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Abstract.—Under the coalescent model for population divergence, lineage sorting can cause considerable variability
in gene trees generated from any given species tree. In this paper, we derive a method for computing the distribution
of gene tree topologies given a bifurcating species tree for trees with an arbitrary number of taxa in the case that
there is one gene sampled per species. Applications for gene tree distributions include determining exact probabilities
of topological equivalence between gene trees and species trees and inferring species trees from multiple datasets. In
addition, we examine the shapes of gene tree distributions and their sensitivity to changes in branch lengths, species
tree shape, and tree size. The method for computing gene tree distributions is implemented in the computer program

COAL.
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The results of population genetic and phylogenetic studies
often depend upon the relationships between gene trees,
which represent the evolutionary histories of genes, and spe-
cies trees, which represent the evolutionary relationships for
a set of taxa. For example, in population genetic studies, the
probability that the gene tree topology is equivalent to the
species tree topology can be used to estimate ancestral pop-
ulation sizes (Wu 1991). In phylogenetics, a tree inferred
from a single gene reflects the evolutionary history of the
taxa in the study only if the gene tree and species tree have
the same topology.

Many aspects of biological evolution may result in a gene
tree that is not topologically equivalent to the species tree
for the same set of taxa, including horizontal gene transfer,
gene duplication, hybridization, and nonneutral evolution
(Hein 1993; Syvanen 1994; Maddison 1997; Sang and Zhong
2000). However, even when these forces are not present,
coalescent theory predicts that the topologies of gene trees
show considerable stochastic variation and that thereisthere-
fore a high probability that the topologies of the gene tree
and the underlying species tree will differ (Pamilo and Nei
1988; Takahata 1989). Distributions of gene tree topologies
given fixed species trees have been derived for trees with
fewer than five taxa under the coalescent model (Takahata
and Nei 1985; Pamilo and Nei 1988; Rosenberg 2002). This
paper presents a general method for computing these prob-
abilitiesfor treeswith an arbitrary number of taxa. Thismeth-
od is implemented in the computer program COAL, which
computes the probability of a gene tree given a bifurcating
species tree with the same number of taxa.

Although probabilities for gene trees can be simulated un-
der the coalescent model, computing them directly will help
in assessing the robustness of methods that assume the to-
pological equivalence of gene trees and species trees (Know-
les and Maddison 2002) and in understanding shapes of gene
tree distributions. For example, in a recent paper (Poe and
Chubb 2004), lack of congruence among gene trees was taken
as evidence for a hard polytomy in early Avian evolution.
Although the method proposed here does not model multi-
furcations (polytomies), the ability to calculate exact gene

tree probabilities for larger trees than previously possible will
enable the investigation of the effects of arbitrarily short
branches on gene tree distributions. These distributions can
also be used to implement Maddison’s (1997) proposal to
infer species trees in a maximum likelihood framework. This
approach is important because it incorporates information
from several genes without assuming that the datasets can
be concatenated and treated as a single gene, as advocated
by severa others, for example, Rokas et al. (2003). Other
applications include testing phylogeographic hypotheses
(Knowles and Maddison 2002) and inferring population pa-
rameters (such as ancestral population size, ®; Felsenstein
2004).

BACKGROUND AND TERMINOLOGY

The coalescent process models divergence between gene
lineages by considering the time from the present, when the
genes are sampled, to the time when the genes diverged.
Looking at gene lineages from the present to the past, the
divergence between two lineages can also be called ‘‘a co-
alescence,”’ or ‘‘coalescent event.”” Because it is sometimes
more convenient to refer to time backwards, starting from
the present, the words * ‘before,”” “*after,”” ‘*beginning,”” and
““until’’ are sometimes used so that, for example, ** before’’
means ‘‘ more recently than.”” The phrase ‘‘prior to’’ is used
to mean ‘*more ancient.”’ For the problem considered in this
paper, only one gene is sampled per population, and intra-
specific variation is not modeled. In this case, coalescence
between two lineages can only have occurred either at or
prior to the time that their most recent ancestral population
diverged.

