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Introduction

A multivariate polynomial is called symmetric if it is unchanged
under any permutation of the variables.
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f(X1, X2, X3) = Xy + Xo + X3 — 2X1 X2 X3 iS symmetric in xy, X2, X3.

Dominic Searles Symmetric functions



Introduction

A multivariate polynomial is called symmetric if it is unchanged
under any permutation of the variables.

f(X1, X2, X3) = Xy + Xo + X3 — 2X1 X2 X3 iS symmetric in xy, X2, X3.

9(X1, X2, X3) = X2 + X1 X2 + x2 is not symmetric in X1, Xo, X3
since, e.g., g(X2, X1, X3) = X2 + X1 X2 + X2 # g(x1, X2, X3).
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Introduction

A multivariate polynomial is called symmetric if it is unchanged
under any permutation of the variables.

f(X1, X2, X3) = Xy + Xo + X3 — 2X1 X2 X3 iS symmetric in xy, X2, X3.

9(X1, X2, X3) = X2 + X1 X2 + x2 is not symmetric in X1, Xo, X3
since, e.g., g(X2, X1, X3) = X2 + X1 X2 + X2 # g(x1, X2, X3).

In infinitely many variables (formal power series), these are
called symmetric functions.
They have many applications, including to

@ Galois theory

@ representation theory of the symmetric and general linear
groups

@ geometry of Grassmannian varieties
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Formal definitions

Definition

A weak composition a is an infinite sequence of nonnegative
integers, almost all zero. Let x2 = x{"x52 - - - be the monomial
in infinitely many variables with exponent vector a.
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Formal definitions

A weak composition a is an infinite sequence of nonnegative
integers, almost all zero. Let x2 = x{" x5 - - - be the monomial

in infinitely many variables with exponent vector a.

The weak composition

a=(0,4,0,0,1,0,2,1,0,0,0,...)

corresponds to the monomial

0,4,0,0,1,0,2,1,0,0,0,...) oA o201

X( :X2X5X7X8.
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Formal definitions

Definition
A symmetric function over a ring R is a formal power series

f(x) = cax?

where a ranges over weak compositions and c; € R, that is
unchanged under any permutation of the variables, i.e.

f(Xw(1): Xw(2), - --) = f(X1, %2, .. )

for any permutation of the positive integers.
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Definition

Let A" denote the set of symmetric functions homogeneous of
degree n.
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Let A" denote the set of symmetric functions homogeneous of
degree n.

v

f(x1,X,...) = Zx + > xixxe € N

i<j<k

this is a symmetric function over Z, homogeneous of degree 3.

Dominic Searles Symmetric functions



Let A" denote the set of symmetric functions homogeneous of

degree n.
Example
f(x1,X,...) = Zx + > xixxe € N
i<j<k

this is a symmetric function over Z, homogeneous of degree 3.

One may truncate a symmetric function to a symmetric
polynomial f(xy, ..., Xx) in k variables: set x; = 0 for j > k.
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Let A" denote the set of symmetric functions homogeneous of

degree n.
Example
f(x1,X,...) = Zx + > xixxe € A3
i<j<k

this is a symmetric function over Z, homogeneous of degree 3.

One may truncate a symmetric function to a symmetric
polynomial f(xy, ..., Xx) in k variables: set x; = 0 for j > k.

The truncation

f(x1, X2, X3) = X3 + X3 + X5 + X1 XX3

is a symmetric polynomial in 3 variables.
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Algebra structure

For this talk, we will typically assume the coefficient ring to be
the field of rational numbers Q. However, almost all results will
hold over the integers Z.

Proposition

e Iff,geN"thenf+geN".
@ Iff e N"and g € N then fg € A",

Accordingly, we may define a graded algebra:

Definition
The algebra of symmetric functions A is

AN @A%...

where A° is the coefficient ring Q (or Z).

Each A" is a vector space over Q.
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General theme

@ Find and understand interesting and useful bases of A”.
@ Explain how these bases relate to one another.

@ Describe the rich structure of the algebra of symmetric
functions.
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Definition

A partition is a finite weakly decreasing sequence

A = (M1, ... \g) of nonnegative integers. For any weak
composition a, let sort(a) denote the partition obtained by
rearranging the positive entries of a into weakly decreasing
order.
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Definition

A partition is a finite weakly decreasing sequence

A = (M1, ... \g) of nonnegative integers. For any weak
composition a, let sort(a) denote the partition obtained by
rearranging the positive entries of a into weakly decreasing
order.

