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Abstract

This thesis involves solving problems associated with object recognition
for two dimensional images under a projective transformation.
In order to recognise an object under any viewing angle requires invariant

features to be identified. These invariant features can be used to match two
images arising from two different views of a single object.
One invariant is the projective curvature which characterises all curves

up to a projective transformation. However the projective curvature depends
on seventh order derivatives so is very sensitive to noise in the discretisation
of the images and is of little practical use.
Using links between the projective group and its subgroups, invariant

points are found which depend on much lower order derivatives so are less
sensitive to noise. They can be located on the images using a smoothing
process then used to match the curves. However the smoothing process in-
troduces error into the invariant points so that there will be error in the
matching. This will not cause a problem if the two images have significantly
different image features as then they can be detected within the wider tol-
erances of error. But this will cause a problem in distinguishing two images
which are similar but different as it will not be known whether the error in
the matching is due to error in the identification of the invariant points or
not.
A method, called the canonical form method, is developed incorporating

an error analysis which corrects the error in the matchings of the images.
This enables two similar but different two dimensional objects to be distin-
guished. It also provides the background knowledge to solve new problems
as they arise.
In addition to this practical method for two dimensional object recogni-

tion, a new characterisation of curves under the projective group and two of
its subgroups is done using potentials and an alternative method for deriving
and representing the projective curvature is given.
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Chapter 1

Introduction

1.1 Derivation of differential invariants on R2.

1.1.1 Notation and framework

Note, all the following definitions can be generalized to any manifold.

Lie group

An r-parameter Lie group is a group G which also carries the structure of an
r-dimensional smooth manifold in such a way that both the group operation

m : G×G �→ G, m(g, h) = g · h, g, h ∈ G,

and the inversion

i : G �→ G, i(g) = g−1, g ∈ G,

are smooth maps between manifolds.

Lie group action on R2

A Lie group action on R2 is given by a Lie group G with identity element
e, an open subset U, with

{e} ×R2 ⊆ U ⊆ G×R2,

which is the domain of definition of the group action, and a smooth map
Ψ : U �→ R2 with the following properties:
(a) If (h, z) ∈ U, (g,Ψ(h, z)) ∈ U, and also (g · h, z) ∈ U, then

Ψ(g,Ψ(h, z)) = Ψ(g · h, z).

1



2 CHAPTER 1. INTRODUCTION

(b) For all z ∈ R2,

Ψ(e, z) = z.

(c) If (g, z) ∈ U, then (g−1,Ψ(g, z)) ∈ U and

Ψ(g−1,Ψ(g, z)) = z.

For (x, u) ∈ R2, Ψ(g, (x, u)) is denoted by g ·(x, u) whenever it is defined.
Here x ∈ X, the space of the independent variable, and u ∈ U , the space of
the dependent variable.
Given a smooth function u = f(x), it induces a function u(n) = pr(n)f(x),

called the nth prolongation of f , where pr(n)f : R �→ Rn+1 is the vector
consisting of all the derivatives of u = f(x) of orders from 0 to n. This n+1
dimensional space is denoted by U (n). For example, the second prolongation
u(2) = pr(2)f(x) is given by

(u ; ux, uxx) = (f ;
df
dx

,
d2f

dx2
)

all evaluated at x. The total space X × U (n) ⊆ Rn+1, whose coordinates
represent the independent variable, dependent variable and the derivatives
of u up to order n is called the nth order jet space of the underlying space
X × U .

Prolongation of group actions

Suppose G is a Lie group action defined on some open subsetM ⊆ X×U . A
given transformation g ∈ G transforms a function u = f(x) in the following
way. Identify u = f(x) with its graph,

Γf = {(x, f(x)) : x ∈ Ω} ⊆ X × U,

where Ω ⊆ X is the domain of definition of f . If Γf ⊆ Mg, the domain of
definition of the group transformation g, then the transform of Γf by g is,

g · Γf = {(x̃, ũ) = g · (x, u) : (x, u) ∈ Γf}.

By suitably shrinking the domain of definition Ω of f , for elements g near
the identity, the transform g · Γf = Γf̃ is the graph of some single-valued
smooth function ũ = f̃(x̃). The function f̃ is denoted by f̃ = g · f and is
called the transform of f by g.
Now there is an induced action of G on the n-jet space X × U (n) called
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the nth prolongation of G and is denoted pr(n)G. This prolongation is
defined so that it transforms the derivatives of the function u = f(x) into the
corresponding derivatives of the transformed function ũ = f̃(x̃). Suppose
(x0, u

(n)
0 ) is a given point in U (n). Choose an arbitrary smooth function

u = f(x) defined in a neighbourhood of x0 which has the given derivatives
at x0,

u
(n)
0 = pr(n)f(x0).

Let ũ = f̃(x̃) be the transformed function under g ∈ G. The action of the
prolonged group transformation pr(n)g on the point (x0, u

(n)
0 ) is defined by

pr(n)g · (x0, u
(n)
0 ) = (x̃0, ũ

(n)
0 ).

See section 1.1.2 for an example of this. Note by the chain rule this pro-
longed group action is independent of the function f(x).

Maurer-Cartan forms

Let G be an r dimensional Lie group and Lg : h �→ g · h denote the
standard left multiplication map.

Definition A one-form µ on G is called a (left-invariant) Maurer-Cartan
form if it satisfies,

(Lg)∗µ = µ for all g ∈ G,

where the symbol ∗ is the standard notation for the pull back. An intro-
duction to differential geometry can be found in [5].

A way of explicitly determining the Maurer-Cartan forms on a given Lie
group is to realize the group G ⊂ GL(n) as a matrix Lie group. Let A =
A(g1, . . . , gr) ∈ G represent the general matrix in G, which is parametrized
by local coordinates (g1, . . . , gr) near the identity. Then the independent
entries of the n× n matrix of one-forms

µ = A−1dA

form a basis for the left-invariant Maurer-Cartan forms on G, where

dA =
r∑

i=1

(
∂A

∂gi

)
dgi.
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1.1.2 Regularization

A general method for deriving the differential invariants of Lie group actions
on manifolds, together with a rigorous theoretical justification was developed
in [3]. For the case of r dimensional Lie group actions on R2, the theory says
that the fundamental differential invariant, called the curvature, which
characterises all curves up to a Lie group transformation g ∈ G can be
derived in the following way.

Consider the (r−1)st prolonged group action pr(r−1)g ·(x, u). Normalize
the r parameters by setting

pr(r−2)g · (x, u) = (x̄0, ū
(r−2)
0 )

for some point (x̄0, ū
(r−2)
0 ) ∈ X̄×Ū (n) and solving for the parameters in terms

of x, u and the derivatives of u up to order r−2. These are then substituted
into the (r+1)th component of pr(r−1)g · (x, u). This gives the fundamental
differential invariant. Note that higher order differential invariants can be
found by substituting these parameters into the components of higher order
prolongations of g. This method is applied on the following example.

Consider the group action SL(2) on R2 given by,

(x, u) �−→ (x̄, ū) = (ax+ bu, dx+ eu), det

(
a b

d e

)
= 1

so that r = 3. The second prolonged group action is given by,

pr(2)g · (x, u, ux, uxx) = (x̄, ū, ūx̄, ūx̄x̄)

where,

ūx̄ =
d+ eux

a+ bux
, ūx̄x̄ = (ae− bd)

uxx

a+ bux
.

Now using the normalization x̄ = 0, ū = 1, ūx̄ = 0 and the condition
ae− bd = 1, the equations

ax+ bu = 0, dx+ eu− 1 = 0, d+ eux = 0, ae− bd− 1 = 0

are solved for a, b, d and e. This gives

a = u, b = −x, d = − ux

u− xux
, e =

1
u− xux
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These are then substituted into ūx̄x̄ which yields

κ =
uxx

(u− xux)3
.

This is the fundamental differential invariant for this Lie group action.

The curvatures presented in later sections of other Lie group actions on R2

can all be derived in a way similar to the above example.

Note, in the final chapter, it is shown that certain subgroups of the
projective group can be prolonged to a group action involving integrals.

The group GL(2) (with det

(
a b

d e

)
�= 0 above) is one such group. Thus,

using the regularization method, the fundamental invariants can be derived
which depend on x, u and integrals involving x and u.

1.1.3 Moving coframes

The following method is an alternative method to regularization for calcu-
lating the differential invariants of Lie group actions on R2, as well as the
group invariant arclength element which was developed in the paper [2].
For a rigorous theoretical justification of this method see [3]. This method
will be explained using the Lie group action of a subgroup of the projective
group on R2.

Consider the group action G on R2 given by,

(x, u) �−→ (
x

ρx+ σu+ τ
,
λx+ µu+ ν

ρx+ σu+ τ
), det

(
µ ν

σ τ

)
= 1,

where an element A ∈ G is given by,

A =



1 0 0
λ µ ν

ρ σ τ


 .

The six independent Maurer-Cartan forms are components of the matrix

µ =



0 0 0
µ1 µ2 µ3

µ4 µ5 µ6


 = A−1dA.

These are given by,
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µ1 = τdλ− νdρ, µ2 = σdν − 1 + νσ

τ
dτ, µ3 = τdν − νdτ,

µ4 = −σdλ+
1 + νσ

τ
dρ, µ5 = −σ2

τ
dν +

1
τ
dσ +

νσ2 + σ

τ2
dτ,

µ6 = −σdν +
1 + νσ

τ
dτ.

Consider the smooth map γ0 : R2 −→ G given by

γ0(x, u) · (x0, u0) = (x, u)

for some (x0, u0) ∈ R2. This map will be called the moving frame of order
zero. For this example, if (x0, u0) is chosen to be (1, 0) then the moving
frame of order 0 is,

γ0 =




1 0 0
u−νx

x
(1+νσ)x

1−ρx ν

ρ σ 1−ρx
x


 (1.1)

where ν = ν(x, u), ρ = ρ(x, u) and σ = σ(x, u) are arbitrary functions.

Let H̃ be the three dimensional group with h̃ = (ν, ρ, σ) ∈ H̃. Then
there is an induced action, Ψ : R2 × H̃ −→ R2 × H̃ given by,

γ0 −→ γ̄0 =



1 0 0
d 1+fh

i f

g h i


 γ0.

The next step is to pull back the Maurer-Cartan forms using γ∗0 . This gives,

ξ1 =
x2(ρx− 1)dν − νx3dρ+ u(ρx− 1)dx− x(ρx− 1)du

x3

ξ2 =
σx(ρx− 1)dν − x2(νσ + 1)dρ− (νσ + 1)dx

x(ρx− 1)
ξ3 =

−x(ρx− 1)dν + νx2dρ+ νdx

x2

ξ4 =
σx2(ρx− 1)dν − x3(νσ + 1)dρ + σu(ρx− 1)dx− σx(ρx− 1)du

x2(ρx− 1)
ξ5 =

σ2x(ρx− 1)dν − σx2(νσ + 1)dρ − x(ρx− 1)dσ − σ(νσ + 1)dx
(ρx− 1)2

ξ6 =
−σx(ρx− 1)dν + x2(νσ + 1)dρ + (νσ + 1)dx

x(ρx− 1)

which spans the space of one-forms onR2×H̃. These one-forms are invariant
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under Ψ, that is

Ψ∗ξi = ξi, i = 1, . . . , 6

and they completely characterise the group action given by Ψ above. They
will be called the moving coframe of order zero.

These forms are pulled back to J1R2 × H̃ by putting du = ux dx, where
J1R2 is the first jet space of curves in R2. The resulting one-forms are
called the restricted moving coframe forms, denoted by θ1, θ2, θ3, θ4, θ5 and
θ6.

These coframe forms have a linear dependency,

θ1 + J(θ2 − θ4) + θ3 = 0

where

J =
2ρxu− u+ uxx − ρ2x2u+ νx− νρx2 − 2ρx2ux + ρ2x3ux

x(−σρxu+ σρx2ux + σu− σuxx − xνσ − x)

Since the coframe forms are invariant, J can be used to normalize one of
the group parameters. Thus J may be set equal to any convenient constant.
Here J is set to be 0 and ν is solved for to give,

ν =
ρx2ux − ρxu− xux + u

x
.

Substituting this into (1.1) produces the first order moving frame

γ1(x, u, ux, ρ, σ) =




1 0 0
−ρxux + ρu+ ux

ρσx2ux−ρσxu−σxux+σu+x
1−ρx

(1−ρx)(u−xux)
x

ρ σ 1−ρx
x




This has a corresponding first order moving coframe. The same proce-
dure above can be applied to this coframe which leads to a chain of successive
normalizations and reductions. This will eventually eliminate all the unde-
termined parameters. In this example the final restricted coframe is given
by,

θ1 =
u

1
3
xx

x
dx, θ2 = 0, θ3 = −θ1, θ4 = θ1

θ5 =
1
9
x2(3uxxuxxxx − 5u2

xxx)− 3uxx(2xuxxx + 3uxx)

xu
7
3
xx

dx, θ6 = 0
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The final linear dependency θ5 = κθ1, where

κ =
1
9
x2(3uxxuxxxx − 5u2

xxx)− 3uxx(2xuxxx + 3uxx)

u
8
3
xx

is the fundamental differential invariant of the transformation group. The
remaining one-form θ1 forms the group invariant arclength,

ds =
u

1
3
xx

x
dx.

All higher order differential invariants can be found by differentiating κ

with respect to ds, for instance

dκ

ds
=
1
27

x3(9u2
xxu5 − 45uxxu3u4 + 40u3

3)
u4
xx

.

1.1.4 Curvatures of the projective group and subgroups

The Lie group action which describes all possible viewing transformations
on R2 is the projective group. There are three important subgroups of the
projective group which are Euclidean, special affine and affine groups. Their
group action, curvature and arclength element plus the projective group ac-
tion, projective curvature and projective arclength element are shown below
(see [2] for derivations of these). Note that the nth derivative of u where
n > 2 is denoted by un.

EUCLIDEAN GROUP:

(x, u) �−→ (x cos θ + u sin θ + a,−x sin θ + u cos θ + b)

κE =
uxx

(1 + u2
x)

3
2

dsE =
√
1 + u2

x dx

SPECIAL AFFINE GROUP:

(x, u) �−→ (ax+ bu+ e, cx + du+ f), det

(
a b

c d

)
= 1
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κSA =
3uxxu4 − 5u2

3

(uxx)
8
3

dsSA = (uxx)
1
3 dx

AFFINE GROUP:

(x, u) �−→ (ax+ bu+ e, cx+ du+ f), det

(
a b

c d

)
�= 0

κA =
9u2

xxu5 − 45uxxu3u4 + 40u3
3

(3uxxu4 − 5u2
3)

3
2

dsA =
(3uxxu4 − 5u2

3)
1
2

uxx
dx

PROJECTIVE GROUP:

(x, u) �−→ (ax+bu+c
gx+hu+i ,

dx+eu+f
gx+hu+i ), det




a b c

d e f

g h i


 = 1

κPROJ =
(
−33600uxxu

6
3u4 − 756u4

xxu
2
5u

2
3 − 2835u5

xxu
2
5u4

+ 162u6
xxu5u6 + 31500u2

xxu
4
3u

2
4 − 7875u3

xxu
2
3u

3
4

+ 6720u5
3u

2
xxu5 + 720u3

3u
4
xxu7 + 1890u5

xxu6u
2
4

+ 1134u5
xxu5u6u3 − 12600u3

xxu5u
3
3u4

+ 13230u4
xxu5u3u

2
4 − 3150u4

xxu
2
3u4u6

− 810u5
xxu3u4u7 + 11200u8

3 − 189u6
xxu

2
6

− 4725u4
xxu

4
4

)/ (
9u2

xxu5 − 45uxxu3u4 + 40u3
3

) 8
3 (1.2)

dsPROJ =
(9u2

xxu5 − 45uxxu3u4 + 40u3
3)

1
3

uxx
dx
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1.2 Signature curves and vector field curvatures

Definition. The signature curve associated with a parametrized curve
C = {(x(t), y(t))} ⊂ R2 is the parametrised curve S = {(κ(t), κs(t))} ⊂ R2

where κ is the curvature and κs is the rate of change of curvature with re-
spect to invariant arclength.

Theorem. Two curves C = {(x(t), y(t))} and C̄ = {(x̄(t̄), ȳ(t̄))} are
equivalent under a group transformation if and only if their signature curves
are identical, i.e. S̄ = S.

In [1], the signature curve was introduced which avoids the parametri-
sation problem. For example {(κ(12 t), t)} stretches graph out by a factor of
two. The theorem above is a special case of the general theorem of Cartan.

1.2.1 Euclidean group
(
E(2)

)
The Euclidean group E(2) is the group of rotations and translations of the
plane. For a curve C = {(x(t), y(t))}, the formulas for κ and κs are,

κ =
xtutt − utxtt

(x2
t + u2

t )
3
2

(1.3)

κs =
(x2

t + u2
t )(utttxt − utxttt) + 3(u2

t − x2
t )uttxtt + 3xtut(x2

tt − u2
tt)

(x2
t + u2

t )3

In practical cases C does not have a formula but is a discretised curve.
As was developed in [1], a discrete invariant numerical approximation to the
Euclidean signature curve can be given by the following method.
Take three points P0, P1 and P2 ∈ C and consider the unique circle of

radius r1 passing through them (a straight line is considered a degenerate
circle). Then the curvature κ(1) = 1

r1
of this circle approximates the curva-

ture at P1 of C (see section 2.1.2 for the formula and Taylor series expansion
showing how close this approximation is). Similarly an approximation to the
curvature at the next point P3 is given by κ(2) = 1

r2
.

The value for κs at P1 can be approximated by κ
(1)
s � κ(2)−κ(1)

s1
, where

s1 is the arclength of the circle through P0, P1 and P2 from P1 to P2.
In practice the Euclidean distance d1 between the points P1 and P2 can be
used to approximate s1. By doing this for every point around the discretised
curve, the discrete Euclidean signature curve can be built up.
Note that the circle is the unique constant Euclidean curvature curve

going through 3 points and can be found by integrating the following equa-
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tions which are called the infinitesimal generators of the Euclidean group
action.

xt = a− cu(t)

ut = b+ cx(t)

1.2.2 Problem with finding discrete signature curves

For the projective group which is the group,

(x, u) �−→
(
αx+ βu+ γ

ρx+ σu+ τ
,
λx+ µu+ ν

ρx+ σu+ τ

)
, det




α β γ

λ µ ν

ρ σ τ


 = 1

the infinitesimal generators are,

xt = au(t) + b+ dx(t) + fx(t)2 + gx(t)u(t)

ut = cx(t) + e+ fx(t)u(t) + gu(t)2 + u(t).

These cannot be integrated in terms of elementary functions.

The similarity group

(x, u) �−→
(
αx+ a, αku+ b

)
, k fixed integer,

and the full affine group

(x, u) �−→ (ax+ bu+ e, cx+ du+ f) , where det

(
a b

c d

)
�= 0

have interpolation equations (equations that are required to fit the unique
constant curvature curve through required number of points) which are non-
linear. So this method will not generalise. Note that in the case of the circle,
the interpolation equations are linear.
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1.2.3 Interpolation using vector fields

Euclidean group

Motivation

Take three points (P0, P1, P2) and consider unique circle passing through
them. This corresponds to an integral curve of the vector field (up to scale
factor),

v = (a− u)∂x + (b+ x)∂u

with initial condition (x0, u0) = P0. Thus v can be specified uniquely by
giving the tangent vectors at two points, P0 and P1 say.
An arbitrary integral curve of v is the solution to the following equations,

xt = a− u(t)

ut = b+ x(t)

Then substituting these into the curvature (1.3) and setting t = 0 gives the
curvature of the integral curve of v through (x(0), u(0)),

κ =
1√

a2 − 2au0 + u2
0 + b2 + 2bx0 + x2

0

, (1.4)

where x0 = x(0), u0 = u(0). Thus the following definition can be made,

Definition: The curvature of vector field v at (x0, u0) is the curvature at
(x0, u0) of the integral curve of v passing through (x0, u0).

In general, the tangent vectors of a constant curvature curve through a
set of points are not known, but they can be approximated by joining the
points with straight lines.

True tangents Approximate tangents

P0P0
P1P1

P2P2

With P0 = (x0, u0), P1 = (x1, u1), P2 = (x2, u2) an approximate tangent
vector at P0 has the form

v1 = α((x1 − x0)∂x + (u1 − u0)∂u)
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for some constant α and an approximate tangent vector at P1 has the form

v2 = β((x2 − x1)∂x + (u2 − u1)∂u)

for some constant β.
Setting v|(x0,u0) = v1 implies

a− u0 = α(x1 − x0)

b+ x0 = α(u1 − u0).

Eliminating α gives

(x1 − x0)(b+ x0)− (u1 − u0)(a− u0) = 0.

Similarly setting v|(x1,u1) = v2 and eliminating β gives

(x2 − x1)(b+ x1)− (u2 − u1)(a− u1) = 0.

This gives two equations in two unknowns which can be solved for a and b

to get a new vector field ṽ say. (1.4) gives the curvature of ṽ at (x0, u0), call
this κṽ. Now it is shown that κṽ is invariant under the Euclidean group.
Consider the unique integral curve C0 through (x0, u0) corresponding to

ṽ, with curvature κṽ and tangent vector ṽ|(x0,u0) at (x0, u0). If a Euclidean
transformation is done on C0 then, by the uniqueness of the integral curve,
C0 will coincide with the integral curve through (x̄0, ū0) corresponding to ˜̄v.
Here ˜̄v is determined from joining the points (x̄0, ū0), (x̄1, ū1) and (x̄2, ū2)
by straight lines. Thus κ̄˜̄v = κṽ as required.
In order to see how good an approximation κṽ is, a Taylor series for κṽ

is computed. Take three points P0, P1, P2 on curve and apply a Euclidean
transformation so the points become P0 = (−h, u(−h)), P1 = (0, 0), P2 =
(k, u(k)) and for P0 and P2 sufficiently close to P1 the curve is the graph of
a function y = u(x) with u(0) = 0, ux(0) = 0.

A B

h k

Transformed curve
y = u(x)

The values of the curvature and its arclength derivatives at x = 0 are
κ(0) = uxx, κs(0) = uxxx, and κss(0) = uxxxx−3u3

xx where the derivatives
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are evaluated at 0. Now expand in a Taylor series,

u(−h) =
1
2
u2h

2 − 1
6
u3h

3 +
1
24

u4h
4 − · · ·

u(k) =
1
2
u2k

2 +
1
6
u3k

3 +
1
24

u4k
4 + · · ·

where u2 = uxx(0), u3 = uxxx(0), u4 = uxxxx(0), · · · .
The distances A and B have expansions,

A =
√

h2 + u(−h)2 = h+
1
8
u2

2h
3 − 1

12
u2u3h

4 + · · ·

B =
√

k2 + u(k)2 = k +
1
8
u2

2k
3 +

1
12

u2u3k
4 + · · ·

Inverting this series gives

h = A+ o(A3)

k = B + o(B3).

Substituting h = A and k = B into Taylor series for u(−h) and u(k) κṽ

becomes

κṽ =
1
2
(A+B)

A
κ+

1
6
(B −A)(A+B)

A
κs +

1
48
(2κss + 3κ3)A2

− 3
16

κ3AB − 1
8
κ3B2 + higher order terms

For equally spaced points where A = B, κṽ is a second order approximation
to κ.

Now consider four points,

P0

P1
P2

P3

A
B

C

It is required to find κ and κs at P1. P0, P1, P2 are used to get κṽ1 and
P0, P1, P3 are used to get κṽ2 . Thus

κṽ1 � 1
2
(A+B)

A
κ+

1
6
(B −A)(A+B)

A
κs

κṽ2 � 1
2
(A+ C)

A
κ+

1
6
(C −A)(A+ C)

A
κs

and so

κ � 2(A
2 − C2)Aκṽ1 + 2(B

2 −A2)Aκṽ2

(A+C)(A+B)(B − C)
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κs � 6A(A+ C)κṽ1 − 6(A+B)Aκṽ2

(A+ C)(A+B)(B −C)

Since κṽ1 and κṽ2 are unaffected by Euclidean transformation of the
points P0, P1, P2, P3, and A,B,C are joint-invariants, this gives an invari-
ant numerical approximation to κ and κs at P1.
The following figures show an example to demonstrate that the discrete

approximation is in agreement with the true signature curve. Figure 1.5
illustrates the invariance of the numerical approximation. Note the deviation
in the approximate signature curve in figure 1.3. This occurs where there
is a high rate of change of curvature and is due to a κ3 term in the Taylor
series. However this may be reduced by plotting more points on regions
of the curve where the rate of change of curvature is large. This effect is
magnified when using large spacing, see figure 1.7.
Finally notice that in Figure 1.9, there is a small loop in the approximate

signature curve which clearly distinguishes the original curve with the curve
related by an affine transformation.