As an example, for the species tree in Figure 1a, although
B is more closely related to C than to A, the population that
was ancestral to B and C (but not to A) might have had two
lineages whose most recent common ancestor existed prior
to the root of the tree. In this case, the version of the gene
that survived in the B lineage might have been a direct de-
scendant of the lineage that gave rise to A, and the version
of the gene that survived in the C lineage might have been
a direct descendant of the lineage giving riseto D, E, F, and
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(a,b) The species tree and gene tree, respectively, for the seven-taxon example, with internal nodes (equivalently, internal

branches) labeled according to a postorder traversal (Rosen 1999) so that no node has a lower number than any of its descendants. (c)
Another representation of the species tree. The bifurcation points (upside-down v’s), which are pointed to by the dotted lines in (c),
correspond to the nodes of the tree in (a). Note that (a) and (c) are drawn to the same scale, so that the branch lengths of (a) are the
same as the distances between the corresponding nodes of (c). (d) The gene tree with the branch lengths changed and curved so that it

can be superimposed on the species tree (c) to produce Figure 2a.

G. (See Fig. 2 for several scenarios in which this occurs.)
Therefore, even though B and C share a recent ancestral
population, the B and C lineages for the gene of interest are
only related by a much more ancient ancestral population.
Because this population must be at least as ancient as the
root, it must be ancestral both to the ((DF)(EG)) clade (with
which C has coalesced) and to A (with which B has coa-
lesced). In this case, lineage sorting causes the gene tree and
species tree to have different topologies. Because different
genes can have separate evolutionary histories, there is no a
priori reason to expect that gene trees based on different genes
should have the same topologies. By sufficiently changing
the branch lengths (and, for graphical purposes, allowing the
branches to bend), any gene tree can be made to fit within
any species tree (Fig. 1d). To see that this is always true,
note that there is always the possibility that none of the gene
lineages coalesce more recently than the root of the species
tree. If all lineages coal esce prior to theroot, then the lineages
can coalesce in any order, thereby producing any desired
topology for the gene tree. As will be seen below, however,
gene trees with topologies radically different from that of the
species tree tend to have very low probabilities.

Coalescent theory, which models coalescent times for a
set of lineages, can be used to calculate the probability that
two or more lineages coalesce within a fixed amount time.
By treating the species tree (including branch lengths) as
fixed, one can calculate the probability that, for instance, two
lineages coal esce into one, or more generally that u lineages
coalesce into v lineages, within the amount of time deter-
mined by the length of the branch. This probability can then
be expressed as p,(T), where T is the length of the branch.

Hereu = v =1, and if u = v, then p,(T) is the probability
that no coalescences occur in the length of time T. In the
coalescent model, T = t/(2N), where t is the number of gen-
erations and N is the effective population size—the number
of diploid individuals—which is assumed to be constant (Ta-
jima 1983; Takahata and Nei 1985). An expression for this
probability was given by Rosenberg (2002) and was derived
earlier by several others (Tavaré 1984; Watterson 1984; Tak-
ahata and Nei 1985):
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By counting the number of ways that a gene tree could
have arisen on the species tree and determining the p,,(T)
term for each branch, one can calculate the probability of a
gene tree for a fixed species tree. This is feasible to do by
hand for small trees (e.g., fewer than six taxa). For larger
trees, the notation and concepts that follow can be used to
develop an algorithm for the computation.

This method requires keeping track of lineagesfrom agene
tree coalescing on branches of the species tree. The internal
nodes of the trees are labeled according to a postorder tra-
versal (Rosen 1999; Fig. 1). Theterms‘‘node’” and *‘clade’’
are used interchangeably, so that, for example, the clade
((DE)(FG)) of the species tree in Figure lais called either
node 5 or clade 5. In addition, each branch has the number
of the node incident to that branch and closer to the tips of
the tree. For example, branch 5 of the species tree is the
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Fic. 2. Four of the 10 valid histories for the species and gene trees shown in Figures 1a and 1b, respectively. Each subfigure shows
one instantiation of the coalescent history. For example, (a) shows D and F coalescing to form (DF) before E and G coalesce to form
(EG), athough the other order is also consistent with the gene tree topology. For the histories in (a) and (c) there are two instantiations.
The histories in (b) and (d) have one and 10 instantiations, respectively.

branch connecting clade 5 and the root. Note that rooted
bifurcating trees with n taxa have n — 1 internal nodes (in-
cluding the root) and n — 2 internal branches.

