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Abstract

We obtain a lower bound on the size of the value set f(IF,) of a
sparse polynomial f(x) € Fp[x] over a finite field of p elements
when p is prime. This bound is uniform with respect to the degree

and depends on the number of terms of f.



Joint work with I. Shparlinski




Value sets

If f € Fq[x] has degree n, then V(f) := #f(Fy) > [q/n] since
each element of g has at most n preimages under f.

Bound attained if n|(q — 1), f(x) = x". For g prime and

> [q/n] > 3, these (up to obvious transformations) are the only
examples where the equality is attained. If g = p?, p3, p prime

these “minimal value polynomials” are also classified.

Carlitz, Lewis, Mills, Strauss; Borges, Reis



We study the question of bounding V/(f) := #f(Fq) from below as
a function of the number of terms in f, rather than its degree.
Specifically, if f(x) = ap + >_f_; aix™, we want to estimate V/(f)

in terms of t and q.



Main result

Theorem 1

For prime p > 5 and integers 1 < ny,...,n: < p — 1 such that
(i) maxicjci<eged(n; —ni,p—1) <27%(p— 1),
(ii) ged(nyy...,ne,p—1)=1,

Iff(x) =Y 1_;aix" € Fp[x],a; #0, i =1,...,t, then

. 3P 1
V(f) > m,n{(T)z/{ Ep4/(3t+4)}‘

For t =2,n =1 we get V(f) > /p.



Counterexamples

Hypotheses (i) and (ii) necessary: If n|(p — 1), n|n;, Vi, then
V(f) < p/n.

Prime field is necessary: x + xP 4+ --- + xP! maps Fp: to .



|deas of proof - |

First, reduce the degree of f(x). Replace x by x™,(m,p—1) =1
(bijection on Fp).

This replaces n; by mn; (mod p — 1) and, by (i) and (ii), can be
made simultaneously small for some choice of m.

This alone already gives a bound for the number of solutions of
f(x) = a which gives a lower bound for #f(F,) (about p!/t). But

we will do better.

Canetti, Friedlander, Konyagin, Larsen, Lieman, Shparlinski



|deas of proof - Il

If #f(F,) is small then the number of solutions of f(x) = f(y) is
large. We want to bound the number of irreducible factors of
f(x) — f(y) and their degrees.

For each irreducible factor g(x,y) we use known bounds for the
number of points on curves over finite fields to estimate the

number of solutions of g(x,y) =0

Hasse, Weil; Stohr, V.
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Ideas of proof - Il

Let K be the function field of the curve g(x,y) = 0. The equation

t t
Yot =3 a0
i=1 i=1
is an S-unit equation on K where S is the set of zeros and poles of

x and y. Use generalized abc bounds.

Zannier; Brownawell, Masser; V.



Ideas of proof - IV

K /F function field of genus g and characteristic p > 0 and S finite
set of places of K. If uy,...,u, are S-units of K, linearly

independent over F, with deg(uy : -+ : um) < p and
u+--F+up=1

then
max{deg u;} < m(mz_l)(2g — 2+ #5)



Exponential sums - |

We also bound some exponential sums. E.g. p prime, n|(p — 1),
| P b exp(2ri(ax + bx™)/p| < p/5

Averaging reduces to estimate number of solutions of
x"+y"—(x+y-1)"=1

Same ideas as before then handles the number of factors and the

number of solutions for each factor.



Exponential sums - |l

Conjecture

X"+ y" — (x+y—1)" — 1 € Fy[x, y] has unique irreducible factor
besides x — 1,y — 1, x+y if2<n<p,n#(p+1)/2.

True for p <200 or n=(p—1)/2.

For n=(p+1)/2 it is a product of linear and quadratics.

Popovych; Borges, Cook, Coutinho
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