–1

–0.5

0.5

1

–1 –0.5 0.5 1

Figure 1.1: {x = cos(t) + 1
5 cos(t)

2, y = 1
2x+ sin(t) +

1
10 sin(t)

2}
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–1

–0.5

0

0.5

1

–1 –0.5 0.5 1

Figure 1.2: Discrete version (294 points)

–10

–5

0

5

10

y

1 2 3 4
x

Figure 1.3: True signature curve vs approximate signature curve (294 points)
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–1

–0.5

0

0.5

1

–1 –0.5 0.5 1

Figure 1.4: Rotate discrete curve by 90 degrees.

–10

–5

0

5

10

y

1 2 3 4
x

Figure 1.5: Approximate signature curves for original curve and rotated
discrete curve with 294 points, plotted on same axes (note they are identical).
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–1

–0.5

0

0.5

1

–1 –0.5 0.5 1

Figure 1.6: Original curve with large spacing (72 points).
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–5

0

5

10

y

1 2 3 4
x

Figure 1.7: Signature curve of the curve with large spacing plotted against
the true signature curve.
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0
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1

–1 –0.5 0.5 1

Figure 1.8: Applying the affine transformation (x, y) �−→ (1.1x, 0.9y) to the
curve
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0

5

10

y

1 2 3 4
x

Figure 1.9: Approximate signature curve of transformed curve (294 points).
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Special affine group

The special affine transformation is given by,

(x, u) �−→ (αx+ βu+ γ, λx+ µu+ ν) , det

(
α β

λ µ

)
= 1,

the infinitesimal generators are,

xt = ax(t) + bu(t) + d

ut = −au(t) + cx(t) + e.

Substituting ux = ut
xt
, uxx =

(uttxt−utxtt)
x2

txtt
, · · · , into κSA (see section 1.1.4)

and setting t = 0 gives,

κSA
ṽ = −3(a2 + bc)

/(
2a3x0u0 + a2bu2

0 + 2a
2du0 − 2a2ex0 − 2aed

+ 2abcx0u0 + b2cu2
0 + 2bcdu0 + cd2 − a2cx2

0 − bc2x2
0 − 2bcex0 − be2

) 2
3

The vector field ṽ is obtained by joining five points
{
(x1, u1), (x2, u2),

(x3, u3), (x4, u4), (x5, u5)
}
with straight lines. This gives the equations,

(u2 − u1)(ax1 + u1b+ d)− (x2 − x1)(−au1 + cx1 + e) = 0

(u3 − u2)(ax2 + u2b+ d)− (x3 − x2)(−au2 + cx2 + e) = 0

(u4 − u3)(ax3 + u3b+ d)− (x4 − x3)(−au3 + cx3 + e) = 0

(u5 − u4)(ax4 + u4b+ d)− (x5 − x4)(−au4 + cx4 + e) = 0

which can be solved for a, b, c, d, e. This yields the approximation κSA
ṽ to

κSA.

Now by a similar proof to the Euclidean case above, κSA
ṽ is invariant

under a special affine transformation of the five points. Thus κSA
ṽ can be

written in terms of the joint-invariants of the special affine group.

Given three points (xi, ui), (xj , uj), (xk, uk), the joint-invariant of the
special affine group is the bracket value

[ijk] = det




xi ui 1
xj uj 1
xk uk 1


 .

(See [2] for the theory behind joint-invariants). However, the numerator and
denominator of κSA

ṽ are very large multinomials in {xi, ui, i = 1, . . . , 5} so
an algorithm is required for writing these in terms of the bracket values.
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There is a general theory in [9] which deals with a similar problem but
this theory applies to bracket values defined differently from the above, they
are given by

[ijk]2 = det




x11 x12 x13

x21 x22 x23

x31 x32 x33




The algorithm developed in [9] can be reformulated. The following ex-
ample shows how this is done.

Given five points (x11, x12), . . . , (x51, x52) consider the multinomial,

F = expand
(
[124]2 − 2[345] + [125][245][134]

)
.

where expand refers to evaluating the determinant in the bracket values and
expanding in terms of monomials. Compute the leading term lF say of F
using the ordering x11 < x12 < · · · < x51 < x52 and rearrange the factors of
lF in the form

n∏
k=1

(xik1xjk2)N

for some positive integers n, N , ik and jk where ik < jk, i1 ≤ · · · ≤ in and
j1 ≤ · · · ≤ jn. This corresponds to the leading term of all the combinations
of multinomials P1 = [12 i][13j][24k] where i = 3, 4, 5, j = 4, 5 and k = 5.

Choose i, j and k such that they are one digit more than the previous
digit which gives

P1 = [123][134][245].

Now define a new polynomial F1 = F−P1 and apply the above procedure
to F1. This gives

lF1 = (x11x32)2x21x42

P2 = [134]2[245]

F2 = F1 − P2

Continuing this process will eventually remove all coefficients of x11 then
x21 and so on until for some m ≥ 1, Fm = 0, so that F can be written in
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terms of the bracket values by,

F =
m∑

k=1

Pk.

The 12th iteration gives

lF11 = −2x31x42

P12 = −2[345]
F12 = F11 − P12 = 0

so that

F = [123][134][245] + [134]2[245] + [134][145][245] + [123]2 + 2[123][134]

+ [134]2 − [134][234][245] − [134][245]2 − 2[123][234] − 2[134][234]
+ [234]2 − 2[345]

Now the above method is applied on κSA
ṽ which produces after a large

computation in MAPLE (see [11]),

κSA
ṽ = 3

(
− 4[123]2[134][234][345]2 − 3[123][234][345]2[134]2

+ 4[134]2[234]2[245][345] + 2[123][134]3[245][345]− [123][234]3[245][345]
+ 4[123][134][234]2[345]2 − [123]4[345]2 − [234]4[345]2 − [234]4[245]2
− [134]4[345]2 − [123]2[234]2[245][345] + 2[134]4[245][345]
− 2[123][134]3[345]2 + [123][234]3[345]2 + 4[234]3[134][145]2
+ [123]3[234][345]2 + 4[123][134][234]2[245][345] + 4[134][234]3[245]2

+ 2[234]4[245][345]− 8[134][234]3[245][345] + 2[134]2[234]2[345]2
− 6[134]2[234]2[245]2 + 2[123]2[234][134][145][345]
+ 3[123][134]2[234][245][345]− [134]4[245]2

− [123]2[134]2[345]2
)/(

− [123]
(
[234]2[345]− [234]2[245]− [123]2[345]

− 2[134][234][345]+ 2[134][234][245]+ [134]2[345]
− [134]2[245]

)(
[234][123][345]− [123]2[345] + [134][234][345]

− [134][234][245]− [123][134][345]− [134]2[345] + [134]2[245]
)2
) 2

3

.

A Taylor series of κSA
ṽ is computed with equally spaced points in the x

coordinate. First a special affine transformation is done so that u(0) = 0,
ux(0) = 0, uxx(0) = 1 and uxxx(0) = 0 (see section 2.1.1). Then two points
P1, P2 and two points P4, P5 are equally spaced each side of P3, so that
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P1 = (−2h, u(−2h)), P2 = (−h, u(−h)), P3 = (0, 0), P4 = (h, u(h)) and
P5 = (2h, u(2h)), with h > 0. The values of the curvature and its arclength
derivatives at x = 0 are κSA(0) = u4, κSA

s (0) = u5, and κSA
ss (0) = u6−5u4.

Now expand in a Taylor series,

u(−2h) = 2h2 +
2
3
u4h

4 − 4
15

u5h
5 +

4
45

u6h
6 − 8

315
u7h

7 + · · ·

u(−h) =
1
2
h2 +

1
24

u4h
4 − 1

120
u5h

5 +
1
720

u6h
6 − 1

5040
u7h

7 + · · ·

u(h) =
1
2
h2 +

1
24

u4h
4 +

1
120

u5h
5 +

1
720

u6h
6 +

1
5040

u7h
7 − · · ·

u(2h) = 2h2 +
2
3
u4h

4 +
4
15

u5h
5 +

4
45

u6h
6 +

8
315

u7h
7 − · · ·

where u4 = uxxxx(0), u5 = uxxxxx(0), · · · . Substituting into κSA
ṽ yields

κSA
ṽ = κSA +

1
54
(23(κSA)2 + 9κSA

ss )h
2 +

5
36

κSAκSA
s h3 +O(h4)

The discrete approximation to the special affine signature curve for un-
equally spaced points could be obtained by a similar method to the Euclidean
case. That is given five points (−m,u(−m)), (−k, u(−k)), (0, 0), (h, u(h))
and (l, u(l)), the Taylor series for these can be computed and substituted
into κSA

ṽ . The coefficients are written in terms of the bracket values [ijk]
by inverting the Taylor series. The first two terms can be used to get the
special affine invariant approximation to the special affine signature curve.
This calculation has not been done.

Projective group

The projective transformation is given by,

(x, u) �−→
(
αx+ βu+ γ

ρx+ σu+ τ
,
λx+ µu+ ν

ρx+ σu+ τ

)
, det




α β γ

λ µ ν

ρ σ τ


 = 1,

the infinitesimal generators are,

xt = au(t) + b+ dx(t) + fx(t)2 + gx(t)u(t)

ut = cx(t) + e+ fx(t)u(t) + gu(t)2 + u(t)

Substituting ux = ut
xt
, uxx =

(uttxt−utxtt)
x2

txtt
, · · · into κproj and setting t = 0

yields, after a large computation in MAPLE,

κproj

ṽ = (3ac − d+ 1− 3fb+ d2 − 3ge)
/
(−54eaf + 18ac + 18cda + 36fb

+ 4d3 − 6d− 6d2 + 4− 54cgb + 36dge − 18ge − 18dfb) 2
3
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Note that κproj

ṽ does not depend on the initial point.

The vector field ṽ, is obtained by joining eight points
{
(x1, u1), (x2, u2),

(x3, u3), (x4, u4), (x5, u5), (x6, u6), (x7, u7), (x8, u8)
}
with straight lines. This

gives

(u2−u1)(au1+b+dx1+fx2
1+gx1u1)−(x2−x1)(cx1+e+fx1u1+gu2

1+u1) = 0

(u3−u2)(au2+b+dx2+fx2
2+gx2u2)−(x3−x2)(cx2+e+fx2u2+gu2

2+u2) = 0

(u4−u3)(au3+b+dx3+fx2
3+gx3u3)−(x4−x3)(cx3+e+fx3u3+gu2

3+u3) = 0

(u5−u4)(au4+b+dx4+fx2
4+gx4u4)−(x5−x4)(cx4+e+fx4u4+gu2

4+u4) = 0

(u6−u5)(au5+b+dx5+fx2
5+gx5u5)−(x6−x5)(cx5+e+fx5u5+gu2

5+u5) = 0

(u7−u6)(au6+b+dx6+fx2
6+gx6u6)−(x7−x6)(cx6+e+fx6u6+gu2

6+u6) = 0

(u8−u7)(au7+b+dx7+fx2
7+gx7u7)−(x8−x7)(cx7+e+fx7u7+gu2

7+u7) = 0

which can be solved for a, b, c, d, e, f , g. Thus an approximation κproj

ṽ to
κproj is obtained.

Now by a similar proof to the Euclidean case above, κproj

ṽ is invariant
under a projective transformation of the eight points. Thus κproj

ṽ can be
written in terms of the joint-invariants of the projective group.

The projective joint-invariants depend on five points, {(x1, u1), (x2, u2),
(x3, u3), (x4, u4), (x5, u5)} and are given by,

J1 =
[134][125]
[135][124]

J2 =
[123][245]
[125][234]

The explicit expression for κproj

ṽ has not been calculated but could be
done by using the algorithm from special affine group above to write the ex-
pression in terms of the bracket values [ijk] then rearranging the expression
in terms of J1 and J2.

A Taylor series of κproj

ṽ is computed with equally spaced points in the
x coordinate. A projective transformation is done so that at the point
P4 ∈ u(x), u(0) = 0, ux(0) = 0, uxx(0) = 1, u3 = 0, u4 = 0, u5 = 1 and
u6 = 0. This is done by first doing a special affine transformation such that
u(0) = 0, ux(0) = 0, uxx = 1, u3 = 0 and then applying the projective
transformation,

c = 0, f = 0, d = 0, e = a2, b = ag, h =
1
2
g2 − 1

6
u4, a = u

1
3
5

g =
1
3
5u2

4 − u6

u5
.
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The points P1, P2, P3 and P5, P6, P7, P8 are equally spaced in the x co-
ordinate both sides of P4, so that P1 = (−3h, u(−3h)), P2 = (−2h, u(−2h)),
P3 = (−h, u(−h)), P4 = (0, 0) and P5 = (h, u(h)), P6 = (2h, u(2h)),
P7 = (3h, u(3h)), P8 = (4h, u(4h)) with h > 0. The values of the cur-
vature and its arclength derivatives at x = 0 are κproj(0) = u7, κproj

s (0) =
2u8−35 and κproj

ss (0) =
1
4u9−u7 where u7 = uxxxxxxx(0), u8 = uxxxxxxxx(0),

u9 = uxxxxxxxxx(0). Now expand in a Taylor series,

u(−3h) = 9
2
h2 − 81

40
h5 − 243

560
u7h

7 +
729
4480

u8h
8 − · · ·

u(−2h) = 2h2 − 4
15

h5 − 8
315

u7h
7 +

2
315

u8h
8 − · · ·

u(−h) =
1
2
h2 − 1

120
h5 − 1

5040
u7h

7 +
1

40320
u8h

8 − · · ·

u(h) =
1
2
h2 +

1
120

h5 +
1
5040

u7h
7 +

1
40320

u8h
8 + · · ·

u(2h) = 2h2 +
4
15

h5 +
8
315

u7h
7 +

2
315

u8h
8 + · · ·

u(3h) =
9
2
h2 +

81
40

h5 +
243
560

u7h
7 +

729
4480

u8h
8 + · · ·

u(4h) = 8h2 +
128
15

h5 +
1024
315

u7h
7 +

512
315

u8h
8 + · · · .

Substituting into κproj

ṽ yields

κproj

ṽ = κproj − 1
108
(32(κproj)3 − 162− 27κproj

s )h

+
1
1458

(−999(κproj)2 − 324(κproj)2κproj
s + 2430κproj

ss + 160(κproj)5
)
h2.

The discrete approximation to the projective signature curve could be ob-
tained by a similar method to the Euclidean case.
Now this method is demonstrated by plotting the true curvature versus

the approximate discrete curvature with equally spaced points for the curve
u = tan(x) (200 points are used), see figures 1.10 and 1.11.
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Figure 1.10: u = tan(x)
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Figure 1.11: true curvature versus approximate curvature for equally spaced
points, 20 points (out of 200) are plotted.



Chapter 2

Invariants and curve

matching

2.1 Invariants

In chapter 3, a method is described for matching two curves related by a
projective transformation. In this method it is required to find and identify
common points in the two curves. Thus properties of the curves must be
found which are invariant under a projective transformation.
One such property is the projective curvature which is a global invariant

and characterises all curves up to a projective transformation. However, the
projective curvature depends on up to seventh order derivatives and so is
very sensitive to noise and is of no practice use. Thus invariants depending
on much lower order derivatives are required.
In the following section 2.1.1, it is shown there are links between the cur-

vatures of the Euclidean, special affine, affine and projective groups. These
provide lower order invariants. One such lower order invariant is the special
affine curvature turning points. It is shown that these points characterise
all the singularities in the projective curvature.
In section 2.1.2 a way of locating the invariant points in practice is given.

The property that tangency is preserved under a projective transformation
is shown. For concave curves, two further invariant points called bi-tangents
can be used. The projective joint-invariants are given which depend on five
points and it is shown how these can be used to identify the invariant points
between two curves. Also it is shown that if n points in one curve have their
corresponding joint-invariants equal to n points in another curve, then the
n points in both curves must be related by a projective transformation.

27
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2.1.1 Links between groups

The curvatures of the projective group, special affine group and Euclidean
goup are all related. The links (see section 5.2 for a derivation of κA and
κPROJ) are as follows,

κSA =
3(κE)

5
3κE

ss + 9(κ
E)

2
3 (κE

s )
2 − (κE

s )
2 − 9(κE)6

(κE)
14
3

, s ≡ Euclidean arclength

κA =
κSA
s

(κSA)
3
2

, s ≡ special affine arclength

κPROJ =
2κA

ss

(κA)
5
3

− 7
3
(κA

s )2

(κA)
8
3

+
κA
s

(κA)
2
3

− 1

3(κA)
2
3

+
1
12
(κA)

4
3 , s ≡ affine arclength

The expression for κSA
s is given by

κSA
s =

1
3
9u2

xxu5 − 45uxxu3u4 + 40u3
3

u4
xx

where it is assumed that u ∈ C∞.

Notice that the numerator of κSA
s is the denominator of κPROJ (see (1.2)).

Assuming that uxx �= 0, the denominator of κPROJ will vanish at a critical
point of the special affine curvature (κSA

s = 0). This is equivalent to,

u5 =
5
9
u3(9uxxu4 − 8u2

3)
u2
xx

(2.1)

at the critical point. Substituting (2.1) into the numerator of κPROJ gives

numer(κPROJ) = −21(40u4
3 − 20uxxu4u

2
3 − 15u2

xxu
2
4 + 3u

3
xxu6)2 (2.2)

Substituting (2.1) into κSA
ss gives,

κSA
ss =

40u4
3 − 20uxxu4u

2
3 − 15u2

xxu
2
4 + 3u

3
xxu6

u
16/3
xx

So if uxx �= 0 then at a non-degenerate critical point of κSA
s (κSA

ss �= 0), the
numerator of κPROJ will be non-zero, and so κPROJ will have a singularity.
Note that if κSA

s �= 0, then since u ∈ C∞, the numerator of κPROJ will be
bounded thus no singularity will occur in κPROJ.

Also note, if there exists an interval I, such that for x ∈ I, u = u(x) is
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part of a conic section, then κSA
s = 0 and κSA

ss = 0 on I. Thus κPROJ will be
undefined on I. It is assumed that this is not the case.

If uxx = 0, then

κPROJ =
280u8

3

40
8
3u8

3

.

Thus, if u3 �= 0 κPROJ does not have a singularity. For the case u3 = 0 (as-
suming u ∈ C∞) then u can be represented by (after a possible translation)

u(x) = ax+ φ(x)xn

for some n > 4 (since uxx = 0 and u3 = 0) and, φ ∈ C∞ with φ(0) �= 0.
Note that if no such n exists then u(x) is a straight line and the projective
curvature is undefined. The projective curvature of u(x) is now

κPROJ =
1
4

(n2 − n+ 1)3(
(n− 2)(2n − 1)(n + 1)

)2

Hence if uxx = 0 then κPROJ does not have a singularity. Note that uxx = 0
corresponds to zero Euclidean curvature at x = 0. Conversely as long as the
tangent line at this point is not vertical (ux = ∞) then a point with zero
Euclidean curvature corresponds to a point where uxx = 0. Thus if κE = 0
then κPROJ does not have a singularity.

Now it is shown that if κE = 0 at a point on a curve u ∈ C∞, then under
any projective transformation, κ̄E = 0 at the transformed point. Note as
is shown further below this is not the case if the point of interest occurs
at a singularity of u. First a Euclidean transformation is done such that
x = 0, u(0) = 0, ux(0) = 0, this has no effect on the condition κE = 0. The
projective transformation of the first and second derivatives are,

ūx̄ =
fg − di

cg − ai

ūx̄x̄ = − uxx(0)i3

(cg − ai)3

This gives,

κ̄E =
i3uxx(0)

((ai− cg)2 + (fg − di)2)
3
2

=
i3

((ai− cg)2 + (fg − di)2)
3
2

κE

If i �= 0 then at least one of ai − cg, fg − di must be non-zero otherwise
it is not a projective transformation. Under a projective transformation,
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(0, 0) �−→ ( ci ,
f
i ) therefore i = 0 implies at least one of x, u is mapped to

∞. Therefore as long as the image point is finite κE(x, u) = 0 if and only if
κ̄E(x̄, ū) = 0.

If i = 0, g �= 0 then κ̄E = 0 independent of κE. If i = 0, g = 0, since
u ∈ C∞, u(x) can be written in the form,

u(x) = Ax2 + φ(x)xn (2.3)

where n ≥ 3, φ ∈ C∞ and φ(0) �= 0. A = 0 corresponds to κE = 0. This
gives

κ̄E =
xn+1F (x)

(φ(0)2n2(c2 + f2) +G(x))
3
2

,

where G(0) = 0 and one of c or f must be non-zero otherwise it is not a
projective transformation. Thus x = 0 gives κ̄E = 0.

Hence, κ̄E is well defined at the transformed point (x̄, ū) even though
(x̄, ū) is a point at ∞. Thus, if curves having singularities are allowed they
may have points where κE = 0 which are not true inflection points. That is
they arise from a projective transformation of a point on a C∞ curve which
has κE �= 0.
Let P∞ be the space of curves as those that are generated by projective

transformations of C∞ closed curves. For curves in P∞, the following
method gives a way of detecting when a point is a true inflection point or
not. Note this restriction is to avoid analysing the points at infinity of C∞

open curves. This is discussed further below. Locally a closed curve can
be represented by a function u = u(x). Without loss of generality assume
that the point of interest occurs at x = 0, u(0) = 0 and ux(0) = 0. Since
u ∈ C∞, u(x) takes the form (2.3). A projective transformation is done on
the curve u = u(x). If i �= 0 then κE �= 0 if and only if κ̄E �= 0. If i = 0 then
κ̄E = 0; even if κE �= 0.
Assume i = 0. Consider the radius R̄ =

√
(x̄2 + ū2) = ∞ of the trans-

formed point (x̄, ū). This is the curvature for the rotational group SO(2).
Now

(κ̄E)2R̄6 = 4
A2

g6

at the transformed point. If g �= 0 then A = 0 implies (κ̄E)2R̄6 = 0. Note
that since i = 0 implies κ̄E = 0 the following also holds (independent of A),

(κ̄E)4R̄6 = 0.
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If g = 0 then h �= 0 (otherwise this is not a projective transformation),
so that the following holds

(κ̄E)2R̄6 =
(c2 + f2 + F1(x))3

(
2A+ xn−2(φ(0)n(n − 1) + F2(x))

)2

x6h4
(
AG1(x)xn−2 +A2G2(x) + x2n−4G3(x)

)3

where F1(0) = 0, F2(0) = 0, and c2+f2 �= 0. Hence at x = 0, (κ̄E)2R̄6 =∞,
independent of A. Furthermore,

(κ̄E)4R̄6 =
1

256A2(c2 + f2)3h2
.

So if A �= 0, (κ̄E)4R̄6 �= 0 and if A = 0, (κ̄E)4R̄6 =∞.
These results can be summarized in the following table.

Inflection point

1. κ̄E = 0 (κ̄E)2R̄6 = 0 (κ̄E)4R̄6 = 0 Yes
2. κ̄E = 0 (κ̄E)2R̄6 =∞ (κ̄E)4R̄6 =∞ Yes
3. κ̄E = 0 (κ̄E)2R̄6 �= 0 (κ̄E)4R̄6 = 0 No
4. κ̄E = 0 (κ̄E)2R̄6 =∞ (κ̄E)4R̄6 �= 0 No
5. κ̄E �= 0 No

An alternative method is to use κSA
s . As above it is assumed that u(x)

is of the form (2.3). If A = 0 (uxx(0) = 0) then

κSA
s =

2φ(0)3n3(n− 2)(2n − 1)(n + 1)(n − 1)3 + F (x)
xn+1G(x)

(2.4)

where F (0) = 0. Hence at x = 0, κSA
s =∞. Also

κSA
s (x

2 + u(x)2)
3
2 = x3κSA

s (1 + (φ(x)x
n−1)2)

3
2

so that, at x = 0, κSA
s R3 =∞.

If A �= 0, then since u ∈ C∞, the numerator of κSA
s will be bounded and

so κSA
s �= ∞. Thus κSA

s = ∞ if and only if A = 0. Also κSA
s R3 = ∞ if and

only if A = 0.
If a projective transformation is done on the curve u = u(x) then κSA

s

transforms to

κ̄SA
s̄ = (gx+ hu(x) + i)3κSA

s (2.5)
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Also note that if two curves were related by a projective transformation
with either a = 1, b = 0, c = 0 or with d = 0, e = 1, f = 0 then κ̄SA

s̄ x̄3 =
κSA
s x3 and κ̄SA

s̄ ū3 = κSA
s u3 respectively. These give two subgroup actions of

the projective group action. The invariants of these subgroup actions are

a = 1, b = 0, c = 0

(1) (x, u) �−→ (
x

gx + hu+ i
,
dx+ eu+ f

gx+ hu+ i
), det

(
e f

h i

)
= 1

κ =
x2(3uxxu4 − 5u2

3)− 3uxx(2xu3 + 3uxx)

u
8
3
xx

OR κ = x2κSA − 2
∫
(xκSA) dx

κs̃ = x3κSA
s

ds̃ =
u

1
3
xx

x
dx

d = 0, e = 1, f = 0

(2) (x, u) �−→ (
ax+ bu+ c

gx+ hu+ i
,

u

gx+ hu+ i
), det

(
a c

g i

)
= 1

κ =
u2(3uxxu4 − 5u2

3)− 3uxx(3u2
xuxx + 2uuxu3 − 6uu2

xx)

u
8
3
xx

OR κ = u2κSA − 2
∫
(uκSA) du

κs̃ = u3κSA
s

ds̃ =
u

1
3
xx

u
dx.