The phrase ‘‘clade k coalesces on branch b’ is used to
mean that the two subclades of clade k on the gene tree,
which can be regarded as lineages, coalesce on branch b of
the species tree. For the trees in Figure 1, ‘‘clade 3 of the
gene tree coalesces on branch 5 of the species tree’”” means
that E and G, the two lineages in (EG), coalesce on branch
5 of the species tree. Although the tree in this example does
not have a sixth branch, the phrase ‘‘clade 5 coalesces on
branch 6’ isinterpreted to mean that the ((DF)(EG)) lineage
and the C lineage coalesce prior to the root.

A set of coalescences can be represented as a vector h =
(hy, hy, ..., h,_5). Each element of h corresponds to an
internal node (or clade) of the gene tree (not including the
root), and the value of the element of the vector isthe branch
of the species tree on which the clade coalesces. Hence hy
= bif and only if clade k of the gene tree coal esces on branch
b of the species tree, with the interpretation that if hy = n —
1, then clade k coal esces prior to theroot. A vector h iscalled
a ‘‘coalescent history.”’

Not every vector h corresponds to a coalescent history that
is consistent with the gene and species tree topologies. To

be consistent with the gene tree and speciestree, coal escences
between two lineages must occur at least as anciently on the
species tree as the most recent common ancestor of the lin-
eages coalescing. In addition, a coalescent history cannot
require a clade of the gene tree to coalesce more recently
than one of its descendants. A useful way of counting coa-
lescent histories is to propose a vector h and then to check
whether h corresponds to a history. If a proposed coal escent
history h is consistent with the gene and species trees, then
the history is “‘valid.”” The use of ‘‘history’’ or ‘‘coalescent
history’’ without qualification refers to a valid history. For
the trees considered above, (2,6,5,5,5) is not a valid history
because clade 5 of the gene tree cannot coalesce on branch
5 of the species tree. Clade 5 of the gene tree can only co-
alesce prior to the most recent common ancestor (in the spe-
cies tree) of all taxa present in clade 5 of the gene tree: C,
D, E, F, and G. Because this most recent common ancestor
is the root of the tree, clade 5 can only coalesce prior to the
root. Hence hs is necessarily 6 for any valid history for these
trees.

There are 10 valid histories (Table 1) for the species tree
and gene tree used above, four of which are shown in Figure
2. A more compact display of these histories, which depicts
all 10 histories simultaneously on the same tree, is provided



As = 0.01
.0000000009
.0000000426
.0000004206
.0000004206
.0000055239*
.0000000001
.0000000040
.0000000351
.0000000351
.0000004117

A = 0.01
.0003055344*
.0000678507
.0000018670
.0000018670
.0000000391
.0000318810
.0000063719
.0000001558
.0000001558
.0000000029

Branch lengths
0.2
.0000407575
.0000862809
.0000339637
.0000339637
.0000165249
.0000552466
.0001052582*
.0000368301
.0000368301
.0000159996

0.5
.0001923529*
.0001272950
.0000137307
.0000137307
.0000015775
.0000746299
.0000444496
.0000042618
.0000042618
.0000004372

1.0
.0001135295*
.0000252118
.0000006937
.0000006937
.0000000145
.0000118462
.0000023677
.0000000579
.0000000579
.0000000011

Probability
Y3P22 (N 1) ¥3P32 (A 2) P22 (N 3) P22 (N 4) Z6YaPa1 (As)
Y6YaP22(N 1) ¥3P32 (N2) P22 (N 3) P22 (N4) %6¥3Pa2 (N5)
Y10%6Y3P22 (N 1) YaP32 (A2) P22 (N 3) P22 (A1) YePas (Ns)
Y10%6Y3P22 (N 1) YaP32 (A2) P22 (N 3) P22 (N4) YePas (Ns)
%15%10%6YaP22 (N 1) Y5P32 (N 2) P22 (N 3) P22 (Na) Paa(Ns)
%6¥3P22 (N 1) Paz(A2) P22 (N3) P22 (N a) Z5YaPa1 (Ns)
$10Y6¥aP22 (\1)P33(A2) P22 (A3)P22(N4) %6 ¥5P42 (N5)
Y15%10%6Y3P22(N 1) P33 (N2) P22 (N 3) P22 (N 4) YePaz (Ns)
Y15%10%6YaP22 (N 1)Paz(N2) P22 (N 3) P22 (M4) YePas (Ns)
1051 Y15%10% Y3022 (N 1) P33 (A 2) P22 (N3) P22 (N a) Paa (N5)

