
Blowing up points and embedding 
at stable planes inthe nonorientable compact surface of genus one �Rainer L�oweny, Emine Soyt�urkz and G�unter F. Steinke
AbstractWe show that the point set of every 
at stable plane embeds in the point set ofthe real projective plane. Connectedness of lines or of the point space is not assumed.We give two largely independent proofs; the �rst one is more conceptual, while thesecond one is more direct, and shorter. The �rst proof uses a new constructioncalled blowing up a point, i.e., replacing it with its line pencil; this amounts toadding a cross cap. This construction seems to be of interest in its own right.MSC 2000: Primary: 51H10; Secondary: 57M20, 57M50.Keywords: 
at stable plane, nonorientable compact surface of genus one, em-bedding, convex triangle1 IntroductionA stable plane (P;L) consists of a locally compact Hausdor� space P , the space of points,and a system L of subsets L � P , called lines, also endowed with a topology, such thattwo distinct points p; q 2 P are joined by a unique line pq = p _ q 2 L, which dependscontinuously on (p; q); moreover, it is required that the set D � L�L of pairs of distinctintersecting lines is open (stability axiom), and that the map ^ sending (K;L) 2 D to its(unique) point of intersection K ^ L is continuous.We refer to [4] and [9], [8] for basic information on stable planes. Compare also thesurvey [2]. In particular, we mention that lines are closed subsets of the point set. Ifthe topological dimension of P is less than four, then it is known that P is a (separable)surface and all lines are one-dimensional manifolds embeddable in the circle S1; the linepencil La = fL 2 L j a 2 Lg of a point a 2 P is homeomorphic to S1. Moreover, if twolines intersect, they do so transversally. For these facts, see [10], [9] or [4], Section 1. Inthis case, (P;L) is called a 
at stable plane; we shall mostly deal with 
at stable planes.�This paper was published in Topology Appl. 155, 1041{1055 (2008)yThis research was supported for the �rst author by a grant from the University of Canterbury,zand for the second author by a grant from DAAD (Deutscher Akademischer Austauschdienst).



2 R. L�owen, E. Soyt�urk and G.F. SteinkeWe shall determine exactly the class of all surfaces that can occur as the point space Pin this case.The standard example is the real projective plane P2R, where it is well known thatthe point set is obtained from the 2-sphere S2 by identi�cation of antipodal points, whichresults in the compact nonorientable surface of genus one, see [1], [7]. Every open subsetof this surface determines an induced geometry, which is a stable plane. Although theseare far from being the only examples, we shall show that there are no other possibilitiesfor the point set:Theorem 1.1 Up to homeomorphism, the point spaces P of all 
at stable planes (P;L)are precisely the open subsets of the compact nonorientable surface of genus one.We have just seen that every open set of points in the real projective plane is the pointset of a stable plane. The nontrivial part of the proof is to show that conversely, for every
at stable plane (P;L), the point set P embeds in the compact nonorientable surface ofgenus one.Theorem 1.1 should be contrasted with the fact that there are many stable planes (
atones and others) which admit no open embedding into any projective plane as planes, thatis, no open embedding of the point set that sends each line of the stable plane to a subsetof some line of the projective plane. Examples are given in [13] and in the last section of [5].The result has a long history. Salzmann [10] proved it under the assumption thatall lines are connected (then also P is connected), and that P could be obtained from acompact surface by removing �nitely many points. The latter hypothesis was removedin [3] (published much later as [6]). The result under the connectedness assumption isthat P is homeomorphic to R2 or to a Moebius strip, or to the compact nonorientablesurface of genus one; the compact surface occurs precisely for the (desarguesian andnondesarguesian) projective planes.The proofs in all three papers involved Freudenthal's compacti�cation of P by endpoints. The line system was extended to the compacti�cation, retaining some (but notall) the properties required of a stable plane. Special methods were employed in the casewhen compact lines exist; among other things, such planes can be dualized, yielding aplane without compact lines.Our �rst proof here uses only one ingredient of those old ones, namely the idea tocoordinatize the point set by joining all points where this is possible to two �xed pointsof reference. Our new idea is to use three points not on a line instead of two points andto blow up the reference points by replacing them with their line pencils. This introducesa reversible change to the point set and has the advantage that all points can be capturedin a single coordinate system.Our second proof resembles the old ones in that it uses coordinates with respect to apair of points, but it employs four di�erent such coordinate systems in order to captureall points. The di�culty lies in �tting the four coordinate patches together in a controlled