Note the links to the special affine group.
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Now multiplying (2.5) by R̄3 gives

κ̄SA
s̄ R̄3 = κSA

s

(
(ax+ bu(x) + c)2 + (dx+ eu(x) + f)2

) 3
2 (2.6)

Thus, κ̄SA
s̄ R̄3 =∞ implies κSA

s =∞. However κSA
s =∞ if and only if A = 0.

If A = 0 and i = 0 then at least one of c or f must be non-zero otherwise it
is not a projective transformation and so κ̄SA

s̄ R̄3 =∞. For A = 0 and i �= 0,
c = 0, f = 0 implies that at least one of a and b is non-zero. Thus (2.3)
becomes u(x) = φ(x)xn and so (2.6) is

κ̄SA
s̄ R̄3 = x3κSA

s ((a+ bφ(x)xn)2 + (d+ eφ(x)xn)2)
3
2 ,

where κSA
s is given by (2.4) and n ≥ 3. Hence at x = 0, x3κSA

s =∞ implies
κ̄SA
s̄ R̄3 =∞. Thus for any projective transformation,

κ̄SA
s̄ R̄3 =∞ if and only if A = 0.

Note for the case i �= 0 then

κ̄SA
s̄ =∞ if and only if A = 0.

In summary, given any ū ∈ P∞, then if κ̄SA
s̄ R̄3 = ∞ at some point, the

point corresponds to an inflection point in a closed curve u ∈ C∞. Further-
more this point does not correspond to a singularity in κPROJ.

Now (2.5) shows that,

κ̄SA
s̄ �= 0 implies i �= 0 and κSA

s �= 0

and for i �= 0,

κ̄SA
s̄ = 0 if and only if κSA

s = 0.

Also by (2.6), if i = 0 so that at least one of c or f is non-zero, then

κ̄SA
s̄ R̄3 = 0 if and only if κSA

s = 0.

So a point on a curve ū ∈ P∞ corresponds to a point at which κSA
s = 0

on a closed curve u ∈ C∞ if and only if both κ̄SA
s̄ and κ̄SA

s̄ R̄3 vanish at that
point.
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Under a projective transformation, κSA
ss transforms

κ̄SA
s̄s̄ = (gx + hu(x) + i)4κSA

ss +
3(gx+ hu(x) + i)3(ux(x)h+ g)κSA

s

uxx(x)
1
3

If κSA
s = 0 and i �= 0 then the sign of κ̄SA

s̄s̄ is the same as the sign of κ
SA
ss .

Note also that κ̄SA
s̄s̄ = 0 if and only if κ

SA
ss = 0.

If i = 0 then, at a critical point of κSA

κ̄SA
s̄s̄ R̄

4 = κSA
ss ((ax+ bu(x) + c)2 + (dx+ eu(x) + f)2

)2
where at least one of c of f is non-zero. Thus the sign of κ̄SA

s̄s̄ R̄
4 is the same

as the sign of κSA
ss .

Therefore, for any curve ū ∈ P∞, κ̄SA
s̄ and R̄ can be used to detect

whether a point in ū arises from a critical point of κSA of some closed curve
u ∈ C∞. Furthermore κ̄SA

s̄s̄ and R̄ can be used to classify the type of critical
point.

It was shown earlier that for a curve u ∈ C∞ if uxx �= 0 then at a non-
degenerate critical point of κSA (κSA

ss �= 0), κPROJ has a singularity. It is now
shown that for the degenerate case (κSA

ss = 0), κPROJ also has a singularity.

First a special affine transformation is performed on u = u(x) so that
the critical point of κSA

s occurs at x = 0, u(0) = 0, ux(0) = 0, uxx(0) = 1
and u3(0) = 0. The special affine transformation is given by

a = −1
3
u3ux − 3u2

xx

u
5
3
xx

, b =
1
3
u3

u
5
3
xx

,

c =
1
3
xu3ux − 3xu2

xx − u3u

u
5
3
xx

, d =
1

u
1
3
xx

,

e = − ux

u
1
3
xx

, f =
xux − u

u
1
3
xx

.

where each derivative is evaluated at the critical point. Note that in the
above, ad− be = 1.

A projective transformation can now be done such that, x̄ = 0, ū(0) = 0,
and ūx̄(0) = 0, ūx̄x̄(0) = 1, ū3̄(0) = 0, ū4̄(0) = 0, ū5̄(0) = 0, ū6̄(0) = 0,
ū7̄(0) =

u7(0)
a5 . This transformation is given by i = 1, c = 0, f = 0, d = 0,

e = a2, b = ag and h = 1
2g

2 − 1
6u4(0). Since i �= 0, this will have no effect

on the conditions κSA
s = 0, κSA

ss = 0.

If u7(0) �= 0, then setting a = (u7(0))
1
5 , will yield ū7̄(0) = 1. Thus, in a
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neighbourhood of x = 0, u(x) has the form

u(x) = x2 + x7 + φ(x)x8, (2.7)

where φ ∈ C∞. The projective curvature of u(x) is

κPROJ =
−175575859200 + F (x)

x
10
3 G(x)

where F (0) = 0, and F,G ∈ C∞. Hence, at x = 0, κPROJ has a singularity.

If u7(0) = 0, there must exist an n such that the nth order derivative
at 0 is not equal to zero. Otherwise u(x) = x2 which is a conic section (see
above). Thus u(x) has the form,

u(x) = x2 + φ(x)xn, (2.8)

where φ ∈ C∞, φ(0) �= 0 and n > 7. The projective curvature of u(x) is

κPROJ =
−n2(n+ 1)(n − 5)(n− 1)2(n− 3)2(n− 4)2 + F (x)

x
2n−4

3 G(x)
,

where F (0) = 0, and F,G ∈ C∞. Thus κPROJ has a singularity at x = 0.
Hence, at any point where κSA

s = 0 (non-degenerate or degenerate) on a
curve u ∈ C∞, there is a singularity in the projective curvature. If κSA

s �= 0
then there is no singularity in the projective curvature.

It has been shown above that for any ū ∈ P∞, κ̄SA
s̄ and R̄ can be used to

detect whether a point in ū arises from a critical point of κSA of some closed
curve u ∈ C∞. Hence, κ̄SA

s̄ and R̄, completely characterise the singularities
in the projective curvature. Note that for any point on a closed curve

u ∈ C∞, only κSA is required to detect whether there is a singularity in the
projective curvature.

The restriction of curves to P∞ was to avoid analysing the points at ∞
of C∞ open curves that do not arise from the projective transformation
i = 0. The following is an analysis of the points at ∞ of polynomials.

Consider the polynomial

u(x) =
n∑

j=0

ajx
j

for some n ≥ 3 (as for n < 3 the projective curvature is undefined). Then

κSA
s =

2(n + 1)(2n − 1)(n − 2)
n(n− 1)Axn+1

+
P

(1)
4n−11(x)

P
(2)
4n−8(x)

,
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R3 = x3(1 + a2
nx

2n−2 + P
(3)
2n−4(x))

3
2

where P (1)
4n−11(x), P

(2)
4n−8(x) and P

(3)
2n−4(x) are polynomials of orders 4n− 11,

4n − 8 and 2n − 4 respectively. Thus at x = ∞, κSA
s = 0 and κSA

s R3 = ∞.
Also

κPROJ =
n2 − n+ 1

(2(n − 2)(2n − 1)(n + 1)) 2
3

.

Thus κPROJ does not have a singularity at x =∞.
Under a projective transformation on u(x)

κ̄SA
s̄ = κSA

s (gx+ h

n∑
j=0

ajx
j + i)3

So if h �= 0, κ̄SA
s̄ =∞ at x =∞.

If h = 0 then κ̄SA
s̄ = 0 at x =∞. But

R̄3 =
(
(b2 + e2)A2x2n + F2n−2(x)

) 3
2

where F2n−2(x) is a polynomial of order 2n − 2 and at least one of b or
e must be non-zero otherwise it is not a projective transformation. Hence
since 3n > n+ 1, κ̄SA

s̄ R̄3 =∞ at x =∞.
Thus for the case of curves in P∞ and all curves which are projective

transformations of polynomials, a point is a singularity of κPROJ if and only
if both κSA

s = 0 and κSA
s R3 = 0. Hence for this class of curves, κSA

s and R

completely characterise the singularities in the projective curvature.

So in summary the above demonstrates a link between the projective
curvature and lower order curvatures. Note that if g = 0, h = 0, i = 1 then
the projective transformation reduces to a special affine transformation (as
must have ae− bd = 1) so that the equation (2.5) becomes

κ̄SA
s̄ = κSA

s .

This reflects the fact that κSA
s is invariant under a special affine transforma-

tion.

Note in the case of two closed curves related by a projective transforma-
tion then gx+hu(x)+ i �= 0 everywhere (since i �= 0 in this case). Thus the
inflection points can be detected using κE only and singularities in κPROJ

can be detected using κSA only. Also the two closed curves will have the
same number of inflection points and special affine curvature critical points
as well as the same type of critical point.
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2.1.2 Locating and identifying invariant points between two

curves

In practice a curve is given as a discrete number of points. Thus a discrete
approximation is required for the Euclidean and special affine curvatures so
that the invariant points discussed above can be calculated. Note that an
inflection point uxx = 0 is a turning point of the derivative curve, ux = ux(x),
so that the calculation of inflection points involves the first order derivative.

Given three points, (x1, u1), (x2, u2), (x3, u3) on a curve u = u(x), the
Euclidean curvature of the circle passing through these three points approx-
imates the Euclidean curvature of the middle point. The curvature of this
circle is given by

κ̃E =
4A123

abc

where A123 is the area of the triangle determined by the three points and is
given by

A123 =
1
2
det




x1 u1 1
x2 u2 1
x3 u3 1




and

a =
√
(x2 − x1)2 + (u2 − u1)2

b =
√
(x3 − x2)2 + (u3 − u2)2

c =
√
(x3 − x1)2 + (u3 − u1)2

The error in this approximation can be found in the following way (see [1]).

Do a Euclidean transformation (which will not affect κ̃E) on the three
points such that (x1, u1) = (−h, u(−h)), (x2, u2) = (0, 0), (x3, u3) = (k, u(k)),
where h > 0, k > 0 and ux(0) = 0 so that the values of the Euclidean cur-
vature and its arclength derivatives at x = 0 are κ(0) = uxx, κs(0) = uxxx,
κss(0) = uxxxx − 3u3

xx. Then taking a Taylor series gives

u(−h) =
1
2
u2h

2 − 1
6
u3h

3 +
1
24

u4h
4 − · · ·

u(k) =
1
2
u2k

2 +
1
6
u3k

3 +
1
24

u4k
4 + · · ·

a = h

√
1 + h2(

1
2
u2 − 16u3h+

1
24

u4h2 − · · · )2

b = k

√
1 + k2(

1
2
u2 +

1
6
u3k +

1
24

u4k2 + · · · )2
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c = (h+ k)

√
1 +

1
4
u2

2(k − h)2 +
1
6
u3u2(k − h)(h2 − kh+ k2) + · · ·

Inverting the Taylor series of a and b gives

h = a+ o(a3)

k = b+ o(b3)

Then substituting h = a and k = b into the Taylor series for κ̃E gives

κ̃E = κE +
1
3
(b− a)κE

s +
1
12
(b2 − ab+ a2)κE

ss + higher order terms

where s is the Euclidean arclength, and κE (the true curvature), κE
s and

κE
ss are evaluated at the middle point. Hence, as long as the points are
sufficiently close, the two points where κ̃E changes sign will be a good ap-
proximation to the points where the true curvature κE changes sign. Note
that only the sign of A123 is required to locate these two points. The point
that is chosen out of these two which will serve as the approximation to the
inflection point is essentially arbitrary. In practice for consistency, the point
chosen is the point which has A123 the closest to zero.

For the special affine curvature case, given five points on a curve u =
u(x), the special affine curvature of the unique conic section passing through
those five points, approximates the special affine curvature of the middle
point. The curvature of this conic section (see [1]) is given by

κ̃SA =
S

T
2
3

(2.9)

where,

S =
1
4
[124]2[135]2([235] − [234])2 + 1

4
[123]2[145]2([245] + [234])2

− 1
2
[123][145][124][135]([234][345] + [235][245])

T =
1
4
[123][124][125][134][135][145][234][235][245][345]

[ijk] = det




xi ui 1
xj uj 1
xk uk 1


 .

Again a Taylor series can be computed to show the error in this approx-
imation (see [1] for derivation). Given five points Pi−2, Pi−1, Pi, Pi+1, Pi+2
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the result is

κ̃SA = κSA +
1
5

(
i+2∑

j=i−2

Lj

)
κSA
s + higher order terms

where

Lj =
∫ Pi

Pj

dsSA, j = i− 2, ..., i + 2

denotes the special affine arc length of the conic section from Pi to Pj (as-
sumed to be small); in particular Li = 0.

Now the following shows that tangency is preserved under a projective
transformation so that other invariant points called bi-tangents can be found
(see [7]).
Consider a point (x1, u1) on a curve C with derivative u

(1)
x . The equation

of the line tangent to C at (x1, u1) is given by,

u = u1 + u(1)
x (x− x1) (2.10)

Under a projective transformation the derivative ux transforms by

ux �−→ ūx̄ =
dhu+ di+ euxgx+ euxi− dxhux − eug − fg − fhux

ahu+ ai+ buxgx+ buxi− axhux − bug − cg − chux

The line (2.10) transforms to the line

ū = ūx̄x̄+ ᾱ (2.11)

where

ᾱ =
−dc+ af − dbu1 − cu

(1)
x + u1a+ bu

(1)
x f + dbu

(1)
x x1 − u

(1)
x x1a

ai+ ibu
(1)
x + hu1a− hu

(1)
x x1a− cg − chu

(1)
x − bu1g + bu

(1)
x x1g

(2.12)

Hence the derivative of the line (2.11) coincides with the derivative of the
transformed curve C̄ at (x̄1, ū1). Thus tangency is preserved under a pro-
jective transformation.
Now consider the curve in figure 2.1. The two points marked are called bi-

tangents. These points are the unique points in the concavity which have the
same tangent line. Since tangency is preserved, this property is projectively
invariant and can be used to locate these points in any projective transform
of the curve. Thus bi-tangents also provide invariant points.



40 CHAPTER 2. INVARIANTS AND CURVE MATCHING

bi-tangents

tangent line

Figure 2.1: Concave curve showing two bi-tangents.

The invariant points in each curve can be identified by using the projec-
tive joint-invariants. The projective joint-invariants depend on five points
{(x1, u1), (x2, u2), (x3, u3), (x4, u4), (x5, u5)} and are given by

J1 =
[134][125]
[135][124]

(2.13)

J2 =
[123][245]
[125][234]

. (2.14)

If five points are identified correctly in each object they will have the
same joint-invariants.

Consider two sets of five points {(x1, u1), (x2, u2), (x3, u3), (x4, u4),
(x5, u5)} and {(x̄1, ū1), (x̄2, ū2), (x̄3, ū3), (x̄4, ū4), (x̄5, ū5)} where

J̄1 = J1, J̄2 = J2 (2.15)

and

(x̄j , ūj) = gproj · (xj , uj) =
(
axj + buj + c

gxj + huj + i
,
dxj + euj + f

gxj + huj + i

)
, (2.16)

where j = 1, . . . , 4. Substituting (2.16) into (2.15) gives two equations in
the two unknowns x̄5 and ū5. UsingMAPLE these can be solved uniquely
to yield

(x̄5, ū5) = gproj · (x5, u5).
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The following shows theMAPLE code.
> inv:=proc(x,u,i,j,k)
> linalg[det]([[x.i,u.i,1],[x.j,u.j,1],[x.k,u.k,1]]) end;

inv := proc(x, u, i, j, k) linalgdet ([[x.i, u.i, 1], [x.j, u.j, 1],
[x.k, u.k, 1]]) end

> J1:=inv(x,u,1,3,4)*inv(x,u,1,2,5)/inv(x,u,1,3,5)/inv(x,u,
> 1,2,4);

J1 := ((x1 u3 − x1 u4 − x3 u1 + x3 u4 + x4 u1 − x4 u3 )
(x1 u2 − x1 u5 − x2 u1 + x2 u5 + x5 u1 − x5 u2 ))/(
(x1 u3 − x1 u5 − x3 u1 + x3 u5 + x5 u1 − x5 u3 )
(x1 u2 − x1 u4 − x2 u1 + x2 u4 + x4 u1 − x4 u2 ))

> for k from 1 to 4 do
> xb.k:=(a*x.k+b*u.k+c)/(g*x.k+h*u.k+i);
> ub.k:=(d*x.k+e*u.k+f)/(g*x.k+h*u.k+i) od;

xb1 :=
a x1 + b u1 + c

g x1 + hu1 + i

ub1 :=
d x1 + eu1 + f

g x1 + hu1 + i

xb2 :=
a x2 + b u2 + c

g x2 + hu2 + i

ub2 :=
d x2 + eu2 + f

g x2 + hu2 + i

xb3 :=
a x3 + b u3 + c

g x3 + hu3 + i

ub3 :=
d x3 + eu3 + f

g x3 + hu3 + i

xb4 :=
a x4 + b u4 + c

g x4 + hu4 + i

ub4 :=
d x4 + eu4 + f

g x4 + hu4 + i
> J1b:=inv(xb,ub,1,3,4)*inv(xb,ub,1,2,5)/inv(xb,ub,1,3,5)
> /inv(xb,ub,1,2,4):
> J2:=inv(x,u,1,2,3)*inv(x,u,2,4,5)/inv(x,u,1,2,5)/inv(x,u,
> 2,3,4);

J2 := ((x1 u2 − x1 u3 − x2 u1 + x2 u3 + x3 u1 − x3 u2 )
(x2 u4 − x2 u5 − x4 u2 + x4 u5 + x5 u2 − x5 u4 ))/(
(x1 u2 − x1 u5 − x2 u1 + x2 u5 + x5 u1 − x5 u2 )
(x2 u3 − x2 u4 − x3 u2 + x3 u4 + x4 u2 − x4 u3 ))

> J2b:=inv(xb,ub,1,2,3)*inv(xb,ub,2,4,5)/inv(xb,ub,1,2,5)
> /inv(xb,ub,2,3,4):

> #the following are polynomial equations:

> eq1:=numer(normal(J1-J1b)):
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> eq2:=numer(normal(J2-J2b)):

> solve({eq1,eq2},{xb5,ub5});

{ub5 = f + d x5 + u5 e
i+ hu5 + x5 g

, xb5 =
x5 a+ u5 b+ c

i+ hu5 + x5 g
}

That is, the fifth points are related by the same projective transformation
as the first four points. Similarly, if there is a sixth point (x6, u6) and
(x̄6, ū6), where (2.15) holds for the pair of five points (xj , uj) j = 2, . . . , 6
and (x̄j , ūj) j = 2, . . . , 6, then (x̄6, ū6) = gproj · (x6, u6). Continuing this
process shows that if (2.15) is satisfied for all the consecutive groups of five
points in a group of n points then the set of n points in each curve must be
related by a projective transformation.
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2.2 Smoothing and curve matching using links be-

tween groups

In section 2.1, a method for approximating the projectively invariant inflec-
tion points and special affine curvature turning points is given. This involves
a discrete approximation to the Euclidean and special affine curvatures re-
spectively.

The inflection points and special affine curvature turning points can be
used to match the curves in the following way.
If two curves C and C are related by a projective transformation and four

points are correctly identified in each curve, then the projective transforma-
tion that relate the curves can be found. Let {(x1, u1), (x2, u2), (x3, u3),
(x4, u4)} be four of these points in C and {(x̄1, ū1), (x̄2, ū2), (x̄3, ū3), (x̄4, ū4)}
be the corresponding four points in C. Then the projective transformation
mapping C to C is given by the solution to the following set of equations,

eq1 = (ax1 + bu1 + c)− x1(gx1 + hu1 + i) = 0

eq2 = (dx1 + eu1 + f)− u1(gx1 + hu1 + i) = 0

eq3 = (ax2 + bu2 + c)− x2(gx2 + hu2 + i) = 0

eq4 = (dx2 + eu2 + f)− u2(gx2 + hu2 + i) = 0

eq5 = (ax3 + bu3 + c)− x3(gx3 + hu3 + i) = 0

eq6 = (dx3 + eu3 + f)− u3(gx3 + hu3 + i) = 0

eq7 = (ax4 + bu4 + c)− x4(gx4 + hu4 + i) = 0

eq8 = (dx4 + eu4 + f)− u4(gx4 + hu4 + i) = 0

After a large computation in MAPLE, the solution to the above equa-
tions is

a = x1x2Y34Y 34[123][124]− x1x3Y24Y 24[123][134] + x2x3Y 14Y14[123][234]

+ x1x4Y23Y 23[124][134]− x2x4Y 13Y13[124][234] + x4x3Y 12Y12[134][234]

b = −x1x2Y 34X34[123][124] + x1x3Y 24X24[123][134]− x2x3Y 14X14[123][234]

− x1x4Y 23X23[124][134] + x4x2Y 13X13[124][234]− x4x3X12Y 12[134][234]

c = x1x2Y 34D34[123][124]− x1x3Y 24D24[123][134] + x2x3Y 14D14[123][234]

+ x1x4Y 23D23[124][134]− x2x4Y 13D13[124][234] + x4x3Y 12D12[134][234]

d = −u2u1X34Y34[123][124] + u3u1X24Y24[123][134]− u3u2X14Y14[123][234]

− u4u1X23Y23[124][134] + u4u2X13Y13[124][234]− u4u3X12Y12[134][234]
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e = u2u1X34X34[123][124]− u3u1X24X24[123][134] + u2u3X14X14[123][234]

+ u4u1X23X23[124][134]− u4u2X13X13[124][234] + u4u3X12X12[134][234]

f = −u2u1X34D34[123][124] + u3u2X24D24[123][134]− u2u3X14D14[123][234]

− u4u1X23D23[124][134] + u4u2X13D13[124][234]− u4u3X12D12[134][234]

g = Y34D34[123][124]− Y24D24[123][134] +D14Y14[123][234]

+ Y23D23[124][134]−D13Y13[124][234] +D12Y12[134][234]

h = −D34X34[123][124] +D24X24[123][134]−D14X14[123][234]

−D23X23[124][134] +D13X13[124][234]−X12D12[134][234]

i = D34D34[123][124]−D24D24[123][134] +D14D14[123][234] (2.17)

+D23D23[124][134]−D13D13[124][234] +D12D12[134][234]

where

Dij = det

(
xi ui

xj uj

)
, Dij = det

(
xi ui

xj uj

)
,

Xij = det

(
xi 1
xj 1

)
, Xij = det

(
xi 1
xj 1

)
,

Yij = det

(
ui 1
uj 1

)
, Y ij = det

(
ui 1
uj 1

)
.

Note that more than four points in each curve can be used to match the
curves by solving the resulting overdetermined system of linear equations by
least squares.
Now the Euclidean and special affine curvatures depend on second and

fourth order derivatives respectively, so are sensitive to noise. This noise
can be smoothed out by the following averaging process.
Replace each point on curve by the average of itself and one point on

each side (this number is essentially arbitrary) and repeat until the noise is
smoothed out.
Under smoothing, inflection points (points where uxx = 0) do not remain

inflection points as over time they are smoothed out. But given a graph
u = u(x), if uxx = 0 then this corresponds to a turning point of the graph
of the derivative of u(x), ux = ux(x). Thus these points can be calculated
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using first order derivatives so only a small number of smoothings will be
required to locate them. Even so, as is shown in the section 2.2.1, an error
can still develop when using the inflection points of the smoothed curve to
locate the inflection points of the original (noisy) curve. This is also the
case in the calculation of the special affine curvature turning points which
is shown in section 2.2.2.

2.2.1 Moving of inflection points

Given six points P1, P2, P3, P4, P5, P6, define

P̄2 =
P1 + P2 + P3

3
,

P̄3 =
P2 + P3 + P4

3
,

P̄4 =
P3 + P4 + P5

3
,

P̄5 =
P4 + P5 + P6

3
,

The area of the triangle area determined by P̄2, P̄3, P̄4 is

Ā234 =
1
9
(A124 +A145).