History
(2,5,5,5,6)
(2,5,5,6,6)
(2,5,6,6,6)
(2,6,5,6,6)
(2,6,6,6,6)
(6,5,5,5,6)
(6,5,5,6,6)
(6,5,6,6,6)
(6,6,5,6,6)
(6,6,6,6,6)

TABLE 1. Probabilities of each coalescent history for the seven-taxon species tree and gene tree shown in Figures 1a and 1b, respectively. In the first three branch length
Total

columns, all branches of the species tree have the indicated length. The fourth and fifth columns have all branches with length 1.0 except the indicated branch. For the fourth
column, one branch that is closest to the tips is set to 0.01; for the fifth column, the branch set to 0.01 is one of the two most basal branches (the one on the right). For each

pattern of branch lengths, the history with the highest probability is indicated by an asterisk. The row of totals shows the total probability of the gene tree given the species

tree, which is the sum of the probabilities of each history when the species tree has the indicated branch lengths.
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9 Fic. 3. The set of coalescent histories can be represented more
£ compactly by showing, on each branch of the speciestree, the clades
8 of the gene tree that coalesced on that branch. Branches that have
Q no coalescent events for any of the histories are left blank. The
coalescent histories are separated by semicolons, and an empty set
symbol indicates that for that history, nothing coalesced on that
© branch. As an example, for the histories ordered as in Table 1, the
I\ second coalescent history, (2,5,5,6,6), has clade 1 of the gene tree
© coalescing on branch 2 of the species tree, clades 2 and 3 of the
S gene tree coalescing on branch 5, and clades 4 and 5 coalescing
=] prior to theroot. This method of representing all coal escent histories
: can preserve information regarding the ordering of coalescent
events within a branch. The labeling (2,3,4; 2,3; 2; 3; g; 2,3,4; 2,3;
2; 3; @) on branch 5 suggests that for the first, second, sixth, and
IS4 seventh histories, the coalescent event forming the (DF) lineage,
5 which is clade 2 of the gene tree, occurred before the event forming
3 the (EG) lineage, which is clade 3 of the gene tree.
3
o]
Q

in Figure 3. The history (2,5,5,6,6) (Fig. 2a) indicates that
A and B coalesce on branch 2 of the species tree to form the
(AB) lineage, D and F coalesce on branch 5 to form (DF),
E and G also coalesce on branch 5 to form (EG), and the
remaining two clades coalesce prior to the root. If two or
more lineages coalesce on the same branch (or prior to the
root), then the coalescent history does not distinguish the
order of these coalescences. For the history (2,5,5,6,6), two
clades coalesce on branch 5, (DF) and (EG), and either order
is possible: either D and F coalesces first to form (DF) before
E and G coalesce, or E and G coalesce first to form (EG)
before D and F coalesce. Although there are also two coa-
lescent events on branch 6 (prior to the root), only one or-
dering is consistent with the gene tree because (DF) and (EG)
must coalesce to form ((DF)(EG)) before C can coalesce with
(DF)(EG)). Thus there are two ways for the history
(2,5,5,6,6) to occur that are consistent with the gene tree
topology. Orderings of coalescent events that are consistent
with the genetree arereferred to asdifferent * ‘instantiations’’
of the same history. Hence, there are two instantiations of
the history (2,5,5,6,6). Calculating the probability of a gene
tree requires counting how many orderings of coalescent
events on a given branch are ‘‘correct,”” in the sense that
they are consistent with the gene tree topology. The number
of instantiations of a coalescent history depends on the num-
ber of correct orderings of coalescent events for each branch.