Embedding 
at stable planes 3way. The blow up construction is not used here.We point out here that it is not easy to recognize embeddability in R2 . It is truethat a subplane of R2 has no compact lines (they would be circles separating the pointset, which quickly results in a contradiction). The converse, however, is not true. Forexample, take the real projective plane, viewed as the projective closure of R2 with theusual line system, and remove the point at in�nity on the y-axis together with the setsf0; 2g � [0;1) and f1g � (�1; 1]. The remaining set of points is homeomorphic to theMoebius strip, and the plane induced on it has no compact lines.The following Section 2 presents some basic geometric facts about convex neighbour-hoods of points in 
at stable planes that will be needed throughout the paper. Sections3 and 4 describe the blow up construction in the cases of a single point and of a triple ofpoints, respectively. This construction turns out to be so useful that we suspect it mightalso be good for other purposes. Therefore we take care to introduce it for stable planesof arbitrary dimension.In Section 5 we put the coordinates derived from a blown up triple of points into amanageable form and we introduce quadrants. Section 6 explains the idea of the �rstproof in the simple special cases of projective planes and of planes containing at leastone compact line. The proof for arbitrary planes follows in Section 7. The subsequentSection 8 provides a general topological tool for glueing together topological disks (i.e.,spaces homeomorphic to the unit disk D 2 � R2) that is needed for both proofs. Finallythe second proof is given in Section 9.2 Convex trianglesWe collect a few basic properties of 
at stable planes; they are not altogether new butappear too scattered in the literature to allow for tidy references. Throughout, (P;L) isa 
at stable plane.By a line segment we mean a subset S contained in a line L and homeomorphic to theclosed unit interval [0; 1]. The line L is called the carrier of S. Dually, a pencil segment isa subset J � La of a line pencil that is homeomorphic to [0; 1]. The elements of a segmentcorresponding to the ends 0; 1 of the unit interval will be called the ends of the segment.A line segment S with ends x; y will also be written as [x; y], and similarly for pencilsegments. Note, however, that the ends do not determine the segment uniquely; theremay be two possibilities. When we use this notation, we shall give additional informationso that the choice of a segment is made de�nite.By a convex triangle we mean a topological disk T � P , T � D 2 , bounded by a topo-logical circle S � S1 which consists of three line segments S1, S2, S3, called the sides ofthe triangle. We assume that the carriers of the sides are three distinct lines (in fact, this



4 R. L�owen, E. Soyt�urk and G.F. Steinkecan be proved). Hence, two sides meet in a point, called a vertex of the triangle. Similarlywe de�ne convex quadrangles as topological disks whose boundary is a topological circlemade up of four line segments. Again, the carriers of the sides are supposed to be fourdistinct lines, and hence the intersection of two sides is either empty or a vertex. Lemma2.1 below will explain why these sets are called convex.It is an easy consequence of stability that convex quadrangles and triangles exist.For instance, take two intersecting lines K, L and points a 2 K n L, b 2 L n K. Thenconsider two pencil segments I � La, J � Lb containing K and L, respectively. If thepencil segments are small enough, then intersection is de�ned on I � J , and maps thetopological disk I � J homeomorphically onto a convex quadrangle. The inverse map isgiven by p! (pa; pb).In a similar way, we can produce convex triangles. Consider distinct points a, b and aline K 2 La n fabg. Then a small pencil segment I � La containing K and a small pencilsegment [ab; L] � Lb will yield a convex triangle with vertex a via intersection.Lemma 2.1 Let X � P be a convex triangle or quadrangle and let L be a line meetingX. Then the intersection X \ L is either a segment or a vertex of X.Proof. As lines are boundaryless 1-manifolds and closed subsets of the point set, everyconnected component C of X \ L is either a single point or a topological circle, or asegment whose ends belong to the boundary S of X. Since lines intersect transversally,only a vertex of X can form a component by itself. If C is a segment and not a side of X,then its ends lie on distinct sides of X. Finally, a component C � S1 separates X. If thisoccurs, consider a line K 6= L intersecting C in a point c. Transversality of intersectionimplies that the component of K containing c intersects C twice, a contradiction.IfX is a triangle, then we conclude from the above that L\X has only one component,or L would intersect some side of X twice without being its carrier. If X is a quadrangle,we note �rst that each diagonal meets X in a segment by similar reasons. We have toexclude two remaining possibilities for X\L. The �rst is that X\L contains two disjointsegments A;B with ends on the boundary of X. Then all four sides must contain an endpoint, and none of these can be a vertex. If the ends of both segments lie on opposite sides,then the segments intersect, because they disconnect the disk X. This is a contradiction,and both of A and B have their ends on adjacent sides. But then one of the diagonalsegments of the quadrangle intersects both A and B, a contradiction. The last remainingpossibility is that X \L consists of one vertex v and a segment joining two points on thesides not containing v. This possibility is excluded by considering the diagonal joining vto the vertex opposite v. �3 Blow up and blow downThroughout this section, (P;L) is a (not necessarily 
at) stable plane and F = f(p; L) j p 2Lg � P � L denotes its 
ag space. Given a point a 2 P , we want to implant the line



Embedding 
at stable planes 5pencil La into P instead of the point a. We want the topology to be such that a sequencein P approaching a `from the direction of' L 2 La becomes a sequence convergent to Lin the extended space. Formalizing this idea looks like a di�cult task, but in fact it canbe done quite easily:De�nition 3.1 Let a 2 P be a point. The blow up of P at the point a is de�ned asPa = f(p; L) 2 P � L j fp; ag � Lg = (P � La) \ F ;endowed with the topology induced by P � L. This space contains the subsetâ := fag � Lahomeomorphic to La, and its complement Pa n â is open and homeomorphic to P n fagunder the projection P � L ! P . We shall use the same symbol to denote a line L 2 Laand the element L = (a; L) 2 â when no confusion can arise. In the same way, an element(p; pa) 2 Pa n â will be thought of as the point p itself.Our intuitive description of convergence of points pn 6= a to a line L 2 La has nowbecome precise: convergence means that pn ! a in P and pn _ a ! L. Convergencewithin P nfag and within La has the usual meaning. We remark that extending an a�neplane to its projective completion is very similar to the passage from P n fag to Pa, andsimilar problems arise in both cases when one wants to determine the topology of theextension, compare [11], 53.15. In the case of 
at planes, however, there is no problem,as the next proposition tells us.Proposition 3.2 Blowing up a point a 2 P of a 
at stable plane results in the additionof a cross cap to the connected component of P containing a. More precisely, the circleâ � S1 has a neighbourhood M � Pa homeomorphic to a Moebius strip such that M n â isconnected.For an introduction to surface topology, in particular, for the constructions of addingor removing a cross cap, see [1] or [7]. In order to prove Proposition 3.2, we need thefollowing lemma, which introduces a kind of polar coordinates in a neighbourhood of thepoint a.Lemma 3.3 Each point a in a 
at stable plane has a neighbourhood D homeomorphic tothe unit disk D 2 . A homeomorphism can be chosen such that the inverse images of thediameters of the disk are precisely the intersections D \ L for all L 2 La.Proof. We construct a convex quadrangle D as in Section 2, such that a is an interiorpoint. For this purpose, we choose points b, c such that a; b; c are not on a line. Thequadrangle is obtained by intersection from two pencil segments I � Lb and J � Lccontaining ab and ac in their interiors, respectively. The four segments joining a to thevertices of D dissect the quadrangle D into four convex triangles.