Suppose that for the above six points that A123 > 0, A234 < 0, A345 <

0, A456 < 0 and also A235 < 0, A256 < 0. That is the two points between
which the discrete curvature changes sign are P2 and P3. If A124+A145 > 0
then Ā234 > 0 and also Ā345 = 1

9 (A235 + A256) < 0. So the two points
between which the discrete curvature changes sign on the smoothed curve
after one smoothing is now P̄3 and P̄4. Figure 2.2 shows an example of this.
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Figure 2.2: Graphs showing the six points P1, P2, P3, P4, P5, P6 with triangle
areas A123 = 1.5, A234 = −0.75, A345 = −0.5, A456 = −0.25, A124 + A145 =
0.75, A235 + A256 = −4.5 and the four smoothed points P̄2, P̄3, P̄4, P̄5 with
triangle areas Ā234 = 0.04, Ā345 = −0.25 (all values are to two decimal
places)
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The point chosen to approximate the inflection point on this smoothed
curve is the point which has triangle area closest to zero. Suppose P̄4 is
this point. Since it is the inflection point on original (noisy) curve that is
required, the corresponding point P4 is used as the approximation. Further
smoothings may move the approximation to inflection point on original curve
further but inflection points only depend on first order derivatives and so
the noise is smoothed out quickly. Thus the inflection points will not move
significantly after the first few smoothings. The error however, will still have
an effect on the matching of curves, (see section 2.2.3).
The first graph in figure 2.3 shows a concavity of a discretised curve

(points equally spaced) with the true inflection points denoted by a box.
The two points corresponding to where the discrete curvature changes sign
for each inflection point are denoted by a circle. Notice that the second
(true) inflection point lies just outside the two circled points. This curve
is smoothed five times and the points where the discrete curvature changes
sign on smoothed curve are located. The second graph in figure 2.3 shows
the corresponding points on the original curve, which have moved slightly
away from the true inflection points.
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Figure 2.3: Approximations to true inflection points on discretised curve
without smoothing and with smoothing.

In general, there can be no guarantee that the approximated inflection
points in one curve match up precisely with the approximated inflection
points in the transformed curve. However this is the case for two equally
spaced curves (in Euclidean distance from a common point) C and C related
either by a Euclidean transformation, (x, u) �−→ (x cos θ+u sin θ,−x sin θ+
u cos θ), or a similarity transformation, (x, u) �−→ (αx+ a, αu+ b), α > 0.
Let g be a Euclidean or similarity transformation which maps C to C.
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Euclidean distance is invariant under the Euclidean group and is scaled by
a constant factor under the similarity group. Define C = {Pi} where Pi are
all equally spaced in Euclidean distance. Also define C = {P̄i} where

P̄i = g · Pi. (2.18)

Then P̄i are also equally spaced in Euclidean distance.

Assume that an inflection point Itrue in C has been identified correctly
with an inflection point Itrue in C. Let Is = P0+P1+P2

3 , be the discrete
approximation to the inflection point in the smoothed curve of C so that
P1 will be the approximation to Itrue. (Is is chosen so that the absolute
value of its associated triangle area is locally the closest to zero). Let

I
s = g · Is =

g · P0 + g · P1 + g · P2

3
(2.19)

since g is a linear transformation. Also, by (2.18), Is = P̄0+P̄1+P̄2
3 .

Under the Euclidean group, the triangle areas are preserved and, under
the similarity group, they are all scaled by a constant factor. So that Is

will have the same sign as Is and its associated triangle area will be locally
the closest to zero. Therefore, Is will be the discrete approximation to the
inflection point in the smoothed curve of C so that P̄1 = g · P1 will be the
approximation to Itrue. This shows that the approximated inflection points
of C match up precisely with those in C under this discretisation.

But if g was not a Euclidean transformation or similarity transforma-
tion, but was an affine transformation or projective transformation, equally
spaced points are NOT preserved under g. Furthermore, if g was a projective
transformation then (2.19) does not hold. So in general the approximated
inflection points of C and C will not match up precisely.

Note that this construction also holds for special affine curvature turning
points.

2.2.2 Moving of special affine curvature turning points

The mechanism behind how the special affine curvature turning points move
under smoothing though is much more complicated to analyse as fourth
order derivatives are involved. As yet an effective way of analysing this has
not been found. Though the following example shows the behaviour.

Consider the convex curve C = {(X(t), U(t))} where

X(t) = cos t+
1
5
cos2 t

U(t) =
1
2
X(t) + sin t+

1
10
sin2 t



48 CHAPTER 2. INVARIANTS AND CURVE MATCHING

This is equally spaced in Euclidean distance with 60 points, see figure 2.4,
and the curve is then smoothed 10 times using five points each side of the
middle point in the averaging process.
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Figure 2.4: Discretised curve with 60 equally spaced points.

Using the discrete approximation κ̃SA (given by (2.9)) to the special affine
curvature of the curve C, the turning points are located and their position is
compared with the positions of the turning points found from the smoothed
curve. Figure 2.5 shows that some of the turning points have moved away
from there initial position. Here κ̃SAis plotted against the parameter t and
the points which correspond to the turning points of the original curve are
denoted by a circle.
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Figure 2.5: Comparing the positions of special affine curvature turning
points of original curve with smoothed curve.
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2.2.3 Matching curves

In general, there is never a precise matching of the objects because smooth-
ing changes the positions of the invariant points. A method is now described
for reducing some of this error which works well on the first example of a
convex curve. However when it is applied to the second example of a con-
cave curve, it gives no further improvement to the initial matching. But it
led to an overshooting undershooting method which is described in the next
section. This method works for both the convex curve and two examples of
concave curves.

Consider two curves, related by a projective transformation very close to
the identity which are sampled at equally spaced (in Euclidean arclength)
points from a common point. Suppose each sampling has the same number
of points and that the curves are both smoothed using this averaging pro-
cess. Then their smoothed curves will remain close as well. Consider two
curves C and C related by a projective transformation. Using the approxi-
mated inflection points and/or special affine curvature turning points, map
C on to a curve Ĉ. The two curves C and Ĉ represent the initial matching.
It is assumed that Ĉ will be more closely matched to C than C so that if
Ĉ is equally spaced in Euclidean distance and smoothed again the inflec-
tion points and/or special affine curvature turning points should move less
relative to the corresponding points in C. Thus the next mapping will be
closer.

If C and C are related by a Euclidean transformation or a similarity
transformation and they are each equally spaced from a common point then
the amount the invariant points move relative to each other will be exactly
the same. In practice though, they will not be equally spaced from precisely
a common point. But the error in the matching of the discretisations (due to
not starting at precisely the same common point) will be within at least half
the distance between the points. If two discretisations of C are used where
their starting points differ by half the distance between the points then one
of these discretisation’s will have an error within at least one quarter of the
distance between the points. (This error can be further reduced by using
more discretisations all more points). So if both of these discretisations
are used to match the curves, one of them will have a starting point which
coincides very closely to the starting point of the discretisation of C. Thus
the difference in the amount the invariant points move in each curve relative
to each other will be small.

So the method is to first equally space C and C, then map C to Ĉ,
equally space Ĉ and repeat the procedure. Note that equal spacing is used
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as it is the simplest spacing that can be placed consistently on the curves.

Example 1

Consider the curve

X = cos t+
1
5
cos2 t

Y =
1
2
X + sin t+

1
10
sin2 t

Take a projective transformation of this curve, discretise both curves using
60 points, add random noise to both, then equally space each curve approx-
imately in Euclidean arclength. This is done by joining every two points by
a straight line, and summing up all the distances between points to get the
approximate arclength of each curve, then dividing by 60 to get the required
distance d between points. Then 60 points are placed on curve such that
the distance between every two points is d, see figure 2.6.
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Figure 2.6: Two convex curves related by a projective transformation

Each curve is smoothed a number of times (until the noise is smoothed
out, which is determined by when the number of turning points stays con-
stant after further smoothings), and the discrete special affine curvature is
computed for both curves. Both curves have six special affine curvature
turning points, which are located on each curve. For each of the six possible
combinations of five consecutive points in each curve, the joint-invariants are
computed. The following table shows the six joint-invariants in each curve
plus the corresponding combination of five points. For example [12345] refers
to the joint-invariants involving the consecutive points (xi, ui), i = 1, . . . , 5 in
the first curve ([1̄2̄3̄4̄5̄] refers to the consecutive points (x̄i, ūi), i = 1, . . . , 5
in second curve). The initial ordering of the points chosen in the second
curve is such that the types of special affine curvature turning points coin-
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cide with the same type in the ordering of the first curve. Note that they
still do not match up.

Table of joint-invariants

Combination [J1, J2] Combination [J̄1, J̄2]

[12345] [0.7313, 1.0025] [1̄2̄3̄4̄5̄] [0.5618, 2.9282]
[23456] [0.7050, 0.5765] [2̄3̄4̄5̄6̄] [0.8483, 0.3188]
[34561] [0.5355, 2.6568] [3̄4̄5̄6̄1̄] [0.5334, 1.5098]
[45612] [0.8075, 0.4835] [4̄5̄6̄1̄2̄] [0.6730, 1.2167]
[56123] [0.6382, 0.9766] [5̄6̄1̄2̄3̄] [0.7348, 0.7575]
[61234] [0.5918, 1.3794] [6̄1̄2̄3̄4̄] [0.6430, 0.7700]

The sequence of six points in the second curve which has the best match-
ing of joint-invariants with the sequence of six points in first curve is found
(because of noise and the fact that the parametrisations in each curve do not
match up, the joint-invariants will not be exactly the same). This is done by
first computing the square root of the sum of the distances squared between
each joint-invariant pair in the above table. This corresponds to the sequence
[1̄2̄3̄4̄5̄], . . . , [6̄1̄2̄3̄4̄] in the second curve. Then repeating this for the se-
quences [3̄4̄5̄6̄1̄], [4̄5̄6̄1̄2̄], . . . , [2̄3̄4̄5̄6̄] and [5̄6̄1̄2̄3̄], [6̄1̄2̄3̄4̄], . . . , [4̄5̄6̄1̄2̄] (these
are the sequences which have the type of special affine curvature turning
points coinciding between the curves). The result is 2.4752, 3.0772 and
0.7300 respectively. Thus the sequence [5̄6̄1̄2̄3̄], [6̄1̄2̄3̄4̄], . . . , [4̄5̄6̄1̄2̄] in the
second curve has the best matching with the sequence [12345], . . . , [61234]
in the first curve.
Now since there are six points, the mapping back equations are solved

by least squares and C̄ is mapped back onto C. Call the resulting curve
Ĉ. Figure 2.7 shows the initial mapping is quite close but their is still error
present.
The procedure is repeated on Ĉ. That is, Ĉ is discretised by equally

spacing and smoothing the same number of times as the previous curves.
The six points are relocated then Ĉ is mapped onto C. Figure 2.8 shows
that most of the initial error has been corrected.
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Figure 2.7: Initial mapping
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Figure 2.8: First iteration of method.
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Example 2

Consider the following two images (figure 2.9 and figure 2.10) which are two
digital photographs of a planar object taken from two different positions.
The planar object used comes from a picture from the paper [1] where they
take an image of a canine left ventricle and extract the boundary of it.

Figure 2.9: First camera angle

Figure 2.10: Second camera angle
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The .jpg files are read into MATLAB (see [12]), and the curves are
discretised, see figure 2.11.
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Figure 2.11: Discretised curves

193 points are equally spaced around each curve then the curves are
smoothed six times. All the triangle areas are plotted on a graph, and the
inflection points are located on each curve by finding where the triangle
areas change sign. Figure 2.12 shows the triangle areas associated with the
first curve.
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Figure 2.12: Triangle areas of the first curve after smoothing six times.

The second curve is then mapped back onto the first. Figure 2.13 shows
the initial mapping is quite close.



2.3. OVERSHOOTING, UNDERSHOOTING METHOD 55

1

1.5

2

2.5

3

0.5 1 1.5 2

Figure 2.13: The initial mapping.

However applying the above method to this curve produces no further
improvement. One possible reason for this is that all the inflection points
in second curve are within one point of matching up precisely with those
in the first curve and that the error in the initial mapping of second curve
is enough so that smoothing this curve always shifts at least one of these
inflection points one point away from the true position. This example led to
the overshooting, undershooting method which is described in the following
section.

2.3 Overshooting, undershooting method

In general, the first mapping back never gives a precise matching of the
objects because smoothing changes the positions of the invariant points. A
method for correcting the error in the initial matching will now be given
which is demonstrated on three examples. This method is explained for the
case of concave curves, but the example of convex curve below gives evidence
that it can also be applied in the convex case.

Take two concave curves C and C related by projective transformation.
Locate four approximate inflection points in C. Now assume the four points
in C have been found that match up precisely with those in C. That is the
exact projective transformation mapping C to C can be found.

Let C1 be a concavity of C with two of these inflection points I1, I2,
say and C̄1 be the corresponding concavity of C with the corresponding two
inflection points Ī1, Ī2, see figure 2.14.
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C1 C1

I1 I2
Ī1

Ī2

Figure 2.14: Two corresponding concavities in C and C

Suppose Ī1 is mapped to a point on C1 to one side of I1 and C̄1 overshoots
C1. On the other hand if Ī1 is mapped to a point on C1 to the other side
of I1, C̄1 will undershoot C1, see figure 2.15. Note, the solid line is part of
C1, the dashed line is the corresponding part of C̄1.

I1
I1

Ī1 is mapped to hereĪ1 is mapped to here

Figure 2.15: C̄1 overshooting and undershooting C1 respectively

So if in the beginning I1 does not exactly match up with Ī1, the difference
in the behaviour of the matching shown above can be used to match it
correctly. Examples 2 and 3 in this section show that with noise present
the above idea can be used to match two curves related by a projective
transformation closely.
The convex case is more difficult to handle as the special affine curvature

turning points require fourth order derivatives and so many more smoothings
are required to locate them. Thus there is a potential for a much larger
amount of error to occur. Example 1, though, gives evidence that this case
can still be handled by this method.

2.3.1 Example 1

Consider the two equally spaced discretised curves with random noise added,
C, and C from the first example of section 2.2.3, shown again in figure 2.16.
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Figure 2.16: Two convex curves related by a projective transformation

Each curve is smoothed a number of times (until the noise is smoothed
out) and the discrete special affine curvature is computed for both curves.
Both curves have six special affine curvature turning points. These are
located on each curve. They are matched up by using the joint-invariants.

The overshooting undershooting method is applied on this convex curve.
Four consecutive turning points are chosen in each curve. The first turning
point in C is shifted in two directions to get an interval where overshooting
and undershooting occurs as shown in figure 2.17. The same is done for
the second turning point and the combination of points (lying inside these
intervals) is found which produces the best local matching, see figure 2.18.
The same process is done on the third and fourth turning points, and the
best local matching is shown in figure 2.19.

Note: in figures 2.17-2.27, C is denoted by crosses and C by circles. Each
pair of turning points are denoted by boxes.
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Figure 2.17: First turning point: C undershoots and overshoots C respec-
tively
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Figure 2.18: Best local matching of first and second turning points
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Figure 2.19: Best local matching of third and fourth turning points

The process repeated on the fifth and sixth turning points. But here,
fixing the fifth point in its initial position causes C to significantly overshoot
C. This affects the calculation of the interval for the sixth point where over-
shooting and undershooting occurs in that the interval does not contain the
best position for the sixth point. Thus the best local matching of the fifth
and sixth turning points (which is shown in figure 2.27) is not obtained.
This can be overcome by the following method.

First a limit is fixed on the amount of error allowed in the turning points.
If the curves cannot be matched within this tolerance then it is assumed that
either the curves are excessively noisy or they are not related by a projective
transformation. Note that if the error was too large then the joint-invariants
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will not be able to be matched up anyway.

Since it is discrete data that is being worked with, it can be assumed
that the initial approximations to the six turning points in C are within
a certain number of points from a precise matching with the six points
in C. This number is essentially arbitrary as the allowable error can be
increased or decreased by increasing or decreasing the spacing of the points.
This number should not be too high as this would affect the speed of the
algorithm.

In order to illustrate the method with the current example, the limit
is chosen to be three points. Note that the arguments that follow neglect
the contribution of possible errors in the other two special affine curvature
turning points used in the local matching. However, for the three examples
to follow this did not cause a problem.

Let P true
5 and P true

6 , be the true positions in C for the fifth and sixth
turning points respectively (that is they match precisely with the corre-
sponding turning points in C). Let P init

5 and P init
6 be the initial positions

in C of the fifth and sixth turning points respectively. Fix the fifth point
and move the sixth point in the direction where the curves overshoot, call
this direction D+

6 . Denote the other direction where the curves undershoot
by D−

6 . Similarly fix the sixth point and move the fifth point and define di-
rections D+

5 , D
−
5 . Note that if the fifth point is fixed at P

true
5 and the sixth

point is fixed at two points P−
6 and P+

6 say where the curves overshoot and
undershoot, then P true

6 ∈ [P−
6 , P+

6 ].

If the fifth point was fixed in the direction D−
5 so that the curves un-

dershoot, then to compensate for this so that the curves overshoot again,
the sixth point will have to be moved a sufficient amount in the direction
D+

6 . Furthermore, the further the fifth point is fixed in the direction D−
5

the further that the sixth point will have to be moved in the direction D+
6

to compensate.

To illustrate this, consider the smooth versions of the curves C and C.
First the fifth point is fixed at the position P5,1 as marked in figure 2.20
so that C undershoots C as shown in figure 2.21 (C is the dotted curve, C
is the solid curve). Then the sixth point is fixed at the position P6,1 (with
the fifth point still at P5,1) so that C overshoots C by an amount similar to
figure 2.21. The fifth point is then fixed at P5,2 and to keep C overshooting
C by an amount similar to figure 2.22 the sixth point must be fixed at P6,2.
Similarly for P5,3 the sixth point must be fixed at P6,3. So that the further
the fifth point is fixed so that C undershoots C, the further the sixth point
has to be fixed to make C overshoot C again.
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Figure 2.20: Graph of C showing the points used to illustrate overshooting
and undershooting.
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Figure 2.21: C undershoots C
with P5,1
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Figure 2.22: C overshoots C
with P5,1 and P6,1.
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Eventually the fifth point will be fixed a sufficient distance in the direc-
tion D−

5 at a point, P
reject
5 say, such that before the curves overshoot again,

the sixth point will have to be moved in excess of the three point limit of
P init

6 . Thus the two consecutive points P+
6 and P−

6 which correspond to
the curves overshooting and undershooting will lie outside the three point
limit of P init

6 . This implies P true
6 ∈/ [P−

6 , P+
6 ]. Hence the point P

reject
5 can be

rejected as being P true
5 . Note that any points fixed further in this direction

D−
5 will be rejected as well. Let Pmin−

5 be the point the closest to P init
5

which is rejected. By a similar argument to above the fifth point can be
fixed in the direction D+

5 to find Pmin+
5 . Thus P true

5 ∈ [Pmin−
5 , Pmin+

5 ].
Now figure 2.23 shows a point P reject

5 denoted by a circle which is rejected
as the two points P−

6 and P+
6 where overshooting and undershooting occurs

are outside the three point limit from P init
6 , see figures 2.24-2.25.
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Figure 2.23: Graph showing P reject
5 denoted by a circle, P init

5 denoted by a
black dot and P true

5 denoted by a box.
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Figure 2.24: C overshoots and undershoots C respectively corresponding to
the points P−

6 , P+
6 ∈ C.
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Figure 2.25: Graph showing P−
6 and P+

6 denoted by a circle, P init
6 denoted

by a black dot and P true
6 denoted by a box.



2.3. OVERSHOOTING, UNDERSHOOTING METHOD 63

The method then proceeds as follows. Fix the fifth point at P init
5 and say

the curves undershoot. Move the sixth point three points both sides of P init
6

until the curves overshoot. If no overshooting occurs reject this point and
find the position nearby where it is not rejected. Call this point P accept

0 .
Now find the first two points to the left and right of P accept

0 where they are
rejected. Call these points P reject

− and P reject
+ respectively. These points put

a bound around where the true point lies.
Figure 2.26 shows the results of this method applied on the fifth and

sixth turning points. The true position for the fifth point in C (that which
matches up precisely with the fifth point in C), is denoted by a box. P initial

5

is denoted by a black dot and P reject
− and P reject

+ are circled. Note that here,
P reject

+ would be rejected anyway as it lies outside the three point limit.
Now let the point closest to the true position of fifth point (between

P reject
− and P reject

+ ) be P best
5 and let the point closest to the true position

of sixth point be P best
6 . For each point between P reject

− and P reject
+ , find the

two points nearest the initial sixth point where the curves overshoot and
undershoot. Eventually P best

5 will be fixed, so that the two points where
curves overshoot and undershoot will contain P best

6 . Hence the best local
matching of the fifth and sixth points can be obtained, see figure 2.27.
Note, one could always just check every combination of three points ei-

ther side of initial points and get the best matching from these, this would
take 72 = 49 possibilities to check. The advantage of utilising overshoot-
ing and undershooting is that this can significantly decrease the number of
possibilities that need to be checked.
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Figure 2.26: Bounds P reject
− and P reject

+ , surrounding true fifth point.
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Figure 2.27: Best local matching of fifth and sixth turning points

Finally all the six resulting points are used to map C onto C, figure 2.28
shows the curves are matched closely.
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Figure 2.28: Final matching

Note that assuming the curves match, it may be advantageous to map the
whole curve back using the initial approximations to the six turning points
(by solving a system of 8 equations by least squares) before the overshooting,
undershooting method is applied. Then the areas where the two curves
deviate the most can be found and the turning points closest to these areas
can be located. This will give a good estimate of what turning points have
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the greatest amount of error in them.

Also note that when the best local mapping is being found by varying
two points in C, the other two points in C and the four points in C re-
main fixed during that whole calculation. The explicit solution to mapping
equations (2.17), shows that the [ijk] terms and the majority of the other
terms remain fixed throughout, so everytime a, ..., i are recomputed, only a
few terms need to be calculated. If the 8 by 8 linear system is solved each
time then this makes no use of the fact that six terms are fixed. So using
(2.17) reduces the amount of computation involved.

Finally note that the local matching if required could be applied again
around the curve as the second time the errors in special affine curvature
turning points will have reduced and a better approximation could be ob-
tained. Going around a second time could also avoid the potential problem
of error in two other special affine curvature turning points which are fixed
during the calculation of the interval where overshooting and undershooting
occurs, see comments at the end of this section.

2.3.2 Example 2

Consider the two discretised curves from the second example of section 2.2.3,
shown again in figure 2.29.
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Figure 2.29: Discretised curves

As before, the inflection points are located on each curve. The over-
shooting, undershooting method is now applied to each concavity.

Note that it is possible that error in the first inflection point could affect
the calculation of the correct interval for the second inflection point. That
is the point closest to the true second inflection point may not lie inside
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this interval (a similar problem to this occurs in example 1 of this section).
However for this example and example 3 this problem does not occur.
For the following figures, the first curve is denoted by a cross, the sec-

ond curve by a circle. Figures 2.30 and 2.31, show the overshooting and
undershooting for two inflection points in one of the concavities of the left
ventricle. Figure 2.32 shows the best matching of this concavity. Figure
2.33 shows the best matching of the other two concavities.
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Figure 2.30: First inflection point; first curve undershoots and overshoots
second curve
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Figure 2.31: Second inflection point; first curve overshoots and under-
shoots second curve
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Figure 2.32: Best matching of first concavity
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Figure 2.33: Best matching of second and third concavities

Finally, all the resulting six inflection points are used to map the second
curve into the first curve. This is done by solving the twelve resulting over-
determined equations by least squares. Figure 2.34 shows a close matching.
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Figure 2.34: Mapping second curve into first curve

Note that the closeness of the matching is dependent on the spacing
of the points. Consider the inflection point closest to the bottom right-
hand corner of figure 2.34. The second curve overshoots the first curve
here showing that this current inflection point is slightly out from the true
inflection point. Furthermore, if the point next to this inflection point in
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the second curve is used then the second curve undershoots the first curve
and so using points in this current discretisation will not correct this error.
However, if the point halfway between these two points where the curve

undershoots and overshoots is used, as figure 2.35 shows the matching be-
comes even closer. This is because the true inflection point lies between the
two points above where overshooting and undershooting occurs.
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Figure 2.35: Closer matching
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2.3.3 Example 3

Consider two different curves (not related by a projective transformation)
given by C1 = {(X1(t), U1(t))}, and C2 = {(X2(t), U2(t))}, where,

X1(t) = cos(t)

U1(t) = sin(t) + sin(
1
2
t)2 cos(t) +

1
2
sin(2t)2

X2(t) = cos(t)

U2(t) = sin(t) + sin(
1
2
t)2 cos(t) +

2
3
sin(2t)2

and a third curve C1 = {(X1(t), U 1(t))} which is related to C1 by a projec-
tive transformation.

These curves are each discretised using 193 points, random noise is
added, and they are equally spaced, see figure 2.36.
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Figure 2.36: Three curves, C2, C1 and C1 respectively.

Now all three curves are smoothed and their inflection points are calcu-
lated. Each curve has six inflection points.

The overshooting, undershooting method is applied on C1 and C1. Fig-
ures 2.37 and 2.38 show the results for one of the concavities. Figure 2.39
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shows the best matching of this concavity. The same is done on the second
and third concavities and figure 2.40 shows the best matchings of these. The
points of C1 are denoted by a cross, the points of C1 are denoted by a circle.
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Figure 2.37: First inflection point; C1 overshoots and undershoots C1
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Figure 2.38: Second inflection point; C1 undershoots and overshoots C1
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Figure 2.39: Best matching of first concavity
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Figure 2.40: Best matching of second and third concavities
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Finally, all six corrected inflection points are used to map the whole of
curve C1 onto C1. Figure 2.41 shows a close matching.

