The “triangles” represent pendant
subsets whose leaf sets are Y7, Ys,...,Ys.

Theorem 4.1. Let (k, X, m, FP) be an instance of ALL TREES AND TOTAL
WEIGHT. Let (T,£) be an edge-weighted phylogenetic X -tree with L(T,¢) =
m and let Y be a subset of X of size k. Suppose that (T*,0*) and Y™ is a
solution to this instance of ALL TREES AND TOTAL WEIGHT. Then

Arpro(Y)=AEprm((Y")

if and only if (T, £) has an edge e = (u,v) such that £(e) = m, |YNC(v)| =1,
and X —Y C C(v), in which case,
1
ArprY)=m1- ey

where n = | X|.

To illustrate Theorem 4.1, a generic edge-weighted phylogenetic X-tree
optimising App7)(Y) as in the statement of this theorem is shown in
Fig. 2(i).
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Proof of Theorem /.1. First note that if (7,¢) and Y satisfy the conditions
described in the statement of the theorem, then it follows that

1 1
AwrroY) _m<1_ X[ — yY|+1> _m(l_ nk+1>'

To show that the only if direction holds, let (7,¢) be an edge-weighted
phylogenetic X-tree, and suppose that (7,¢) together with a subset Y of
size k maximises App 7 ¢)(Y) across all edge-weighted phylogenetic X-trees
(T7,¢") with L(T",¢') = m and subsets of X of size k. For each edge e =
(u,v) of T, let Y. =Y NC(v) and, for convenience, X, = C(v) = X NC(v).
Thus

Ara(€) = £(e) (1 - |’§€e|!)

if [Ye| # 0 and A(7 ¢ (e) = 0 if [Ye| = 0. Let eq,e2,...,e; denote the edges of
T in which A1 4 (e;) > 0. Note that, for such edges, X — Y. is non-empty.
We next show that ¢t = 1 by showing that if ¢ > 2, then

1
A i) < l- ——————
i€{1,2,....t}
contradicting the maximality of Appr g)(Y).
Suppose t > 2. Since FP is descendant, it follows by Lemma 3.3(i) that

|Yvez’ —_ ‘Y;j|
[ Xe,| [ Xel

for all 7,5 € {1,2,...,t}. Therefore

> Agale) =Len) (1 _ ”;/2\') Yot l(er) (1 N ”)2!)

i€{1,2,...,t} 1

— t(e) (1 - |’§:‘|> e e (1 B |\)Y(i \|>

|Y61|>
<mi{(l-—
< | Xe, |
Ve, | )
<m|l-
( | X| = Y|+ [Ye,|

1
<m(l-——r ),
B < !X!—!Y!+1>

where the second-to-last inequality holds as the size of X, can be no more
than the sum of the sizes of X —Y and Y NY,, = Y,,. Moreover, it is strict
when ¢ > 2 since (i) if there is no directed path containing e; and ez, then
Xe, and X, are disjoint and, in particular, X — (X, UY") is non-empty and
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(ii) if, without loss of generality, there is a directed path from es to eq, then
Xe, C X, and, as

Yol _ [Ya

[ Xeu| 1 Xl
again X — (X¢, UY) is non-empty.

Hence ¢t = 1 and so, to maximise the diversity difference, f(e;) = m,
|Ye,| =1, and X — Y C X,,, in which case,

1
ArproY)=m (1 - n—k—i—l) :

This completes the proof of the theorem. O

The next theorem is the analogue of Theorem 4.1 for the Equal Splits
index.

Theorem 4.2. Let (k, X, m,ES) be an instance of ALL TREES AND TO-
TAL WEIGHT. Let (T,¢) be an edge-weight phylogenetic X -tree (T ,£) with
L(T,¢) =m and let Y be a subset of X of size k, and suppose that (T*,£*)
and Y* is a solution to this instance of ALL TREES AND TOTAL WEIGHT.
Then

ApsToY) = AEs e (Y")
if and only if (T,£) has an edge e = (u,v) such that £(e) =m, X =Y is a
chain whose first parent is v, and Y N C(v) is non-empty, in which case,

1
A(ES,T,é) (Y)=m (1 - an) )

where n = | X|.