6 R. L�owen, E. Soyt�urk and G.F. SteinkeLet S = [u; v] be a side of D with carrier L 2 I, say, and let T � D be the trianglewith vertex a and side S. On T , we may introduce coordinates from the two pencilsegments M = [ua; va] = _(S �fag) � La and W = [L; ab] � I. The mapM�W ! Pde�ned by intersection sends M�fabg to the point a but is otherwise injective, hence itinduces a homeomorphism of the cone [0; 1]2=([0; 1]� f1g) onto T which sends each �breftg � [0; 1] to a segment [s; a], s 2 S.Now it is easy to piece the four homeomorphisms obtained for the four trianglestogether to obtain a homeomorphism from a Euclidean quadrangle in R2 onto D whichsends diameters onto diameters. Finally this can be adapted so that the homeomorphismis de�ned on a disk rather than a quadrangle. �Proof of Proposition 3.2. Choose a neighbourhood D of a as in Lemma 3.3. Then weknow from that lemma that D is homeomorphic to the cone over its boundary S := @D,the vertex of the cone corresponding to the point a:D � (S � [0; 1])=(S � f1g):Each �bre of the cone corresponds to a line segment joining a to some point of S. Nowwe form a di�erent quotient space Y := (S � [0; 1])=�, where the equivalence relation �identi�es (u; 1) with (v; 1) if, and only if, the points a; u; v are collinear. This amounts tothe identi�cation of antipodes on the boundary circle S � f1g of the cylinder S � [0; 1],hence it produces a cross cap. On the other hand, the space Da obtained from D byblowing up a is homeomorphic to Y ; a point (x; t)=� of Y corresponds to a point ofD n fag if t 6= 1 and to a line x _ a 2 La if t = 1, and convergence in Y corresponds toconvergence in Da as described in De�nition 3.1. �We remark that the e�ect of blowing up a point a can be undone by shrinking the setâ � Pa to a point. In other words, P is the quotient spaceP = Pa=â:This procedure will be called blow down. In 
at stable planes, it amounts to removing across cap from the appropriate connected component of Pa.4 Blowing up a triangle, and the spherical embed-dingIn this section like in the previous one, the stable plane under consideration is not neces-sarily 
at.The blow up construction may be applied repeatedly. For two points a 6= b, we formthe topological sum (Pa nfbg)t (Pb nfag) (which contains Pa nfbg and Pb nfbg as disjoint



Embedding 
at stable planes 7open subsets and is their union), and pass to a quotient space Pa;b by identifying the copiesof P nfa; bg contained in the two summands. The resulting space Pa;b is the disjoint unionPa;b = (P n fa; bg) [ â [ b̂;where the three parts retain their original topology, the �rst part is open, and convergenceof sequences from the �rst part to an element in â or b̂ is characterized in the same wayas in De�nition 3.1.A more direct description of the blow up construction, for any �nite number of blown-up points, can be given as follows:De�nition 4.1 Let A = fa1; : : : ; akg � P be a �nite set of points, and let�A = kYi=1 Lai :Then the blow up PA is de�ned asPA = �(p; L1; : : : ; Lk) 2 P � �A ���� p 2 Li for all i� :The subset â � PA obtained by setting the �rst coordinate equal to a given point a 2 Ais homeomorphic to La, and â\ b̂ = ; for a 6= b (whereas La\Lb = fabg). The remainderP n Sa2A â is open and is homeomorphic to P n A under the projection onto the �rstfactor.Now assume that the set A contains a triangle � = fa; b; cg (i.e., a; b; c are threenoncollinear points). Then the �rst coordinate of (p; L1; : : : ; Lk) 2 PA is determined bythe remaining ones, for p is the intersection of the lines L1; : : : ; Lk. Thus, moreover, if� : P � �A ! �A denotes the projection, then the restriction � = �A := �jPA has acontinuous inverse (de�ned on �A(PA)). In other words,�A : PA ! �Ais an embedding. Since line pencils are spheres if lines are manifolds (in particular, if thedimension of the plane is 2 or 4), this embedding will be called the spherical embedding ofthe blow up PA. In particular, this is true if A = �, and this is the case we are interestedin; it will be the key to our main result. We summarize what we have obtained in thefollowing proposition, after clarifying some issue of notation.Remark on notation. We need to exercise some care in talking about elements of P�.No confusion can arise if we use the same symbol for a point p 2 P n � and for thecorresponding element of P�. However, a line L 2 La may represent elements both of âand of b̂ (namely, if L = ab). It will be safe to denote the element of â corresponding toL by (a; L).