–1

–0.5

0.5

1

–1 –0.5 0.5 1

Figure 2.41: Final matching of C1 onto C1

Now the same method is applied on C1 and C2. Note that the overshoot-
ing and undershooting still occurs as the curves are only a small perturbation
of one another. Figure 2.42 shows the best matching of the first and second
concavities. The matching of the first concavity is a significantly worse than
was the case with C1 and C1, c.f. figure 2.39. Interestingly though, as the
second graph in figure 2.42 shows, the best matching of the second concavity
is quite good and is comparable to first graph in figure 2.40. But the best
matching of the third concavity (see figure 2.43) is significantly worse than
second graph of figure 2.40.

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

–0.6 –0.4 –0.2 0 0.2 0.4 0.6

–1

–0.8

–0.6

–0.4

–0.2

–1 –0.8 –0.6 –0.4 –0.2 0.2 0.4

Figure 2.42: Best matching of first and second concavities
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Figure 2.43: Best matching of third concavity

Now using the six corrected inflection points, C2 is mapped onto C1,
figure 2.44 shows there is a significant difference between the curves.
This result is consistent with the fact that C1 and C2 are different.
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Figure 2.44: Final matching
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Comments about overshooting undershooting method

The overshooting undershooting method is a way of correcting the initial
error in the matching. It has been assumed in this method that the errors
in the two points that are fixed during the calculation of interval where
overshooting and undershooting occurs have no effect. In general this may
not be the case though, as was mentioned earlier, if the method is applied
twice this problem may not occur.
Another problem with this method is that, depending on how much error

is needed to be corrected a potentially large number of mappings and local
matchings would be required.
However this method provides some insight into the behaviour of pro-

jective transformations on curves and led to the canonical form method
in chapter 3 which tracks errors to individual parameters of the projective
group and can place points where desired on the curves for use in matching.
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Chapter 3

Canonical form

3.1 Euclidean canonical form

Consider two curves u = u(x) and ū = ū(x̄) related by a projective trans-
formation

(x, u) �−→ (x̄, ū) = (
ax+ bu+ c

gx+ hu+ i
,
dx+ eu+ f

gx+ hu+ i
), (3.1)

det




a b c

d e f

g h i


 = 1.

Note that by the chain rule, the derivative ux transforms by

ux �−→ ūx̄ =
dhu+ di+ euxgx+ euxi− dxhux − eug − fg − fhux

ahu+ ai+ buxgx+ buxi− axhux − bug − cg − chux
(3.2)

Locate a point common to both curves. This point could be an inflection
point, bi-tangent point or special affine curvature turning point as these
points are projectively invariant (see chapter 2). A Euclidean transformation
is performed on each curve so that this common point satisfies,

x = x̄ = 0, u(0) = ū(0) = 0, ux(0) = ūx̄(0) = 0.

Note that this Euclidean transformation is unique since there are three pa-
rameters in the Euclidean group and the above gives three conditions to
solve for these parameters. This form of the curves is called their Eu-
clidean canonical form. Then (3.1) and (3.2) implies that c = 0, d = 0
and f = 0.

Now e �= 0 otherwise it is not a projective transformation, so after di-
viding through every constant by e (this has no effect on the projective

77
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transformation) the two curves are related by

(x, u) �−→ (
ax+ bu

gx+ hu+ i
,

u

gx+ hu+ i
). (3.3)

and therefore

x̄

ū
= a

x

u
+ b,

Thus the x
u turning points and inflection points are preserved and can be

detected in a way which is independent of parametrisation.

3.2 Discussion of the following sections

In the following section (3.3), a method is given which utilises a x
u turning

point between two bi-tangents to generate other invariant points which are
used to match the curves. Several examples of concave curves with rea-
sonably large concavities are given with random noise added to show the
robustness of the use of the Euclidean canonical form. Adaptive spacing is
used for accuracy of calculating the bi-tangents and for minimizing the num-
ber of points needed in representing the curves for speed of the algorithm.
This method is then adapted to handle convex curves (which have no x

u

turning points) utilising an x
u inflection point. A number of examples show

the robustness of the use of the Euclidean canonical form.
This is followed by a geometrical interpretation of all the parameters in

the projective group (section 3.4).

The method for concave curves in section 3.3 works well for large concav-
ities but in practice a different method will be used (based on the adapted
method for convex curves) which can be applied to all curves. This global
method (described in section 3.5 using the left-ventricle) can place points
used for matching where desired on the curves and enables a way of cor-
recting error in the initial matching. A theoretical formulation of this error
correction is given at the end of section 3.5. (An implementation of the error
correction is given in chapter 4).
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3.3 Utilising the Euclidean canonical form

Suppose two concave curves u = u(x) and ū = ū(x̄) are related by a
projective transformation. Suppose an inflection point, bi-tangent or special
affine curvature turning point has been identified and that the curves are
given in their Euclidean canonical form.

If the canonical point of u is a bi-tangent point then the other bi-tangent
point will have u = 0. Similarly for ū. Let the other bi-tangent point be
P1 = (x1, 0). Assume that for x in a neighbourhood of the two bi-tangents P1

and the canonical point (0, 0), u(x) > 0 and x1 > 0 (the case x1 < 0 proceeds
similarly). The Taylor series of u(x) for x in a neighbourhood of zero is given
by u(x) = Ax2 +O(x3), where A > 0 and the Taylor series of u(x) for x in
a neighbourhood of x1 is given by u(x) = A1(x− x1)2+O((x− x1)3) where
A1 > 0. Thus as x → 0+, x

u(x) → ∞ and as x → x−1
x

u(x) → ∞. Therefore,
between x = 0 and x = x1, there must be at least one minima of x

u(x) . This
corresponds to xux − u = 0. Let (xTP, uTP) be this point. Note that these
points are invariant under rotation, since xux − u transforms by

x̃ũx̃ − ũ =
xux − u

cos(θ) + ux sin(θ)
.

There is a geometric interpretation of the x
u turning points. The line

from the canonical point to the x
u turning point is tangent to the curve

there, see figure 3.1.

bi-tangents

x
u turning point

Figure 3.1: Geometric interpretation of the x
u turning point.

Note that there is a proposed object recognition procedure in Rothwell
et al., 1995 [7] which uses these bi-tangent points to generate what they call
bi-tangent contact points. The x

u turning point corresponds precisely to a
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bi-tangent contact point. This method reproduces these points in a more
general setting.

Now translate the curve x
u =

x
u(t) (for arbitrary parametrisation t) by

an amount bTP=xTP
uTP

so that the turning point occurs at x = 0. This is
equivalent to doing the transformation,

(x, u) �−→ (x− bTPu, u) (3.4)

Do the same for x̄
ū . Thus the resulting curves (using same notation) will

satisfy

x̄

ū
= a

x

u

Thus u = u(x) and ū = ū(x̄) will be related by the following transformation

(x, u) �−→ (
ax

gx+ hu+ i
,

u

gx+ hu+ i
) (3.5)

Points where x = 0 are invariant under this transformation. One of these
points is the x

u turning point (0, uTP) with the corresponding point (0, ūTP)
on the curve ū = ū(x̄). Let another such point where x = 0 be (0, u2), with
the corresponding point (0, ū2) in the curve ū = ū(x̄). Geometrically (0, u2)
comes from the point (x2, u2) which is the intersection of the tangent line
through (xTP, uTP) and the curve u = u(x), see figure 3.2.

(xTP, uTP)

(x2, u2)

Figure 3.2: Graph showing the points (xTP, uTP) and (x2, u2), which corre-
spond to the points (0, uTP) and (0, u2) on the curve translated by (3.4).
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Using the transformation,

(x, u) �−→ (
x

Hu+ I
,

u

Hu+ I
)

where

H =
ū2uTP − u2ūTP

ū2ūTP(uTP − u2)
I =

uTPu2(ūTP − ū2)
ūTPū2(uTP − u2)

map (0, uTP) and (0, u2) onto (0, ūTP) and (0, ū2). Then the new (x, u) and
(x̄, ū) are still related by (3.5) but the following equations hold,

ūTP

hūTP + i
= ūTP

ū2

hū2 + i
= ū2.

So that hūTP + i = 1 = hū2 + i where ūTP �= ū2 thus h = 0 and i = 1. That
is the curves are now related by,

(x, u) �−→ (
ax

gx + 1
,

u

gx+ 1
) (3.6)

Finally, map the other bi-tangent of u(x), call this (x0, 0), onto the
corresponding bi-tangent (x̄0, 0) of ū(x̄) using the transformation,

(x, u) �−→ (Ax, u)

where

A =
x̄0

x0
.

Then the new (x, u) and x̄, ū) are still related by (3.6) but now

ax̄0

gx̄0 + 1
= x̄0 which implies a = gx̄0 + 1.

The curves are now related by

(x, u) �−→ (
(gx̄0 + 1)x
gx+ 1

,
u

gx+ 1
). (3.7)

This transformation forms a group action since

g · (h · (x, u)) = (g · h) · (x, u)

where,

g · h = g(hx̄0 + 1) + h,



82 CHAPTER 3. CANONICAL FORM

The identity is gid = 0 and the inverse of g is

g−1 = − g

gx̄0 + 1
.

Thus (3.7) forms a one parameter subgroup action of the projective group
action. Using the method of regularization (see section 1.1.2) the equation

(gx̄0 + 1)x
gx+ 1

= 0

is solved for g and substituted into u
gx+1 which gives the curvature,

κ = − ux̄0

x− x̄0
(3.8)

Thus the curves are related by a projective transformation if and only
if κ is the same for both objects (in this final canonical form). Note that
by using one invariant point in each curve from (3.8), the two curves can
be mapped on top of each other using (3.7). In the examples below, locate
approximately the point (xHpt, uHpt) half way (in Euclidean arclength) be-
tween the turning point (xTP, uTP) and the canonical point (x0, u0) in the
Euclidean canonical form of the first curve by using the distances between
the points. Then using κ above find the point in other curve which corre-
sponds to this point. This is the invariant point that will be used. Note
that if the nearest turning point of κ to (xHpt, uHpt) is identified in the first
curve this can be used to ensure that the corresponding point (x̄Hpt, ūHpt) in
the second curve is found uniquely.
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Consider the two digital photographs of the canine left ventricle of chap-
ter 2, section 2.2. These are shown again in figures 3.3 and 3.4 below.

Figure 3.3: First camera angle

Figure 3.4: Second camera angle
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Figure 3.5 shows their discretised curves again.

1

2

3

4

5

6

–4 –2 0 2 4

Figure 3.5: Discretised curves

Now 193 points are equally spaced around each curve and the bi-tangents
are found for each concavity by first finding the two points in the discreti-
sation that have the closest to the same tangent line, then finding the two
points nearby such that the line between these points does not intersect the
discretised curve.
There are six bi-tangents in each curve so there are six possible combina-

tions of joint-invariants involving consecutive points. The points are initially
ordered by (x1, u1), . . . , (x6, u6) in the first curve and (x̄1, ū1), . . . , (x̄6, ū6)
in the second curve. The following table shows the six joint-invariants in
each curve plus the corresponding combination of five points. For example
[12345] refers to the joint-invariants involving the consecutive points (xi, ui),
i = 1, . . . , 5 in the first curve ([1̄2̄3̄4̄5̄] refers to the consecutive points (x̄i, ūi),
i = 1, . . . , 5 in second curve). Note that the initial ordering of the points in
the second curve does not match up with the ordering in the first curve.

Table of joint-invariants

Combination [J1, J2] Combination [J̄1, J̄2]

[12345] [0.6697, 2.2363] [1̄2̄3̄4̄5̄] [0.5481, 5.2737]
[23456] [0.7726, 1.6429] [2̄3̄4̄5̄6̄] [0.8840, 1.2288]
[34561] [0.5861, 1.8797] [3̄4̄5̄6̄1̄] [0.5382, 2.4289]
[45612] [0.5940, 4.9599] [4̄5̄6̄1̄2̄] [0.6391, 2.4401]
[56123] [0.8796, 1.2152] [5̄6̄1̄2̄3̄] [0.7714, 1.6743]
[61234] [0.5219, 2.6780] [6̄1̄2̄3̄4̄] [0.6280, 1.7371]

Given a pair of bi-tangents (x1, u1), (x2, u2) in the first curve these can be
matched with the corresponding bi-tangents in the second curve by finding
the pair of joint-invariants (J̄1, J̄2) which are the closest to (J1, J2) for the
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combinations [56123] and [61234]. The table of joint-invariants above shows
that [56123] and [61234] match with [2̄3̄4̄5̄6̄] and [3̄4̄5̄6̄1̄].
The following table shows the correct order for points in the second

curve. Note that even though only crude approximations are used for the
bi-tangents the joint-invariants match quite closely.

Table of joint-invariants

Combination [J1, J2] Combination [J̄1, J̄2]

[12345] [0.6697, 2.2363] [4̄5̄6̄1̄2̄] [0.6391, 2.4401]
[23456] [0.7726, 1.6429] [5̄6̄1̄2̄3̄] [0.7714, 1.6743]
[34561] [0.5861, 1.8797] [6̄1̄2̄3̄4̄] [0.6280, 1.7371]
[45612] [0.5940, 4.9599] [1̄2̄3̄4̄5̄] [0.5481, 5.2737]
[56123] [0.8796, 1.2152] [2̄3̄4̄5̄6̄] [0.8840, 1.2288]
[61234] [0.5219, 2.6780] [3̄4̄5̄6̄1̄] [0.5382, 2.4289]

The point used for the Euclidean canonical form is the bi-tangent as-
sociated with the concavity which has the largest perpendicular distance
between the line joining the two bi-tangents and the curve. This point is
found in the second curve using joint-invariants. It corresponds to the point
(x2, u2). The reason for using this point is so that the point arising from
the intersection of the tangent line from the canonical point to (xTP, uTP)
(see figure 3.2) is as far as possible away from the other bi-tangent in the
concavity.
A least squares cubic fit through nine points around each bi-tangent is

used for a better approximation and the curves are mapped to their Eu-
clidean canonical form, see figure 3.6. Figures 3.7-3.11 show the matching
of the curves at each step of the above method. Then all the transforma-
tions are reversed so that both curves are mapped to the original scale of
the second curve. Figure 3.11 shows that this final matching of the curves
is close.
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0
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4

–4 –3 –2 –1 1

Figure 3.6: Euclidean canonical form.
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–4 –2 2 4 6
Figure 3.7: Curves related by (x, u) �−→ ( ax

gx+hu+i ,
u

gx+hu+i).
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1
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–4 –2 2 4 6
Figure 3.8: Curves related by (x, u) �−→ ( ax

gx+1 ,
u

gx+1).
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–4 –2 2 4 6
Figure 3.9: Curves related by (x, u) �−→ ( (gx̄0+1)x

gx+1 , u
gx+1).
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1

2

3

4

–4 –2 2 4 6
Figure 3.10: Applying the transformation (x, u) �−→ ( (gx̄0+1)x

gx+1 , u
gx+1) (after

using (3.8) to identify an invariant point in each curve) to match the curves.
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Figure 3.11: Mapping curves back to the original scale of the second curve.
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Now the above method is applied on three curves C1 = {(X1(t), U1(t))},
C1 = {(X1(t), U 1(t))} and C2 = {(X2(t), U2(t))}, where,

X1(t) = cos(t)

U1(t) = sin(t) + sin(
1
2
t)2 cos(t) +

1
2
sin(2t)2

X2(t) = cos(t)

U2(t) = sin(t) + sin(
1
2
t)2 cos(t) +

2
3
sin(2t)2

and C1 is related to C1 by a projective transformation.

Initially about 550 points are equally spaced on each curve, and random
noise is added. An adaptive spacing is chosen for the curves by plotting
more points where the curve has high curvature, and less points where the
curve has low curvature.

First the curves are smoothed and then for each curve, start at an ar-
bitary point P0 on that curve. Consider the two preceeding points P−1, P−2

and the vectors v−1 from P−1 to P0 and v−2 from P−2 to P0.

P0
P−1

P−2

v−1

v−2

Figure 3.12: Two vectors v−1 and v−2.

Let vav =
v−1+v−2

2 , the find the next point P1 on curve such that the
angle between the vectors v0 (from P0 to P1) and vav is larger than one and
a half degrees (this number is essentially arbitrary). Plot this point and
continue around the whole curve. Then put this resultant adaptive spacing
on the smoothed curves back onto the original non-smoothed curves using
the corresponding points.

Now locate two points in the smoothed curve of C1 which when joined
by a straight line, do not intersect the curve in a neighbourhood of each
point. Identify the corresponding points in the non-smoothed curve. These
will be approximations to the bi-tangents. Using joint-invariants, find the
bi-tangents in C1 and C2 which best match up with those bi-tangents in C1.

This spacing plots too many points around the bi-tangent points. This
problem is avoided by the following strategy. Consider one of the bi-tangent
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points P0, a preceeding point P−1 and the point P1 after P0. Compute the
angle θ0 between the vectors v−1 and v0. If this angle is greater than five
degrees, then plot the point P1. If not then choose the point P−2 preceeding
P−1, and the point P2 after P1. Compute the angle θ1 between the vectors
v−2 (from P−2 to P0) and ṽ0 (from P0 to P2). If this angle is greater than
five degrees, then plot this point P2, see figure 3.13. If not then continue this
process until a point is found where the angle is greater than five degrees.

P0
P0 P−1

P−1

P1

P1

P2

v0 ṽ0
v−1 v−2

θ0

θ1

Figure 3.13: Graphs showing the angle θ0 between v−1 and v0 and the angle
θ1 between v−2 and ṽ0.

Note that this method is also used to avoid points in the adaptive spac-
ing suddenly accelerating apart when moving from high curvature to low
curvature.
Do this until say five points are plotted and then repeat for five points

on the otherside of bi-tangent. The least squares cubic through these 11
points is then computed. This is then repeated for the other bi-tangent.
Now consider the two curves C1 and C̄1. Map them both to their Eu-

clidean canonical form. The result is shown in figure 3.14.
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Figure 3.14: Euclidean canonical form of the curves C1 and C̄1

The x
u and

x̄
ū turning points between the corresponding bi-tangents are

computed and the curves are mapped using (3.4) so they are related by
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(3.5). The points where each curve passes the u axis are calculated. Note,
to get the best approximation to these points, the points in the original
discretisation (∼ 550 points) are used. The same procedure as the previous
example is then applied and both curves are mapped back to the original
scale of the second curve. Figure 3.15 shows this final mapping and shows
there is error in the turning point. Perturbing the turning point in the
second curve (along curve) fixes this error and figure 3.16 shows a close
matching.
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Figure 3.15: Matching curves, with error in turning point.
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Figure 3.16: Matching curves, after correcting the error in turning point.

Notice that to the right of the canonical point, the second curve slightly
overshoots the first curve. This shows there is a slight error in the canonical
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point of second curve relative to the first curve. Translating the second curve
to the left along x axis fixes this error and gives an even closer matching as
shown in figure 3.17.
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Figure 3.17: Matching curves, after translating second curve slightly to the
left along x axis.

The same method is then performed on the curves C1 and C2. Figure
3.18 shows the two curves in their Euclidean canonical form and figure 3.19
shows the final matching of the curves. As the figure shows, there is a
significant difference between the two curves which is consistent with the
fact that C1 and C2 are not related by a projective transformation.
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Figure 3.18: Euclidean canonical form of the curves C1 and C2
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Figure 3.19: Matching the curves
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The method is now applied to the curves C1 = {(X1(t), U1(t))}, and
C1 = {(X1(t), U 1(t))}, where,

X1(t) = cos(t)− 12 sin(t− 1)

U1(t) = sin(t) +
1
2
sin(

1
2
t)2 cos(t) +

5
6
sin(2t)2 +

1
5
cos(2t)2 +

1
3
sin(t) cos(2t)

and C1 is a projective transformation of C1.
They are discretised with random noise added and then they are adap-

tively spaced and mapped to their Euclidean canonical form, see figure 3.20.
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Figure 3.20: Euclidean canonical form of the curves C1 and C̄1

The method as described in the previous examples is then applied to
these curves. Figure 3.21 shows a close matching and also shows that the
remaining error is of a similar nature to that in the previous example. Trans-
lating the second curve slightly along the x axis corrects this error, and figure
3.22 shows a closer matching.
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Figure 3.21: Matching curves
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Figure 3.22: Matching curves, after translating second curve slightly to the
left along x axis.
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If the curves are convex then there are no bi-tangents and so a special
affine curvature turning point has to be identified in each curve in order for
the curves to be put in their Euclidean canonical form. That is they will be
related by the following transformation,

(x, u) �−→ (
ax+ bu

gx+ hu+ i
,

u

gx+ hu+ i
).

Thus

x̄

ū
= a

x

u
+ b

and so the inflection points and turning points of x̄
ū correspond to the in-

flection points and turning points of x
u . These can be detected in a way

independent of parametrisation as discussed in 3.1.

However, the tangent line at every point does not intersect the curve so
there are no x

u turning points (see figure 3.1 for geometric interpretation of
a x

u turning point), but because the curves are compact, there must be at
least one inflection point in x

u . This is because if

x → 0+ =⇒ x

u(x)
=

x

cx2 +O(x3)
→ +∞

and if

x → 0 - =⇒ x

u(x)
=

x

cx2 +O(x3)
→ −∞

where u(x) = cx2+O(x3) with c > 0 without loss of generality and u(0) = 0,
ux(0) = 0.

Denote the x
u inflection point on the curve u = u(x) by (x0, u0) and the

corresponding point on the curve ū = ū(x̄) by (x̄0, ū0) The transformation

(X,U) �−→ (X −BU,U)

maybe used to map the point (x0, u0) with B = x0
u0
and the point (x̄0, ū0)

with B = x̄0
ū0
to a point on the u and ū axes respectively. The curves will

now be related by the transformation

(x, u) �−→ (
ax

gx+ hu+ i
,

u

gx+ hu+ i
).

Now let (0, u0) and (0, ū0) be the corresponding inflection points of x
u

and x̄
ū respectively. Then, using the transformation,

(X,U) �−→ (
X

HU + 1
,

U

HU + 1
)
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where H = u0−ū0
u0ū0

, (0, u0) can be mapped to (0, ū0). Thus the curves will
now be related by

(x, u) �−→ (
ax

gx+ h(u− ū0) + 1
,

u

gx+ h(u− ū0) + 1
).

For use later, this form of the curves will be called the second canonical
form.

If (xTP, uTP) and (x̄TP, ūTP) are two other corresponding special affine
curvature turning points then a is given by,

a =
x̄TPuTP

ūTPxTP

.

Note that in practice (xTP, uTP) and (x̄TP, ūTP) will not be located precisely.
An average can be taken of all the a values arising from all the other special
affine curvature turning points in the curve or, alternatively, from other x

u

turning points and/or inflection points if there are any.

Consider the points (x1, u1) and (x2, u2) where x2
u2
= −x1

u1
. These points

can be uniquely identified (since there are no x
u turning points) with the

corresponding points in C̄1 by finding (x̄1, ū1) and (x̄2, ū2) such that x̄1
ū1
=

ax1
u1
and x̄2

ū2
= ax2

u2
. This will also imply x̄2

ū2
= − x̄1

ū1
.

These two points in each curve can be used to solve for a, g, h, and thus
the curves can be matched. The formulas for a, g, h are

a =
x̄1u1

ū1x1

g =
−u1x̄2u2x1 + u1x̄2ū0x1 + x̄1u

2
1x2 − u1x̄2ū1x1 − ū0x̄1u1x2 + x̄2u2ū1x1

ū1x1x̄2(x2u1 − x2ū0 − u2x1 + ū0x1)

h =
−x̄1u1x2 + x̄2x2u1 − x̄2x2ū1 + x̄2ū1x1

x̄2ū1(x2u1 − x2ū0 − u2x1 + ū0x1)

This method is now applied on the convex curves C1 = {(X1(t), U1(t))}
and C1 = {(X1(t), U 1(t))} where

X1(t) = cos t+
1
5
cos2 t

U1(t) =
1
2
X1(t) + sin t+

1
10
sin2 t

and C1 is a projective transformation of C1.

The curves are each discretised with 60 points with random noise added
and they are equally spaced. There are six special affine curvature turning
points in each curve. These are matched up and one special affine curvature
turning point is chosen in each curve so that the curves can be mapped to
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their Euclidean canonical form. A least squares cubic (through nine points)
is used to estimate the gradients. Figure 3.23 shows the result.
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Figure 3.23: Euclidean canonical form for convex curves related by a pro-
jective transformation.

There is only one inflection point in x
u and so this and the inflection

point in x̄
ū are located approximately. This is done by smoothing the curve

first and then finding the consecutive points where [ijk] changes sign. Here
[ijk] is given by

[ijk] = det




i xi
ui

1
j

xj

uj
1

k xk
uk

1


 .