When the entries of a sum to n, we say ais a weak composition
of n. Similarly if the entries of A sum to nthen X is a partition of
n and we write A - n.
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Definition

A partition is a finite weakly decreasing sequence

A = (M1, ... \g) of nonnegative integers. For any weak
composition a, let sort(a) denote the partition obtained by
rearranging the positive entries of a into weakly decreasing
order.

When the entries of a sum to n, we say ais a weak composition
of n. Similarly if the entries of A sum to nthen X is a partition of
n and we write A - n.

1,0,0,2,0,0,0,...)is a weak composition of 5, and
(2,2,1) 5.
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The monomial basis

Definition
Let A = n. The monomial symmetric function m, € A" is defined

by

my = Z X2,

sort(@)=X\
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The monomial basis

Definition
Let A = n. The monomial symmetric function m, € A" is defined

by

my = Z X2,
sort(@)=X\

2,2 2 2 2,2
Mean = Y xS g+ Y xiofed
i<j<k i<j<k i<j<k
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The monomial basis

Definition
Let A = n. The monomial symmetric function m, € A" is defined

by

m= Y x°

sort(@)=X\

Example
2,2 2,2 242
Mean= X Pfnt Y P+ Y xR
i<j<k i<j<k i<j<k

Truncating to three variables,

2,2 2, 2 2,2
M2 1)(X1, X2, X3) = X7 X5X3 + X§ X2 X3 + X1 X5 X5
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The monomial basis

Definition
Let A = n. The monomial symmetric function m, € A" is defined

by

my = Z X2,

sort(@)=X\

Example
2,2 2.2 2,2
Mi21) = Z Xi Xj Xk + Z Xi XjXy + Z XiXj" X -
i<j<k i<j<k i<j<k

Truncating to three variables,

2,2 2, 2 2,2
M2 1)(X1, X2, X3) = X7 X5X3 + X§ X2 X3 + X1 X5 X5

The functions m, are symmetric by definition.
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The monomial basis

Proposition
The functions {m) : \ - n} form a basis for \".
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The monomial basis

Proposition
The functions {m) : \ - n} form a basis for \".

Proof: If A # p, then my and m,, share no monomials. Hence
{m,} is linearly independent.
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The monomial basis

Proposition
The functions {m) : \ - n} form a basis for \".

Proof: If A # p, then my and m,, share no monomials. Hence
{m,} is linearly independent.

Let f € A" and suppose x? is a monomial in f. Then f must
contain every x? such that b is a rearrangement of a, so f
contains My, (4)- Then consider f — myy(a), etc.

In particular, if f =3, cax? € N"thenf =3, ,caxmy.
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The monomial basis

Proposition
The functions {m) : \ - n} form a basis for \".

Proof: If A # p, then my and m,, share no monomials. Hence
{m,} is linearly independent.

Let f € A" and suppose x? is a monomial in f. Then f must
contain every x? such that b is a rearrangement of a, so f
contains My, (4)- Then consider f — myy(a), etc.

In particular, if f =3, cax? € N"thenf =3, ,caxmy.

The dimension of \" is the number of partitions of n.
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The elementary symmetric functions

The elementary symmetric functions in A are

ek = Z X,'1--'X,'k

1<ii <<l

for k > 0,and g; = 1.
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The elementary symmetric functions

The elementary symmetric functions in A are

€k = Z Xig +++ Xiy

1<ii <<l

for k > 0,and g; = 1.

| \

Example

€1 ZZX,' GQZZX,‘X]'.
i

i<j

Truncating to 3 variables, we have

e1(X1, X2, X3) = X1 +Xo+X3  €2(Xy, X2, X3) = Xy X2+ X1 X3+ X2 X3.
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Definition
Given a partition A with m parts, define

e\ =6\ 6

m*
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Definition
Given a partition A with m parts, define

e\ =6\ 6

m*

€(2,1)(X1, X2, X3) = €2(X1, X2, X3)€1(X1, X2, X3)
= (X1X2 + X1 X3 + XoX3)(X1 + X2 + X3)

= X2Xp + X2X3 + X1 X5 + X5X3 + X1 X5 + XoX2 + 3X1 X2 X3.

Dominic Searles Symmetric functions



Expanding functions in a basis

Definition

Given a basis {v,} of A", we say f € A" is v-positive if the
expansion of f in the basis {v,} has nonnegative coefficients.
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Expanding functions in a basis

Definition

Given a basis {v,} of A", we say f € A" is v-positive if the
expansion of f in the basis {v,} has nonnegative coefficients.