8 R. L�owen, E. Soyt�urk and G.F. SteinkeProposition 4.2 The space P� obtained by blowing up a triangle � = fa; b; cg embedsin the product � := La � Lb � Lc. The embedding � : P� ! � is de�ned by�(p) = �(p; pa; pb; pc) = (pa; pb; pc) if p 2 P n�;�(a; L) = �(a; L; ab; ac) = (L; ab; ac) if (a; L) 2 â;and similarly for elements of b̂ and ĉ. �As we remarked in the introduction, the basic idea of the spherical embedding hasbeen used in the study of point sets of stable planes from the very beginning. However,previous versions used only two points a, b and hence could only embed the complementof the line a _ b in the product La � Lb, and they gave no information on how this lineis glued to its complement. Our extended version of the spherical embedding does notsu�er from these limitations.5 The cube modelConventions. >From now on, we restrict attention to the 2-dimensional case (
at planes)and to the blow up P� with respect to a triangle � = fa1; a2; a3g. Note the changein notation; we take integers mod 3 as indices. Moreover, we shall use the shorthandLi := Lai . We shall assume furthermore that � is the vertex set of a convex triangle D asintroduced in Section 2. (By abuse of language, we shall also speak of the convex triangle�.) We denote the sides of D by Si = [ai+1; ai+2] and their carriers by Li := ai+1ai+2.We shall always orient the segment Si from ai+1 to ai+2, and we orient the line pencilLi of the vertex ai opposite Si in such a way that the mapping Si ! Li : x ! xai iscompatible with the orientations, as shown in Figure 1. Furthermore, we choose surjec-tive mappings fj : [0; 1]! Lj such that distinct numbers have distinct images except forfj(0) = fj(1) = Lj�1. Then Lj carries the quotient topology with respect to fj. Moreover,the choice of fj is supposed to be compatible with orientations, where the orientation of[0; 1] is from 0 to 1, and �nally we insist that fj(1=2) = Lj+1.We can now represent the 3-torus �� as the quotient space�� = C= �of the 3-cube C := [0; 1]3 obtained by identifying opposite sides (e.g., (t1; 0; t3) � (t1; 1; t3)),and we express this in our notation as follows: given a point (t1; t2; t3) 2 C, we let[t1; t2; t3] := (f1(t1); f2(t2); f3(t3)):The corresponding quotient map will be writtenf : C ! ��; f(t1; t2; t3) = [t1; t2; t3]:
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Figure 1: Basic triangle with oriented sidesOur aim in this section is to understand exactly how �(P�) is embedded in this quotientspace. Sometimes it is easier to visualize the inverse image in C, with respect to f ,instead. Therefore, our point of view will shift sometimes. First we observe that�(âi) = �[t1; t2; t3] �� ti+1 = 12 ; ti+2 2 f0; 1g	 ;the inverse image ~ai of this set with respect to f consists of two Euclidean line segmentsin the boundary of C, each of which is mapped onto �(âi). In Figure 2, these segmentsare shown in bold.
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Figure 2: The cube CIf we interchange the roles of i + 1 and i + 2 in the description of this set, then whatwe obtain is a subset of �� related to the side Li = ai+1ai+2 of �. More precisely, wede�ne L̂i := �ai+1ai+2 n fai+1; ai+2g� [ f(ai+1; ai+1ai+2); (ai+2; ai+1ai+2)g � P�;



10 R. L�owen, E. Soyt�urk and G.F. Steinkein other words, L̂i contains the points of Li that are not vertices of the triangle plus thetwo elements of the blown up vertices that correspond to the line Li itself. Thus, L̂i ishomeomorphic to Li. We have�[t1; t2; t3] �� ti+1 2 f0; 1g; ti+2 = 12	 \ �(P�) = �(L̂i):Again, the inverse image ~Li of this set with respect to f is contained in two line segmentsin the boundary of C (which are identi�ed by �), but there may be gaps because Li maybe disconnected and some lines in Li may miss Li. Figure 2 depicts the cube C with thesubsets introduced here; ~Li is represented by a pair of dashed Euclidean segments.The pencil Li splits into two half pencilsL0i := fi[0; 12 ]; L1i := fi[12 ; 1];see Figure 3. This carries over to the blown up vertices, thus âi is the union of â0i and â1i .The images of these sets in the cube model are the subsets of �(âi) given by ti � 1=2 andti � 1=2, respectively. Accordingly, the line Li splits into the connected segment Si = L0iand the possibly disconnected complement L1i of the open segment Sinfai+1; ai+2g. Again,the corresponding sets in the cube model are the subsets �(L̂0i ) and �(L̂1i ) of �(L̂i) de�nedby ti � 1=2 and ti � 1=2, respectively.
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Figure 3: The halfpencils determined by a triangleGiven numbers ei 2 f0; 1g for i 2 f1; 2; 3g, we de�ne the open quadrant U e1e2e3 � Pby the condition x 2 U e1e2e3 , xai 2 Leii n fLi+1; Li+2g for i 2 f1; 2; 3g:The open quadrants are homeomorphic to their imagesV e1e2e3 := �(U e1e2e3) � �(P�)in the cube model. These sets are obtained by placing eight disjoint open subcubes Ce1e2e3of side length 1/2 within C and intersecting �(P�) with their f -images. In other words,V e1e2e3 = f[t1; t2; t3] 2 �(P�) j 0 < jti � eij < 1=2g :