Let (x0, u0) and (x̄0, ū0) be the inflection points in x
u and

x̄
ū respectively. The

curves are now mapped to their second canonical form. The point (x1, u1)
halfway (in Euclidean arclength) between (x0, u0) and the canonical point
in C1 is located using distances between points and also the point (x2, u2)
which has x2

u2
the closest to −x1

u1
is found. Now using the other five special

affine curvature turning points, aTP = x̄TPuTP
ūTPxTP

is computed for each one and
the average of these five values is used as the approximation to a.

C1 is made piecewise linear (by joining a straight line between consecu-
tive pairs of points) and the points (x̄1, ū1) and (x̄2, ū2) are found in C1 such
that x̄1

ū1
= ax1

u1
and x̄2

ū2
= ax2

u2
. The curves are matched using the formulas
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for a, g and h.
As figure 3.24 shows they are matched quite closely. The remaining error

is due to error in the canonical point (which is about the distance between
two points).
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Figure 3.24: Matching the curves with error in the canonical point.

This error is corrected by choosing the point next to the canonical point in
the second curve and then repeating the above method. Figure 3.25 shows
the resulting matching. Here the error is due to the approximations to the
inflection points of x

u , and
x̄
ū not matching up. Perturbing the inflection

point in x̄
ū along the curve corrects this error giving a very close matching

as shown in figure 3.26.
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Figure 3.25: Matching the curves with error in the inflection points.
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Figure 3.26: Matching the curves after perturbing the inflection point in x̄
ū

along curve)
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Now to give further evidence of the robustness of this method, a severe
projective transformation is done on the convex curve C1. Both curves
are mapped to their Euclidean canonical form with error placed in their
canonical points and gradients, see figure 3.27. Note that the projective
transformation is so severe that the curve C1 cannot be seen on the scale of
the figure.
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Figure 3.27: Euclidean canonical forms of two convex curves related by a
severe projective transformation.

The above method is applied with error put in the inflection points of x
u

and x̄
ū . Figure 3.28 shows the final matching of the curves. Now denote the

two curves in figure 3.28 by C̃1 and ˜̄C1 corresponding to the curves C1 and
C̄1 respectively and consider the point (x̃max, ũ(x̃max)) ∈ C̃1 where x̃max is
the maximum x̃ value of C̃1 with the corresponding t parameter value of t =
tmax. This point will be used to demonstrate the effect the severe projective
transformation has on the error between the curves. Define the relative error
between this point and the corresponding point (˜̄xmax, ˜̄u(˜̄xmax)) ∈ ˜̄C1 by

εrelative =

√
(˜̄xmax − x̃max)2 + (˜̄u(˜̄xmax)− ũ(x̃max))2

Dmax
= 0.6553

where Dmax = max(∆x̃max,∆ũmax) with ∆x̃max and ∆ũmax being the max-
imum distances across the curve C̃1 in the x̃ and ũ directions. Note that
Dmax is defined so that the error is given an equal weighting all around the
curve. If Dmax =

√
x̃2

max + ũ(x̃max)2 was used, then for a fixed absolute
error, εrelative would be smaller for points further away from the origin that
for those that are close.
It appears as though there is a significant error in the matchings. How-

ever this is due to only a small part of the curve C1 being blown up by
the projective transformation and so any error in this region is also blown
up. Mapping the curves back to the scale of C1 (by reversing the mappings
done to C1), shows that the curves are closely matched, see figure 3.29. The
corresponding relative error here is εrelative = 0.0292.
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Figure 3.28: Final matching of curves.
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Figure 3.29: Matching of curves to the scale of C1.

A severe projective transformation is done on another curve C2 = {(X2(t), U2(t))}
where

X2(t) = cos(t) +
1
4
cos(t)2

U2(t) =
2
7
cos(t) + sin(t) +

1
10
+
1
3
sin(t)2.

C2 is not a projective transformation of C1 but has the same number of
special affine curvature turning points.
Now both C1 and C2 are mapped to their Euclidean canonical form with

errors in their canonical points and gradients, see figure 3.30.
The method above is applied and when mapped back to the scale of C1,

figure 3.31 shows they are significantly different. This is consistent with the
fact that C1 and C2 are not related by a projective transformation.
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Figure 3.30: Euclidean canonical forms of two convex curves not related by
a projective transformation.
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Figure 3.31: Matching curves to the scale of C1.
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3.4 Geometric interpretation.

The projective group action is given by

(x̄, ū) = (
ax+ bu+ c

gx+ hu+ i
,
dx+ eu+ f

gx+ hu+ i
).

1. The parameters c and f , allow translation. With c = 0 and f = 0, the
origin of the curve must always remain fixed.

2. With c = 0, f = 0, the parameter d allows rotation of the curve about
the origin. With d = 0, the line u = 0 must always remain fixed.

3. With c = 0, f = 0, the parameter b allows any point (x, u) �= (0, 0) to
be mapped onto the u axis. With b = 0, the point on curve intersecting
the u axis must always remain fixed.

4. With c = 0, f = 0, d = 0, the parameter g can rotate horizontal
lines u = u0 �= 0. With g = 0, two points in a horizontal line remain
in a horizontal line. Also, substituting d = 0 and ux = 0 into the x

intercept of the projectively transformed line (2.10) gives a
g . That is,

with d = 0, g �= 0, horizontal lines are mapped to lines each with a
common x intercept of a

g independently of the other parameters.

5. With c = 0, f = 0, b = 0, the parameter h can rotate the vertical lines
x = x0 �= 0. With h = 0, two points in a vertical line must remain in
a vertical line. Also, substituting b = 0 and ux =∞ into the equation
(2.12) for ᾱ gives ᾱ = 1

h . That is, with b = 0, h �= 0, vertical lines are
mapped to lines each with a common u intercept of 1

h independently
of the other parameters.

6. With the curve in its Euclidean canonical form, that is c = 0, f = 0,
d = 0, e = 1 and with g = 0, h = 0, the parameter i scales the u

coordinate. Though note that, in the canonical form process, h and i

become 0 and 1 simultaneously, see section 3.3.

7. With the curve in its Euclidean canonical form and with b = 0, g = 0,
h = 0, i = 1, the parameter a scales the x coordinate. It also, with g,
h and i arbitrary, rotates lines u = kx through the origin. With a = 1,
k must remain fixed.
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3.5 Global method

The method for concave curves relies on sufficiently large concavities. In
the following, a canonical form method will be described which applies to
all curves. It utilises the equation

x̄

ū
= a

x

u
+ b

to place the points used for matching where desired on the curve. Also it
enables an error correction method to be formulated (this is implemented
in chapter 4).
Consider the two discretised curves of the left-ventricle in their Euclidean

canonical form. Now two inflection points of x
u and

x̄
ū are found by detecting

when [ijk] changes sign as described in the convex example. Figure 3.32
shows the two curves in their Euclidean canonical form, with the inflection
points in each curve denoted by a circle.
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Figure 3.32: Euclidean canonical form of curves with the inflection points
of x

u and
x̄
ū denoted by a circle.

The point halfway (in Euclidean arclength) between the bi-tangents on
the longer part of curve is found using the distances between the points. Let
this point be (xc, uc). Let (xA, uA), (xB, uB) be the two inflection points of
x
u and (x̄A, ūA), (x̄B, ūB) be the two inflection points of x̄

ū . Then a and b can
be solved to give

a =
uAuB(x̄AūB − x̄BūA)
ūAūB(xAuB − xBuA)

,

b =
xAuBx̄BūA − x̄AūBxBuA

ūAūB(xAuB − xBuA)
.
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Thus the point (x̄c, ūc) which corresponds to (xc, uc) satisfies

x̄c

ūc
= a

xc

uc
+ b. (3.9)

In general points satisfying (3.9) may not be unique as x
u may have

turning points. However if the two x
u turning points PTP1 and PTP2 on each

side of (xc, uc) are identified with the two x
u turning points P̄TP1 and P̄TP2 in

C̄ then (x̄c, ūc) is the unique point between P̄TP1 and P̄TP2 satisfying (3.9).
Note the x

u turning points can be identified in each curve by comparing the
order in which they appear in the parametrisation from the canonical point.
Note that any two or more inflection points, bi-tangents, special affine

curvature turning points, x
u turning points or

x
u inflection points could have

been used to solve for a and b using least squares.
In this example, the point chosen as an approximation to (x̄c, ūc) is

(˜̄xc, ˜̄uc) such that (˜̄xc, ˜̄uc) is the closest to axc
uc
+ b. Also for use below, the

points

(xtmp1, utmp1) and (xtmp2 , utmp2) (3.10)

closest to halfway (in Euclidean arclength) between (xc, uc) and the canon-
ical point and (xc, uc) and the other bi-tangent respectively are located.
Now using the points (xc, uc) and (x̃c, ũc), the curves are mapped to their

second canonical form so that

x̄

ū
= a

x

u
. (3.11)

Let the points corresponding to (xtmp1, utmp1) and (xtmp2 , utmp2) above in
the second canonical form of the first curve be (x1, u1) and (x2, u2). Now an
approximation to a, aapprox say, is found by taking an average of the values
of a determined from the points {(xA, uA), (xB , uB)} and {(x̄A, ūA), (x̄B , ūB)},
using (3.11). Then after making the second curve piecewise linear, the points
(x̄1, ū1) and (x̄2, ū2) are found where x̄1

ū1
= aapprox

x1
u1
and x̄2

ū2
= aapprox

x2
u2
.

Figure 3.33 shows the curves in their second canonical form with the
points (xc, uc), (x1, u1), (x2, u2) and their corresponding points in the second
curve denoted by a circle. These points are used to match the curves in the
same way as was done with the convex curve in the previous section. Figure
3.34 shows a close initial matching.
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Figure 3.33: Second canonical form of curves with the three points used for
matching denoted by a circle
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Figure 3.34: Initial matching of the second curve onto the first curve.
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Error correction method

In the above method, three points (X1, U1), (X2, U2), and (X3, U3) in
the first curve, where (X3, U3)=(xc, uc), are matched with the corresponding
points in the second curve using approximations to the parameters a and
b. Thus the error in the initial matching of the second curve onto the first
curve (see figure 3.34) only depends on the errors in a and b. Denote the
first curve u = u(x) by C1 and the second curve ū = ū(x̄) by C2 where they
are both in their Euclidean canonical form.
Let Ginit be the initial approximation to the projective transformation

between C1 and C2 and H be the correction factor. That is,

C1 = H ◦Ginit(C2),

or equivalently,

H̃(C1) = Ginit(C2), (3.12)

where H̃ = H−1. Denote the initial approximations of a and b by ã and b̃.
Ginit is found by solving the following set of equations

α ˜̄Xi + β ˜̄U i

ρ ˜̄X i + σ ˜̄U i + τ
= Xi,

˜̄U i

ρ ˜̄X i + σ ˜̄U i + τ
= Ui, i = 1, . . . , 3

for α, β, ρ, σ, τ where

˜̄X i

˜̄U i

= ã
Xi

Ui
+ b̃. (3.13)

This set of equations is equivalent to

α
˜̄X i

˜̄U i

+ β =
Xi

Ui
,

˜̄U i

ρ ˜̄X i + σ ˜̄U i + τ
= Ui, i = 1, . . . , 3.

Using (3.13) this can be rewritten as

eqXi
= (αã− 1)Xi

Ui
+ αb̃+ β = 0

eqUi
=

˜̄U i

ρ ˜̄X i + σ ˜̄U i + τ
− Ui = 0, i = 1, . . . , 3. (3.14)
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However

eqX3
=

(
X3
U3

− X1
U1

)
(

X2
U2

− X1
U1

)(eqX2
− eqX1

) + eqX1

so that eqX3
is redundant. Thus (3.14) is effectively a system of five equa-

tions in five unknowns. This is solved for α, β, ρ, σ and τ which gives α = 1
ã ,

β = − b̃
ã and ρ, σ, τ are functions of ã, b̃,Xi, Ui,

˜̄X i,
˜̄U i. Since only the values

of α and β are needed below, Ginit will be denoted by

Ginit =

(
1
ã
,− b̃

ã

)
.

Then the correction factor H will be given by H = (1+ε, δ) for some small ε
and δ. Using the same notation, G−1

init = (ã, b̃) and H̃ = H−1 = ( 1
1+ε ,− δ

1+ε).
Thus (3.12) becomes

(
1
1 + ε

,− δ

1 + ε

)
· C1 =

(
1
ã
,− b̃

ã

)
· C2 (3.15)

where ( 1
1+ε ,− δ

1+ε) is the resulting projective transformation which maps the
points (X̃i, Ũi) in C1 to (Xi, Ui), i = 1, . . . , 3, where

X̃i

Ũi

= (1 + ε)
Xi

Ui
+ δ.

Note that in this case, C2 is fixed and C1 is perturbed, see figure 3.35.

(X1, U1)

(X̃1, Ũ1)

(X2, U2)
(X̃2, Ũ2)

(X3, U3)

(X̃3, Ũ3)

C1

Figure 3.35: Perturbing C1.

So given Ginit(C2), the error correction method will involve varying ε and
δ until (3.15) is satisfied. In the following chapter a method for implementing
this error correction is presented.
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Chapter 4

Error correction

In this chapter it is shown how the error correction method outlined in
section 3.5, can be implemented in practice. Section 4.1 demonstrates a
method of correcting the error in the initial matching of the left-ventricle
(see figure 3.34). Note that this method is more elaborate than it needs to
be but it lead to the method in section 4.4 which is much simpler. Also in
section 4.1 is an error bound test based on the x

u turning points. This test
must be passed before error correction is performed. An example is given
where two different curves are distinguished using this x

u turning point test.
In the section 4.2 an analytical error analysis using Taylor series is done

which shows how the positions of the points placed on the first curve can
significantly affect the error in the matching. The first order terms in Taylor
series can be used to ensure this error is minimal. Included in this error
analysis is the case when the points chosen in the first curve have the same
u coordinate. The reason for this is that the points in this form can be
utilised to give an error bound for quickly rejecting curves and this error
bound can be applied to convex curves. This is demonstrated in section 4.3
with two examples of convex curves.
Section 4.4 gives an error correction method which is based on the

method of section 4.1 but is much simpler.

111
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4.1 Correcting error and rejecting curves

Consider again the formula for error correction given by (3.15). For a given
ã and b̃ if ε and δ are known then

C1 =
(
1
1 + ε

,− δ

1 + ε

)−1

·
(
1
ã
,− b̃

ã

)
· C2

=

(
1 + ε

ã
, δ − b̃(1 + ε)

ã

)
· C2.

This is equivalent to mapping (X̄i, Ūi) in C2 to (Xi, Ui) in C1 where

X̄i

Ūi
=

ã

1 + ε

Xi

Ui
+ b̃− ãδ

1 + ε
.

That is given ε, δ, ã and b̃, the true values of a and b are given by

a =
ã

1 + ε
, b = b̃− ãδ

1 + ε
.

Once these are known the error in the initial matching can be corrected for.
Alternatively let C̃2 = ( 1ã ,− b̃

ã) · C2. Then

C1 = (1 + ε, δ) · C̃2.

So C̃2 can be matched to C1 by finding the projective transformation that
maps (X̃i, Ũi) ∈ C̃2 to (Xi, Ui) ∈ C1 where

X̃i

Ũi

=
1
1 + ε

X̃i

Ũi

− δ

1 + ε
, i = 1, . . . , 3.

Thus the error in the initial matching is corrected.
Before the error correction method is applied an error bound test based

on the x
u turning points must be passed. Let derror be an estimate of the

accuracy of the discretisation of the first curve and (xT , uT ) be the x
u turning

point between the bi-tangents in first curve. Consider the points (x−T , u
−
T )

and (x+
T , u

+
T ) which are a perpendicular distance of derror from (xT , uT ) see

figure 4.1.
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(xT , uT )

(x−T , u
−
T )

(x+
T , u

+
T )

derror

Figure 4.1: Points (x−T , u
−
T ) and (x

+
T , u

+
T ), a perpendicular distance of derror

from (xT , uT ).

For the left ventricle this value was chosen to be 0.01 which was based on
the thickness of the boundary of the cluster of points in original .jpg image.
Let,

εmax = max
( ∣∣∣x−T

u−T

∣∣∣ , ∣∣∣x+
T

u+
T

∣∣∣ )

be the error bound on the x
u turning point. Let (x̄T , ūT ) be the x̄

ū turning
point on the second curve. When the second curve is mapped to the first
curve with (x̄T , ūT ) �−→ (x̃T , ũT ) say, it is required that

∣∣∣ x̃T

ũT
− xT

uT

∣∣∣ < εmax. (4.1)

If for the initial values of b and a (4.1) does not hold, then fix b at
the initial value and vary a to try and make (4.1) hold. If no a is found
within say ±0.1 of the initial value of a, repeat this on other values of b in
a neighbourhood of the initial b until (4.1) holds. Note that this limit of
±0.1 only applies if there is only one x

u turning point. If there is two or
more x

u turning points then for each b the limits on a where (4.1) hold will
be found and these values of a will be tested with the other turning points.
See section 4.1.2 for an example of this.
Now consider the points ( ˜̄X i,

˜̄U i) ∈ C2 and (Xi, Ui) ∈ C1 such that

˜̄Xi

˜̄U i

= ã
Xi

Ui
+ b̃ i = 1, . . . , 3.

Without loss of generality X2 = 0 as the transformation (X,U) �−→ (X −
X2
U2

U,U) can be applied to C1 so that (X2, U2) �−→ (0, U2). Thus

˜̄X2

˜̄U 2

= b̃.
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Consider the graph x̄
ū =

x̄
ū(t) (where x̄(0) = 0 = ū(0)), with three values

b̃ − γ, b̃, b̃ + γ (small γ > 0) and their corresponding t values t−2 , t2, t
+
2 , see

figure 4.2. These t values will correspond to the points ( ˜̄X
−
2 ,
˜̄U
−
2 ), (

˜̄X2,
˜̄U2),

( ˜̄X
+

2 ,
˜̄U

+

2 ) as shown in figure 4.3.

t−2 t2 t+2

b̃+ γ

b̃

b̃− γ

t

x
u

Figure 4.2: Graph of x̄
ū versus t.

As γ increases t−2 and t+2 will move further away from t2 thus ( ˜̄X
−
2 ,
˜̄U
−
2 ) and

( ˜̄X
+

2 ,
˜̄U

+

2 ) will move further away from (
˜̄X2,

˜̄U 2).
Alternatively as γ increases the slope of the line from the origin to

( ˜̄X
+

2 ,
˜̄U

+

2 ) where
˜̄X

+

2

˜̄U
+

2

= b̃ − γ will increase (since
˜̄X

+

2

˜̄U
+

2

decreases). Similarly

the slope of the line from the origin to ( ˜̄X
−
2 ,
˜̄U
−
2 ) will decrease as can be

seen in figure 4.3.
Thus the effect of varying b̃ from its initial position is to move the point

( ˜̄X2,
˜̄U 2), where

˜̄X2
˜̄U2

= b̃ further away from its initial position. Thus a limit

can be put on the amount that b̃ can vary by limiting how far the point
( ˜̄X2,

˜̄U 2) can move from its initial position, say five percent of the total
arclength of the curve. If the test (4.1) fails for b̃ within this limit the curves
are rejected as being different.
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x̄

ū

( ˜̄X
−
2 ,
˜̄U
−
2 )

( ˜̄X2,
˜̄U 2) ( ˜̄X

+

2 ,
˜̄U

+

2 )

Figure 4.3: Graph of ū = ū(x̄).

4.1.1 Left-ventricle

For the left-ventricle, the initial values of ã and b̃ passed the x
u turning point

test (4.1) so error correction is now performed.

Equally space seven points in Euclidean arclength around C1 between the
bi-tangents. These will include the two points (3.10) and (xc, uc) which are
the points used in section 3.5 to get the initial matching shown in figure 3.34.
Denote the points by pi = (xi, ui), i = 1, . . . , 9, where p1 is the canonical
point (0, 0), p9 is the other bi-tangent. Figure 4.4 shows these nine points
on the left-ventricle.
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Figure 4.4: Nine points pi, i = 1, . . . , 9 around the left-ventricle including
the canonical point p1 = (0, 0), the other bi-tangent p9.
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Apply the transformation (x, u) �−→ (x − x5
u5
u, u) to C1 so that (x5, u5) is

mapped to (0, u5). Denote the resulting nine points by Pi = (Xi, Ui), where
X5 = 0. For simplicity the same notation C1 will be used for the resulting
curve.
Now using the approximations ã = aapprox = 1.50329 (calculated in

section 3.5) and b̃ = −0.5795 to a and b find the points P̄i = (X̄i, Ūi),
i = 2, . . . , 8, in the second curve where

X̄i

Ūi
= ã

X̄i

Ui
+ b̃.

Compute the projective joint-invariants {J1,12345, J2,12345}, . . . ,
{J1,56789, J2,56789}. Note that in order to keep a control on the size of the
joint-invariant, if any joint-invariant has Jn,ijklm > 1 then 1

Jn,ijklm
is used.

Compute the corresponding joint-invariants (denote these by J̄) in the
second curve and define

J̄L sqrs =
√

{(J̄1,12345 − J1,12345)2 + (J̄2,12345 − J2,12345)2}+ · · ·
+ {(J̄1,56789 − J1,56789)2 + (J̄2,56789 − J2,56789)2}

Note it was shown in section 2.1.2 that if these nine points in each curve
all have the same joint-invariants (this is equivalent to J̄L sqrs = 0) then the
nine points in each curve must be related by a projective transformation.
Now to represent the error in the matching, b̃ is fixed and a is varied

until J̄L sqrs is a minimum, call this value J̄best. The signs of ∆J̄1 = J̄1,34567−
J1,34567 and ∆J̄2 = J̄2,34567 − J2,34567 are then computed. The parameter ã
was varied in the following way.
First for the values of a = ã = 1.50329 and a = ã ± 0.02, J̄L sqrs was

calculated so that the direction of decreasing J̄L sqrs could be found. Then
a was varied in steps of 0.02 in this direction until the value of a = a0.02,best

corresponding to the minimum value of J̄L sqrs was found, then was fur-
ther varied 0.01 each side of a = a0.02,best to find the minimum value of
J̄L sqrs. This final minimum value of J̄L sqrs was used as the value for J̄best

corresponding to b = b̃, see above. The following table shows a list of
the values of a and the corresponding values of J̄L sqrs for the initial value
of b = b̃ = −0.5795, the values are to four significant figures. Figure
4.5 shows a plot of these values. The order in which a was varied was,
a− ã = 0, 0.02, −0.02, −0.04, −0.06, −0.05, −0.03.
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Table of the values of a and J̄L sqrs

a− ã J̄L sqrs

-0.06 0.06184
-0.05 0.05583
-0.04 0.05155
-0.03 0.05011
-0.02 0.05167
0 0.06294
0.02 0.09288

0.06

0.07

0.08

0.09

–0.06 –0.04 –0.02 0 0.02

Figure 4.5: A plot of J̄L sqrs versus a− ã.

In addition, J̄best = 0.05011, ∆J̄1 = 0.01097 and ∆J̄2 = 0.01990. The signs
of ∆J̄1 and ∆J̄2 will characterise what side b̃ is from the true value of b and
J̄best will give the amount that b̃ differs from the true value of b, see below.

From section 3.5 it is now required to find ε and δ such that

(
1
1 + ε

,− δ

1 + ε

)
· C1 =

(
1

ã− 0.03 ,−
b̃

ã− 0.03

)
· C2 (4.2)

where ã is replaced by ã− 0.03 as this corresponds to J̄best above.