Given a fixed species tree, the probability of a gene tree
can be obtained by adding the probability of each valid his-
tory. The probability of aparticular history can be determined
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from the probability of the events on each branch, using the
pPuw(T) terms from equation (1). Here the probability that u
lineages coalesce into v lineages on a specific branch must
also reflect the possibility that there might be more than one
way for these coalescences to occur. Assuming that all pos-
sible orderings, correct and incorrect, are equally likely (this
follows the model of Yule [1924]), and that u lineages have
coalesced into v lineages, the probability that the ordering of
events on the branch is consistent with the gene tree is the
number of correct orderings divided by the number of pos-
sible orderings. Multiplying the probabilities of the events
on different branches yields the probability of the coal escent
history for the entire tree. (These probabilities are not nec-
essarily independent because they depend on the events of
descendent branches. This will be discussed below.) Given
a list of coalescent histories and the probabilities of events
on each branch, the overall probability of a gene tree given
a species tree can be obtained.

Under the coalescent model, for a given n-taxon species
tree with topology ¢ and vector of branch lengths N = (A4,
N2, ..., N\n_2), Where each \, is measured in units of 2N
generations, the gene tree topology G is a random variable
with probability mass function

g s WO )
PaC =0 = > am ol G

The sum is over all histories h taken from the set H,(g) of
all valid coalescent histories for the particular gene tree and
species tree. The product is taken over all internal branches
of the species tree, labeled 1, 2, ..., n — 2. The terms
Puyhyvy(Ab), Which can be determined from equation (1), are
used to calculate the probability, for a particular coalescent
history h and a particular branch b, that uy,(h) lineages co-
alesce into vy(h) lineages in the time Ay, the length of branch
b. Here 2 = uy(h) = 8, where 3, is the number of taxa for
which branch b is an ancestor, and 1 = vy(h) = uy(h). The
terms wy(h)/dy(h) and w(h)/d(h) determine the probability
for each branch and prior to the root that the coal escent events
are consistent with the gene tree. Here wy(h) is the number
of ways that coalescent events on a branch can occur con-
sistently with the gene tree, and dy(h) is the number of pos-
sible orderings of events.

The next two sections provide details for enumerating co-
alescent histories and for computing the necessary terms in
equation (2), and can be skipped without loss of continuity.
These are followed by discussions regarding the shape of
gene tree distributions, the number of coalescent histories,
applications, and possible extensions.

PuyyvpyNp)- (2

ENUMERATING COALESCENT HISTORIES

To enumerate the set of valid coalescent histories H,(g),
each proposed coalescent history h can be identified with an
integer h = 2’22 (h, — 1) (n — 1)"-2-k The values of h are
at most (n — 1)"-2 — 1, which corresponds to the coal escent
history h = (n— 1, n—1, ..., n — 1). This vaue of h
occurs when all clades of the gene tree coalesce prior to the
root. If a proposed history h is valid, then h O H,(g). The
problem of determining the set of valid coalescent histories
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is to enumerate values of h for which 0 = h = (n — 1)n2
— 1 and that correspond to valid histories.

To check whether a proposed coalescent history h = (hy,
h,, ..., h,,) isvalid, it must be the case that if h, = b, that
is, if clade k of the gene tree coalesces on branch b of the
speciestree, then all of thetaxain clade k must be descendants
of branch b on the species tree. These restrictions on valid
coal escent histories can be summarized inamatrix M = (m),
where m;; = 1 if clade j of the gene tree only includes taxa
that are also in clade i of the species tree; otherwise, my; =
0. Therefore, a necessary condition for a coalescent history
h = (hy, hy, ..., h,_,) to bevalid isthat if hy = b, and if b
=n- 2, thenmy =1foral k=12 ..., n— 2 Note
that any clade of the gene tree can coalesce prior to the root
of the species tree, and that the clade associated with the root
of the gene tree can only coalesce prior to the root of the
species tree. Consequently, we only need to keep track of
clades 1, 2, ..., n — 2 of the gene tree and branches 1, 2,
..., h— 2 of the species tree, so the M matrix is (n — 2)
X (n — 2).

For even a moderate number of taxa, the maximum value
of h, (n — 1)»2 — 1, is unmanageably large. To reduce the
number of histories that must be evaluated, h can be incre-
mented more rapidly by skipping over large numbers of con-
secutively occurring histories that are not allowed. In par-
ticular, if the proposed coalescent history has the form h =
(hy, hyy ..oy, 1, ..., 1) with he = b > 1 and my = 0,
then that history is prohibited by the M matrix, as are all
remaining vectors that have h, = b. If the proposed histories
are enumerated sequentially, then the next (n — 1)"2k — 1
histories are invalid, and therefore do not need to be checked.
This greatly reduces the number of histories that must be
evaluated.

As an example of filling in the M matrix for Figures la
and 1b, consider ms,. Because all taxain clade 2 of the gene
tree are present in clade 5 of the species tree, a valid coa-
lescent history might have clade 2 of the gene tree coalesce
on branch 5 of the species tree. Therefore, mg, = 1. Filling
in the matrix yields

0o
ul
Oo.

0 3
0]
Ono

<

I
SIS O]
~ OoOooo
oooo
» Oooo

1

Recalling that any clade can coalesce prior to the root (i.e.,
branch 6), this M matrix specifies that clade 1 can only co-
alesce on branch 2 or 6; clades 2, 3, and 4 can only coalesce
on branch 5 or 6; and clade 5 can only coalesce prior to the
root.

A further restriction for a coalescent history h to be valid
isthat if i and j are clades of the gene tree and j is an ancestor
of i, then i must coal esce more recently than j or on the same
branch of the species tree as j. Again, these restrictions can
be represented as a matrix R = (rj;) wherer; = 1if and only
if i is an ancestor of j on the gene tree; otherwise, r; = 0.
A coalescent history h = (hy, ..., h, ..., h, ..., hp),
withl =i <] =n — 2, isnot permissible if h; < h; and ]



GENE TREE DISTRIBUTIONS 29

is ancestral to i. Note that numbering the branches by a post-
order traversal is crucial here.

Similarly, let S = (s;) be the matrix for the species tree
where s; = 1 if node i is ancestral to node j; otherwise, s;
= 0. For the example above,

© 0 0 0 O
H)ooooD

R=®© 0 0 0 0g and (4a)
B)llOOD
M 1 1 1 0g
M 0 0 O Og
HLOOOOD

S=® 0 0 0 Op (4b)
@ooooﬂ
M 0 1 1 Og

As an example of how the R matrix is used, consider the
proposed but invalid history h = (2,5,6,5,6). Although this
history does not violate the restrictions of the M matrix, it
is not a valid history because on the gene tree, clade 4 is an
ancestor of clade 3 (r,3 = 1), and therefore clade 3 of the
gene tree must coalesce on the same branch or a descendent
branch from where clade 4 coalesces on the species tree.
Because h has h, < hs, the proposed history is invalid.

To determine the set of valid coalescent histories, all vec-
torsh = (hy, hy, ..., h,_,) that satisfy 0 = h = (n — 1)" 2
— 1 can be enumerated, and those that violate restrictions
given by either the M or R matrices can be discarded. In

summary, h 0 H,(g) if and only if: (1) forall k=1,...,n
—2,ifhy=n— 2 thenmy, = 1, and (2) for al i, j O {1,
2,...,n—2},if hy <h, thenr; = 0. Computational savings

similar to the case of the M matrix can be achieved by skip-
ping over proposed histories with the pattern h = (hy, .. .,

i oo, Nyoooo, hyp) where by < hy and r;; = 1. For the
seven-taxon example gene tree and species tree, the valid
coalescent histories are listed in Table 1. (Note that by taking
advantage of the postorder traversal labeling and the fact that
these matrices are lower triangular, the R and S matrices can
be represented as (n — 2)-dimensional vectors, r and s, rather
than (n — 2) X (n — 2) matrices. Let r, = 0 if the kth row
of the R matrix has only zeros; otherwise, let r, be the min-
imum value of j that satisfies r,y = 1. The definition of s is
anal ogous.)

THE PROBABILITY OF A COALESCENT HISTORY

Because a fixed, valid coalescent history h = (hy, ...,
h,_,) is assumed in this section, the notation that indicates
dependence on h can usually be dropped.

Calculating py,,(Ap)

To calculate py,,(Ay), one can first determine the subscripts
u, and v, and then apply equation (1). The subscript uy is the
number of lineages present at the beginning of branch b of
the species tree, that is, the number of lineages on a branch
before any coalescent events have occurred. This is equiv-
alent to the number of taxa present in clade b of the species
tree minus the number of coalescent events on branches de-

scended from branch b of the speciestree. Using the postorder
traversal labeling, node 1 necessarily has two descendants,
and for b > 1, the number of taxa 3, in clade b of the species
treeis

b-1
8p = 2+ O, Sy (5)
y=1
For b > 1,
b-1n-2
Up = 8p — >, > (N = Y)Suy, (6)
y=1 k=1

where I(h, = y) = 1 if clade k of the gene tree coalesces on
branch y of the species tree; otherwise, I(h, = y) = 0. For b
= 1, up is necessarily 2.

The subscript v, is the number of lineages still remaining
on the branch after all coalescences have occurred, which is
U, minus the number of coalescent events on branch b:

n-2
Vp = Uy — gl I(hg = b). (7)

Because the species tree branch lengths A, are known,
Puy,(Ab) can be determined from equations (1), (6), and (7)
for any particular coalescent history, h.

Calculating wy, and d,

If a branch has at least one coalescent event, then thereis
a possibility that the events on that branch are inconsistent
with the gene tree topology. The coefficients w, and d,, reflect
the probability that the coal escences within a branch are con-
sistent with the gene tree. Here w, is the number of correct
orderings for the coalescent events within a branch, and d,
is the number of possible orderings (including incorrect or-
derings). Assuming that all possible orderings of lineages are
equally likely, wy/dy, is the probability that the coalescent
events on branch b are consistent with the gene tree.

If u, = v, then there are no coal escences on branch b, and
Wy = dy = 1. Also, if u, = 2 and v, = 1, then there is one
coal escent event on that branch, but only one coal escent event
is possible (the two lineages coalesced), so there is no pos-
sibility that the coalescent event occurs in the wrong order,
and again w, = d, = 1.

When there are more than two lineages at the beginning
of abranch and there is at least one coalescent event, so that
u, > 2 and u, > v, then the probability that the coal escences
are consistent with the gene tree is strictly less than one. If
U, = Vp + 1 (i.e, if there is exactly one coalescent event),
then there is only one possible ordering, and again w, = 1.
However, if u, > v, + 1, there may be more than one way
for the coalescences to occur. As an example, for the seven-
taxon case given above and the history (2,5,5,6,6), because
branch 5 on the species tree has lineages D, E, F, and G
coalescing into two lineages, (DF) and (EG), either D and F
coalesced first, meaning closer to the tips of the tree, or E
and G coalesced first. Because there are two correct orderings
for these two coalescent events, the numerator of the coef-
ficient of pso(N\s) isws = 2.

In general, if the number of coalescent events on branch
b is ¢, and if there are no restrictions on the ordering of the
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coalescences, then w, = ¢!. (Note that ¢y, is just u, — .)
To check whether there are restrictions, one must check
whether any of the clades coalescing is an ancestor of another
clade. For example, ((DF)(EG)) is an ancestor of (EG).

These restrictions are provided by the R matrix. Let by,
by, . . ., b, bethe clades coal escing on branch b of the species
tree. Recall that a clade b; can coalesce before clade b; only
if rpp, = 0. 1f therehave not been any coal escences on branch-
es descended from branch b of the species tree, then the
number of ways, w,, for the coalescences on branch b to
occur can be obtained directly from the appropriate rows of
R. In particular,

Cp l
Wp = Cp! l_[l — Tz - (8)
- 1+ 2 rbyz
z=1

This formula is explained in Appendix 1.

If there have been coalescences more recent than branch
b on the species tree, however, then an updated version of
the R matrix is needed. Here the R matrix is only used to
count the number of restrictionsfor the ordering of coal escent
events within a branch, so what is needed is a matrix R(" =
(r§W) for whichr() = 1if branchi of the genetreeisancestral
to branch j of the gene tree, and clade j did not coal esce more
recently than i on the species tree; otherwise, rf) = 0. Using
this updated matrix (which must be recomputed for each co-
alescent history), the above formula still holds:

Cp 1
Wp = Cp! Hl —hz - ©)
Trie X rf)
(Updating R with R solves the dependence problem be-
tween the branches alluded to earlier because the events on
a particular branch b are independent of the events on other
branches given the information contained in RM™, u,, and v,
regarding events on branches descended from b.) Letting c,,_4
be the number of coalescent events more ancient than the
root and w,_; := w be the number of correct orderings of
coalescent events more ancient than the root, equation (9)
still holds for b = n — 1.

The number of instantiations of a coalescent history isthe
product of the w;, terms taken over all the branches:

e +zrg;>z

Here products from one to zero are considered to be one. See
Graham et al. (1994, pp. 62, 106, 501-502) for discussions
about conventions regarding empty products and sums. Be-
cause the ordering of coalescent events is independent be-
tween branches, each instantiation of a coalescent history is
equally likely.

The denominators, d,, are more straightforward. If there
is at least one coalescence on branch b, then consider any
one of the orderings of coalescences counted by w,. If there
are ¢, coalescent events on branch b and u,, lineages at the
beginning of the branch, then there are (%) possible coales-
cences as the first coalescent event. In the seven-taxon tree

(10)

example, consider the case that branch 5 of the species tree
has D and F coalescing into (DF) first, followed by E and G
coalescing into (EG). Of the four lineages, D, E, F, and G,
the probability that two chosen at random are D and F is
1/(8). Given that D and F have coalesced, there are three
lineages, (DF), E, and G, that must coalesce into two. The
probability that E and G coalesce before (DF) coal esces with
either E or G is 2/(3). The denominator of the coefficient of
Pso(\s) is therefore ds = (8) X (3).

If the coalescent events on a particular branch are labeled
Ky, Ko, ..., K, then the probability that k; occurs first is
(%); the probablllty that k, happens second, given that k;
occurred first, is 1/(Ys1); and the probability that the coa-
lescent event k., happened last, given that events kg, ky, . . .,
Ke, 1havea|ready occurred, is1/(%%*1). The probablllty that
a set of coalescent events on a branch occur in a particular
order is therefore (for c, > 0):

1 %t

d_biyzo ub—y'
2

The quantity d, is essentially the same as I, in Rosenberg
(2003).

For coalescent events prior to theroot, 1/d isthe probability
of any particular ordering. Let 1/d,_; ‘= 1/d. Then letting
U,_1 be the number of lineages prior to the root (before any
coalescences prior to the root), equation (11) still holds with
b=n- 1 Thetermu, ;is1 + 2% I(hy = n — 1). Inthe
example seven-taxon gene tree and species tree, the 10 valid
coalescent histories are shown graphically on the speciestree
in Figure 3. Table 1 lists these histories and their probabil-
ities. For trees with long branches, most of the probability
of the gene tree is determined by histories that have coal es-
cences as close to the tips as possible; trees with shorter
branches have more of the probability on histories with deep
coalescences. As an example, the first history listed in Table
1, which has the fewest deep coal escences, accounts for more
than two-thirds of the probability when the species tree has
branch lengths of 1.0, but less than one-half of the probability
when the species tree has branch lengths of 0.5.

(11)

THE PrOBABILITY MAss FuNcTION P, ,(G = @)

Substituting equations (6), (7), (9), and (11) into (2) yields
the full formula for the probability of a gene tree for agiven
species tree. To simplify the formula, let p, ,mv, jm(Mn-1)
:= 1. (Because there is no branch ancestral to the root, \,_1
is, strictly speaking, meaningless, or \,_; can be considered
infinite.) Then

P,a(G =9
Cp(h) -1
e 111+ S g,
= 2 H y (\p)
hoH,(g) b=1 o)1 <ub(h) — y) Pupnyvi(h) (Mo
y=0 2

=]
[uy

:21:[

hoH,(g) b

pub(h)vb(h)()\b)
up(h) — y + 1
1+ 3 g0

(12)

fl
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