Embedding 
at stable planes 11Observe in passing that the restriction of f to any of the eight open subcubes is injective.It might seem at this point that we get eight nonempty open quadrants, but in fact thereare only four, as the next proposition shows.Proposition 5.1 The nonempty quadrants are precisely those de�ned by an odd numberof zeros, compare Figure 4.
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Figure 4: The quadrants determined by a triangleProof. The open triangle intD = D n S is contained in U000. For if x is a point of theopen triangle, then the line xai intersects S in ai and in one other point si, which has tobelong to Li (and hence to Si) because ai = Li+1 ^ Li+2. Thus, xai 2 L0i and x 2 U000.Conversely, let si 2 Si be a point distinct from the vertices ai+1, ai+2. It follows fromLemma 2.1 that the intersection siai \D is a segment [si; ai] � [0; 1]. This segment mustseparate D, hence it intersects each segment [sk; ak] for sk 2 Sk, k 6= i, within D. Thisimplies that every open quadrant de�ned by at least two zeros is contained in D. As weknow that intD � U000, we conclude that these sets are equal and that the quadrantswith precisely two zeros are empty. �Note that the four subcubes of C containing the images of nonempty open quadrantsare situated such that no two of them have a 2-dimensional face in common, see Figure5. On each of the open subcubes Ce1e2e3, the restriction of the map f has a continuousinverse. Therefore, it makes sense to speak about f�1 on the closure of each quadrantV e1e2e3. Let further �i : C ! [0; 1]2 be the projection map which suppresses the ithcoordinate.Proposition 5.2 On each open quadrant V e1e2e3, the composite �i � f�1 of the mapsdescribed above is injective for every choice of i 2 f1; 2; 3g.Note that this is no longer true on the closure of the quadrant, a fact which will causesome extra work further on.



12 R. L�owen, E. Soyt�urk and G.F. Steinke

(0,0,0)Figure 5: The four subcubesProof. The coordinates of a point x in an open quadrant specify the lines connecting xto the vertices of �; clearly x is determined by any two of these three lines. �Now we de�ne the closed quadrants to be the closures of the open quadrants:Qe1e2e3 := U e1e2e3;Re1e2e3 := V e1e2e3 \ �(P�):Note that the latter set is the closure with respect to �(P�); in general, it is not closedin ��. Explicitly, the closed quadrants are described as follows.Proposition 5.3 The closed quadrant Qe1e2e3 is the union of U e1e2e3 and the sets Lejj forj 2 f1; 2; 3g. The closed quadrant Re1e2e3 is obtained by relaxing the de�ning inequalitiesfor V e1e2e3: Re1e2e3 = f[t1; t2; t3] 2 �(P�) j 0 � jti � eij � 1=2g :The boundary of Re1e2e3 consists of the sets �(L̂ejj ) and the half pencils �(âejj ) for j 2f1; 2; 3g.The three resp. six parts of the boundary of a quadrant identi�ed in the propositionwill be called the sides of the quadrant in the sequel. Figure 6 depicts the boundary ofR000.Proof. We show �rst that Qe1e2e3 is the union of U e1e2e3 and the sets Lejj for j 2 f1; 2; 3g.Clearly, the boundary of every open quadrant in P is contained in the union of the linesL1, L2, L3. Moreover, if a sequence xn 2 P satis�es xnaj 2 Leij , then every accumulationpoint x of the sequence satis�es the same condition; hence, each boundary point of U e1e2e3belongs to one of the sets Lejj .Conversely, consider a point x 2 Lejj n � and let k 6= j. By stability, the line ajxintersects lines from both half pencils L0k and L1k, and such intersection points can be
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t1Figure 6: The boundary of R000found arbitrarily close to x. According to Proposition 5.1, there are precisely two openquadrants U e01e02e03 satisfying e0j = ej, and we have shown that x belongs to the boundaryof both. It follows that the entire set Lejj is contained in those boundaries, and ourdescription of closed quadrants is proved.Since P n � is homeomorphic to P� n (â1 [ â2 [ â3) and � is a homeomorphism, itfollows from the �rst part that �(L̂ejj ) is contained in the boundary of Re1e2e3 and thatthe union of these four sets is closed in �(P� n (â1 [ â2 [ â3)). If a sequence xn 2 U e1e2e3approaches aj, then the lines xnaj belong to the closed half pencil Lejj . By the de�nitionof the blow up, this implies that the set of accumulation points of such sequences in P�is precisely âejj . This ends the proof, in view of the homeomorphism �. �6 The projective caseSuppose that (P;L) is a 
at projective plane. Then every closed quadrant Qe1e2e3 de�nedby an arbitrary triangle � is a convex triangle and is a topological disk. As two distinctlines always intersect, every projection map as considered in Proposition 5.2 is bijectivefrom the open quadrant onto the open square. Figure 6 shows that the projection map�j sends each of the sets ~Lejj and ~aejj to a single point, but is otherwise injective. Itfollows from this behaviour of the projection maps that the closed quadrant Re1e2e3 canbe dissected into pieces which are mapped homeomorphically onto topological disks bysuitably chosen projections �j � f�1. For example, one can obtain three such pieces us-ing two separating curves homeomorphic to the unit interval [0; 1], joining the verticesnumbered 1, 3 and 4, 6, respectively, in any consecutive numbering of the vertices of theclosed quadrant. It follows that Re1e2e3 itself is a topological disk. It is more convenient,however, to think of it as the surface of a hexagon. It is situated within the cube Ce1e2e3in a curved shape like a monkey saddle.Figure 7 shows how the four hexagons have to be assembled in order to reconstruct
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Figure 7: Assembling the four hexagonsP�. It is easy to see that the result is the connected sum of a torus and two crosscaps, i.e., a compact nonorientable surface of genus four. However, we do not needthis argument. Everything is determined by the way every side appears in two adjacenthexagons and by the orientations of those sides. These orientations in turn are determinedby the identi�cation of the vertices of the hexagons. The �gure shows that we obtain atopological disk with certain identi�cations on its boundary. The geometry of the plane(i.e., the line system) has no in
uence on the identi�cation pattern; in other words, weobtain the same compact surface P� for all 
at projective planes. In the case of theclassical plane (P 0;L0) = P2R, the surface P 0 is nonorientable of genus one, compare [1],[7], hence P 0�0 is nonorientable of genus four, see Proposition 3.2. Therefore, P is obtainedfrom P� � P 0�0 by removal of three cross caps, and P � P 0. We have just proved thefollowing well-known result, cp. [11], 53.5.Theorem 6.1 The point set of every 
at projective plane is homeomorphic to the compactnonorientable surface of genus one. �The same technique may be applied if (P;L) is a stable plane containing at leastone compact line. Compact lines intersect all other lines, see [10] or [4], 1.15, hencethey are homeomorphic to lines pencils and, hence, to the circle S1, compare [4], 1.20.Moreover, [4], 1.16, asserts that the set of compact lines is always open in L. Therefore,our assumption implies that there is a triangle � such that all sides Li are circles, andthen all four quadrants are open subsets of hexagons containing the whole boundary ofthe hexagon. This is less obvious than it seems at �rst sight, because the projections�j � f�1, which map a quadrant into a square, fail to be injective on the boundary of thequadrant. The following remarks su�ce, however: The boundary of a quadrant Re1e2e3 isa topological circle. From general properties of surfaces, it follows that the open quadrant



Embedding 
at stable planes 15U e1e2e3 (where the projection is injective) contains a Jordan curve J �= S1 such thatJ together with the boundary of Re1e2e3 bounds an annulus. The image of J in anyprojection bounds a disk; this disk together with the annulus forms a larger disk, and thisis our hexagon. The subset corresponding to the quadrant in this hexagon consists of theannulus together with the part of the quadrant inside J .The assembly of the four hexagons follows the same pattern as in the projective case,hence P� is an open subset of the compact nonorientable surface X4 of genus four. Again,removing three cross caps from this subsurface (and simultaneously from X4) results inan embedding of P into the nonorientable surface of genus one.The additional di�culty in the general case is that the boundaries of the hexagonsare not completely contained in P�, and worse, that there are no recognizable hexagonsto start with. These problems will be dealt with in the next two sections. We shall notmake use of the results of the present section, they were merely presented to acquaintthe reader with the ideas of our proof in a simple case. Those ideas and arguments will,however, not be repeated in full detail.7 The general caseHere we give the proof of Theorem 1.1.Proposition 7.1 Each closed quadrant Re1e2e3 may be embedded as an open subset intoa hexagon in such a way that each of the sides �(âeii ) and �(L̂eii ) is mapped into one sideof the hexagon. The embedding of each of the six sides of the quadrant is either orderpreserving or order reversing with respect to the natural order on the sides of the hexagonobtained from assigning an orientation to its boundary.Proof. Each quadrant R has at least one connected side �(L̂0j). There is an arcJ1 � [0; 1] � R that starts from an inner point of the arc �(âej+1j+1 ) � [0; 1] and ends atan inner point of �(âej+2j+2 ). Then J1 separates R into two parts, and we may assume thatone of them is a topological disk D1 bounded by J1 together with �(L̂0j) and two arcscontained in the blown up points adjacent to this segment.The side of R opposite to �(L̂0j) is �(â0j) � [0; 1]. It is again contained in a topologicaldisk D2 which meets each of the adjacent sides �(L̂ej+1j+1 ) and �(L̂ej+2j+2 ) in an arc. Theboundary of D2 is formed by the parts already mentioned together with an arc J2.If we cut the two disks D1 and D2 o� R, the remainder admits a homeomorphicprojection map � = �j � f�1 into a square as in Proposition 5.2; recall that � sends twoopposite sides of R to single points but is injective on the remainder of R. The imagesof J1 and J2 separate the square into three topological disks. One of them, call it E,contains �(J1) and �(J2) in its boundary. It is now easy to check that by glueing D1, Eand D2 together along J1 and J2 in the way prescribed by �, we obtain a disk containingR as an open subset as stated in the proposition. �



16 R. L�owen, E. Soyt�urk and G.F. SteinkeNow we can turn to the other di�culty announced at the end of Section 6. We havefour hexagons He1e2e3 containing open subsets Re1e2e3, and we have an identi�cation of thesides of the quadrants in pairs. More precisely, a side A of one quadrant is identi�ed, in anorder preserving way, with a side A0 of some other quadrant, and there are sides B, B0 oftwo hexagons containing A and A0, respectively, and inducing their order (up to reversalof the order). If it were possible to extend the given identi�cation of A and A0 to an orderpreserving or reversing homeomorphism B ! B0, then we could assemble the hexagonsin the same fashion as we did in the projective case and obtain a compact nonorientablesurface of genus four containing a homeomorphic copy of P� as an open subset. Thiswould end the proof, because by removing three cross caps from the subsurface P� wewould obtain an embedding of P in a compact nonorientable surface of genus one.Unfortunately, the extension of order preserving maps is not always possible; for ex-ample, the complement of a subset homeomorphic to [0; 1) [ (2; 3] in the interval [0; 3]can be a point or a nondegenerate closed interval, so there are two nonisomorphic em-beddings. This can be remedied, however, if we modify our hexagons in such a way thatthe boundary of the quadrant will be dense in the boundary of the modi�ed hexagon.Essentially what we do is to shrink every connected component of the complement B nAto a point in each case. The details are given in the next section in purely topologicallanguage. We remark right here that the results stated there will complete our �rst proofof Theorem 1.1.8 Open subsets of the diskLemma 8.1 Consider the square S = [0; 1]2 and its bottom side G = [0; 1] � f0g. LetU � S be an open subset containing the end points (0; 0) and (1; 0) of G. Then thereexists a map h : S ! S such that1. the map h induces a surjection h : G ! G which is nondecreasing (with respect to�rst coordinates)2. the image h(U \G) is dense in G3. the map h induces homeomorphisms h : U ! V := h(U) and h : S nG! S nG4. the map h �xes all boundary points of S except those in G.Proof. We may assume that G n U 6= ; (or else we let h := id). The connectedcomponents of U \G form a collection C of (at most countably many) mutually disjointopen intervals, and the connected components of the complement G n U form a (possiblyuncountable) collection D of mutually disjoint closed intervals. We de�ne a homotopyft : G ! G, t 2 [0; 1], as follows. The points (0; 0) and (1; 0) remain �xed throughout;each interval D 2 D is mapped linearly to an interval D0 having the same midpoint as Dand whose length satis�es l(D0) = tl(D). For an interval C 2 C, the images of the endpoints of C are de�ned already, and we extend this linearly over all of C. Continuity of



Embedding 
at stable planes 17((x; 0); t) ! ft(x; 0) is checked easily; note that an accumulation point of intervals fromC or D is �xed by ft for all t. The map f1 is the identity, and ft is bijective unless t = 0.Under f0, each D 2 D gets mapped to a single point, but the restriction of f0 to U \ Gis injective. Thus, claims 1 and 2 are satis�ed if we de�ne h on G to be f0. We have toextend h to all of S such that claims 3 and 4 hold. We de�neh(x; y) = fy(x; 0) + (0; y):This satis�es our requirements and ends the proof. �In the proof of Theorem 1.1, we apply Lemma 8.1 to a hexagon rather than a square,and the part of U is played by a quadrant sitting in the hexagon. This allows us to use thefollowing proposition in order to extend the given identi�cations between the boundariesof quadrants to the boundaries of the hexagons. The proposition is a standard fact fromthe theory of completions of ordered sets, see, e.g., [12], 41.6.Proposition 8.2 Let A1, A2 be two homeomorphic copies of the unit interval [0; 1] con-taining open dense subsets U1, U2, respectively. Then every order preserving bijectionf : U1 ! U2 extends uniquely to an order preserving bijection F : A1 ! A2.Proof. Every point a 2 A1 is the limit of some sequence un 2 U1, and there is no otherpossibility than to de�ne F (a) = limn f(un). One has to check that this raises no con
ictsand that one obtains an order preserving bijection. Details can be found in the referencegiven above. To make the reference �t exactly, the end points 0; 1 should be removedfrom the interval. �9 Second proof of Theorem 1.1We shall again use several of the auxiliary results of the �rst proof, but we do not usethe blow up construction. Again, we start out by considering a convex triangle D withvertex set � = fa1; a2; a3g, and we orient the sides and the pencils of the vertices as inSection 5. As in that section, we de�ne closed quadrants Qe1e2e3, and we know that thereare exactly four of them. Note that the relevant parts of Section 5 are independent of theblow up construction.The idea of proof is to show that each closed quadrant Q may be mapped homeo-morphically onto an open subset of a triangle T in R2 having two Euclidean straightsegments and one curved arc as sides; we require that the boundary of Q is mapped intothe boundary of T , preserving the sides. In particular, vertices are mapped to vertices.We orient the sides of T in such a way that the mapping from Q to T always preservesthe initial and terminal vertices of the sides.Once this has been done, we modify the triangles T using the method of Section 8 insuch a way that the sides of quadrants appear as dense subsets. Now every side S belongsto two quadrants, hence copies of it can be found in certain sides of two triangles. We take



18 R. L�owen, E. Soyt�urk and G.F. Steinkecare to ensure that the resulting identi�cation between the two copies of S is compatiblewith the orders induced by the sides of the triangles. Then Proposition 8.2 may be usedagain to show that the four triangles may be glued together along their sides in a waycompatible with the way the quadrants are glued together in P . Finally, we observe thatthe glueing pattern for the triangles does not depend on the line system, so the surfaceX obtained by glueing the triangles is always the same as in the case of P2R = (P 0;L0),where X = P 0 is the compact nonorientable surface of genus one. In this way, we shallobtain an open embedding P � P 0.The quadrant Q000 (which by assumption is a convex triangle and has connected sides)is easier to treat than the remaining ones. Choose a point p 2 L1 nS1. By Lemma 2.1, thelines in Lp meeting Q000 are precisely those meeting the side S2. In particular, there arelines in Lp arbitrarily close to L1 that miss the quadrant. By stability, we can �nd such aline which meets L2 and L3 in points u and v, respectively. Then we can use coordinatesxu 2 Lu n fuvg and xv 2 Lv n fuvg to represent all points of Q000; the only points wherethis would not work are those of uv, and we ensured that uv \Q000 = ;. We can think ofour coordinates as lying in R2 . The points x 2 S2 have a constant coordinate xu = L2,and those in S3 have xv = L3. The images of these points in the coordinate plane formtwo segments S 02 and S 03 meeting at right angles in a common end point. The side S1is mapped to an arc A in the coordinate plane, which together with those two segmentsforms a Jordan curve J , i.e. a topological circle. The whole quadrant is mapped to atopological disk having J as its boundary, in other words, to the interior of J . Figure 8depicts the situation.
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Figure 8: Coordinatizing Q000In order to treat the remaining quadrants, we select reference points bi 2 Si, i 2f1; 2; 3g arbitrarily (but none of them should be a vertex of the triangle). We claim thatwe may use coordinates x1 = xbi+1, x2 = xbi+2 in order to represent a point x of thequadrant Qi meeting Q000 in the side Si. (In our original notation, this is the quadrantQe1e2e3 de�ned by ej = 0 for j = i and ej = 1 otherwise.) We have to show that Qi does
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at stable planes 19not meet the line Mi := bi+1bi+2. Now Qi is covered by the lines in the half pencil L0i ,and by Lemma 2.1 these lines intersect Mi within the convex triangle D = Q000, becauseMi separates ai from Si in D. This settles our claim.The pencils Lbj , j 2 f1; 2; 3g will be oriented such that intersection with Sj+1 andSj+2 is orientation preserving. Then we can again think of the coordinate pair (x1; x2)of x 2 Qi as lying in R2 . The points of the side L1i+1 have constant �rst coordinatex1 = Li+1. Their second coordinate x2 = xbi+2 is a line meeting Si [ Si+1, accordingto Lemma 2.1. As it also meets L1i+1, we see that x2 belongs to the pencil segment[Li+2; bi+2ai+2] = fpbi+2 j p 2 Sig. Therefore, L1i+1 is represented in R2 as an open subsetof the Euclidean segment Ai := [(Li+1; Li+2); (Li+1; bi+2ai+2)] containing the end points.Similarly, the image of L1i+2 is contained in Bi := [(bi+1ai+1; Li+2); (Li+1; Li+2)]. The im-age of Si in R2 is an arc Ci which together with Ai and Bi forms a Jordan curve Ji � S1,see Figure 9.
Q

i

i +1xb

i +2i +1 ),L( L

i +2xb

ai

i +2b

Q000

i +1b

i +1L1

i

C A

B

i

S i

i

Figure 9: Coordinatizing QiClearly, the points of Qi represented on Ji are precisely the boundary points. Weclaim that all other points of Qi are represented in the interior of Ji. To see this, considera point z 2 L1i+1 n fai+1; ai+2g. The line K = zbi+2 meets one of the sides Si or Si+1 byLemma 2.1. As it contains the point z 2 L1i+1 n Si+1, there is a point p = K ^ Li 2 Si.It su�ces to show that X := K \ Qi is represented in the horizontal Euclidean segment[(pbi+1; K); (Li+1; K)], which joins a point in Ci to a point in Ai. In other words, wehave to show that the lines xbi+1 for x 2 X belong to the pencil segment [pbi+1; Li+1] notcontaining the line Mi = bi+1bi+2. For the following arguments compare Figure 10.For a �xed point x 2 X, x 6= z, the line xai belongs to the pencil segment [pai; Li+1] �L0i , because the other lines of L0i meet the segment bi+2p � Q000 by Lemma 2.1. It followsthat the point a(x) = xai ^ Li belongs to the segment [p; ai+2] � Si. By Lemma 2.1, theline xbi+1 contains a second point b(x) 6= bi+1 on the boundary of Q000. If bi+1 movesalong Si+1 from ai to ai+2, then this point b(x) moves from a(x) to ai+2, without passingthrough p. Moreover, b(x) depends on bi+1 in a continuous and injective fashion. There-fore, the points b(x) belong to the segment [p; ai+2] � Si for all choices of x and of bi+1.
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Figure 10: Representing the segment XIt follows that the coordinate xbi+1 = b(x)bi+1 belongs to the pencil segment [pbi+1; Li+1]not containing Mi, as stated.Now every side S of a quadrant appears in exactly two quadrants, hence it appears intwo of the Jordan curves enclosing the coordinate domains for the quadrants. The twoJordan curves impose order relations on the images of S, and we have to check that theserelations match if we compare them via the two embeddings of S. This will enable us toapply the results of Section 8 in order to extend the identi�cation of the two copies of Sto an identi�cation of suitably modi�ed intervals in the Jordan curves and thus to obtainour desired embedding.There is no big problem for the connected sides Si, i 2 f1; 2; 3g, because they admitonly two order relations compatible with their topology. Now consider the side L13. Thetwo order relations on its coordinate representations arise as follows. Let fi; jg = f1; 2gand project L13 into Si using the centre bj (this is possible because of Lemma 2.1), andtransport the chosen order (orientation) of Si to L13. We have to show that the tworelations on L13 obtained in this way agree.First we show that the choice of reference points bj has no bearing on the result. Foru; v 2 L13, the set of centres b 2 Sj making u < v is open, by continuity of geometricoperations. Connectedness of Sj implies that all centres give the same result for this pairof points, and then for all pairs. Now �x b2 and the points u; v 2 L13. Let u0 and v0,respectively, be their projections to S1. Choose b1 := u0 and suppose that u0 < v0, as inFigure 11. The lines through v meeting S1 in the segment [b1; v0] form a pencil segment.Each line in this segment intersects Q000 in a line segment, by Lemma 2.1. Together,these segments form a convex quadrangle with vertices b1, v0, and b2 and sides [b1; v0]and [v0; b2]. This implies that the fourth vertex c satis�es b2 < c. Now b2 and c are theprojections of u and v, respectively, to S2 obtained using the centre b1. Hence, the order
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