Note that the transformation ( 1
1+ε ,− δ

1+ε) is found from mapping (X̃i, Ũi)
in C1 to (Xi, Ui) where

X̃i

Ũi

= (1 + ε)
Xi

Ui
+ δ (4.3)

and i = 1, . . . , 3. Also the transformation ( 1
ã−0.03 ,− b̃

ã−0.03) is found by
mapping ( ˜̄X i,

˜̄U i) in C2 to (Xi, Ui) in C1 where

˜̄Xi

˜̄U i

= (ã− 0.03)Xi

Ui
+ b̃
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and i = 1, . . . , 3.
Compute the joint-invariants {J̃1,12345, J̃2,12345}, . . . , {J̃1,56789, J̃2,56789}

corresponding to the points (X̃i, Ũi), i = 2, . . . , 8 satisfying (4.3) and the
bi-tangent points (X̃1, Ũ1) = (X1, U1) = (0, 0) and (X̃9, Ũ9) = (X9, U9).
Define

JL sqrs =
√

{(J̃1,12345 − J1,12345)2 + (J̃2,12345 − J2,12345)2}+ · · ·
+ {(J̃1,56789 − J1,56789)2 + (J̃2,56789 − J2,56789)2}

and ∆J̃1 = J̃1,34567 − J1,34567 and ∆J̃2 = J̃2,34567 − J2,34567.
The error correction now takes the form of varying ε and δ and perturbing

points in the first curve (C2 remains fixed and has no part in this calculation)
until the value of J̄best and the signs of ∆J̄1 and ∆J̄2 are reproduced. (This
is equivalent to finding the ε and δ that satisfy (4.2)). This is achieved in
the following way.
For a fixed δ, ε is varied and for each ε, the points P̃i = (X̃i, Ũi), i =

2, . . . , 8, where

X̃i

Ũi

= (1 + ε)
Xi

Ui
+ δ

are found with P̃1 = (X̃1, Ũ1) = (X1, U1) = (0, 0) and P̃9 = (X̃9, Ũ9) =
(X9, U9). Then the joint-invariants are calculated involving the points Pi

and P̃i, i = 1, . . . , 9 and JL sqrs is calculated.
For each fixed δ, ε is varied until JL sqrs is a minimum, call this value

J(δ,ε)best and the signs of ∆J̃1 = J̃1,34567 − J1,34567 and ∆J̃2 = J̃2,34567 −
J2,34567 are calculated. This is done in the same way as a was varied to
get J̄best above. The values of δ used were based on the discretisation of C1

surrounding (X5, U5) (δ is determined by δ = X̃5

Ũ5
since X5 = 0) and the

amount that δ was varied was until J(δ,ε)best was twice that of J̄best to ensure
the error in the initial matching of C2 onto C1 is covered. This corresponded
to four values of δ. The following table shows the results for these values of
δ. Also shown using a number in brackets, is the order for how the ε was
varied, the values are to four significant figures. Figure 4.6 shows a plot of
JL sqrs versus ε for the case δ = −0.01419.
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Table of the values of ε and JL sqrs for different values of δ

ε δ = −0.02853 δ = −0.01419 δ = 0.01403 δ = 0.02840

-0.08 0.1557 (6)
-0.07 0.1402 (7)
-0.06 0.1297 (5)
-0.05 0.1351 (8)
-0.04 0.07183 (4) 0.1572 (4)
-0.03 0.05852 (5)
-0.02 0.09889 (2) 0.07475 (2) 0.05806 (3) 0.2356 (3)
-0.01 0.09095 (6)
0 0.08792 (1) 0.04896 (1) 0.1399 (1) 0.3743 (1)
0.01 0.08508 (5) 0.04273 (6)
0.02 0.08397 (3) 0.04471 (3) 0.2542 (2) 0.5517 (2)
0.03 0.08315 (6) 0.05463 (5)
0.04 0.08572 (4) 0.06973 (4)

0.045

0.05

0.055

0.06

0.065

0.07

0.075

–0.02 –0.01 0 0.01 0.02 0.03 0.04

Figure 4.6: A plot of JL sqrs versus ε for the case δ = −0.01419.

The following table shows the values of J(δ,ε)best, ∆J̃1 and ∆J̃2 for each
of the four δ values. Figure 4.7 shows the plot of Jbest versus δ. The origin
has been included in this plot as when δ = 0, Jbest = 0. This point serves
as a reference to the other points. The value of δ must be found which has
J(δ,ε)best coinciding with J̄best as well as the signs of ∆J̃1 and ∆J̃2 coinciding
with the signs of ∆J̄1 and ∆J̄2.
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Table of the values of J(δ,ε)best, ∆J̃1 and ∆J̃2 for each δ

δ J(δ,ε)best [∆J̃1,∆J̃2]

-0.02853 0.08315 [0.01232,0.02217]
-0.01419 0.04273 [0.00491,0.00870]
0 0 [0,0]

0.01403 0.05806 [-0.00910,-0.01628]
0.02840 0.1297 [-0.01171,-0.02088]

0.02

0.04

0.06

0.08

0.1

0.12

–0.02 –0.01 0.01 0.02

Figure 4.7: A plot of J(δ,ε)best versus δ.

Note that these matching corrections are performed on C1. Thus in
practice, a characterisation of the error in the matching corresponding to
a number of values of δ could be stored before hand. When this curve is
required to be recognised under a viewing transformation, the initial error
in the matching will be able to be immediately corrected for.

The signs of ∆J̄1 and ∆J̄2 calculated earlier are both positive and the ta-
ble above shows that positive values of ∆J̃1 and ∆J̃2 correspond to negative
values of δ. Thus J̄best = 0.05011 lies between 0.04273 and 0.08315 and using
a linear interpolant gives δ = −0.017. Furthermore, for J(δ,ε)best = 0.04273,
εbest = 0.03 and for J(δ,ε)best = 0.08315, εbest = 0.01. To find the ε correspond-
ing to J(δ,ε)best = J̄best a linear interpolant is also used giving ε = 0.014.
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The predicted true value of b is given by

btrue = b̃− (ã− 0.03)δ
1 + ε

.

That is the correction factor for b̃ is

−(ã− 0.03)δ
1 + ε

= −0.024.

So the initial value of b̃ is corrected then ã is varied again (in the same way
as before) to find the best joint-invariant matching. (This gave atrue = 1.45
which coincided with the predicted value of atrue = ã−0.03

1+ε = 1.45).
Figure 4.8 shows the resulting matching of C2 onto the original C1 after

this correction is made, which is very close.

0.5

1

1.5

2

2.5

–1.5 –1 –0.5 0.5

Figure 4.8: Matching after error correction.

Note that it is shown in the section 4.2 that if d
dx(

x
u(x)) is close to zero at

one of the points used for the error correction then small changes in ε and
δ can cause a large error in the matching. That is JL sqrs would be sensitive
to small changes in ε and δ making it difficult to locate Jbest for a fixed δ.
However, it is also shown the points can be chosen so that this problem does
not occur.
Geometrically this problem can be seen in figure 4.9. Small errors in

ε and δ which correspond to small changes in the slope x
u cause Papprox to

move a significant distance away from Ptrue. Thus when Papprox is mapped
on to Ptrue to match the curves their will be a large error.



122 CHAPTER 4. ERROR CORRECTION

Papprox

Ptrue

small change in x
u

Figure 4.9: Geometrical picture of the situation when JL sqrs is sensitive to
small changes in ε and δ.

Finally note that although this method worked well in correcting the
error in the initial matching of the left-ventricle, the method is much more
elaborate than it needs to be. However it lead to a simpler method which
is presented in section 4.4.
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4.1.2 Different curves

The above method is applied on the two different curves, C1 = {(X1(t), U1(t))}
and C2 = {(X2(t), U2(t))} which were used in the second example of section
3.3

X1(t) = cos(t)

U1(t) = sin(t) + sin(
1
2
t)2 cos(t) +

1
2
sin(2t)2

X2(t) = cos(t)

U2(t) = sin(t) + sin(
1
2
t)2 cos(t) +

2
3
sin(2t)2

Three x
u turning points are located in both curves, using their original

discretisations (∼ 550 points with random noise added) before they are
adaptively spaced Figure 4.10 shows the two adaptively spaced curves
in their Euclidean canonical form, with the x

u turning points in each curve
denoted by a circle.

0

0.5

1

1.5

2

2.5

–0.5 0.5 1

Figure 4.10: Euclidean canonical form of curves with the x
u turning points

in each curve denoted by a circle.

The point (xc, uc) is chosen in C1 in the same way as was done for the
left-ventricle above and the initial approximations of a and b are obtained
from the three x

u turning points by least squares. Also error bounds are put
on these x

u turning points based on the discretisation error of the curves.
This was approximately 0.01, though the value of derror chosen was 0.015.
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Let the three error bounds be εmax1 , εmax2 and εmax3 , which correspond to
the turning point between the two bi-tangents, the minima x

u turning point
and the maxima x

u turning point respectively.
The points (x1, u1), (x2, u2) are chosen in same way as above. But note,

that in this case, (x1, u1) is very close to an x
u maxima turning point. This

restricts how much ε and δ can vary in the error characterisation. When
finding the point (x̃1, ũ) in C1 where

x̃1

ũ1
= (1 + ε)

x1

u1
+ δ (4.4)

for some ε and δ then (4.4) will not have a solution if (1 + ε)x1
u1
+ δ >

xtp

utp
.

This can be avoided by choosing a point further away thus allowing more
freedom in ε and δ. A procedure for doing this is the following. Note that
this is for a maxima turning point, the procedure for a minima turning
point is similar.

Let δ− and δ+ be the limits placed on how much δ is to be varied in
the error characterisation and let (xtp, utp) denote the x

u maxima turning
point where xtp

utp
> 0. Choose the point (x0

1, u
0
1) such that,

x0
1

u0
1
+δ+ = xtp

utp
and

let s1 be the arclength distance of this point from (xtp, utp). Now consider
the point (x1

1, u
1
1) the arclength distance of 2s1 from (xtp, utp) in the same

direction as (x0
1, u

0
1), see figure 4.11.

s1

2s1

(xtp, utp)

(x0
1, u

0
1)

(x1
1, u

1
1)

Figure 4.11: Curve showing x
u maxima turning point and points (x

0
1, u

0
1) and

(x1
1, u

1
1).

For this point find ε+tp > 0 such that (1 + ε+tp)
x1
1

u1
1
+ δ+ = xtp

utp
. Then

compute JL sqrs,ε for ε = ε+tp and ε = ε+tp − 0.02. The value 0.02 is essentially
arbitrary but is chosen to test whether Jbest occurs at a value where ε < ε+tp

so that (1 + ε+tp)
x1
1

u1
1
+ δ+ <

xtp

utp
and (4.4) will have a solution.
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If J
L sqrs,ε+tp−0.02 < J+

L sqrs,εtp then this will be the case. If JL sqrs,ε+tp−0.02 >

J
L sqrs,ε+tp

then choose the point (x2
1, u

2
1) the arclength distance of 3s1 from

(xtp, utp) and continue this process until JL sqrs,ε+tp−0.02 < J+
L sqrs,εtp. So that

for δ = δ+, Jbest will correspond to a value of ε where (4.4) will have a
solution.
For δ = δ−, find ε−tp > 0 such that (1+ ε−tp)

x2
1

u2
1
+ δ− = xtp

utp
and check that

J
L sqrs,ε−tp−0.02 < J−

L sqrs,εtp. If this is not true then apply the above process
until it is and so for δ = δ−, Jbest will correspond to a value of ε where
(4.4) will have a solution. Note that this procedure is easily modified for a
minima turning point.
The three points in C2 corresponding to (xc, uc), (x1, u1) and (x2, u2)

are found using the initial approximations to a and b. Figure 4.12 shows the
curves after they have been mapped to their second canonical form, with
the points (xc, uc), (x1, u1), (x2, u2) and their corresponding points in the
second curve denoted by a circle. These three points in each curve are used
to match the curves. Figure 4.13 shows there is a significant error in the
initial matching of the curves, consistent with the fact that the curves are
not related by a projective transformation.
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–1 –0.5 0.5

Figure 4.12: Second canonical form of curves with the three points used for
matching denoted by a circle.
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Figure 4.13: Initial matching of curves.

The x
u test is applied on the three

x
u turning points with error bounds

εmax1 , εmax2 and εmax3 from above. First a limit is put on how far b can vary
in a neighbourhood of the initial b based on the distance of five percent of
the total arclength of the curve C2. Let this limit correspond to the interval
[bmin, bmax].
Now given a and b and the pair of three x

u and
x̄
ū turning points (xtp1 , utp1),

(xtp2 , utp2), (xtp3, utp3) and (x̄tp1 , ūtp1), (x̄tp2 , ūtp2), (x̄tp3 , ūtp3) the
x
u tests

are given by,

∣∣∣1
a
(
x̄tp1

ūtp1

− b)− xtp1

utp1

∣∣∣ < εmax1 (4.5)
∣∣∣1
a
(
x̄tp2

ūtp2

− b)− xtp2

utp2

∣∣∣ < εmax2 (4.6)
∣∣∣1
a
(
x̄tp3

ūtp3

− b)− xtp3

utp3

∣∣∣ < εmax3 (4.7)

Since x̄tp1
ūtp1

< 0, xtp1
utp1

< 0 and x̄tp1
ūtp1

− b < 0 for a given b ∈ [bmin, bmax], (4.5) is
equivalent to

x̄tp1
ūtp1

− b
xtp1
utp1

+ εmax1

< a <

x̄tp1
ūtp1

− b
xtp1
utp1

− εmax1

. (4.8)

Now b is equally spaced in increments of 0.02 in [bmin, bmax], and for each
b the lower and upper limits of a defined by (4.8) are substituted into (4.6)
and (4.7) which in every case fail at least one of these tests. Hence the
curves are rejected as different.
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4.2 Analytic error analysis

Consider a curve C1 in its second canonical form, and four points, (x1, u1) =
(0, 0), (x2, u2), (x3, u3) = (0, u3) and (x4, u4), see figure 4.14.

(x1, u1)

(x2, u2)

(0, u3)

(x4, u4)

Figure 4.14: Curve C1 with four points shown.

Denote the derivative at the point (0, u3) by u
(3)
x . Consider the transforma-

tion

(x, u) �−→
(

x

gx+ 1
,

u

gx+ 1

)
. (4.9)

By the chain rule, the derivative u(3)
x transforms by

u(3)
x �−→ u(3)

x − gu3.

Thus, if the curve is transformed by (4.9) with g = u
(3)
x
u3
then u(3)

x will become

zero. Thus without loss of generality it can be assumed that u(3)
x = 0.

Let (xc, uc) be a point with zero gradient. If (xc, uc) is mapped to (0, uc)
using the transformation (x, u) �−→ (x− xc

uc
, u) so that C1 is mapped to its

second canonical form then this implies (0, uc) will have zero gradient.

In a neighbourhood of (x2, u2) and (x4, u4) represent the curve u = u(x)
in the form x = x(u) and in a neighbourhood of (x3, u3) keep with the
original representation u = u(x). Let hj , j = 2, 4 satisfy

x(uj + hj)
u+ hj

= (1 + ε)
xj

uj
+ δ.
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for some ε and δ. Also let h3 satisfy,

x3 + h3

u(x3 + h3)
= (1 + ε)

x3

u3
+ δ = δ =

h3

u(h3)

since x3 = 0.
The Taylor series of h2, h3 and h4 up to second order derivative terms

are given by

h2 =
U2

Uu2

ε +
1

Uu2

δ − 1
2
U2

2Uu2

U3
u2

ε2 − U2Uuu2

U3
u2

δ ε − 1
2
Uuu2

U3
u2

δ2

h3 = u3 δ +
1
2
u(3)
xxu

2
3 δ

3

h4 =
U4

Uu4

ε +
1

Uu4

δ − 1
2
U2

4Uuu4

U3
u4

ε2 − U4Uuu4

U3
u4

δ ε − 1
2
Uuu4

U3
u4

δ2

where

Uj =
xj

uj
, Uuj =

d
du

(
x(u)
u

) ∣∣∣∣
u=uj

and Uuuj =
d2

du2

(
x(u)
u

) ∣∣∣∣
u=uj

.

Also note that

Uuj =
xjUxj

(1− ujUxj )uj
j = 2, 4. (4.10)

where Uxj =
d
dx

(
x

u(x)

) ∣∣∣∣
x=xj

.

Now using the projective transformation (3.3), the points

(x̃j , ũj) = (x(uj + hj), u+ hj), i = 2, 4 and (x̃3, ũ3) = (h3, u(h3))

are mapped to the points (xj , uj), j = 1, . . . ,3 where

x̃j

ũj
= (1 + ε)

x

u
+ δ

The parameters of this transformation are given by the solution to the fol-
lowing set of equations

ax̃j + bũj

gx̃j + hũj + i
− xj = 0

ũj

gx̃j + hũj + i
− uj = 0

where j = 1, . . . , 3. This gives

a =
1
1 + ε

, b = − δ

1 + ε
, g = g(ε, δ), h = h(ε, δ), i = i(ε, δ).
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The Taylor series of g, h and i up to second order terms are given by

g =
1

u2
4u

2
2[234]

(
x2u

2
4(u3 − u4)Ûu2 − x4u

2
2(u3 − u2)Ûu4

)
ε

+
1

u4u2[234]

(
u4(u3 − u4)Ûu2 − u2(u3 − u2)Ûu4

)
δ

+ gεεε
2 + gεδεδ + gδδδ

2

h =
1

u2
4u

2
2[234]

x4x2

(
Ûu2u

2
4 − u2

2Ûu4

)
ε

+
1

u4u2[234]

(
x4Ûu2u4 − x2Ûu4u2

)
δ

+ hεεε
2 + hεδεδ + hδδδ

2

i = −u3(hεε+ hδδ)− u3hεεε
2 − (u3hεδ + δgε)− (u3hδδ + δgδ − 12u

(3)
xx δ

2)δ2

where Ûuj =
1

Uuj
and

gεε =
1

2u4
4u

4
2[234]2

(
− 2(u2

4u
2
2[234] + u3x2x4(Ûu2u

2
4 − u2

2Ûu4))

(x2u
2
4(u3 − u4)Ûu2 − x4u

2
2(u3 − u2)Ûu4 )

− x2
2u

4
4(u3 − u4)[234]Û3

u2
xuu2 + x2

4u
4
2(u3 − u2)[234]xuu4Û

3
u4

)
gεδ =

1
u3

4u
3
2[234]2

(
u3(x2u4 + x4u2)u2u4(2x2(u3 − u4)− [234])Ûu2Ûu4

− u3
4u

2
2(u3 − u4)[234]Ûu2 − 2x2u3u

3
2x4(u3 − u2)Û2

u4

− 2x2u3x4u
3
4(u3 − u4)Û2

u2
+ u2

4u
3
2(u3 − u2)[234]Ûu4

− [234]Û3
u2
x2u

3
4(u3 − u4)xuu2 + [234]x4Û3

u4
u3

2(u3 − u2)xuu4

)
gδδ =

1
2u2

4u
2
2[234]2

(
− 2u3(u4(u3 − u4)Ûu2 − u2(u3 − u2)Ûu4 )

(x4Ûu2u4 − x2Ûu4u2)− Û3
u2
u2

4(u3 − u4)[234]xuu2

+ Û3
u4
u2
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2
4u

2
2[234]u
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3
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2Û
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)
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Thus points where Uuj are close to zero will result in the coefficients of
the Taylor series blowing up. This will cause g, h and i to be very sensitive
to small changes in ε and δ. Note the problem discussed in the second
example of section 3.5 where a point is chosen close to an x

u turning point
reappears here since at an x

u turning point, Uuj = 0. This is because by
(4.10), Uuj = 0 if and only if Uxj = 0. The Taylor series is undefined at
these points. The other possibility for when Uuj is close to zero is when a
point is near an inflection point of x

u .
Also points where [234] and x2, x4 are close to zero will result in the

coefficients blowing up. This corresponds to the points (x2, u2) and (x4, u4)
being close to each other.
A way to avoid choosing those points above and to ensure the error is

minimal would be to choose points which minimize the first order terms of g
and h. This can be done by the following. For each pair of points compute

ghl sqrs =
√
(|gε|+ |gδ|)2 + (|hε|+ |hδ |)2

say, where gε, gδ , hε and hδ are the first order terms of g and h then varying
the points until ghl sqrs is a minimum. The first order term of i is a constant
multiple of the first order term of h and so i does not need to be included.
Now consider the points (x2, u2), (x4, u4) where u4 = u2. Putting u4 =

u2 gives a significant simplification to the above Taylor series given by

g =
1

u2
2[234]

(
(u3 − u2)(Ûu2x2 − Ûu4x4)

)
ε

+
1

u2[234]

(
(u3 − u2)(Ûu2 − Ûu4)

)
δ

+ gεεε
2 + gεδεδ + gδδδ

2

h =
1

u2
4u

2
2[234]

x4x2

(
Ûu2u

2
4 − u2

2Ûu4

)
ε

+
1

u4u2[234]

(
x4Ûu2u4 − x2Ûu4u2

)
δ

+ hεεε
2 + hεδεδ + hδδδ

2
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where,

gεε =
1

2u3
2[124][234]

(
(−2(x2Ûu2 − x4Ûu4)(u

2
2[234] + x2x4u3(Ûu2 − Ûu4))

− [234](x2
2Û

3
u2
xuu2 − x2

4xuu4Û
3
u4
))
)

gεδ =
1

u2
2[234][124]

(
(−(Ûu2 − Ûu4)[234]u

2
2

− [234](Û3
u2
x2xuu2 − Û3

u4
xuu4x4)

− 2x2u3x4(Û2
u2
+ Û2

u4
) + u3(x4 + x2)2Ûu2Ûu4)

)
gδδ =

1
2u3

2[234][124]

(
(−[234]u2

2(xuu2Û
3
u2

− xuu4Û
3
u4
)

− 2u3u
2
2(Ûu2 − Ûu4)(Ûu2x4 − x2Ûu4))

)

hεε =
1

2u4
2[234]2

(
(−2x2

2x
2
4u3(Ûu2 − Ûu4)

2

− [234]x2x4(Û3
u2
x2xuu2 − Û3

u4
xuu4x4))

)
hεδ =

1
u3

2[234]2
(
(−[234]u2(u3 − u2)(Ûu2x2 − Ûu4x4)

− 2x2(Ûu2 − Ûu4)x4u3(Ûu2x4 − x2Ûu4)

− x2(xuu2Û
3
u2

− xuu4Û
3
u4
)x4[234])

)
hδδ =

1
2u2

2[234]2
(
(−2[234]u2(u3 − u2)(Ûu2 − Ûu4)

− 2u3(Ûu2x4 − x2Ûu4)
2 − (x4xuu2 Û

3
u2

− x2xuu4 Û
3
u4
)[234]

+ u3u
2
2(x2 − x4)[234]u(3)

xx )
)

Notice that if the two points are chosen where,

x2Ûu2 − x4Ûu4 = u2(Ûx2 − Ûx4) = 0

then g will become second order. Also when b = 0 and g = 0, Ûx2 − Ûx4

transforms by,

Ûx̄2 − Ûx4 =
i

hu3 + i
(Ûx2 − Ûx4).

Thus,

Ûx2 − Ûx4 = 0

is invariant, (that is x2ux2 − x4ux4 = 0 is invariant).
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4.3 Error bound for rejecting curves

Consider two curves u = u(x) and ū = ū(x̄) where,

(x̄, ū) =
(

ax

gx+ hu+ i
,

u

gx+ hu+ i

)
.

Assuming x = 0, u(0) = u0 �= 0, and ux(0) = 0 implies

ūx̄(0) =
−gu0

a(hu0 + i)
=

−g

a
ū0.

Therefore if a transformation of the form (4.9) is performed on (x̄, ū)
that puts ūx̄(0) = 0, then g = 0. Thus the two curves are now related by

(x̄, ū) =
(

ax

hu+ i
,

u

hu+ i

)
.

Thus horizontal lines ux = 0 are mapped to horizontal lines ūx̄ = 0. This
form of the curves will called their third canonical form.
Let |ūx̄(0)| = ε̄. Any horizontal line ux = 0 is mapped to ūx̄ = −g

a ū. So
for all horizontal lines ux = 0 that pass through (0, u) where u chosen such
that ū < ū0,

|ūx̄| < ε̄,

which will serve as a bound for accepting and rejecting curves. The value ε̄
will be based on an estimate of the error in the gradient due to noise at the
point (0, ū0).
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Consider the two convex curves C1 = {(X1(t), U1(t))} and
C̄1 = {(X1(t), U 1(t))} where

X1(t) = cos t+
1
5
cos2 t

U1(t) =
1
2
X1(t) + sin t+

1
10
sin2 t

and C̄1 is a projective transformation of C1. These two curves are identical
to those used in section 3.3. Both of these curves are mapped to their
Euclidean canonical form and C1 is mapped to its third canonical form by
using the point (xc, uc) ∈ C1 with zero gradient. C̄1 is mapped to its third
canonical form but an error of t = −0.2 is placed in the point (x̄c, ūc) ∈ C̄1

which corresponds to (xc, uc). This error is equivalent to b = −0.072138.
Also an error of one degree is placed in the gradient. This corresponds to a
slope of tan−1(θ) ∼ θ where θ = π

180 . The value chosen for the bound ε̄ on
the gradient was two degrees.

Three pairs of points {Pai = (xai , ui), Pbi
= (xbi

, ui)}, i = 1, . . . , 3 with
the same u coordinate are chosen in the first curve where xai > 0, xbi

> 0,
i = 1, . . . , 3. The point Pa2 was chosen to be the point with vertical gradient
with the corresponding point Pb2 having a gradient close to vertical. The
reason these points were chosen is explained further below.

The points Pa1 and Pa3 were chosen in the following way. Let P
Euc
A1
, P Euc

A2
,

P Euc
A3
and P Euc

A0
in the Euclidean canonical form of C1 denote the correspond-

ing points to Pa1 , Pa2 , Pa3 and P0 = (0, u(0) �= 0). The points Pa1 and
Pa3 are chosen such that P

Euc
A1
and P Euc

A3
are halfway in Euclidean arclength

between (0, 0) and P Euc
A2

and P Euc
A2

and P Euc
0 . Figure 4.15 shows C1 in its

third canonical form with the six points {Pai , Pbi
}, i = 1, . . . , 3 denoted by

circles.

The points (x̄ai , ūai) and (x̄bi
, ūbi

) in C̄1 are found using,

x̄

ū
= ã

x

u
.