A generic edge-weighted phylogenetic X-tree optimising A es,T.0(Y) as
in the statement of Theorem 4.2 is shown in Fig. 2(ii).The proof of Theo-
rem 4.2 takes a similar approach to that of Theorem 4.1 but is slightly more
involved. We begin with a lemma.

Lemma 4.3. Let T be a phylogenetic X -tree, and let Y C X. Let e = (u,v)
be an edge of T, and suppose that (X —Y)NC(v) and Y N C(v) are both
non-empty. Let T' be the phylogenetic X -tree obtained from T by replacing
the pendant subtree T|C(v) with a phylogenetic tree on leaf set C(v), where
C(v) =Y is a chain whose first parent is v and C(v)NY is a pendant subtree
below the chain. If C(v) —Y is not a chain whose first parent is v in T,

then ) ) )
oni—k1 Z oUP(T"50,y)] < Z 2AP(Tiwy)l’
yeYNC(v) yeYNC(v)

where n; = |C(v)| and k1 = |Y N C(v)].
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Proof. Suppose that 7 is not of the same form as 7’. Then there is a
z € C(v) —Y such that either z is in a cherry {z, 2’} of T, where 2’ € Y or 2
is a leaf of a pendant subtree of 7 whose two maximal subtrees each contain
an element of Y. Let 7" be the phylogenetic X-tree that is obtained from T
by pruning z and regrafting to the edge e. Relabel the vertex v as v" and the
newly created vertex in the subdivided edge v (so that C'(v) is unchanged).
It is now easily checked that if y € YNC(v), then |P(T;v,y)| < |[P(T";v,9)|.
Moreover, for some y' € Y N C(v), we have |P(T;v,y)| < |P(T";v,9)|. In

particular,
1 1
D gl < 2. gEme
yeYNC(v) yeYNC(v)

The lemma now follows by repeating this process until we have constructed
a phylogenetic tree in the same form as 7. O

Proof of Theorem 4.2. If (T, ) and Y satisfy the conditions described in the
statement of Theorem 4.2, then it is easily checked that

1
ApsToY)=m <1 - 2n—k> :

To complete the proof, let (7,¢) be an edge-weighted phylogenetic X-tree,
and suppose that (7,¢) together with a subset Y of X of size k& max-
imises A(gg 7,0 (Y) across all edge-weighted phylogenetic X-trees (77,¢')
with L(77,¢') = m and subsets of X of size k. For each edge e = (u,v) of
T, define A\(1 ) (e) to be the contribution of e to Agg 1, (Y). Thus

1
Mro@=0e) | 1= > pmmmr
yEYﬁC(U)

if [YNC(v)| # 0 and A1 g (e) = 0if [YNC(v)| = 0. Note that, if Air 4 (e) >
0, then C'(v) — Y is non-empty. Let e; = (uj,v1),ea = (ug,v2),...,e; =
(ut,v) denote the edges of T in which A7) (e;) > 0. We next show that
t = 1 by showing that if ¢ > 1 then

1
m (1 — an) > ' Z )\(T’g)(ei).

Say ¢t > 2. Since ES is descendant, it follows by Lemma 3.3(i) that

1 1
(5) e A DI 2 e

yeYNC(vy) yEYﬂC(vj)
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for all i,5 € {1,2,...,t}. Hence

1
Z Aro(e) =Ller) | 1— Z P | T

ie{1,2,...t) yeYNC(v1)
¢ 1 -
s le) (1= D S P(Tve0)]
yEYﬂC(’Ut)
— 1 1
=le) 1= ) SPTww] | T
yeYNC(v1)
¢ 1 o
cle) (1= Y BT )
yeYNC(vy)

|
<m{l= > Semmw
yeYNC(v1)

< 1 71
=m - 2n17k1 9

where n; = |C(v1)] and k1 = |[Y N C(v1)|, and the last inequality holds by
Lemma 4.3. Since t > 2, it follows by (5) that X — (C'(v1)UY) is non-empty,
so n —mnjq > 0. That is,

1 1
> ATole) <m (1 - inkl) <m (1 - W) :

Hence ¢t = 1, and so to maximise the diversity difference, a single edge
e = (u,v) say of (T,¢) has length ¢(e) = m and, by Lemma 4.3, X —Y is a
chain with first parent v, and Y N C(v) is non-empty, in which case,

1
ApsTon(Y)=m (1 - 2n_k> :

This completes the proof of the theorem. O

4.2. Maximum edge length. We next consider the problem of maximising
the diversity difference across all phylogenetic trees whose edge lengths are
constrained by some maximum value. By Lemma 3.6, we may assume all
edges of T have the same weight. Thus, without loss of generality, we will
assume that all edges have weight 1 and so, for simplicity, we write T for
(T,¢). To this end, for a descendant diversity index ¢, the contribution of
an edge e of T to A, 7(Y) is denoted by A7 (e). We begin with two lemmas
and a corollary.

Lemma 4.4. Let T be a phylogenetic X -tree, let Y C X such that |Y| <
|X| —1, and let p € {FP,ES}. If C is a non-trivial cluster of T such that
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either C CY or C C X —Y, then there exists a phylogenetic X -tree T such
that

A(%T/) (Y) > A(%T) (Y)

Proof. Let v be a non-leaf vertex of 7, and suppose that C(v) C Y or
C(v) € (X —Y). Without loss of generality, we may assume that C(v)
is maximal with this property. Let (u,v) be the edge of T directed into
v and note that, for (u,v) and all edges on a path from v to a leaf, the
contribution of these edges under either FP or ES to A, 7 (Y) is zero
regardless of whether C(v) C Y or C(v) C (X —Y). Let w be the child
vertex of u that is not v. By maximality and |Y| # |X|, if C'(v) C Y, then
(X -Y)NnC(w) # 0 and, if C(v) C (X —=Y), then Y N C(w) # (. Let E
denote the edge set of T, let P denote the set of edges of 7 on the path
from its root p to u, and let a € C'(v). Depending on whether C'(v) CY or
C(v) C (X —Y), we will compare 7 with two other phylogenetic X-trees.

Let 71 denote the phylogenetic X-tree obtained from 7 by pruning a and
regrafting it to p. Let Fy denote the set of edges of 71, let p; denote the
root of 71, let g denote the child of p; that is not a, and let P; denote the
set of edges of 71 on the path from ¢ to u. Let 75 denote the phylogenetic
X-tree obtained from 7 by pruning a and regrafting it to (u,w). Let FEj
denote the set of edges of T, let p, denote the parent of a in 73, and let P,
denote the set of edges of 75 on the path from its root to p,.

First suppose that ¢ is FP. If C(v) C Y, then
> Are) = > A7i(e1).
ecE—P e1€Er—(P1U{(p1,9)})

Furthermore, as ¢ € Y, and Cr;(u) NY and Cp;(u) N (X —Y) are both

non-empty,
Y oAr(e) < D Ailer)

ecP e1€P;

and A7; ((p1,9)) > 0. Hence A(pp77)(Y) > App)(Y). On the other hand,
if C(v) C (X —Y), then it is easily checked that

dDar(e)= D Aple)
eck e2€E>—{(u,pa)}

and

A (4 pa)) > 0

as C7;(ps) has a non-empty intersection with Y and X — Y. Thus
Arp1:)(Y) > App)(Y), and so the lemma holds if ¢ is FP.
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Now suppose that ¢ is ES. If C'(v) C Y, then
Yoxrle)= > Anlen.
eck e1€E1—{(p1,9)}

Since C'r; (¢)NY and C7; (¢) N (X —Y) are both non-empty, A5 ((p1,9)) > 0,
and so Ags 1) (Y) > Ags ) (Y) if ¢ is ES. Furthermore, if C(v) € (X -Y),

then
dYoarle)= > Anlea)

e€E—P e2€E2— P
Hence, as a € (X —Y),

Aps 1) (Y)=AEsm)(Y)

= > Anle2) =) Ar(e)

626P2 ecP
_ . 1 .
B 2 -2 SPToe) | T 7 (4, pa))
e2€P>—{(u,pa)} yeYNC (w)
1
"2\ 2 g
ech yeYNC(w)

1
_ 1
=—3" Z Z SIP(T e + A7 (4, pa))

eEP \yeYNC(w)

1
2.1 2 S P(Te)]

eeP \yeYNnC(w)

1
~ 1. 3 STPTED + A7 (4, pa))
yeYNC(w)

>0

as A7, ((w, pa)) > 0 since Cr,(pe) NY and Cr;(pe) N (X —Y) are both non-
empty. Therefore Agg 7;)(Y) > Ags)(Y). This completes the proof of
the lemma. (|

An immediate consequence of Lemma 4.4 is the next corollary.

Corollary 4.5. Let T be a phylogenetic X -tree, let k be a positive integer
such that k < |X|—1, letY be a subset of X of size k, and let p € {FP,ES}.
Suppose that T and Y mazimises

Apr(Y)=PDr(Y) =Y or()
€Y
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across all phylogenetic X -trees and all subsets of X of size k. If {a,b} is
a cherry of T, then |{a,b} NY| = 1. In particular, T has no non-trivial
cluster C' such that either C CY or C C (X —Y).

Lemma 4.6. Let T be a phylogenetic X -tree, let k be a positive integer such
that k < |X| —1, let Y be a subset of X of size k, and let p € {FP,ES}.
Suppose that T and Y maximises

Apr(Y)=PDr(Y) =Y or(x)
€Y

across all phylogenetic X-trees and all subsets of X of size k. If
(a1,a2,...,as) is a chain of T, in which {a1, a2} is a cherry, then

(i) {ai,a2}NY| =1 and
(ii) for some p > 3, we have |{ai,az2,...,ap—1} NY| = 1 and
{ap,apy1,...,as} CY.

Proof. By Corollary 4.5, (ai,as,...,as) satisfies (i).  Suppose that
(a1, az,...,as) does not satisfy (ii). Let ¢ > 3 be the least index such a; € YV
but a;+1 € X —Y. Let 7’ be the phylogenetic X-tree obtained from 7 by
interchanging a; and a;y1, that is, pruning a; and regrafting it to the edge
directed into the parent of a; 1 so that (a1, as, ..., a;—1, @11, ai, Giv2,. .., as)
is a chain of 7. Let p; and p; 1 denote the parents of a; and a;11 in T,
respectively, and let pj and pj,; denote the parents of a; and a;y1 in 77,
respectively.

If ¢ is the Fair Proportion index, then

Arpy(Y) = Arp (V) = A (9], Piy1)) — A7 ((Pig1, pi)
—0-D-0-)

> 0.

This contradiction to the maximality of 7 and Y implies that the lemma
holds when ¢ is FP.

Now suppose that ¢ is the Equal Splits index. Let P denote the path in
T from the root to p; and let P’ denote the path in 7’ from the root to pf.
Then

Aps)(Y) = Apsm)(Y) = —p7(a;) + o7(a;)

1 1
- Z 9|P(T";¢ ,a;)] + Z 9|P(Tse,a:)|

e'epP’! eeP
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F1GURE 3. An illustration of Theorem 4.7, where YV =
{z1, 2, %11, -, Tn}, s0 [{x1,22} NY| =1, and X — Y =
{$2,l’3,...,l’i,1}.

For all e € P — {(pit+1,pi)}, we have |P(T";e,a;)| = |P(T;e,a;)| — 1, and
the contribution of (pi41,p;) to EST(a;) is 5. So

1
AwsT)(Y) = As)(Y) = -2 Z 9IP(Tse,a:)|
eeP—{(pi+1,pi)}

1
1
l ERSD DR e
e€P—{(pi+1,pi)}

1
— 1 _ - -
2 Z 9IP(Tse,a:)|
e€P—{(pi+1,pi)}
1 1 1 1
>i-(+i++ )
> 0.

This contradiction to the maximality of 7 and Y implies that the lemma
holds when ¢ is ES, thereby completing the proof of the lemma. ([

The next theorem is illustrated in Fig. 3. In particular, an edge-weighted
phylogenetic X-tree optimising A, 7 ) (Y) as in the statement of this the-
orem is shown in Fig. 3, where p € {F'P, ES}. It is interesting to note that
the outcome of Theorem 4.7 is the same for FP and ES, although the proof
of the theorem requires FP and ES to be considered separately.

Theorem 4.7. Let k be a positive integer such that k < |X| — 1, let k be
a positive real, and let ¢ € {FP,ES}. Then an edge-weighted phylogenetic
X-tree (T,¢) with £(e) < k for all e € E(T) and a subset Y of X of size k
MazTimises
Ap70(Y) =PDirpn(Y) = o)
zeY

across all phylogenetic X -trees (T', ') with ¢'(e) < k for all e € E(T') and
all subsets of X of size k if and only if £(e) = K for alle € E(T) and X is
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F1GURE 4. Illustrating the pruning and regrafting of the leaf
as in the proof of Theorem 4.7 for FP.

a chain (x1,2,...,%y) such that |[{z1,22} NY| =1, and, for some i > 3,
Hx1,29,...,2,-1}NY| =1 and {x;, Tit1,...,2n} C Y.

Proof. Let (T,¢) be an edge-weighted phylogenetic X-tree with ¢(e) < k for
all e € E(T) and let Y be a subset of X of size k. Suppose that (7, /) and Y’
maximise A, 7 (Y) across all edge-weighted phylogenetic X-trees (77, ¢')
with ¢'(e) < k for all e € E(T”) and all subsets of X of size k. Recall that,
by Lemma 3.6, we may assume that all edges have weight x = 1.

We first show that 7 does not have two distinct cherries. Suppose that T
has two such cherries. Then 7 has a vertex v in which C(v) contains exactly
two cherries. By Lemma 4.6 and the maximality of (7,¢) and Y, the set
C(v) consists of two disjoint chains (a1, as,...,as) and (b1, ba,...,b;) each
of which satisfies properties (i) and (ii) in the statement of Lemma 4.6. Let
A={a1,a9,...,as} and let B = {b1,ba,...,b;:}.

First suppose that ¢ is FP. Without loss of generality, we may assume
that

Y N A S Y N B|

st
Say s > 3 and as; € Y. Let 7’ be the phylogenetic X-tree obtained from
T by pruning a, and regrafting it to the edge (u,v) directed into v. This
operation is shown in Fig. 3(ii), where 7 is drawn above 7'. Let p, and p/,
denote the parents of a5 in 7 and T, respectively. Then it is easily seen

that
> At(e) = > Ar(e’).

e E(T)—{(v.ps)} e'eB(T")—{(psv)}
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Furthermore, as |[Y N A|/s > |Y N B|/t,

YNA
Mr(,p)) =1 - 104
1 Y N (AU B)|
- s+t
c1_ Y N(AUB)| —1
s+t—1

= A ((p0).
Thus App)(Y) < App7y(Y). It follows that [Y N A| = 1, and so we may
assume that Y N A = {a1}.

Say t > 3 and b; € Y. Now let 7’ be the phylogenetic X-tree obtained
from 7 by pruning b; and regrafting it to (u,v). let p; and p; denote the
parents of b; in 7 and T”, respectively. Then

Y M(e) = > A7 (€').
e€E(T)—{(v,pt)} e'eB(T")—{(p}v)}

Also, as Y NA|=1and Y NB| > 2,

YNB
Ar((w.p) =1 - 08
1 Y N B|
s+t
o, _In@up) -1
- s+t—1

= Ar((p}v)):
Thus App)(Y) < Appyy(Y), contradicting the maximality of (77, £) and
Y. Therefore [YNB| = 1, and so we may assume that YN(AUB) = {a1, b1 }.

Without loss of generality, we may now assume that ¢ > s. Let ps and ¢,
denote the parents of as; and b; in T, respectively. Let 7" be the phylogenetic
X-tree obtained from 7 by pruning as and regrafting it to the edge (u, q;).
Let p! denote the parent of as in 7”. Then

> At(e) = > Agn(e”)
e€E(T)~{(v,ps)} e"€E(T")~{(v,p!)}
and
/\T((u,ps)) =1- %
1

<l-7
= Ao ((u, p5))
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P P
v v
P3 / as b k q2 p3 / as by k q2
p2 p2
as b2 as b2
a1 az b1 ay az b1
T T

FiGure 5. Hlustrating the pruning and regrafting of the leaf
as in the proof of Theorem 4.7 for ES.

as t > s. Repeating this process for each of as_1,as_2,...,as, we obtain a
phylogenetic tree X-tree 77 with one less cherry than 7, and

Arp)(Y) < Awrpy)(Y),

a contradiction to maximality. We deduce that T has exactly one cherry if
pis FP.

Now suppose that ¢ is ES. Without loss of generality, we may assume
that t > s and a1,b; € Y. Let T’ be the phylogenetic X-tree obtained from
T by pruning as and regrafting it to the edge (g2, b1), where g9 is the parent
of be in T (as depicted in Fig. 5). Then, noting that as is not in Y,

> ESrly)= ).  ESp(y)

ye(Y—{a1,b1}) ye(Y —{a1,b1})

Furthermore, since the length of the each path from an edge to a; is
reduced by 1 in forming 7" as edge (ps, p2) is suppressed,

1

1 1
Z 9|P(Tie,ar)| Z 9IP(T"5¢/,a1)] = 9|P(Tip,a1)|—1
e€P(T;p,a1) e’'eP(T';p,a1)

and. since the length of the each path from an edge to by is increased by 1
in forming 7" as edge (g2, ph) is added,

1 1 o 1
Z 2|P(T’;e’,b1)| o Z 2|P(T;e,b1)\ - 2|P(7—’;p,b1)|71'
e'eP(T";p,b1) e€P(T;p,b1)
But, as t > s,
1 1

ST b —1 < 9P(Tipryan)—1°
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Therefore
1 1
Z EST(Y) - Z EST/(y):Q\P(TW@l)l—l T OIP(Tip 1)1
y€{a1,b1} ye{a1,b1}

> 0.

It now follows that Agg)(Y) < A¢gs,7)(Y). This contradiction to max-
imality implies that 7 has exactly one cherry if ¢ is ES. It now follows by
Lemma 4.6 that, if p € {F'P, ES}, then to maximise A, 7(Y") we have that
X is a chain and Y is a subset of X of size k as described in the statement
of the theorem. (|

5. DISCUSSION

The results for Fair Proportion and Equal Splits in the last section are
strikingly similar. Indeed, they are exactly the same when considering the
outcomes of Theorem 4.7. While the proof of Theorem 4.7 eventually re-
quired separating into two parts to independently consider FP and ES, the
two approaches taken were alike. This suggests that there is probably a
natural class of phylogenetic diversity indices which these results are rep-
resentative of. If so, what is this class? The class of descendant diversity
indices is unlikely to be sufficient. However, what if we additionally required
the following property? Let (7, ¢) be an edge-weighted phylogenetic X-tree
and let ¢ be a descendant diversity index. Let e = (u,v) be an edge of T,
and let {x,y} C X such that {x,y} C C(v). If the number of edges from v
to y is at most the number of edges from v to x, then the contribution of
{(e) to (1,0 () is at most the contribution of £(e) to w1 ¢ (y)-
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