If fis v-positive, the coefficients sometimes have an
interpretation in algebra or combinatorics (dimensions of
modules, intersection numbers of varieties, etc).
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Expanding functions in a basis

Definition

Given a basis {v,} of A", we say f € A" is v-positive if the
expansion of f in the basis {v,} has nonnegative coefficients.

If fis v-positive, the coefficients sometimes have an
interpretation in algebra or combinatorics (dimensions of
modules, intersection numbers of varieties, etc).

Since the monomial symmetric functions are a basis of A", we
can expand the elementary symmetric functions as

e\ = Z Mwmu.

pkEn
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Expanding functions in a basis

Definition

Given a basis {v,} of A", we say f € A" is v-positive if the
expansion of f in the basis {v,} has nonnegative coefficients.

If fis v-positive, the coefficients sometimes have an
interpretation in algebra or combinatorics (dimensions of
modules, intersection numbers of varieties, etc).

Since the monomial symmetric functions are a basis of A", we
can expand the elementary symmetric functions as

e\ = Z Mwmu.

pkEn

Proposition

M., is the number of (0, 1) matrices with row sums X and
column sums p.
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Definition

Given a partition \, the Young diagram D(\) consists of
left-justified rows of boxes, with A boxes in the first row, Ao
boxes in the second row, and so forth.
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Definition

Given a partition A, the Young diagram D(\) consists of
left-justified rows of boxes, with A boxes in the first row, Ao
boxes in the second row, and so forth.

| \

Example
If A =(4,2,1), then

D()) =
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Given a partition A, the Young diagram D(\) consists of
left-justified rows of boxes, with A boxes in the first row, Ao

boxes in the second row, and so forth.

V.

Example
If A =(4,2,1), then

D()) =

[ ]

v

If X\ - n, define X\’ to be the partition of n whose entries are the
lengths of the columns of D()).
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Definition

Given a partition A, the Young diagram D(\) consists of
left-justified rows of boxes, with A boxes in the first row, Ao
boxes in the second row, and so forth.

| \

Example
If A =(4,2,1), then

D()) =

Definition
If X\ - n, define X\’ to be the partition of n whose entries are the
lengths of the columns of D()).

| \

A\

If A = (4,2,1), then X' = (3,2,1,1).




Definition

The dominance order on partitions of n is the partial order
defined by pu < MNif g + -+ pj < Ay + -+ Aj forall /.
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Definition

The dominance order on partitions of n is the partial order
defined by pu < MNif g + -+ pj < Ay + -+ Aj forall /.

(2,2,2) < (4,1,1), while (3,3) and (4,1, 1) are incomparable.
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Definition

The dominance order on partitions of n is the partial order
defined by pu < MNif g + -+ pj < Ay + -+ Aj forall /.

(2,2,2) < (4,1,1), while (3,3) and (4,1, 1) are incomparable.

Let X\, ;= n. Then M, ,, = 0 unless ;. < X'. Moreover, My = 1.
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Definition

The dominance order on partitions of n is the partial order
defined by pu < MNif g + -+ pj < Ay + -+ Aj forall /.

(2,2,2) < (4,1,1), while (3,3) and (4,1, 1) are incomparable.

Let X\, ;= n. Then M, ,, = 0 unless ;. < X'. Moreover, My = 1.

e, = m)+ 3me 1)+ 6m1.1,1)
€1 = M1+ 3m 1 1)
€@) = M1,1,1)
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The fundamental theorem of symmetric functions

Corollary (Fundamental theorem of symmetric functions)
The functions {ey : A - n} form a basis for \".
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The fundamental theorem of symmetric functions

Corollary (Fundamental theorem of symmetric functions)
The functions {ey : A - n} form a basis for \".

The functions {ex : k > 0} algebraically generate \. In other
words, any symmetric function can be written as a polynomial

in{ey,e1,€2,...}.
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The complete basis

We now consider a third family of symmetric functions, which
are in some sense dual to the e;.
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The complete basis

We now consider a third family of symmetric functions, which
are in some sense dual to the e;.

Definition
The complete (homogeneous) symmetric functions are

M= > Xy X,

1<iy <<l

fork > 0,and hyg = 1.
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The complete basis

We now consider a third family of symmetric functions, which
are in some sense dual to the e;.

The complete (homogeneous) symmetric functions are

hg = Z Xiy - X,

1<iy <<l

fork > 0,and hyg = 1.

h1=61:ZX,' thZX,'Xj.
i

I<j

Truncating to 3 variables, we have

ha(X1, X2, X3) = X2 4+ X3 + X2 + X1 X2 + X1 X3 + XoX3.
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Definition

Given a partition A with m parts, define
hy = hy, hy, --- hy

m*
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Definition

Given a partition A with m parts, define
hy = hy, hy, --- hy

m*

h,1)(X1, X2, X3) = ha(x1, X2, X3) 1 (X1, X2, X3)

= (X2 4 X2 + X5 + X1X2 + X1 X3 + X2X3)(Xq + Xo + X3) =

X4 X3 XS +2X2 Xo+2X2 X3 +-2 X1 X5 +2X5 Xa+2X1 X5 +-2Xo X5 +3X1 X
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We can expand the complete symmetric functions as
h>\ = Z N,\,Mmu.

m
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We can expand the complete symmetric functions as
h)\ = Z N)\’Mm“.

m

Proposition

N,.,. is the number of N-matrices with row sums A and column
sums .
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We can expand the complete symmetric functions as
h>\ = Z N,\,Mmu.

m

Proposition

N,.,. is the number of N-matrices with row sums A and column
sums .

Unlike the case for the e,, the transition matrix between {h,}
and {m,} is not upper-triangular.
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We can expand the complete symmetric functions as
h>\ = Z N,\,Mmu.

m

Proposition

N,.,. is the number of N-matrices with row sums A and column
sums .

Unlike the case for the e,, the transition matrix between {h,}
and {m,} is not upper-triangular.

ha a0y = 6m 1,1y +3M2 1) + M3)
h(271) = 3m(1,171) + 2m(2,1) + m(3)
h@) = m(1,1,1) + Mz,1) + M)
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We can expand the complete symmetric functions as
h>\ = Z N,\,Mmy.

m

Proposition

N,.,. is the number of N-matrices with row sums A and column
sums p.

Unlike the case for the e,, the transition matrix between {h,}
and {m,} is not upper-triangular.

ha a0y = 6m 1,1y +3M2 1) + M3)
h(271) = 3m(1,171) + 2m(2,1) + m(3)
h@) = m(1,1,1) + Mz,1) + M)

We thus need another approach to show {h,} is a basis of A".
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An involution on symmetric functions

Definition
The omega involution is the endomorphism w : A — A given by
w(ex) = hx, k>1 (and therefore w(ey) = hy).

Dominic Searles Symmetric functions



An involution on symmetric functions

Definition
The omega involution is the endomorphism w : A — A given by
w(ex) = hx, k>1 (and therefore w(ey) = hy).

The endomorphism w is an involution; equivalently, w(hy) = ex.
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An involution on symmetric functions

Definition
The omega involution is the endomorphism w : A — A given by
w(ex) = hx, k>1 (and therefore w(ey) = hy).

The endomorphism w is an involution; equivalently, w(hy) = ex.

Proof sketch: Define formal power series

Hity =) ht*,  E(t)=)_ ekt e A[[1]].

k>0 k>0
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An involution on symmetric functions

Definition
The omega involution is the endomorphism w : A — A given by
w(ex) = hx, k>1 (and therefore w(ey) = hy).

The endomorphism w is an involution; equivalently, w(hy) = ex.

Proof sketch: Define formal power series

Hity =) ht*,  E(t)=)_ ekt e A[[1]].

k>0 k>0

Thenwe have H(t) = [J(1 - xt)™", E(t) =][](1 + x«t).
K K
and thus H(t)E(—t) = 1.
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An involution on symmetric functions

Definition
The omega involution is the endomorphism w : A — A given by
w(ex) = hx, k>1 (and therefore w(ey) = hy).

The endomorphism w is an involution; equivalently, w(hy) = ex.

Proof sketch: Define formal power series

H=>Y ht*,  E(t)=> et" cA[t].
k>0 k>0
Thenwe have H(t) = [J(1 - xt)™", E(t) =][](1 + x«t).
K k

and thus H(t)E(—t) = 1. Equate coefficients of t* to obtain
k
0= 2(71)"6,-/7;(,,-, k>1.
i=0
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Apply w:

i=0
K
= (=1)'hiw(hk_;)
i=0
K
= (=D (=) w(h)he

and therefore w(h;) = e;.
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Apply w:

i=0
K
= (=1)'hiw(hk_;)
i=0
K
= (=D 2N wlh)he

and therefore w(h;) = e;.

The functions hy such that X\ = n form a basis for \". \
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The power sum basis

The power sum symmetric functions are

Pk = ZX,'k
i

fork >0,and pg = 1.
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The power sum basis

The power sum symmetric functions are

Pk = ZX,'k
i

fork >0,and pg = 1.

<

P1=e1=h1=ZXi PzZZX,?-
i i

Truncating to 3 variables, we have

2 2 2
p2(X1’X27X3) =X + X5 + X3

v
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Definition

Given a partition A with m parts, define
Px = PxiPxz =+ P
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Definition

Given a partition A\ with m parts, define
Px = PxiPxa " Pan-

Pe2,1)(X1, X2, X3) = P2(X1, X2, X3)P1 (X1, X, X3)

= (X2 + x5 + X5) (X1 + X2 + X3)

3 3 3 2 2 2 2 2 2

v
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We can expand the power sum symmetric functions as
Py = Z R)\,,um;r
w
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We can expand the power sum symmetric functions as
Py = Z R)\,,um;r
w

Proposition

Let ¢ be the number of parts of . Then Ry, is the number of
ordered partitions m = (By, ..., Bx) of the set{1,...,¢} such
that pij = Z,-GB/, N\ foreach1 < j < k.
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We can expand the power sum symmetric functions as
Py = Z R)\,,um;r
w

Proposition

Let ¢ be the number of parts of . Then Ry, is the number of
ordered partitions m = (By, ..., Bx) of the set{1,...,¢} such
that pij = Z,-GB/, N\ foreach1 < j < k.

| \

Example

To find the coefficient of m(z 2 1y in
Pe21,1) = (F +5 +X5) (X + 05 +X5) (X1 +Xe +x3) (X1 + X2+ X3),

we have either

By = {173}7 B, = {2}, B3 = {4} or

By = {1,4},B; = {2}, B3 = {3} or

By = {2>3}7 B, = {1}a B3 = {4} or

By ={2,4}, B, = {1}, B3 = {3}. Hence the coefficient is 4. )
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Corollary

Ry, = 0 unless X\ < p.. Moreover,
Fl’)\’)\ = H m,-!
i

where \ has my parts equal to 1, my parts equal to 2, etc.

Dominic Searles Symmetric functions



Corollary

Ry, = 0 unless X\ < p.. Moreover,
Fl’)\’)\ = H m,-!
i

where \ has my parts equal to 1, my parts equal to 2, etc.

The functions p), such that A\ = n form a basis for \".
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Corollary
Ry, = 0 unless X\ < p.. Moreover,

Fl’)\’)\ = H m;!
i

where \ has my parts equal to 1, my parts equal to 2, etc.

The functions p), such that A\ = n form a basis for \".

Note the diagonal entries of the transition matrix between {p,}
and {m,} are [[; m;(\)! which is typically not equal to 1. So this
matrix is not invertible over Z, although it is invertible over Q.
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Definition

Let A= nand suppose A has my 1’s, m, 2’s, etc. Define

£y = (_1)m2+m4+--- — (_1)/77@()\)

where /() is the number of parts of A.
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Definition
Let A= nand suppose A has my 1’s, m, 2’s, etc. Define

e = ()Mt — ()= e

where /() is the number of parts of A.

This has a natural interpretation: recall that partitions of n
correspond to conjugacy classes in the symmetric group S;.
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Definition

Let A= nand suppose A has my 1’s, m, 2’s, etc. Define

£y = (_1)m2+m4+--- — (_1)/77@()\)

where /() is the number of parts of A.

This has a natural interpretation: recall that partitions of n
correspond to conjugacy classes in the symmetric group S;.

Proposition

Forw € S,, let p(w) denote the cycle type of w. Then ) = 1
if w is an even permutation and —1 if w is an odd permutation.
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Definition

Let A= nand suppose A has my 1’s, m, 2’s, etc. Define
£y = (_1)m2+m4+--- — (_1)/77@()\)

where /() is the number of parts of A.

This has a natural interpretation: recall that partitions of n
correspond to conjugacy classes in the symmetric group S;.

Proposition

Forw € S,, let p(w) denote the cycle type of w. Then ) = 1
if w is an even permutation and —1 if w is an odd permutation.

Hence, the map S, — {£1} given by w — ¢,y is the
well-known sign homomorphism.
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Definition

Let A= nand suppose A has my 1’s, m, 2’s, etc. Define

e = ()Mt — ()= e

where /() is the number of parts of A.

This has a natural interpretation: recall that partitions of n
correspond to conjugacy classes in the symmetric group S;.

Proposition

Forw € S,, let p(w) denote the cycle type of w. Then ) = 1
if w is an even permutation and —1 if w is an odd permutation.

Hence, the map S, — {£1} given by w — ¢,y is the
well-known sign homomorphism.

The power sum symmetric functions are eigenvectors for the
operator w, with w(py) = €xpa.
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In general, expanding ey, hy and m, in p, is messy and not
especially interesting. However, the special cases of h, and e,
are worth mentioning.
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In general, expanding ey, hy and m, in p, is messy and not
especially interesting. However, the special cases of h, and e,
are worth mentioning.

hh=>z'"px  and  en=> ez, 'p

AEn AEn
where if \ has my 1’s, my 2’s, etc., then zy, = 1M my12Mmy! - . ..
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In general, expanding ey, hy and m, in p, is messy and not
especially interesting. However, the special cases of h, and e,

are worth mentioning.

hh=>z'"px  and  en=> ez, 'p

AEn AEn
where if \ has my 1’s, my 2’s, etc., then zy, = 1M my12Mmy! - . ..

One may also ask what the image of m,, is under w. The
functions w(m,) are known as the forgotten symmetric

functions f.
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The Hall inner product

Definition

The Hall inner product on A is defined by declaring {m,} and
{h,} to be dual bases, i.e., for all partitions A, 1,

<I'l"l)\7 hﬂ> = 6>\7M‘
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The Hall inner product

The Hall inner product on A is defined by declaring {m,} and
{h,} to be dual bases, i.e., for all partitions A, 1,

<I'l"l)\7 hﬂ> = 6>\7M‘

The Hall inner product is symmetric: (f,g) = (g, f) for all
f,geA.
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The Hall inner product

The Hall inner product on A is defined by declaring {m,} and
{h,} to be dual bases, i.e., for all partitions A, 1,

<I'l"l)\7 hﬂ> = 6>\7M‘

The Hall inner product is symmetric: {f, g) = (g, f) for all
f,geA.

Proof:
(hy, hy, Z Ny.,my, h,) = Ny .
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The Hall inner product

The Hall inner product on A is defined by declaring {m,} and
{h,} to be dual bases, i.e., for all partitions A, 1,

<I'l"l)\7 hﬂ> = 6>\7M‘

The Hall inner product is symmetric: {f, g) = (g, f) for all
f,geA.

Proof:
(hy, hy, Z Ny.,my, h,) = Ny .

But N, ,, = N, », since an N-matrix has row sum X and column
sum g if and only if its transpose has row sum p and column
sum \. Symmetry in general follows since {h,} is a basis.
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The power sum symmetric functions are an orthogonal basis,
with (pA,pM) = Z)\(S)\“u.
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The power sum symmetric functions are an orthogonal basis,
with (p)\, ,OM> = Z)\(S)\“u.

One can force this to be orthonormal by rescaling, but \/Z is
usually not rational, so this does not work over Q.
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The power sum symmetric functions are an orthogonal basis,
with (p)\, ,OM> = Z)\(S)\“u.

One can force this to be orthonormal by rescaling, but \/Z is
usually not rational, so this does not work over Q.

The Hall inner product is positive-definite, i.e., (f,f) = 0 if and
only if f = 0.
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The power sum symmetric functions are an orthogonal basis,
with (p)\, ,OM> = Z)\(S)\“u.

One can force this to be orthonormal by rescaling, but \/Z is
usually not rational, so this does not work over Q.

The Hall inner product is positive-definite, i.e., (f,f) = 0 if and
only if f = 0.

Proof: express f in the power sum basis, f = ), cyps. Then
(f.fy=>_ &z
A

which is zero if and only if all ¢, are zero, since z, > 0.
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w IS an isometry, i.e.,

(w(f),w(9)) = (£, 9)-
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w IS an isometry, i.e.,

(w(f),w(9)) = (£, 9)-

Proof: It is enough to show (w(py),w(p.)) = (Pr, Pu)- We have

(W(Pr), w(Pu)) = (ExPA, €uPu) = EXELZAONIL = ZXOA1t = (P, Pu)-
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w IS an isometry, i.e.,

(w(f),w(9)) = (£, 9)-

Proof: It is enough to show (w(py),w(p.)) = (Pr, Pu)- We have

(W(pr),w(pu)) = (exPr, €uPu) = EXEUZAONIL = ZXOxpt = (P, Pu)-

Is there a “natural” orthonormal basis of \?
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