Note that these points can be found uniquely since there are no x
u inflection

points in a convex curve. Here error is put into ã by falsely identifying two
points, (x∗, u∗) in C1 and (˜̄x∗, ˜̄u∗) in C̄1. That is, a point (x∗, u∗) is chosen
in C1 with a parameter value of t = 1 and a point (˜̄x∗, ˜̄u∗) in chosen in C̄1

with a parameter value of t = 1.1. Then

ã =
˜̄x∗u∗
˜̄u∗x∗

is calculated. Note that, for each value b, ã could be calculated by using an
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Figure 4.15: Choosing points in first curve.

average of a number of invariant points.
Next

mi =
ūai − ūbi

x̄ai − x̄bi

, i = 1, . . . , 3

is calculated. Let I = [bmin, bmax] be the interval that restricts where b can
be varied in (see the example of left-ventricle earlier). It is required that for
some b ∈ I,

|mi| < ε̄, i = 1, . . . , 3.

Figure 4.16 shows the value of b = b̃ = −0.072138 where two of the slopes
are greater than two degrees. Thus this value of b is rejected.
The reason for the choice of the points (xa2 , u2) and (xb2 , u2) is so that

errors in (x̄a2 , x̄a2), (x̄b2 , x̄b2) will show up as much as possible in |m2|. This
can be seen in figure 4.16 by comparing this slope to the other the slopes.
Notice that the first slope is still essentially horizontal. Figure 4.17 shows
the matching of the curves using this rejected b. Note the points (xa2 , u2)
and (xb2 , u2) are used to match the curves since these points correspond to
a value of ghl sqrs close to the minimum value.
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Figure 4.16: Slopes mi, i = 1, . . . , 3 where the gradient test fails.
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Figure 4.17: Matching of the curves for value of b which is rejected.
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The parameter b is varied in steps of 0.01 until the slopes are all less than
two degrees. Call this value b<2

o . Note that for two points (X1, u1) and
(X2, U1) where sign(X1) = −sign(X2), the effect of varying b is to increase
(or decrease) |X1

U1
| and decrease (or increase) |X2

U2
|. That is the points will

move in opposite directions so that the direction of b where the slopes all
decrease can be determined by testing 0.01 each side of b̃. Also one further
test is done.
The distances dij between all the points above are computed after the

curves are matched. Let Dmax = max(∆xmax,∆umax) where ∆xmax and
∆umax are the maximum distances across curve in x and u directions. It
is then required that for some b ∈ I

dij

Dmax

< 0.1. (4.11)

If one or both of the tests fails, the curves are rejected as being different.
An example where both tests fail is demonstrated in the second example
below.
For this example, the value of b<2

o satisfied (4.11) and figure 4.18 shows
the resulting matching. Then b is varied in steps of 0.01 until the mi are all
less than one degree. Figure 4.19 shows an even closer matching.
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Figure 4.18: Matching of curves when gradient test passes.
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Figure 4.19: Matching of curves when b is varied in steps of 0.01 to give all
slopes less than one degree.

This method is now applied to two different convex curves. The initial
value of b used was that which corresponded to the points (xc, uc) and (x̄c, ūc)
in each curve having the same t parameter value. Figure 4.20 shows the
slopes mi, i = 1, . . . , 3, two of which are significantly greater than two
degrees. The distance test also failed for this initial b. Figure 4.21 shows
the matching for this failed b. Then b is varied in steps of 0.02 in the interval
I = [bmin, bmax] starting from bmin and for each b at least one of the two tests
failed. Thus the curves are rejected as being different.
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Figure 4.20: Gradients of points in second different curve.
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Figure 4.21: Matching of curves with this initial b which fails both gradient
and distance tests.

Note that this method will not be used in practice for error correction
but gives further understanding of how geometric properties can be used to
describe and correct error.
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4.4 Simpler method for error correction

Consider the following two curves related by a projective transformation
where they are both in their Euclidean canonical forms as shown in figure
4.22.
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Figure 4.22: Two curves related by a projective transformation, both in
their Euclidean canonical forms.

Nine points Pi = (Xi, Ui), i = 1, . . . , 9 are placed around the first curve
including the canonical point, the other bi-tangent point and the point
(X5, U5) which has X5 = 0, see figure 4.23.
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Figure 4.23: First curve with nine points denoted by circles.

Denote this first curve by C1 and the second curve by C2. An error of
−0.12 is put into the a parameter of the projective transformation and an
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error of 0.1 is put into the b parameter. Then the points P̄i = (X̄i, Ūi) ∈
C2, i = 2, . . . , 8 are found such that

X̄i

Ūi
= ã

Xi

Ui
+ b̃

where ã = a−0.12 and b̃ = b+0.1. P̄1 = (0, 0) and P̄9 (the other bi-tangent)
remain fixed independent of ã and b̃.

The projective transformation that maps the points P̄3, P̄5 and P̄7 to
P3, P5 and P7 is then applied to C2 producing figure 4.24. This represents
the initial matching of the curves.
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Figure 4.24: Initial matching of C2 onto C1.

Let C̃2 be the resulting curve. Then

C1 = (1 + ε, δ) · C̃2 (4.12)

for some small ε and δ. Note that (1+ ε, δ) represents a projective transfor-
mation, see section 3.5 for this terminology. The projective transformation
(1 + ε, δ) is the transformation that maps (X̃C2

i , ŨC2
i ) ∈ C̃2 to (Xi, Ui) ∈ C1

where

X̃C2
i

ŨC2
i

=
1
1 + ε

Xi

Ui
− δ

1 + ε
, i = 3, 5, 7. (4.13)

The formula (4.12) can be rewritten as

(
1
1 + ε

,− δ

1 + ε

)
· C1 = C̃2 (4.14)
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Thus to correct the error in the initial matching given by figure 4.24 it is
required to find ε and δ such that (4.14) holds.

The joint-invariants {J̄1,12345, J̄2,12345}, . . . , {J̄1,56789, J̄2,56789} correspond-
ing to the points (X̄i, Ūi), i = 1, . . . , 9 are now computed. For a given ε and
δ let {J̃1,12345(ε, δ), J̃2,12345(ε, δ)}, . . . , {J̃1,56789(ε, δ), J̃2,56789(ε, δ)} be the
joint-invariants associated with the points (X̃i, Ũi), i = 1, . . . , 9 where

X̃i

Ũi

= (1 + ε)
Xi

Ui
+ δ, i = 2, . . . , 8 (4.15)

and (X̃1, Ũ1) = (X1, U1) = (0, 0), (X̃9, Ũ9) = (X9, U9).

Finding ε and δ that satisfy (4.14) is equivalent to solving the following
system of equations

J̃1,12345(ε, δ) = J̄1,12345, . . . J̃1,56789(ε, δ) = J̄1,56789

J̃2,12345(ε, δ) = J̄2,12345, . . . J̃2,56789(ε, δ) = J̄2,56789

for ε and δ. This is an overdetermined system of 10 equations in two un-
knowns where the analytic expressions for J̃1,12345(ε, δ), . . . , J̃1,56789(ε, δ) and
J̃2,12345(ε, δ), . . . , J̃2,56789(ε, δ) are unknown. However for any given ε and δ

the numerical value for these joint-invariants can be found by recomputing
the points (X̃i, Ũi), i = 1, . . . , 9 each time that satisfy (4.15) then comput-
ing the joint-invariants. Thus the equations can be solved by an iterative
scheme using least squares. An initial starting point for the iterative process
will be ε = 0, δ = 0. Define

J1(ε, δ) = (J̃1,12345(ε, δ) − J̄1,12345)2 + . . . + (J̃1,56789(ε, δ) − J̄1,56789)2

J2(ε, δ) = (J̃2,12345(ε, δ) − J̄2,12345)2 + . . . + (J̃2,56789(ε, δ) − J̄2,56789)2

(4.16)

Let

J(ε, δ) = max{J1(ε, δ), J2(ε, δ)}

The parameter ε is now fixed at 0 and δ is varied in steps of 0.02 in a
depth first search to find the minimum value of J(ε, δ). Then δ is varied
in steps of 0.01 to further minimize J(ε, δ). This gave δ = 0.08 (see results
below) which is the first iteration. Then δ is fixed at 0.08 and ε is first varied
in steps of 0.02 and then 0.01 in a depth first search to find the minimum
of J(ε, δ). This gave ε = 0.09 which is the second iteration. This process is
continued until no further improvement to J(ε, δ) is obtained using the step
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size of 0.01 for both ε and δ. The table below shows the results.

Iterative scheme with joint-invariants

ε δ J(ε, δ)

Starting point: 0 0 0.3272
First iteration: 0 0.08 0.04903
Second iteration: -0.09 0.08 0.0006745
Third iteration: -0.09 0.07 0.0004983
Fourth iteration: -0.08 0.07 0.00005950

This gives ε = −0.08 and δ = 0.07 as the solution to (4.16). These values
for ε and δ also satisfy (4.14) and (4.12).
The projective transformation (1 + ε, δ) which maps (X̃C2

i , ŨC2
i ) ∈ C̃2

(satisfying (4.13)) to (Xi, Ui) ∈ C1 is then applied to the curve C̃2. Thus
the error in the initial matching (see figure 4.24) is corrected. The result is
shown in figure 4.25 which shows a very close matching.
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Figure 4.25: Correcting the error in the initial matching.

The above method is now applied on two curves in their Euclidean canon-
ical form which appear that they might be related by a projective transfor-
mation but are in fact different, see figure 4.26. The second curve is created
by adding extra terms with small coefficients to the formula for the first
curve, mapping it to its Euclidean canonical form, then applying the same
projective transformation as that in figure 4.22.
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Figure 4.26: Two different curves not related by a projective transformation.

Denote this second curve by C2. In the same way as before, an error of
−0.12 is put into the a parameter of the projective transformation and an
error of 0.1 is put into the b parameter. Then the points P̄i = (X̄i, Ūi) ∈
C2, i = 2, . . . , 8 are found such that

X̄i

Ūi
= ã

Xi

Ui
+ b̃

where ã = a−0.12 and b̃ = b+0.1. P̄1 = (0, 0) and P̄9 (the other bi-tangent)
remain fixed independent of ã and b̃.

The projective transformation that maps the points P̄3, P̄5 and P̄7 to
P3, P5 and P7 is then applied to C2 producing figure 4.27. This represents
the initial matching of the curves.
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Figure 4.27: Initial matching of C2 onto C1.
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The same iterative process of the joint-invariants is then applied as be-
fore. The following table shows the results.

Iterative scheme with joint-invariants

ε δ J(ε, δ)

Starting point: 0 0 0.3333
First iteration: 0 0.06 0.09811114107
Second iteration: -0.1 0.06 0.01648496408

No further improvement (in steps of 0.01 for ε and δ) is found so the
values of ε = −0.1 and δ = 0.06 are used to correct the error in the initial
matching of figure 4.27. Figure 4.28 shows that there is still a significant
error in the matching. This is consistent with the fact that the curves are
not related by a projective transformation.
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Figure 4.28: Correcting the error in the initial matching.

In summary this method gives a simple iterative scheme using the joint-
invariants for correcting the error in the initial matching of two curves related
by a projective transformation. Note that in practice the stopping criteria
for the iterations will either be a lower tolerance placed on J(ε, δ) or a
tolerance based on a Euclidean measure of the distance between the curves
(for example the maximum of the distances between Pi ∈ C1 and P̃i ∈
(1+ ε, δ) ·C2 (see earlier)). If the curves fail to reach this tolerance they will
be rejected as being different.

Also the iterative scheme could be adapted to include error in the canon-
ical point parameter, call this α say. The same procedure will then follow
except J(ε, δ) will become J(ε, δ, α).
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Finally note that a range of values of {J̃1,12345(ε, δ), J̃2,12345(ε, δ)}, . . . ,
{J̃1,56789(ε, δ), J̃2,56789(ε, δ)} could be stored before hand in a library. Thus
when this curve is required to be recognised under a viewing transformation
the initial error in the matching will be able to be very quickly corrected by
applying the iterative scheme using the previously stored values.

4.5 Curves that are close to symmetric

This case is special because a curve that is symmetric can be mapped onto
itself by more than one projective map. Thus if it is close to symmetric, the
wrong projective map could be chosen.

Consider the following curve C, which is an ellipse with a small convex
bump added, shown in figure 4.29.
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Figure 4.29: Curve C which is an ellipse with a small convex bump. C is
denoted by a solid line, the ellipse is denoted by a dotted line.

Six points P1, . . . , P6 are placed on the curve such that a rotation of 180
degrees maps the points P1, P2 and P3 very closely to the points P4, P5 and
P6. The six consecutive pairs of joint-invariants to four decimal places are
shown in the following table.

Table of joint-invariants for the curve C

Combination [J1, J2]

[12345] [0.8470, 0.2887]
[23456] [0.4782, 1.6707]
[34561] [0.6828, 1.8823]
[45612] [0.8341, 0.3276]
[56123] [0.4857, 1.5459]
[61234] [0.6724, 2.1750]
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Notice that the joint-invariants [12345], [23456] and [34561] correspond closely
to the joint-invariants [45612], [56123] and [61234]. This indicates that the
curve is almost invariant under a non-trivial transformation.
Suppose that the point P6 was chosen to be the canonical point to map

C to its Euclidean Canonical form and let C be a curve which is a projective
transformation of C with corresponding points P̄1, . . . , P̄6. In practice there
will be error in the points P̄1, . . . , P̄6, so it is possible that the best joint-
invariant matching of the six combinations in C onto [12345], . . . , [61234] is
[4̄5̄6̄1̄2̄], . . . , [3̄4̄5̄6̄1̄] which is in the wrong order. That is a false identification
of the point P̄3 would be made with the canonical point P6. In this case
the error correction method will not be able to correct the error in the
matching. However, because the correct order [1̄2̄3̄4̄5̄], . . . , [6̄1̄2̄3̄4̄] will also
have a close joint-invariant matching with [12345], . . . , [61234], if the error
correction method is also applied using the point P̄6 it will correct the error
in the matching.
So given a canonical point in one curve, if the joint-invariants show up

two or more possible points that correspond to this canonical point, the
canonical form method will be applied for each of these points thus avoiding
a false identification.
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Chapter 5

Integral invariants and

projective curvature

5.1 Integral Invariants

Consider the full affine group action on R2 given by,

(x, u) �−→ (ax+ bu+ c, dx+ eu+ f), det

(
a b

d e

)
�= 0.

This action is represented by the matrix

G =




a b c

d e f

0 0 1


 . (5.1)

Now define new coordinates z, v and w by

zx = u, vx = xu, wx = u2

That is, z, v and w are potentials. Consider the transformation given by

z̄ = (ea− db)z +
1
2
da(x2 − x2

0) + db(xu− x0u0)

+
1
2
eb(u2 − u2

0) + fa(x− x0) + fb(u− u0),
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v̄ = c(ae− bd)z + a(ae− bd)v +
1
2
b(ae− bd)w

+
1
2
b(bf + ec)(u2 − u2

0) +
1
2
a(dc + af)(x2 − x2

0) +
1
3
b2e(u3 − u3

0)

+ bcd(xu− x0u0) + bcf(u− u0) +
1
2
abe(xu2 − x0u

2
0)

+ abf(xu− x0u0) + acf(x− x0) +
1
3
a2d(x3 − x3

0)

+ abd(x2u− x2
0u0) +

1
2
b2d(xu2 − x0u

2
0),

w̄ = 2f(ae− bd)z + 2d(ae − bd)v + e(ae− bd)w + bfe(u2 − u2
0)

+ afd(x2 − x2
0) + bd2(x2u− x2

0u0) + bde(xu2 − x0u
2
0)

+ 2bfd(xu− x0u0) + af2(x− x0) +
1
3
be2(u3 − u3

0)

+
1
3
ad2(x3 − x3

0) + bf2(u− u0),

where u0 = u(x0). This gives

z̄x̄ = ū, v̄x̄ = x̄ū, w̄x̄ = ū2

That is there is an induced action,

z̄ = G · z, v̄ = G · v, w̄ = G · w

on the coordinates z, v and w where G is given by (5.1).

Now for any other full affine transformation H,

G · (H · (z, v, w)) = (G ·H) · (z, v, w),

G · (G−1 · (z, v, w)) = (z, v, w)

and

G−1 · (G · (z, v, w)) = (z, v, w).

Also

I · (z, v, w) = (z, v, w)
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where I is the identity.

Thus the affine group has an action on (x, u, x0, u0, z, v, w). This action
can be extended to arbitrarily high order using,

Zx = xu2, Vx = x2u, Wx = u3, · · · .

Hence for the full affine group there is an induced group action on the
potentials analogous to the induced action on the derivatives of u.

Note that the infinitesimal generators of this group action are given by

V1 = x∂x + z∂z + 2v∂v + w∂w + x0∂x0

V2 = u∂x +
1
2
(u2 − u2

0)∂z +
1
2
(w + xu2 − x0u

2
0)∂v +

1
3
(u3 − u3

0)∂w + u0∂x0

V3 = ∂x + z∂v + ∂x0

V4 = x∂u +
1
2
(x2 − x2

0)∂z +
1
3
(x3 − x3

0)∂v + 2v∂w + x0∂u0

V5 = u∂u + z∂z + v∂v + 2w∂w + u0∂u0

V6 = ∂u + (x− x0)∂z +
1
2
(x2 − x2

0)∂v + 2z∂w + ∂u0

The regularization approach allows the parameters a, b, c, d, e and f to
be normalized by setting

(x̄, ū, z̄, v̄, x̄0, ū0) = (0, 0, 0, 0, 1, 1).

They can be substituted into w̄ to give the curvature

κ =
1
3
−3(x−x0)w + 6(u−u0)v + 4z2 − 2(2xu−2x0u0+ux0−xu0)z + uu0(x−x0)2

((x − x0)(u + u0)− 2z)2 .

Using the theory of Cartan, this curvature characterises all curves up to a
full affine transformation. In practice this curvature can be evaluated for
each point x by using

z =
∫ x

x0

u dx, v =
∫ x

x0

xu dx, w =
∫ x

x0

u2 dx

Note that this integral invariant is different from the traditional moment
invariants, see [4] and [10] for example, as the moment invariants are global
invariants where this invariant is semi-local as by varying (x0, u0) it can be
defined on any segment of the curve. Also another type of integral invariant
has been looked at in [8] but this involves integrating with respect to the
invariant special affine arclength.

The numerator and denominator of the integral curvature κ above trans-
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form by

numer(κ) �−→ (ae− bd)2numer(κ)

denom(κ) �−→ (ae− bd)2denom(κ)

Thus, in the case of the special affine group where ae− bd = 1, the numer-
ator and denominator of κ are separately invariant.

Note that, for each point (x, u(x)), κ(x) is a two point invariant between
(x0, u0) and (x, u).

Consider the prolonged full affine group action up to third order deriva-
tives given by

ūx̄ =
d+ eux

a+ bux
, ūx̄x̄ =

(ae− bi)uxx

(a+ bux)3
,

ūx̄x̄x̄ =
(ae− bi)(auxxx + buxxxux − 3bu2

xx)
(a+ bux)5

The integral invariant κ(x) is analogous to the two point differential in-
variant

κA
derivative =

(u− u0 − xux + x0ux)
1
3uxx

(−3xu2
xx + 3x0u2

xx − uuxxx + uxxxu0 + xuxuxxx − x0uxuxxx)
2
3

which is derived by normalizing the parameters using

(x̄, ū, x̄0, ū0, ūx̄, ūx̄, ūx̄x̄x̄) = (0, 1, 0, 0, 0, 1)

and substituting them into ūx̄x̄. They are both two point invariants but
κ(x) is in terms of potentials and κA

derivative is in terms of derivatives.

If the transformation is special affine the two point differential invariant
is given by,

κSA
derivative =

uxx

(u− u0 − xux + x0ux)3

Example

Two convex curves related by a full affine transformation which are parametrised
by t from 0 to 2π are each translated by mapping a common point in each
curve to the origin so that c = 0 and f = 0. They are then equally spaced
in Euclidean arclength using 99 points, see figure 5.1. Note that the value
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of t = 2π which corresponds to going around the curve once is arbitrary.
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Figure 5.1: Discretised curves.

Since (x0, u0) = (x̄0, ū0) = (0, 0) the above curvature takes the simpler
form

κ =
−3xw + 6uv + 4z2 − 4xuz

(xu− 2z)2

Here the fraction 1
3 has been omitted.

Consider

κ1 = xu− 2z.

and so

κ1(2π) = −2
∫ 2π

0
u(t)x′(t) dt

in parametrised form, where x(0) = 0 and u(0) = 0. Note that if the
translation is performed on x(t) and u(t)

x̃(t) = x(t) + c

ũ(t) = u(t) + f
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then for arbitrary t0,

∫ t0+2π

t0

ũ(t)x̃′(t) dt =
∫ t0+2π

t0

(u(t) + f)x′(t) dt

=
∫ t0+2π

t0

u(t)x′(t) dt + f

∫ t0+2π

t0

x′(t) dt

=
∫ 2π

0
u(t)x′(t) dt.

Hence the value of κ1(2π) is independent of translation of the curve. Since,
under a general affine transformation, κ̄1(2π) = (ae− bd)κ1(2π), the values
of κ̄1(2π) and κ1(2π) can be used to determine (ae − bd) independent of
translation along the curve thus the full affine transformation will become
special affine. The integrals can be found by making the discretised curves
piecewise linear and summing up the areas of the trapeziums around the
curve.

For the curves in figure 5.1, the factor (ae − bd) is found by the above
method and κ1 and 1

ae−bd κ̄1 are both plotted against the parameter t asso-
ciated with each point on the discretised curve on the same axis. Figure 5.2
shows that the two graphs are very close and figure 5.3 shows a blow up of
a region in figure 5.2 where the points in each curve are denoted by a circle
and cross respectively.

Note in practice the parametrisations are not known but κ1 can be used
to generate as many invariant points as desired to match the curves.

0

1

2

3

4

5

6

1 2 3 4 5 6

Figure 5.2: Plotting κ1 and 1
ae−bd κ̄1 vs t.
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Figure 5.3: A blow up of a region in figure 5.2.

The integral curvature κ is next plotted against t for both curves and
also the true integral curvature is plotted on the same axis. Figure 5.4 shows
that for the region 0 ≤ t ≤ 1.5, the approximate integral curvatures differ
from the true. This is because here both numerator and denominator are
close to zero so that round off error occurs. For t > 1.5 the integral curvature
is very close to the true integral curvature.
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Figure 5.4: The integral curvature κ vs t.

Note that an alternative way to find (ae− bd) would be to locate a point
common to both curves using the integral curvature then to calculate κ̄1

κ1
for

this common point.
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An integral invariant is now derived for another subgroup of the projec-
tive group. Consider the subgroup action on R2 given by

(x, u) �−→ (x̄, ū) =
(

ax+ bu

gx+ hu+ i
,

u

gx+ hu+ i

)
(5.2)

This is the Euclidean canonical form.

New coordinates v and w can be defined by,

vx =
1
u2

, wx =
x

u3

Consider

v̄ = aiv + (ah− bg)
x

u
− bi

1
u
− (ah− bg)

x0

u0
+ bi

1
u0

w̄ = a2iw +
3
2
abiv − 1

2
abi

x

u2
+ b((ah − bg)

x

u
− bi

1
u
)− 1

2
a(ah− bg)

x2
0

u2
0

+
1
2
abi

x0

u2
0

− b(ah− bg)
x0

u0
+ b2i

1
u0
+
1
2
a(ah− bg)

x2

u2

where u(x0) �= 0. This gives,

v̄x̄ =
1
ū2

, w̄x̄ =
x̄

ū3

and so there is an induced action,

v̄ = G · v, w̄ = G · w

on the coordinates v and w where

G =




a b 0
0 1 0
g h i


 .

It can be shown by a similar method to the above that this integral pro-
longation forms a group action and this can be extended to arbitrarily high
order using,

Vx =
1
u2

, Wx =
x

u3
, · · · .

Note that the infinitesimal generators of this group action are given by

V1 = x∂x + v∂v + 2w∂w + x0∂x0
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V2 = u∂x +
(
1
u0

− 1
u

)
∂v +

1
2

(
x0

u2
0

− x

u2
+ 3v

)
∂w + u0∂x0

V3 = x2∂x + xu∂u + x2
0∂x0 + x0u0∂u0

V4 = xu∂x + u2∂u +
(
x

u
− x0

u0

)
∂v +

1
2

(
x2

u2
− x2

0

u2
0

)
∂w + x0u0∂x0 + u2

0∂u0

V5 = x∂x + u∂u − v∂v − w∂w + x0∂x0 + u0∂u0

Now using the regularization approach the parameters a, b, g, h and i

can be normalized by setting

(x̄, ū, v̄, x̄0, ū0) = (0, 1, 0, 1, 1)

and then they can be substituted into w̄ to give the integral curvature

κ = −1
2
u0(x0u

2v − 2u0u
2w + 2u0xuv + x0x− x2)

(u0uv + x0 − x)(x0u− xu0)
.

Using the theory of Cartan, this integral curvature characterises all curves
up to the transformation (5.2). