CYCLIC MATROIDS
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Abstract. For integers s and ¢ exceeding one, a matroid M on n elements is nearly (s, t)-cyclic
if there is a cyclic ordering o of its ground set such that every s — 1 consecutive elements of o
are contained in an s-element circuit and every ¢ — 1 consecutive elements of o are contained in a
t-element cocircuit. In the case s = t, nearly (s, s)-cyclic matroids have been studied previously. In
this paper, we show that if M is nearly (s,t)-cyclic and n is sufficiently large, then these s-element
circuits and t-element cocircuits are consecutive in o in a prescribed way, that is, M is “(s, t)-cyclic”.
Furthermore, we show that, given s and ¢ where t > s, every (s, t)-cyclic matroid on n > s+t — 2
elements is a weak-map image of the (tfs )—th truncation of a certain (s, s)-cyclic matroid. If s = 3,
this certain matroid is the rank-7Z whirl, and if s = 4, this certain matroid is the rank-7 free swirl.
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1. Introduction. Tutte’s Wheels-and-Whirls Theorem [8] is synonymous with
matroid theory. It says that, except for wheels and whirls, every 3-connected matroid
has a single-element deletion or a single-element contraction that is 3-connected. The
reason for this exception is that wheels and whirls are precisely the 3-connected ma-
troids in which every element is in a 3-element circuit and a 3-element cocircuit. In
fact, wheels and whirls have a stronger property: if M is a wheel or a whirl, then there
is a cyclic ordering o of its ground set such that every set of two consecutive elements
in o is contained in a 3-element circuit and a 3-element cocircuit. Furthermore, if
M is a wheel and (M) > 4, or if M is a whirl and r(M) > 3, then these 3-element
circuits and 3-element cocircuits are unique, and the elements of these 3-element cir-
cuits and 3-element cocircuits are consecutive in o. Brettell et al. [3] studied matroids
satisfying a generalisation of this property, that is, for a positive integer s exceeding
one, matroids whose ground sets have a cyclic ordering ¢ such that every set of s — 1
consecutive elements in ¢ is contained in an s-element circuit and an s-element co-
circuit. In this paper, we extend this study by considering generalisations of these
matroids whereby the size of the circuit and the size of the cocircuit need not be the
same.

Let s and ¢ be positive integers exceeding one. A matroid M is nearly (s,t)-cyclic
if there exists a cyclic ordering o of E(M) such that every set of s — 1 consecutive
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elements of ¢ is contained in an s-element circuit and every set of ¢ — 1 consecutive
elements of ¢ is contained in a t-element cocircuit, in which case we say that o is
a nearly (s,t)-cyclic ordering of E(M). Although not explicitly stated, there is an
implicit assumption that if M is nearly (s,t)-cyclic, then M has at least max{s,t} —1
elements, so it has at least one s-element circuit and at least one t-element cocircuit.

Wheels and whirls are nearly (3, 3)-cyclic, while spikes and swirls are nearly (4, 4)-
cyclic. For all r > 3, a rank-r spike is a matroid M on 2r elements whose ground
set can be partitioned into pairs {L1, La,..., L.} such that, for all distinct ¢,5 €
{1,2,...,r}, the union of L; and L, is a 4-element circuit and a 4-element cocircuit.
Therefore, if o is a cyclic ordering of E(M) such that, for all ¢, the two elements in
L; are consecutive in o, then o is a nearly (4,4)-cyclic ordering of E(M). For all
r > 3, a rank-r swirl is a matroid M on 2r elements obtained by first taking a simple
matroid whose ground set is the disjoint union of a basis B = {b1,bs,...,b,} and 2-
element sets Ly, Lo, ..., L, such that L; C cl({b;,b;41}) for all i € {1,2,...,r}, where
subscripts are interpreted modulo r, and then deleting the elements in B. If, for all 4,
the elements in L; are freely placed in the span of {b;, b;+1} in this construction, then
the resulting matroid is the rank-r free swirl. Observe that L; U L;;1 is 4-element
circuit and a 4-element cocircuit for all i. Therefore, if L; = {e;, f;} for all 4, then
o = (e1, f1,€2, fa, ..., €, frr) is a nearly (4, 4)-cyclic ordering of E(M), and so M is
nearly (4, 4)-cyclic.

The examples of nearly (s,t)-cyclic matroids in the last paragraph all have the
property that s = ¢. To see an example of a nearly (s,t)-cyclic matroid where s # t,
take a sufficiently large whirl and truncate it, that is freely add an element f to the
whirl, and then contract f. It is not difficult to show that the resulting matroid is
nearly (3,5)-cyclic. More generally, given odd ¢ > 3, the (t_g)—th truncation of a suf-
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ficiently large whirl results in a matroid that is nearly (3,¢)-cyclic (see Theorem 1.3).

Nearly (s,t)-cyclic matroids are highly structured. For example, suppose that
M is a rank-r wheel, where r > 4, and o = (ey,ea,...,e,) is a nearly (3, 3)-cyclic
ordering of its ground set. Then, for all i € {1,2,...,n}, one of {e;,e;11,e;12} and
{ei—1,€:,ei41} is the unique 3-element circuit containing {e;,e;+1} and the other is
the unique 3-element cocircuit containing {e;, e; 11}, with the parity of ¢ determining
which is the circuit and which is the cocircuit. The following definition captures this
structure.

Let s and ¢ be positive integers exceeding one. A matroid M is (s, t)-cyclic if there
exists a cyclic ordering o = (e1,ea,...,e,) of E(M) such that each of the following
holds, where subscripts are interpreted modulo n:

(i) either {e1,e9,...,es} or {ea,e3,...,es+1} is an s-element circuit of M;
(ii) either {e1,ea,...,e;} or {ea,e3,... €411} is a t-element cocircuit of M;
(iii) if {e;,€i41,.-.,€i4+s—1} I8 an s-element circuit for some i € {1,2,...,n}, then
{€it2,€i43,.--,€itrst1} is also an s-element circuit of M; and
(iv) if {e;,€i41,...,€i4¢t—1} is a t-element cocircuit for some ¢ € {1,2,...,n}, then
{€it2,€it3,...,€irty1} 18 also a t-element cocircuit of M.

A cyclic ordering satisfying (i)—(iv) is called an (s, t)-cyclic ordering of E(M). Note
that our terminology differs from [3]; what we call a nearly (¢,t)-cyclic ordering of a



matroid M was previously called a cyclic (¢ — 1, ¢)-ordering of M, and what we call a
(t,t)-cyclic ordering of M was previously called a t-cyclic ordering of M.

If M is nearly (2,2)-cyclic, then, as noted in [3], M is obtained by taking direct
sums of copies of U; 3, and so M is (2, 2)-cyclic. Brettell et al. [3, Theorem 1.1] showed
that, for all s > 3, if o is a nearly (s, s)-cyclic ordering of a matroid M on n elements
and n > 6s — 10, then o is an (s, s)-cyclic ordering of M. The first main result of this
paper generalises that theorem.

THEOREM 1.1. Let M be a matroid on n elements, and suppose that o is a nearly
(s,t)-cyclic ordering of M, where s,t > 3. Let t; = min{s,t} and to = max{s,t}. If
n >3t +ta—5 andn > t1 + 2to — 1, then o is an (s, t)-cyclic ordering of M.

The proof of Theorem 1.1 takes a different approach to that used in [3]. Equating
s and t in Theorem 1.1, we have the following corollary, improving the lower bound
in [3, Theorem 1.1].

COROLLARY 1.2. Let M be a matroid on n elements, and suppose that o is a
nearly (s, s)-cyclic ordering of M for s > 3. If n > max{8,4s — 5}, then o is an
(s, s)-cyclic ordering of M.

For all positive integers s and t exceeding one, we will show that if a matroid on
n elements is nearly (s, t)-cyclic, then n > s 4+t — 2. Observe that, for all such s and
t, the uniform matroid Us_1 sy¢—2 is nearly (s,t)-cyclic with s+t — 2 elements. Thus
this lower bound is sharp. Furthermore, if a matroid on n elements is (s, t)-cyclic and
n > s+t — 2, then we will also show that n is even and s = ¢ mod 2. Hence, if a
matroid M is (s,t)-cyclic and s # ¢t mod 2, then M has exactly s + ¢ — 2 elements.
Lastly, we suspect the inequalities n > 3t +t2 —5 and n > t; +2t; — 1 in Theorem 1.1
are not tight, and leave it as an open problem to determine, for all positive integers
s,t > 2, tight lower bounds on the size of the ground set of a matroid M having the
property that if o is a nearly (s,t)-cyclic ordering of E(M), then o is an (s,t)-cyclic
ordering of E(M).

The second main result of this paper, Theorem 1.3, shows that (s,¢)-cyclic ma-
troids are not wild. In particular, this result shows that, given positive integers s and
t exceeding one, such that ¢ > s, an (s,t)-cyclic matroid M on n elements, where
n > s+1t—2, is a weak-map image of the (15%)-th truncation of a certain (s, s)-cyclic
matroid. To formally state Theorem 1.3, let M; and M> be matroids on ground sets
E; and E,, respectively, and suppose that |E1| = |Es|. Let ¢ : E; — Es be a bijec-
tion. We say ¢ is a weak map from M; to Ms if, for all independent sets I in My,
the set p~1(I) is independent in M;. Equivalently, ¢ is a weak map from M; to My
if, for all circuits C of Mj, the set p(C') contains a circuit of M. If ¢ is such a map,
Ms is a weak-map itmage of M7, and M, is said to be freer than Ms.

For vertices v and v of a graph, u is a neighbour of v if u is adjacent to v, and
we let N (v) denote the set of neighbours of v. Note that here, as well as elsewhere in
the paper, we adopt the convention of writing singletons without set braces provided
there is no ambiguity.

Now let s be an integer exceeding one and let n be a positive even integer. We
next define a certain matroid with parameters s and n that is transversal and co-
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Fic. 1.1. The bipartite graph G’}12.

transversal. Let G” be the bipartite graph with vertex parts £ = {ej, e, ...,€,} and
{1,2,...,%} and, for all i € {1,2,..., %}, the set of neighbours of i is

N@@) = {e2i—1,€2i; .-, €245-2},

where subscripts are interpreted modulo n. For example, if n = 12 and s = 4, then
G342 is the bipartite graph shown in Figure 1.1. The transversal matroid on E in
which

(N(1),N(2),...,N(3))

2

is a presentation is an example of a multi-path matroid [1]. Denote the dual of this
transversal matroid by ¥7. Multi-path matroids have the property that their duals
are transversal [1, Theorem 3.8], so U7 is a transversal matroid. In fact, we shall
show that ¥Y is a self-dual matroid. If s = 2, then WY is isomorphic to the rank-
matroid obtained by taking direct sums of copies of Uj 2; while if s = 3 or s = 4, then
U is isomorphic to the rank-5 whirl or rank-% free swirl, respectively. For example,
the dual of the transversal matroid realised by G}2 is the rank-6 free swirl. More

generally, it turns out that, for all s > 2, the matroid U7 is (s, s)-cyclic.

Let M be a matroid. If »(M) > 0, then the matroid obtained from M by freely
adding an element f and then contracting f is called the truncation of M and is
denoted by T'(M). If r(M) = 0, we set T(M) = M. For all positive integers ¢, the
i-th truncation of M, denoted T*(M), is defined iteratively as T%(M) = T(T*~1(M)),
where TY(M) = M. The second main result of this paper is the following theorem.

THEOREM 1.3. Let M be an (s,t)-cyclic matroid on n elements, where n > s+
t—1. Ift > s, then M is a weak-map image of the (tgs)—th truncation of U?, an
(s, t)-cyclic matroid.

In addition to this paper and [3], there have been several recent studies into
matroids with particular prescribed circuits and cocircuits. Miller [5] investigated
the matroids in which every pair of elements is contained in a 4-element circuit and
a 4-element cocircuit, while Oxley et al. [7] considered the 3-connected matroids in
which every pair of elements is in a 4-element circuit and every element is in a 3-
element cocircuit, and the 4-connected matroids in which every pair of elements is
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contained in a 4-element circuit and a 4-element cocircuit. Furthermore, Brettell et
al. [2] studied matroids in which every t-element subset of the ground set is contained
in an f-element circuit and an ¢-element cocircuit. Relevant to this paper, their results
imply that if a matroid M has the property that every t-element subset of E(M) is
contained in a 2t-element circuit and a 2t-element cocircuit, then, provided |E(M)|
is sufficiently large, M is (2t,2¢)-cyclic. Further results concerning (3, ¢)-cyclic and
(4,t)-cyclic matroids, including a characterisation of the (4,4)-cyclic matroids on at
least 8 elements, will be found in Gerry Toft’s PhD thesis.

The paper is organised as follows. The next section contains some preliminaries,
while Section 3 establishes some basic properties of cyclic matroids. These properties
are used in the proofs of Theorems 1.1 and 1.3 which are given in Sections 4 and 5,
respectively. The proof of Theorem 1.3 follows from a more general result concerning
the duals of multi-path matroids. Lastly, in Section 6, we give a counterexample to
a conjecture concerning (s, s)-cyclic matroids, given in [3]. This conjecture says that
if s is an integer exceeding two and M is an (s, s)-cyclic matroid, then M can be
obtained from either a wheel or a whirl (if s is odd), or either a spike or a swirl (if s
is even) by a sequence of elementary quotients and elementary lifts. Unless otherwise
specified, notation and terminology follows [6].

2. Preliminaries. Throughout the paper, we say two sets X and Y intersect
if X NY is non-empty; otherwise, X and Y do not intersect. For a positive integer

m, we let [m] denote the set {1,2,...,m}. Furthermore, for i,j € [m], we let [, ]
denote the set {i,i+1,...,5} if 4 < j and the set {4,s+1,...,m,1,2,... 5} if i > j.
Now let 0 = (e1,ea,...,e,) be a cyclic ordering of {e1,ea,...,e,}. For all ¢,5 € [n],
the notation o (4, j) denotes the set of elements {e;, e;11,...,e;}, where subscripts are

interpreted modulo n.

The following well-known lemma is used frequently in the paper. The phrase by
orthogonality signals an application of this lemma.

LEMMA 2.1. Let M be a matroid. If C is a circuit and C* is a cocircuit of M,
then |C N C*| # 1.

The next lemma concerns the independent sets of the i-th truncation of a matroid
(see, for example, [6, Proposition 7.3.10]).

LEMMA 2.2. Let M be a matroid with (M) > 1, and let ¢ be a non-negative
integer such that © < r(M). Then

I(TH(M)) = {X € (M) : |X| < r(M) - i}.

3. Properties of Cyclic Matroids. In this section, we establish various prop-
erties of nearly (s,t)-cyclic and (s, t)-cyclic matroids on n elements. The first lemma
is used frequently in this section.

LEMMA 3.1. Let M be an (s,t)-cyclic matroid onn elements, wheren > s+t—2,
and let 0 = (e1,ea,...,e,) be an (s,t)-cyclic ordering of M. Then,

(1) if {ei,eir1,---,€irs—1} is a circuit, then {e;_¢,€i—ty1,-..,€i—1} and
{€its, Citstly---sCitstt—1} are cocircuits, and
5



(ii) if {ei,€ivr1,.--s€i4t—1} 18 a cocircuit, then {ej_s,€i_si1,-..,€i—1} and
{€itt,€itti1,- s Ciysyt—1} are circuits.
Proof. We will prove (i). The proof of (ii) follows by duality as M* is a
(t,s)-cyclic matroid. Since o is an (s,t)-cyclic ordering of M, it follows that

one of {e;_¢,ei—ty1,...,€i—1} and {€;_t11,€i—t+2,...,€;} is a t-element cocircuit
of M. But, as n > s+t — 2, the set {e;—ty1,€i—t+2,...,¢;} intersects the
circuit {e;,€;11,...,€;15—1} in one element, and so {e;_;y1,€;_¢12,...,€;} is not
a cocircuit. Therefore {e;_t,€;—¢i1,...,€,—1} i a cocircuit of M. Similarly,
{€its—1,Citsy- -, Citstt—2} IS NOt a cocircuit as it intersects {e;, e;11,...,€i45-1}
in one element, and so {€;4s, €its11,- -+, Citsti—1} IS a cocircuit. 1]

The next two lemmas consider the relationships amongst s, ¢, and n.

LEMMA 3.2. Let M be a nearly (s,t)-cyclic matroid on n elements. Then n >
s+t—2.

Proof. Since M contains an s-element circuit, we have that (M) > s — 1.
Similarly, as M contains a t-element cocircuit, r*(M) > ¢ — 1. Therefore, as
n=r(M)+r*(M), we also have that n > s+t — 2. 0

Note that the bound in Lemma 3.2 is tight. In particular, for any positive integers
s,t > 2, the uniform matroid Us_1 s4¢—2 is nearly (s, t)-cyclic. In fact, Us_1 s41—2 is
(s, t)-cyclic.

LEMMA 3.3. Let M be an (s,t)-cyclic matroid on n elements. If n > s+t —2,
then

(i) n is even, and
(ii) s =t mod 2.

Proof. Suppose n > s+t — 2. To prove (i), assume that n is odd. Let
o= (e1,ea,...,e,) be an (s,t)-cyclic ordering of M, and let {e;,ej41,...,€i+s—1}
be a circuit of M. Then, for all even k, the set {€; 1, €it14k,---Eits—1+k} 1S & cir-
cuit of M. In particular, taking k = n — 1, the set {e;_1,€;,...,€;45—2} is a circuit
of M. But, by Lemma 3.1, the set {e;—t,€;—¢4+1,...,€i—1} is a cocircuit of M, and,
since n > s + ¢ — 2, this cocircuit intersects the circuit {e;_1,€;,...,€;4s—2} in one
element. This contradiction implies n is even.

For the proof of (ii), assume that s # ¢ mod 2. Let 0 = (e, €2, ...,e,) be an (s,t)-
cyclic ordering of M, and let {e;, €;11,...,€;45—1} be a circuit of M. By Lemma 3.1,
the set {e;—¢,€;—t+1,...,€;—1} is a cocircuit of M. By the assumption, s + ¢t — 1 is
even and o, as (i —t)+ (s+t—1) =i+s—1, the set {€;45_1,€its,---,€i1s51t—2} IS a
cocircuit. But this cocircuit intersects {e;,€;41,...,€;+s—1} in precisely one element,
contradicting orthogonality. Therefore, s = ¢ mod 2, completing the proof of (ii). 0O

The bound in Lemma 3.3 is tight. For example, choosing one of s and ¢ to be even
and the other to be odd, the uniform matroid Us_; s4;—2 is an (s, t)-cyclic matroid on
s+t — 2 elements. However, Lemma 3.3 shows that there is no (s, t)-cyclic matroid
with more elements.

Generalising [3, Lemma 4.3, Lemma 5.1, Lemma 5.3|, the next four lemmas con-
cern the independent sets, closure operator, and rank function of (s, ¢)-cyclic matroids.
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A consequence of the first of these lemmas is that if s = ¢ and s is even, then the
s-element circuits and s-element cocircuits in an (s, s)-cyclic ordering of a matroid
coincide. On the other hand, if s = ¢ and s is odd, then the s-element circuits and
s-element cocircuits in an (s, s)-cyclic ordering of a matroid behave like the 3-element
circuits and 3-element cocircuits in (3, 3)-cyclic orderings of whirls.

LEMMA 3.4. Let M be an (s,t)-cyclic matroid on n elements, where
n>s+t—2, and let 0 = (e1,e9,...,€,) be an (s,t)-cyclic ordering of M. Sup-

pose that {e;,ei11,...,€i1s—1} 18 a circuit of M. If s and t are even, then
(1) {ei,€it1,---,€itt—1} is a cocircuit,
(ii) {eit1,€it2,--.,€itrs} 18 independent, and

(iii) {eit+1,€i42,-.-,€irt} is coindependent.

Furthermore, if s and t are odd, then

(iv) {€it1,€it2,..-,€i4t} 18 a cocircuit,

(v) {eix1,€ix2,...,€irs} is independent, and

(vi) {ei,€it1,.-,€irt—1} is coindependent.

Proof. By Lemma 3.1, the set {e;_¢,€;_ty1,...,€;—1} is a cocircuit of M. If
t is even, this implies {e;,€;y1,...,€,4¢—1} is a cocircuit; otherwise, ¢ is odd and
{€it1,€it2,...,€i+¢} is a cocircuit.

We next show that {e;11,€;12,...,€;4s} is independent. Suppose this is not the
case. Then {e;;1,€;12,...,€;45} contains a circuit, call it C. By Lemma 3.1, the
set {€its, €itst1s---sCitstt—1} 1S a cocircuit of M. Therefore, if ;15 € C, then C
intersects {€;1s,€itst1s---,€irsti—1} in exactly one element, a contradiction. But
if ;45 ¢ C, then C is properly contained in the circuit {e;,e;1+1,...,€i4s-1}, an-
other contradiction. Thus, no such circuit C' exists, and so {€;11,€;412,...,€i15}
is independent. We have shown that, if {e;,e;y1,...,€:4s—1} i8S a circuit, then
{€it1,€it2,--.,€i1s} is independent. Since M* is a (t, s)-cyclic matroid, this implies
that if {e;,ej41,...,€j44—1} is a cocircuit, then {ej41,€j42,...,€j4¢} is coindepen-
dent. This is sufficient to show (iii) and (vi) and complete the proof. d

LEMMA 3.5. Let M be an (s,t)-cyclic matroid on n elements, where n > s+t —2,
and let 0 = (e1,€a,...,e,) be an (s,t)-cyclic ordering of M. Then, for all i € [n] and
s—1<k<n-—t,

(i) eiyr € cl({ei, €iq1,---,€irp—1}) if and only if
{€ith—st1sCith—st2,---sCith}
is a circuit, and
(i) e;—1 € cl({es, €11y, €irk—1}) if and only if
{ei—1,€iy. .. €ips—2}

1S @ circuit.

Proof. We will prove (i). Then (i) follows from the fact that reversing
the order of o gives another (s,t)-cyclic ordering of M. Since k > s — 1, if

{€ithostlsCithost2s---,€itk} 18 a circuit, then e;1r € cl({ei,€itr1,-.-,€i1h-1}).
Conversely, suppose e;r € cl({e;,€i41,...,€i45—1}). Then there exists a cir-
cuit C contained in {e;,€;1+1,...,€4+5} such that C contains e;1f.  Assume
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{€ith—s+1;Citk—st2,---,€i+k} 1S not a circuit. If s and ¢ are even, then, by
Lemma 3.4, the set {€;1k—s,Cith—st1s---;Citk—stt—1} 1S a cocircuit and so, as s
is even, the set {€;1k,€itkt1,---sEitktt—1} 1S also a cocircuit. Since k < n — 1,
this last cocircuit intersects C' only in the element e;, a contradiction. There-
fore, {€itk—st1sCitk—st2s---,€itk} 18 a circuit. Similarly, if s and ¢t are odd,
then, by Lemma 3.4, {€;1k—s+1,€ithost2,---sEitk—st+t I8 a cocircuit, which means
{€itk,Cithktls - sCithtt—1) is also a cocircuit. Again, this contradicts orthogonality
with C, showing that {€;{x—st1,€ithk—s+2,---;Citk} IS a circuit, and completing the
proof of the lemma. ]

LEMMA 3.6. Let M be an (s,t)-cyclic matroid on n elements, where
n>s+t—2, and let 0 = (e1,ea,...,e,) be an (s,t)-cyclic ordering of M. Then,
forallien] and1 <k<n-—t+1,

k, ifk <s;

L”H“T_IJ, if k> s and {e;,€i41,...,€its—1}
r({ei, ity sCitk—1}) = 18 a circuil;

[MTA], if k> s and {e;,€it1,...,€irs—1}

18 not a circuit.

Proof. The proof is by induction on k. If k < s, then {e;, €i41,...,€i1k—1}
is a proper subset of an s-element circuit, so it is independent. Therefore,

r({ei,€it1,-..,€i1k—1}) = k. Now suppose k = s. If {e;, €;41,...,€i4+s—1} IS a circuit,
then
T({ei,6i+1, ey 6i+571}) =s—1= L%J,
while if {e;,€;41,...,€i+s—1} is not a circuit, then, by Lemma 3.5,
r({ei €iv1, .- €ips—1}) = s = [SF=L].

Thus the lemma holds for all 1 < k < s.

Now suppose that s + 1 < k < n —t + 1, and the lemma holds for
the set {e;,€it1,...,€irx—2}. Consider {e;, e;41,...,€i4k-1}. First assume that
{€i,€it1,...,€irs—1} is a circuit. If s + k is odd, then k — s is odd, and it fol-
lows by Lemma 3.4(ii) and (v) that {€;1x—s,€itk—st1;---,Citk—1} IS DOt a circuit.
Therefore, by Lemma 3.5, ¢;4x—1 € cl({ei, €i41,- .., €i+k—2}), and so, by the induction
assumption,

r({eiit1s - -seipn—1}) = r({ei €iq1, . €igp—2}) +1
= 2 1= [ = st

as s+ k is odd. If s + k is even, then {e;4r—s, €itk—s+1,--.,€itk—1} IS & circuit, and
s0 e;1x—1 € cl({es, €it1, .-, €irk—2}). Therefore

r({ei, eiv1, .- eivk—1}) = r({€i ir1, - s €ipp—2})

= =242 = 244

as s + k is even.

Now assume that {e;,€;11,...,€;15—1} is not a circuit. If s + k is odd, then
{€itk—s,Cith—st1,---,€itk—1} IS a circuit, and so, by the induction assumption and
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Lemma 3.5,

r({eiseit1, - ivk—1}) = r({€i, €iv1,- -+ €itk—2})
k—2 k-1
= {S+2 ] = [S+2 1
as s+ k is odd. If s + k is even, then {€; 1 t—s, €i1k—s+1,---,Eitk—1} IS NOt & circuit,

and so, by Lemma 3.5 and the induction assumption,

r({eiseit1, - ivk—1}) = r({ei, €iv1, - s €ipk—2}) + 1
= [2she2] 1 1 = [og8] = a2kt

as s + k is even. This completes the proof of the lemma. ]

The next lemma shows that the rank of an (s, t)-cyclic matroid on n elements is
invariant under s, t, and n.

LEMMA 3.7. Let M be an (s,t)-cyclic matroid on n elements. Then
r(M) = "=t and r*(M) = 2=+,

Proof. By Lemma 3.2, the matroid M has at least s + ¢t — 2 elements. Since M
has an s-element circuit and a t-element cocircuit, r(M) > s — 1 and r*(M) >t — 1.
Therefore, if n = s+t — 2, then

T(M):S_lzw

and ( ”
* s+t—2)—s+t
(M) =t —1 = =2t

7’”25*@ or

Otherwise, by Lemma 3.6, the set {e1,ea,...,€e,_¢41} either has rank L
rank [2£5=t]. By Lemma 3.3, we have that n+ s —t is even, so

n+s—t

r({e1,e2,...,en—ti1}) = 5

Therefore, r(M) > 2t5= Similarly, by Lemmas 3.3 and 3.6, we get that

2

x n—s+t

r(fer ez, enmsi}) =
and so 7*(M) > "75+t. Since %sft + %M = n, it follows that (M) = %H and
r*(M) = n—25+t' d

The last lemma in this section will be used to prove Theorem 1.1 in the next
section; we include it here as it may be of independent interest.

LEMMA 3.8. Let s and t be positive integers exceeding one, and let ¢ =
(e1,€2,...,6n) be a nearly (s,t)-cyclic ordering of a matroid M, where n > s + t.
If {e;, €it1y- -, €ips—1} 1S a circuit for all odd i € [n], then o is an (s,t)-cyclic order-
ing of M.

Proof. Tt is sufficient to prove that, for all odd ¢ € |[n], the set
{€i—t+2,€i—t4+3,-.-,€i+1} is a cocircuit. Consider the set {e;_ti2,€i—t43,...,€i}.
This set contains ¢t — 1 consecutive elements of o, so must be contained in a
t-element cocircuit C*. Let e; be the unique element of C* not contained in
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{Ei_t_;,_g, Ci—t+43y- s 61'}. If €j ¢ {62‘4_1, €it2y .- ,€i+3_1}, then C* intersects the circuit
{ei,€it1,-..,€i+s—1} In exactly one element, contradicting orthogonality. Further-
more, if e; € {€i12,€i43,---,€irs—1}, then, as n > s+ t, the cocircuit C* intersects
the circuit {e;;2,€it3,...,€i1s+1} in exactly one element. This last contradiction
implies that e; = e;11, completing the proof of the lemma. 0

4. Proof of Theorem 1.1. This section consists of the proof of Theorem 1.1.
Throughout the section, let M be a nearly (s,t)-cyclic matroid, where s,¢t > 3, and
let 0 = (e1,e9,...,¢e,) be a nearly (s,t)-cyclic ordering of M. We shall prove that,
provided n is sufficiently large, o is an (s, t)-cyclic ordering of M.

Recall that, for all i,j € [n], we define o(4,j) to be the set {e;,eit1,...,¢€;}.
Additionally, for all ¢ € [n], let C; be an arbitrarily chosen circuit of size s containing
o(i,i+s—2) and let CF be an arbitrarily chosen cocircuit of size ¢ containing o (7,7 +
t—2). There is a unique element of C; not contained in o (i, 4+ s—2); call this element
¢;. Likewise, let ¢f be the unique element of C} not contained in o (4,7 + ¢ — 2).

LEMMA 4.1. Ifn > s+ 2t — 4, then ¢; # ¢;11 for all i € [n].

Proof. Suppose n > s+ 2t — 4 and ¢; = ¢;41 for some i € [n]. Then C; =
o(iyi+s—2)U{¢} and Cip1 = o(i + 1,i + s — 1) U {¢;}. By circuit elimination,
there is a circuit, say C, of M contained in o(i,7 + s — 1). If C does not contain e;,
then C' is properly contained in the circuit C;y1, a contradiction. Similarly, if C' does
not contain e; 4,1, then C' is properly contained in C;. Therefore, C' contains both
e; and e; 5 1.

Since t > 2, we have that n > s+t — 2. Therefore, the (¢t — 1)-element set
o(i+s—1,i4+s+t—3) intersects C' in only the element e;;s_;. Therefore, by
orthogonality, ¢j,, ; € C — {eiys—1} € 0(i,i + s —2). This means that Cf, ,_;
and o (4,7 4+ s — 2) also intersect in exactly one element. Therefore, by orthogonality,
ci€o(i+s—1,i+s+t—3).

Similarly, the (¢ — 1)-element set o(i — t + 2,4) intersects C in only the element
e;. Therefore, orthogonality between C} ;. , and C implies that ¢; ,,, € C — {e;} C
o(i 4+ 1,4 + s — 1). Applying orthogonality again, this time between Cj_, , and
Cit1, shows that ¢;41 € o(i —t + 2,4). But ¢; = ¢;41, and so ¢; is contained in both
o(i—t+2,i) and o(i+s—1,i+s+t—3), two sets which are disjoint since n > s+2t—4.
This contradiction implies that ¢; # ¢; 11 and completes the proof. ]

The next lemma is used several times in the proof of Lemma 4.3.

LEMMA 4.2. Suppose there exists d; # ¢; such that D; = o(i,i+s—2)U{d;} is a
circuit of M. Let j € [n] such that |o(j,7 +t—2)N{c;,di}| =1. Then o(j,j+1t—2)
intersects o(i,1+ s — 2).

Proof. Without loss of generality, we may assume that ¢; € o(j,j+t—2) and d; ¢
o(j,j+t—2). Suppose o(j, j+t—2) does not intersect o(i,i+s—2). Then o(j, j+t—2)
intersects C; in one element. Therefore, by orthogonality, ¢ € o(i,i4+s—2). But now
¢; € D;, so C} and D; intersect in one element. This contradiction to orthogonality
implies that o(j,j + ¢ — 2) intersects o (4,7 + s — 2), and completes the proof. |

LEMMA 4.3. If n > s+ 2t — 4, then, for all i € [n], there is a unique circuit of
size s containing o(i,i+ s — 2).
10



Proof. We know C; is an s-element circuit containing o (4,74 s —2). Suppose that
there is a second such circuit. This means that there is an element d;, distinct from
¢i, such that o(i,i+ s —2) U {d;} is a circuit. Call this circuit D;.

Now, for some j € [n], we have ¢; = e;. Consider the (¢ — 1)-element subsets
o(j —t+2,j) and o(j,5 +t — 2). Since ¢; # d;, at least one of these sets does
not contain d;. Up to symmetry, we may assume that d; ¢ o(j —t + 2,j). Now,
lo(j —t+2,5)N{c;,d;}| =1 and so, by Lemma 4.2, the set o(j — t + 2, ) intersects
o(i,i+s—2). Since n > s+ 2t — 5, this implies that o(j,j +t — 2) does not intersect
o(i,i+ s —2). Applying Lemma 4.2 again, we see that |o(j,j +t —2) N {c;,d;}| # 1,
so d; € o(j,j +t—2). Therefore, o(j + 1,5+t — 1) contains d; but does not contain
c¢;. However, since n > s+ 2t —4 and o(j — t + 2,7) intersects o(i,i + s — 2), we
also have that o(j+ 1,5+t — 1) is disjoint from o (4,7 + s — 2). This contradiction to
Lemma 4.2 shows that no such d; exists, thereby completing the proof. 0

LEMMA 4.4. Let i,j € [n] such that ¢; € o(j + 1,5+t — 2), and suppose that
n > 2s+t—4. Then each of the following holds:

(i) If o(j, 4+t — 1) does not intersect o(i,i+ s — 1), then c;41 € o(j,j +t —1).
(ii) If o(j,7+t—1) does not intersect o(i —1,i+s—2), then ¢;_1 €o(j,j+t—1).

Proof. We prove (i). Then (ii) follows by reversing the order of o. Suppose that
o(j,7+t —1) does not intersect o(i,i + s — 1). Assume that c;11 & o(j,5 +1t— 1),
and consider the (t — 1)-element sets o(j,j +¢t —2) and o(j + 1,5 + ¢ — 1). Each of
these sets contains ¢; and does not contain ¢;11. Furthermore, since o(j,j+t—1) and
o(i,i+ s — 1) are disjoint, each of (5,5 +t —2) and o(j + 1,5 + ¢t — 1) intersects C;
in exactly one element and does not intersect C;y1. Therefore, by orthogonality, c;
and ¢} are both contained in C;, but not contained in Cj1;. The only possibility is
¢; = c¢j 41 = e;. However, this contradicts Lemma 4.1 when applied to M*. Therefore,
Cit1 €0(j,j+t—1). ]

LEMMA 4.5. Let i € [n], and suppose that ¢; = ej. If n > s+ 2t —2 and n >
2s +t — 4, then at least one of the following holds:

(i) ¢ and c;41 are both contained in o(i — 1,4+ s);
(ii) Ci+1 = €541, OT
(111) Ci+1 = €j—1-

Proof. Suppose (i) does not hold, that is, at least one of ¢; and ¢;11 is not con-
tained in o(i—1,i+s). Choose k € [n] such that ey, € {¢;,¢;41} and e, & o(i—1,i+5).
Let ex be the other element of ¢; and c¢;1. We establish the lemma by proving that
either ¥ = k+ 1 or ¥’ = k — 1, which we shall do using Lemma 4.4.

First assume that ey ¢ o(i—t+2,i+s+t—3). This means that neither o(k—1,k+
t—2) nor o(k—t+2,k+1) intersect o(i,i+s—1). So, by Lemma 4.4 (using part (i) if
er = ¢; or part (ii) if e = ¢;41), we have that epr € o(k—1,k+t—2)No(k—t+2,k+1).
Now,

olk—1,k+t—2)No(k—t+2,k+1)={ex_1,ex,ext+1}

and, by Lemma 4.1, exr # e. Therefore, either e = ep_1 or exr = ex11, the desired
result.

Now assume that e, € o(i —t+2,i+ s+t —3). Then, as e, & o(i — 1,i + s),
either e, € o(i+s+ 1,i+s+t—3) ore, € o(i —t+ 2,i —2). We consider
11



only the former case; the analysis for the latter case is symmetrical. Thus, suppose
er €o(i+s+1,i+s+t—3). Now, o(k—1,k+t—2) does not intersect o(i,i+s—1),
as k is at most i+s+t—3 and n > s+ 2t — 2. Therefore, by Lemma 4.4, we have that
e €Eolk—1,k+t—2). If epr # ex—1 and ey # eg41, then ey € o(k+ 2,k +t — 2).
Furthermore, since n > s + 2t — 2, the sets o(i,i + s — 1) and o(k + 1,k + ¢) do
not intersect. However, e ¢ o(k + 1,k + t), contradicting Lemma 4.4. Thus either
ex’ = ex—1 Or exr = eg11, thereby completing the proof of the lemma. O

LEMMA 4.6. If n > s+ 2t —1 and n > 2s+1t — 4, then ¢; # c; o for all i € [n).

Proof. Suppose ¢; = c¢;y2 for some i € [n]. Then C; = o(i,i + s — 2) U {¢;}
and Ciy2 = 0(i + 2,1+ s) U {¢;}. By circuit elimination, there is also a circuit, say
C, of M contained in o(i,i + s). If C' contains neither e; 151 nor e;;s, then C is
contained in o(i,7 + s — 2), and thus properly contained in C;, a contradiction. So
C contains at least one of e;45—1 and e;45. We next show that ¢; is contained in
oi+s+1i+s+t—1).

First, if e;1s is not contained in C, then e;15_1 € C, in which case the (t — 1)-
element set (i +s — 1,7+ s + ¢t — 3) intersects C in one element. Therefore, by
orthogonality, ¢;, ,_; € o(i,i + s — 2). Now, orthogonality between C; and Cj,,_;
implies ¢; € o(i + s — 1,4+ s+t — 3). Furthermore, ¢; can be neither e;;5_1 nor
e;+s since these elements are contained in o (i + 2,9+ s) and ¢; = ¢;42, S0 ¢; €
o(i+s+1,i+s+t—3).

Now assume that e; 1, € C. Orthogonality with CF,, implies that
ciys €0(iyi+s—1), so either ¢j,, = ej1s—1 or ¢, €0(i,i+s5—2). In the lat-
ter case, orthogonality with C; implies that ¢; € o(i + s+ 1,4+ s+t — 2). Thus, we
may assume that ¢, ; = e;y,—1. Now, C},, intersects o(i+1,i4s—1) in one element,
s0 ciy1 € o(i+s,i+s+t—2). Either ;11 = ej1q, 0r ciy1 €E0(i+s+1,i+s+t—2).
Say ¢;11 = €its. Then both o(i + 1,9+ s) and o(i + 2,7+ s) U{¢;} are circuits of M
(noting that ¢; # e;+1 because e;11 € o(i,7+ s — 2)). This contradicts Lemma 4.3,
sociy1 €o(i+s+1,i+s+t—2). Since ¢;41 ¢ 0(i—1,i+s),andn > s+2¢t—1 and
n > 2s+t—4, it follows by Lemma 4.5 that the elements ¢; and ¢; 1 are consecutive,
soc;€o(i+s+1,i+s+t—1).

We have now shown that, in all cases, ¢; € (i + s+ 1,4+ s+ ¢ —1). But,
using a symmetrical argument and comparing C' and C;12, we can show that ¢;42 €
o(i—t+1,i—1). Now, ¢;12 = ¢;,80¢; € o(i—t+1,i—1) and ¢; € o(i+s+1,i+s+t—1).
But, since n > s + 2t — 1, these two sets are disjoint. This contradiction completes
the proof of the lemma. ]

LEMMA 4.7. Let n > s+ 2t — 1 and t > s. If there exists i € [n] such that
o(i,i+s—1) is a circuit of M, then M 1is (s,t)-cyclic.

Proof. Let i € [n] such that o(i,i + s — 1) is a circuit of M. We will show that
o(i+2,i+ s+ 1) is also a circuit. It then follows that o(i + 2k,i +2k+s—1) is a
circuit for all £ > 1 and so, by Lemma 3.8, M is (s, t)-cyclic.

Since o(i,i + s — 1) is a circuit, it follows by Lemma 4.3 that ¢; = e;45-1 and
Ci+1 = €;. By Lemma 4.5, either ¢;12 € o(i,i+ s+ 1) or ¢;492 = €;_1 OF Ci1o = €;41.
Therefore, ¢; 2 € {€;-1,€i, €41, €its+1} If Ciya = €i1sq1, then o(i + 2,4+ s+ 1) is
a circuit, and we have the desired result. Furthermore, if ¢;12 = €;, then ¢; 1o = ¢;y1,
contradicting Lemma 4.1. If ¢;49 = e;41, then both o(i,i+ s — 1) and o(i + 1,7 + s)
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are circuits containing o (i + 1,7+ s — 1), contradicting Lemma 4.3. Therefore we may
assume that ¢;10 =e;_1.

Now consider ¢; 3. Since ¢;1o is not contained in (i + 1,4 + s + 2), it follows
by Lemma 4.5 that either ¢;+3 = e;j—2 or ¢;+3 = e;. But ¢;41 = €;, S0 ¢;43 # €; by
Lemma 4.6. Therefore, ¢;+3 = e;_3. More generally, suppose that ¢;yx—2 = €;_gt3
and ¢;yg—1 = €;—gt2, for some k > 4. If n > 2k +s—2, then ¢;1 -1 ¢ o(i+k—2,i+
k+ s —1), and we can apply Lemma 4.5 to show that ¢;1x € {€;—k+1,€i—k+3}. But
Citk—2 = €i—k+3, SO Citk = €;—k4+1 by Lemma 4.6.

By induction, we deduce, for all k > 2 satisfying n > 2k+s—2, that ¢;4 = €;_g+1-
Suppose t = s. Taking k = s, we have that n > 3s — 2, and S0 ¢j41s = €;—s41-
Therefore, assuming ¢ > s, we have that ¢; s = €;_511 € 0(i —t + 2,4). This means
that the (t—1)-element set o (i —t+2,4) intersects each of C; and Cj; in one element,
and so ¢} ;5 € C; N Ciqs. But C; and Cy, s are disjoint, a contradiction. Thus, we
may assume that s = t.

We apply Lemma 4.5 to ¢;—; with the aim of showing that ¢;_1 = e;45s. Suppose
i1 =e€j. Ifeio1 ¢ o(i — 2,9+ s — 1), then either ¢; = ej_1 or ¢; = e;41. Since
Ci = €i4s—1, it follows that either ¢;_1 € 0(i—2,i+s—1) or ¢;—1 = €;4+s. Now consider
the (t—1)-element set o (i+s,i+s+t—2). This intersects Ciyo = o(i+2,i+s)U{e;—1}
in one element. So, either ¢j,, € o(i +2,i+s—1) or ¢, = e;—1. In the former
case, C,, intersects o(i,7 + s — 1) in one element, contradicting orthogonality. So
¢iys = €i—1. But then o(i — 1,7 + s — 3) intersects Cj,, in one element, and so
ci—1 €0(i+s,i+s+t—2). Therefore, ¢;_1 ¢ 0(i —2,i+s—1), and so ¢;_1 = €;15.

Consider ¢;_5. Since ¢;—1 ¢ o(i — 3,7 + s — 2), it follows by Lemma 4.5 that
either ¢;_9 = €;45-1 O ¢;—2 = €;45+1. But ¢; = e;45—1 and so, by Lemma 4.6,
Ci—2 = €;4s4+1. More generally, suppose ¢;_j43 = €i1syh—4 and Ci_pi12 = €iyotk—3,
for some k > 4. If n > 2k+s—2, then ¢;_j12 ¢ o(i—k,i—k+s+1), and we can apply
Lemma 4.5 to show that ¢;_x41 € {€ifsik—a,€itstk—2} BUbt ¢;_gt3 = €iysik—a, SO
Ci—k+1 = €Cits+k—2-

Therefore, by induction, for all k > 2 satisfying n > 2k + s — 2, we have ¢4 =
€i—k+1 and ¢;_gy1 = €jystk—2. If s =1t =3, we have ¢;42 = €;_1 and ¢;—1 = e;y3.
By orthogonality between C} and C,;_1, we have that either ¢; = e,_1 or ¢ = e;13.
For either possibility, C; intersects C;12 in one element, a contradiction. Now assume
that s =t > 4, and consider the (¢ — 1)-element set o(¢,7 + ¢ — 2). This set intersects
each of 0(i —s+2,i) and o(i +t —2,i+ s+t —4) in exactly one element. Now, since
n > 3s — 4, we have that ¢;_s12 = €;425—3 and, since n > s + 2t — 6, we have that
Citt—2 = €j_t13 = €;_gy3. Neither ¢;_syo nor ¢;y;—o are contained in o (4,7 + t — 2),
and so ¢f € Ci_s12NCiyt—o = {€i—s+3}. But now, since ¢;_s41 = €;425—2, we have
that C;—s41 = o(i—s+1,i—1)U{e;y2s—2}, which intersects C in one element. This
contradiction to orthogonality completes the proof of the lemma. 0

LEMMA 4.8. Let n > s+ 2t — 1, and suppose that t > s. If ¢; = e;ys, then
Cit1 = €ifs5+41-

Proof. As t > s, it follows by Lemma 4.5 that either ¢;41 € o(i — 1,4 + ), or
Cit1 = €its+1. Therefore, ¢;11 € {€;-1,€;, €its,Citst1}- By Lemma 4.1, ¢;41 # €;4s.
Also, if ¢;41 = e;, then both o(i,i +s — 1) and o(,i + s — 2) U {e;+s} are circuits
containing o (4,7 + s — 2), contradicting Lemma 4.3.
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Suppose ¢;+1 = €;—1, and consider the (¢ — 1)-element set o(i —t + 1,7 — 1).
As n > s+ 2t — 1, this set intersects C;;; in exactly one element, but does not
intersect C;. Therefore, ¢;_;,; € Ciy1, but not in ¢;_,,; ¢ Cy; the only possibility is
Ciyq1 = Cits—1-

Now consider the (t — 1)-element set o(i + s,i +s+t—2). Asn > s+2t—1,
this set intersects C; in exactly one element, and does not intersect C;1. Therefore,
¢y s = ei. Finally, consider the (s — 1)-element set o(i + 2,7 + s). This last set
intersects each of C7, , and C}_, | in exactly one element. But C}, and C}_,,, are
disjoint, a contradiction. Therefore, ¢;11 = €;45+1. 0

LEMMA 4.9. Letn > s+2t—1 andt > s. If ¢; = ejys_14k for somel < k < n-—s,
then ciy1 = €j4stk-

Proof. The proof is by induction on k. If k = 1, then the result follows immedi-
ately from Lemma 4.8. Suppose k = 2, so that, ¢; = e;4s+1. By Lemma 4.5, either
Cit1 = €its OF Cit1 = €ipst2. If ¢ip1 = €45, then o(i + 1,4 + s) is a circuit. But,
by Lemma 4.7, this implies M is (s, t)-cyclic, which, by Lemma 4.3, contradicts the
uniqueness of the circuit containing o(i,i + s — 2). So ¢;11 = €;4s42, and the lemma
holds for k£ = 2.

Now let k& > 3, and suppose that, for all i' € [n], if cy = €4 5_14(k—2), then
Cirt1 = €jrsq(k—2)- We shall complete the proof by proving that the lemma holds
for k. So, let ¢; = €;4s—14+%. Then, by Lemma 4.5, either ¢;11 = €;45_941k O Ci41 =
€itstk- If Cit1 = €i4s—2+k, then, by the induction assumption, c¢;yo = €iys—14k-
But now c¢;4+2 = ¢;. This contradiction to Lemma 4.6 shows that ¢;11 = €;454%, and
completes the proof of the lemma. ]

At last we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Since o is an (s,t)-cyclic ordering of M if and only if o
is a (t,s)-cyclic ordering of M*, we may assume, without loss of generality, that
t > s. For the purposes of obtaining a contradiction, suppose there is no j € [n]
such that o(j,7 + s — 1) is a circuit of M. Since o is a nearly (s,t)-cyclic ordering
of M, it follows by Lemma 4.9 that there exists 1 < k < n — s such that, for all
i € [n], the set o (4,7 + s — 2) U {e;rs—14k} is a circuit. In particular, by Lemma 4.3,
Ci =o0(i,i +s—2)U{ejts—1+x}. Take one such i, and consider the (¢ — 1)-element
set o(i,i+t—2). Asn > 2s+t— 3, the (s — 1)-element sets o(i — s+ 1,4 — 1) and
o(i+t—1,i4+ s+t —3) are disjoint, so at least one of these two sets does not contain
cf. We will establish a contradiction for when ¢} € o(i — s+ 1,4 —1). A symmetrical
argument applies when ¢ € o(i+t—1,i+s+t—3). Sosuppose ¢} ¢ o(i—s+1,i—1).
Then o(i—s+2,1) intersects C in exactly one element. Therefore, either ¢;_s19 = ¢}
or ¢i_st2 €0(i+1,i+1t—2).

First assume that ¢;_sy2 € o(i + 1,4+ ¢ — 2). We know that ¢;_s12 # e;41, for
otherwise o(i — s + 2,4+ 1) is a circuit. So ¢;—s42 € o(i + 2,7+t — 2). But now, by
Lemma 4.9, ¢;_s41 € 0(i+1,i+t—3), and so C;_s41 and C} intersect in exactly one
element, a contradiction.

*

Now assume that c¢;_s12 = ¢} Consider the (s — 1)-element set
o(i+t—2,i+s+t—4). Suppose c¢f ¢o(i+t—1,i+s+t—3). Then, by or-
thogonality, either ¢;1t—2 = ¢ or ¢iy1—2 € o(iyi +1t —3). But ¢ipe1—2 # €iyt—3,
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since then o(i +t — 3,i+ s+t — 4) is a circuit, and ¢;44—2 ¢ o(i,7 + ¢t — 4) since
then Cj1¢—1 and C} intersect in exactly one element, by Lemma 4.9. Furthermore,
Citt—2 # c}, since then ¢; 1+ 2 = ¢;_s42, contradicting Lemmas 4.3 and 4.9. Therefore,
cceo(i+t—1,i+s+1t—3).

It now follows that ¢;_s10 = e;44—204¢ for some 1 < ¢ < s — 1. Therefore,
by Lemma 4.9, ¢;_s42-¢ = €;4¢+—2. Furthermore, as n > 3s +t — 5, the (s — 1)-
element set o (i —s+2—¢,7—¢) does not contain ¢} = e;44—24¢ and does not intersect
o(i,i+t—2). So C;_sy2-¢ and C intersect in exactly one element. This contradiction
to orthogonality establishes that M must contain a circuit o(j,5 + s — 1) for some
j € [n], and so, by Lemma 4.7, ¢ is an (s, t)-cyclic ordering of M. This completes the
proof of the theorem. ]

5. Proof of Theorem 1.3. In this section, we prove Theorem 1.3. We begin
by defining a class of matroids that contains, for all positive integers s exceeding
one and all positive even integers n, the matroid ¥U?. The proof of Theorem 1.3
is a consequence of a more general weak-map result, namely Theorem 5.4, that we
establish for this class.

Recall that for a vertex v of a graph G, we denote the set of vertices of G adjacent
to v, that is, the neighbours of v, by N(v). More generally, for a subset U of vertices
of G, the neighbours of U, denoted N (U), is

U N(v).

velU

We next define a multi-path matroid. Let E be a set of n elements, and sup-

pose that o = (e1,ea,...,e,) is a cyclic ordering of E. Let m be a positive integer
exceeding one. Choose distinct elements x4, za,...,2, € [n] and distinct elements
Y1,Y2,-.-Ym € [n] such that e,, € o(x;—1,2:41) and ey, € o(yi—1,yi+1) for all

i € [m], where subscripts of x and y are interpreted modulo m, and, furthermore,
the intervals o(z;,y;) form an antichain of o, that is, there is no 4,4 € [m] such that
o(zi,y;) C o(xy,yir). Let G denote the bipartite graph with parts E and [m], and
whose set of edges satisfy N (i) = o(z;,y;) for all ¢ € [m]. The transversal matroid on
ground set E with presentation

J=(N(1),N(2),...,N(m))

is called a multi-path matroid and is denoted by MTJJ]. Let M*[J] denote the dual
of M[J], and observe that, for all i € [m], the set o(z;,y;) is a circuit of M*[J].
Multi-path matroids were introduced in [1].

As an example, let s be a positive integer exceeding one and let n be a positive
even integer, and suppose that o = (e1, ez, ..., e,) is a cyclic ordering of F'and m = 5.
By choosing x; =2i—1and y; =2i+s—2 forall i € [%], we have that G = G7, the
bipartite graph defined in the introduction, and M*[J] = ¥7.

The initial goal of this section is to establish Theorem 5.4 which says that, up
to isomorphism, M*[J] is at least as free as any matroid on the same ground set
satisfying a certain rank condition; that is, up to isomorphism, every such matroid is
a weak-map image of M*[J].
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A subset X C F is independent in M*[J] if and only if E — X is cospanning. In
other words, X is independent in M*[J] if and only if there is a complete matching
from [m] into E — X. By Hall’s Theorem [4], this is true precisely if, for all subsets
J of [m], we have that |N(J) — X| > |J|. We repeatedly use this fact in the proofs
in this section. To ease reading, in the statements of these lemmas and theorem, the
multi-path matroid M[J] has ground set E and is constructed as above.

LEMMA 5.1. r(M*[7]) = |E| —

Proof. Tt is sufficient to prove that r(M[J]) = m. Let X C F be a set of m + 1
elements. Clearly there is no matching of X into [m], so X is dependent. Therefore,
r(MIJ]) < m. For all i € [m], we have that {7, e,, } is an edge of the bipartite graph G.
Therefore, {{1,ez,},{2,€x,},.-.,{m, e, }} is a matching of G. Hence r(M|[J]) > m,
so r(M[J]) = m, completing the proof. 0

LEMMA 5.2. Let C be a circuit of M*[J]. Let J C [m] such that |[N(J) — C| < |J].
Then C' is a subset of N(J) containing |[N(J)| —|J| + 1 elements.

Proof. 1If C is not a subset of N(J), then there exists an element e of C' such that
e & N(J). Then
IN(J) = (C—{e}p)| = IN(J) = C| < |J].

But this implies that C' — {e} is dependent, a contradiction. Thus C' is a subset of
N(J).

To see that C contains |N(J)] — |J| + 1 elements, suppose that
IN(J)—C| < |J]—1,and let e € C. Then, as C is a subset of N(J), we have

IN(J) = (C = A{e})| = IN(J) = Cl+ 1 < |J].
Again, this implies C' — {e} is dependent, a contradiction. Thus
N = IC] = [N(J) = Cl = |J] - 1.

Rearranging this last equation gives |C| = |N(J)| — |J| + 1, thereby completing the
proof of the lemma. 0

LEMMA 5.3. Let C be a circuit of M*[J]. Then either C' has |E|—m+1 elements
or there exist i,j € [m] such that each of the following hold:

N([i, j]) = o(wi,y5),
C is a subset of N([i,j]) containing |N([i,7])| — |[¢,j]] + 1 elements,

i)
(i) (
(iii) eitheri=j, or N([i,7]) = N([i + 1,5]) C C,
(iv) either i =3, or N([i,4]) — N([i,5 —1]) € C, and
(v) o(zi,y;) < cl(C),

Proof. Since C'is dependent, there exists J C [m] such that |[N(J) — C| < |J|. If
N(J) = E, then N([m]) = E, so [N([m]) — C| = |E — C| < |J| < m. Therefore, by
Lemma 5.2, C has |E| — m + 1 elements. So suppose that N(J) # E.

1
11

We next show that we may assume that J has the property that N(J) = o(z;,y;)
for some i,j € [m]. If J does not satisfy this property, then partition J into maximal
subsets with disjoint, consecutive neighbourhoods. More formally, since

N(J) = U U(wiovyio)v
i0€J
16



we may partition J into sets Ji,Ja,...,Jx such that, for all £ € [k], there exist
i, jo € [m] with N(J) = o(z;,,y;,). Furthermore, we may choose such a partition in
which, for all distinct ¢, ¢ € [k], the sets o(z;,,y;,) and o(xy,y;,) are disjoint. Now,

IN(Jy) = C|+|N(J2) = C|+ -+ |N(Jp) = C| = |N(J) = C|
<|J]
= |Ji| + |Ja| + - + | Jg]-

It follows that there exists ¢ € [k] such that [N (J;) — C| < |J¢|, in which case replace
J with J,.

We have chosen J C [m] such that |[N(J) — C| < |J| and N(J) = o(x;,y;)
for some 7,5 € [m]. It follows from the definition of the bipartite graph G that
J C [i,j]. Furthermore, N([i,j]) C o(xs,y;), so N([i,j]) = o(zi,y;), that is, (i)
holds. Therefore,

IN(li, 5]) = Cl = IN(J) = C < [J| < [[i, ] -

Hence, by Lemma 5.2, C' is a subset of N([i,j]) containing |N([i,5])| — |[i,4]| +1
elements, so (ii) holds.

We next show that we may choose ¢ € [m] such that the pair ', j satisfies (i),
(ii), and (iii). Initially, choose i’ = ¢, and suppose ¢’ and j do not satisfy (iii). Then
i’ # j, and there exists f € N([¢',j]) — N([¢' + 1,7]) with f ¢ C. First, assume
N([¢,5]) = N([' +1,7]) = {f}. Then C is a subset of N([¢' + 1,7]) and

IC| = IN([¢, 5D = |[i, 5]| + 1
=(IN([' + LDl +1) = (' + 1,5 + 1) +1
= [N([i"+ LD = [l + 1,41l + 1,
so ' + 1,7 satisfies (ii). Furthermore, it follows from the definition of the bipartite
J

graph G that, since N([¢’, j]) = o(xy,y;), we have that N([¢' + 1, j]) = o(zi41,Y;)-
Thus, i 4+ 1, j satisfies (i) and (ii), and we may replace ' in the pair ¢/, j with ¢’ + 1.

Hence, we may assume there exists f' € N([¢/,j]) — N([¢' + 1,4]) with f' # f.
First assume f’ € C. Then, by (ii),

IN([i" + 1,5]) = (C = {f' DI = IN([' + 1, 5]) = C]|
< IN([7,4]) = C|
=|[i’, 4] - 1
= |[i" + 1,4l
Therefore, C' — {f'} is dependent, a contradiction. Now assume f’ ¢ C. Since

L1 éc,
IN([i" + 1,5]) = C| < IN([,j]) = C| - 1.

Let € C. Then, by (ii),
IN([i" + 1,4]) = (C = {zP| < IN([' + 1,5]) = Cl + 1
<IN([i",5]) = Cl = li", ]l = 1 = |li' + 1, 4] -
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But this implies that C' — {z} is dependent, and thus the pair 7, j satisfies (i), (ii)
and (iii). A symmetrical argument shows that we may choose j' € [m] such that the
pair ¢/, j satisfies (i)-(iv).

It remains to show (v). Let e € C, and let €’ € o(zy,y,.) — C. Then

IN([i",5']) = (€ ={ep u{e' DI = IN([i', 5]) = C| < |[', 5]].

Therefore, (C' — {e}) U {¢’} is dependent, so contains a circuit C’. The circuit C’
contains the element €', as otherwise C” is a proper subset of C. Therefore, e’ € cl(C),
completing the proof of the lemma. 0

THEOREM 5.4. Let M be a matroid on ground set E such that, for all i € [m]
and 1 < k < m, we have

™ (U<$i7yi)UU($i+1yyi+l) U---u U($i+kflayi+k71))

<o (0 (i, 4i) U (i1, yig1) U+ U o (Tign—1, Yigk—1)).-

If M[J] has no loops, then, under the identity map, M is a weak-map image of M*[J].

Proof. Let ¢ denote the identity map from the ground set E of M*[J] to the
ground set E of M. To prove the theorem, we will show that if C' is a circuit of
M*[J], then ¢(C') contains a circuit of M. Let C be a circuit of M*[J]. Now, as M|[J]
has no loops, every element of E is in N (i) = o(x;,y;) for some i € [m]. Therefore,
o(z1,y1)Uo(za,y2) U - Uo(Tm, Ym) = E. Thus, by Lemma 5.1

(B] — m = r(M*[2)
=y (o(@1,91) Uo(22,y2) U+ - Uo(Tm, Ym))
> ra(o(21,y1) Uo(z2,y2) U+ - U o (Tm, Ym))
=r(M).

Therefore, if C' contains |E| —m + 1 elements, then ¢(C) contains a circuit of M.

Otherwise, by Lemma 5.3, there exist 4, j € [m] such that C is a subset of o(x;, y;)
containing |o(x;,y;)| — |[¢,7]| + 1 elements. Furthermore, by Lemma 5.3(i), we have
that

N([i,7]) = o(zs, i) Uo(Tiy1, Yir1) U---Uo(zy,y;) = o(xs,y5)

and so ras (0 (i, y5)) < rar-[g(0(2i,y5)). By Lemma 5.3(v), we have that o(x;,y;) C
cl(C), so rapg (o (@i, y;)) = ra-19(C) = |C] — 1. Thus,

v (C) < ralo(xiy;)) < raeg(o(ziyy;)) =[O = 1.

Therefore, p(C) contains a circuit of M. O

The previous results in this section apply for any multi-path matroid M*[J]. We
now turn our attention to the case where M*[J] = ¥” towards proving Theorem 1.3.
We first show that U7 is self-dual.

LEMMA 5.5. Let s be an integer exceeding two, and let ¢, : E — E be the identity
map if s is even, or the map ¢s(e;) = e;11 if s is odd. Then VY is self-dual under the
map ¢s.
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Proof. Let B be a basis of U?. We show that ¢;'(E — B) is also a basis of
¥”. By Lemma 5.1, we have that |¢;*(E — B)| = r(¥2) = %. Furthermore, by
Lemma 5.3, a circuit of WY is either a set of § +1 elements, or a subset of o (x;, yi1r) =
0(2i—1,2i+ 2k + s — 2) containing |0(2i — 1,20+ 2k +s—2)|— (k+1)+1=s+k
clements, for some i € [m] and k < % — s. Hence, to show that ¢;*(E — B) contains
no circuits, and is therefore a basis, it suffices to show that, for all odd i € [n] and
k < % —s, we have that [¢;1(E — B)No(i,i+s—1+2k)| <s+k.

First, suppose s is even. Then

¢s(E—o(iyi+s—14+2k))=0(i+s+2k,i—1)
=o(i+s+2ki+ts+2k+s—14+2(2—k—3s)).

Therefore, since i + s + 2k is odd, there exists j € [%] such that
N[+ (2 —k—s)]) = 6s(E—o(ii+s—1+2k).
Now, B is independent, so

[N ([5,5 + (3 —k—5)]) = B| = |¢s(E — 0(i,i + s — 1+ 2k)) — B
>5—k—s+1.

It follows that
|IBNgs (FE—o(i,i+s—142k))| < 5 — k.

On the other hand, if s is odd, then

Os(E—o(iyi+s—142k)) =o¢s(o(i +s+2ki—1))
=o(i+s+2k+1,i)
=o(i+s+2k+1i+s+2k+1+s—1+2(2—k—s)).

Since i + s + 2k + 1 is odd, there exists j € [%] such that
N([7.j+ (3 —k=23)]) =0s(E—oli,i+s—1+2k)).
As before, since B is independent, it follows that
BN ¢s (B —o(i,i+s—1+2k) <2 -k

In both cases,
651 (B) N (B —0(i,i+s—1+2k)| <2 —k

and so
651 (B) No(i,i+s—1+2k)| > k.
Therefore,
65 (E = B)No(iyi+s—142k)| < |o(i,i+s—1+2k)|—k
=s+2k—k=s+k
as required. 0
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LEMMA 5.6. Let s and t be positive integers exceeding one, such thatt > s. Ifn
t—s

is a positive even integer withm > s+t —2 and s = t mod 2, then Tz (¥7) is an
(s,t)-cyclic matroid.

Proof. Without loss of generality, we may assume that the ground set
{e1,ea,...,e,} of T is consistent with the bipartite graph G? associated with the
dual of U? as described in the introduction. In particular, G7 has vertex parts
{e1,e2,...,e,} and [§] and, for all i € {1,2,..., %}, we have

N(i) ={e2i-1,€2i,-.-,€2i 452}

The proof is by induction on ¢. Suppose that t = s, and consider T°(¥7) = ¥”.
It is easily checked that, for all odd i € [n], the set {e;,€;41,...,€i45-1} is an s-
element circuit of ¥7. By Lemma 5.5, the set {ej,€j41,...,€j45—1} is an s-clement
cocircuit of €7 for all odd j € [n] if s is even, or for all even j € [n] if s is odd.
Therefore U7 is (s, s)-cyclic, and the lemma holds if ¢ = s.

Now suppose that ¢ > s and that the matroid T () is (s,t — 2)-cyclic.
Consider

(t=2)—s

T“TS(\IJQ):T(T : (wg)).

It follows from Lemma 2.2 that each non-spanning circuit of T4 (T7) is a circuit

of T%* (7). Now, by Lemma 3.7,

- (T(tfg)*s (\I/?)) _ n+s—2(t—2)

(s+t—2)+s—t+2
2

= S.

Therefore, for all odd i € [n], we have that {e;,e;y1,...,€;1s—1} IS a non-spanning cir-
. (t=2)—s . . . —s
cuit of 75 (™), so is also an s-element circuit of 72" (¥"). Furthermore, for all
jenl,if{e;,ejq1,...,e11—3} and {ejt2,€j43,..., €411} are (t —2)-element cocir-
. (t=2)—s . . . —s
cuits of 7% (¥7), then {e;,€j41,...,€j1¢—1} (15 a)t—element cocircuit of T2 (U7).
t—2)—s

To see this, if f is the element freely added to T2 — (¥7), then it is easily checked
that

(E (T(FZH (‘I’?)) —{ej e, €j+t71}) u{f}

is a hyperplane of the resulting matroid. Therefore

t—s
E (T : (‘1’?)) —{ejreim1,- - €54}
is a hyperplane of Tz (¥7), so {ej,ejq1,...,€j4¢—1} is a t-element cocircuit of
T*=" (¥"). Hence, by induction, T2 (¥") is (s, t)-cyclic. 0

Proof of Theorem 1.3. Let M be an (s,t)-cyclic matroid on n elements, where
n>s+t—1andt > s. Then, by Lemma 3.3, n is even, and s = t mod 2. Let
o = (e1,€a,...,e,) be an (s,t)-cyclic ordering of E(M). Without loss of generality,
we may assume that, for all odd i € [n], the set o(é,4+ s — 1) is an s-element circuit
of M. Now consider ¥%. To ease reading, we may assume that E(M) = E(¥7)
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and o = (e1,ea,...,€,) is an (s, s)-cyclic ordering of ¥”, where o(i,i + s — 1) is an

s-element circuit of ¥” for all odd ¢ € [n]. Note that the dual of ¥7 has no loops.

First suppose that t = s. By Lemma 5.6, both M and U7 are (s, s)-cyclic matroids
with n elements. Therefore, by Lemma 3.6, for all i € [§] and & such that 1 <k < m,
we have that

v (0(2i, yi) Vo (ig1, Y1) U+ U0 (@iph—1, Yirk—1))
= T'a*[g] (U(xi» yi) Uo(ziv1,Yiv1) U Uo(Tigr—1, yi+k71))a

where z; = ez;—1 and y; = ez 5o for all i € {1,2,...,5}. Hence, by Theorem 5.4,
under the identity map, M is a weak-map image of U?.

Now suppose ¢ > s. By Lemma 5.6, the matroid T2 (¥7) is an (s, t)-cyclic
matroid. It remains to show that M is a weak-map image of T (97). Let I be an
independent set in M. By Theorem 5.4, under the identity map, M is a weak-map
image of W7, and so [ is an independent set in ¥7. From Lemma 3.7, we have that

M) = 25— g (52) = () — (552).

Therefore, |I| < r(¥?) — (452). Therefore, as T2 (U7 is the (5%)-th truncation of

U7 it follows by Lemma 2.2 that I is independent in T (7). In particular, under
the identity map, M is a weak-map image of 7% (P7). This completes the proof of
Theorem 1.3. O

6. Counterexample. In this section, we give a counterexample to a conjecture
posed in [3]. Let s be an integer exceeding two, and let M be an (s, s)-cyclic matroid
such that |E(M)| > 2s+2. A matroid N is an inflation of M if N can be obtained from
M by first taking an elementary quotient in which none of the s-element cocircuits
corresponding to consecutive elements in the cyclic ordering are preserved, which
produces an (s, s+2)-cyclic matroid, and then taking an elementary lift in which none
of the s-element circuits corresponding to consecutive elements in the cyclic ordering
are preserved. The resulting matroid N is (s + 2, s + 2)-cyclic. The conjecture in [3,
Conjecture 6.1] is the following:

CONJECTURE 6.1. Let s be an integer exceeding two, and let M be an (s, s)-cyclic
matroid.

(i) If s is even, then M can be obtained from a spike or a swirl by a sequence of
inflations.

(ii) If s is odd, then M can be obtained from a wheel or a whirl by a sequence of
inflations.

Now consider the matroid ¥7, where s > 5. If U7 can be obtained from a
spike, swirl, wheel, or whirl by a sequence of inflations, then ¥7? is an elementary
lift of some (s — 2, s)-cyclic matroid, or, equivalently, using Lemma 5.5, (I7)* & @7
is the elementary quotient of some (s,s — 2)-cyclic matroid. We shall establish a
counterexample to Conjecture 6.1 by showing that no such (s, s — 2)-cyclic matroid
exists; in fact, we prove a more general result.

Let M’ be a rank-(§ + 1) matroid in which there is a cyclic ordering
o= (e1,ea,...,e,) of its ground set such that {e;,e;4+1,...,€45-1} is a circuit of
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M for all odd i € [n]. Further assume that o is also an (s, s)-cyclic ordering of U7
such that {e;,€;11,...,€;45—1} 18 a circuit of ¥ for all odd i € [n]. The following
results show that U7 is not a quotient of M’. For the next lemma see, for example,
[6, Proposition 7.3.6].

LEMMA 6.2. Let My and My be matroids on the same ground set. Then Ms is a
quotient of My if and only if every circuit of My is a union of circuits of Ms.

Key to the counterexample shall be the following sets. Let M be a matroid on n
elements and let s be an integer exceeding three. Suppose that o = (e1,ea,...,€e,) is
a cyclic ordering of E(M) such that, for all odd i € [n], the set {e;, €i41,...,€i4s—1}
is an s-element circuit of M. For all odd ¢ € [n], and for all integers k and £ such that
2<kl<s—1land s—1<k+¥¢<2s—4, define

Cine=0(ii+k—1)Uo(i+2k+€—s+2,i+2k+20—5+1).

Informally, starting at e;, there are k consecutive elements of o in Cj ¢, followed
by k + ¢ — (s — 2) consecutive elements of ¢ not in C; ¢, followed by ¢ consecutive
elements of o in C 1 ¢.

The next lemma establishes that certain subsets of the ground set of ¥} containing
Ci k¢ are circuits of 7. The subsequent lemma shows that these subsets are also
circuits of M’. We will eventually combine these two lemmas to show that U7 is not
a quotient of M’.

LEMMA 6.3. Let s be an integer exceeding three, and let o = (eq,ea,...,e,) be an
(s, s)-cyclic ordering of U such that, for all odd i € [n], the set {e;,ej11,...,€irs—1}
is an s-element circuit of O. Suppose that n > 4s — 8. Then, for all odd i € [n],
and for all k and € such that 2 < k,{ < s—1and s—1 < k+ ¢ < 2s — 4, the set
Ci e U{x} is a circuit of ¥7, wherex € o(i + k,i +2k+(—s+1), and

s

x#{em ifh=s—1;

€itoktt—st1 ifL=s5—1

Proof. Recall the bipartite graph G whose vertex parts are E = {e1,€2,...,€e,}
and {1,2,..., 5} and, for all i € {1,2,..., 5}, the set of neighbours of i is

N(i) = {e2i—1, €2, ..., €245 2},
where subscripts are interpreted modulo n. Let i = # and jo = w.
Observe that
N (ig) = {€is i1, s Cifh—1,-- -1 Ciys—1}
and
N (jo) = {€ita(ktt—s)+2:Cit2(ktl—s)+3> - - - >
Cit2k4L—5+2y -+ €i+2(lc+€)fs+1}-

In particular, N (io) U N (jo) contains C; . Also recall that U7 is the dual of the
transversal matroid on E in which

(N(1),N(2),...,N(3))



is a presentation.
We first show that C;ie U {x} is dependent in ¥? by showing that
E — (CireU{z}) is not cospanning in ¥?. Consider G? and the subset [ig, jo] of
[5]. Since n > 4s — 8, we have that N ([io, jo]) # E, and so
IN ([io, jo])| = 2k + 20 — s+ 2.
Therefore, as C; 0 U {x} C N ([i0, jo]) and |C; e U{z}| =k + £+ 1, it follows that
N (lio, jol) = (Cike U{z})

= [N ([io, jo])| = |Ci ke U{a}]
= (2k+20—542) — (k+L+1)

=k+{0—-s5+1
<k+/l—s5+2
= [[é0, Jol| -

Hence, by Hall’'s Theorem [4], E — (C; k¢ U {z}) is not cospanning in ¥?. Thus
Ci ke U{z} is dependent in U?.

Since Cj k¢ U {x} is dependent, C; o U {z} contains a circuit C of ¥7. If |C| =
|E| — 5 +1= % +1, then, as n > 4s — 8, it follows that |C| > 2s — 3. Furthermore,
IC] < |CikeU{z} =k+L+1<2s—3. Thus C = C; o U{z}, and so C; ¢ U {z} is
a circuit of W}. Therefore, by Lemma 5.3, we may assume that there are i, j; € [§]
satisfying (i)—(v) of that lemma. If 47 = j;, then, by Lemma 5.3(ii), C' = N(41) for
some i1 € [5]. Now, C, and thus Cj ¢ U {}, contains s consecutive elements of o.
But if Cj ;¢ U {z} contains s consecutive elements, then k + ¢ = s — 1, in which case
Ci ke U{x} is a circuit, and we are done. Therefore i; # j1, and, by Lemma 5.3(iii)
and (iv),

(6.1) N([i1, 71]) = N([ix + 1, 51]) = {e2i, —1, €2, } S C
and
(6.2) N([i1,41]) = N([i1, 51 — 1])= {ezj, +s-3, €2jy+s—2} € C.

Suppose eg;,—1 € o(i,i +k—1). Then, by (6.1),

CC (Ci’ij{x})fO'(i,Z‘Jrkfl)
=o0(i+2k+L—s+2,i+2k+20—s+1)U{z}.

However, since i1 # ji, we have that |C| > s + 1, while
o(i+2k+0—s+2,i+2k+20—s+1)U{z}=0+1<s.
This contradiction implies that eg;, —1 € o(i,i + k — 1). Symmetrically,
Cajs4sn € 0li+2k+0—5+2,i+2k+20—s+1)

and so ji = jo — j/ for some 0 < j’ < [£].
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By Lemma 5.3(ii), C is a subset of N([i1,71]) containing
IN([i1, 51])| — |1, J1]| + 1 elements. Now,

IN([iv, 1])| = IN([io, o)) = 2" + ') = 2k + 20 — s + 2 = 2(¢" + j),

and

i, 1]l = lio, Jo]| = (' +j') =k +L—s+2— (' + )
SO
(6.3) ICl=k+0+1—(i"+j).

On the other hand,

(6.4) IC] < 1(CigeU{z}) "N ([iv, n])| =k +L+1—2(" +5").

Therefore, since both (6.3) and (6.4) hold, we have that ¢ = j* = 0, that is,
io = i1 and jo = j1, and that |C| = |C; ks U{z}|. Hence, C = C; U {x}, completing
the proof of the lemma. 0

LEMMA 6.4. Let n > 4s — 8, and suppose that U7 is a quotient of M'. Then, for
all odd i € [n], and for allk and £ such that 2 < k,{ <s—1ands—1 < k+{ < 2s—4,
the set C; 0 U{x} is a circuit of M', where x € o(i + k,i +2k+ £ — s+ 1), and

€itokyt—sy1 ifL=s5—1

#{ewk ifk=s—1;

Proof. Since ¥” is a quotient of M, it follows by Lemma 6.2 that every circuit
of M’ is a union of circuits of ¥?. Now, by Lemma 6.3, C; ;U {z} is a circuit of ¥7.
Therefore, to prove the lemma, it suffices to show that M’ has a circuit contained in
Ci.i,0 U {x}. The proof is by induction on k + ¢.

If k+4=s—1, then
Ci,k,g:U(i,i+k71)ua(i+k+1,i+5*1).

Therefore, © = e;1, and C; s U {2z} = o(i,i + s — 1) which is a circuit of M.
Furthermore, if k£ + ¢ = s, then

Cike=o0(l,i+k—1)Uo(i+k+2,i+s+1),

s0 CikeU{z} =0(i,i+ s+ 1) —{y}, where y is the element of {e; , €;4x+1} which
is not equal to z. Since y € o(i,i+s—1)No(i+2,i+ s+ 1), it follows by circuit
elimination that M’ has a circuit contained in C; ¢ U {z}, as desired.

Now suppose that the lemma holds for all 2 < K. ¢ < s — 1 and
s—1<k'4+/¢ <2s5s—4 such that k' + ¢ = k + ¢ — 1. First assume that either k&
or ¢ is equal to s — 1. If k = s — 1, then « # e;;5-1. Therefore, by the induction
assumption,

Civor—1U{zt=0(i+2,i+s—1)U{z}Uc(i+Ll+s,i+20+s—1)
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is a circuit of M’. Thus, by circuit elimination between C;to x—1,¢U{z} and o(,7 +
s—1) on e;4s—1, the matroid M’ has a circuit contained in

o(i,i+s—2)U{z}Uo(i+l+si+20+s—1)=C;s_1,U{zx}
= CikeU{r}
as desired. A similar argument shows the lemma holds if £ = s — 1.

We may now assume that neither k nor ¢ is equal to s — 1. Furthermore, since
k+ £ > s+ 1, we have that k # 2 and £ # 2. Assume k = ¢ = 3. This implies that
s =25, s0

Cikye = Ciz3z = {6 €it1,€i12,€it6,Cit7,Cit8}-

By the induction assumption, if x € {e; 14, €;45}, then the desired result follows from
circuit elimination between

Ci,3,2 U {€i+4} = {61‘, €i+1,€i4+2,€i4+4,€i45, ei+6}

and {€jt4,€it5,€it6,€it7,€its}r. U & = €3, then the result follows from circuit
elimination between

Ci+2,2,3 U {€i+4} = {€i+27 €i+3,€i44,€i46,Ci+7, ei+8}
and {€;,€i41,€i42,€i13,€ita}

Lastly, assume that either £k > 4 or £ > 4, which implies s > 6. We establish
that the lemma holds when k > 4. The proof of the lemma when ¢ > 4 is similar and
omitted. Assume k > 4. Suppose & # €;1ok4+0—s+1, that isx € o(i+k,i+2k+ £ —s).
Then, by the induction assumption, the set

Ciko—1U{z}t=0(,i+k—-1)U{z}Uo(i+2k+L—s+1,i+2k+20—s—1)
is a circuit. If { = s — 2 and = e;251¢—s, then the set
o(i+2k+0—si+2k+20—s+1)=0(i+2k—2,i+2k+s5—3)

is an s-element circuit of M’. Hence, circuit elimination between this circuit and
Ciko—1 U {x} on the element e;yor1¢—s11 gives a ciruit of M’ contained in

o(t,i+k—1)U{eironte—stUo(i+2k+0—5+2,i+2k+20 —s+1) =C, e U{x}
as desired. Otherwise, since k > 4, the set
Ci+2,k_27g+1U{.T}:O’(Z.+2,Z'+k71)U{x}UO’(Z'+2]C+£*S+1,i+2k+2£75+1)

is a circuit. Again, circuit elimination between this circuit and C; ;1 U {z} on the
element €;yop1s—s+1 implies that M’ has a circuit contained in

oliyi+k—1)U{z}Uo(i+2k+0—s+2,i+2k+20—s+1)=C, e U{x}
as desired.

The final case to consider is when x = e;o1¢—s+1- By the induction assumption,
and since k # s — 1, the set

CLk,g_lU{eH_k}:U(i,i#*k*1)U{€i+k}U0(i+2k+£7$+1,i+2k+2£7571)
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is a circuit of M’. Additionally, since k > 4, the set
Civop—apr1U{eirr} = 0(i+2,i+k—1)U{eipx Vo (i+2k+L—s+1,i+2k+20—s+1)

is a circuit of M’. Circuit elimination between these circuits on the element e;yp
implies that M’ has a circuit contained in

J(Z‘,Z'+/€*].)U(T(Z'+2k+€7S+1,i+2]€+2€78+1) :Ci7k7gU{6i+2k+g_s+1}.

This completes the proof of the case when k > 4, and thus completes the proof of the
lemma. O

PROPOSITION 6.5. Let n > 4s — 8, where s is an integer exceeding three. Then
U™ is not a quotient of M.

Proof. Suppose U? is a quotient of M’. We establish a contradiction by
showing that r(M’) < &. By definition of M’, {ei,es,...,es} is a circuit
with rank s — 1. The element ez;y; may or may not be in the closure of
{e1,6e2,...,es}, so r({e1,ea,...,es41}) < s. Since {es,eq,...,e512} is a circuit,
est2 € cl({e1,ea,...,es41}), that is, r({e1, ea,...,es42}) < s. Repeating this process,
we see that r({e1,ez,...,€s124}) < 5 —1+u for all uw < %5, In particular, when
u = § — s+ 1, we have that r({e1,e2,...,en_s42}) < 5. However, by Lemma 6.4
witht=n—2s+5and k == s — 2, the set

{€n—2s+5a Cn—254+67 -+ en—s+2} U {Jf} U {61, €2,€3,..., 68—2}

is a circuit for all @ € {e,—si3,€n—std,---s€n—1,€nt, and so {e1,e2,...,€n_s12} is
spanning. This implies 7(M’) < 7, a contradiction. d
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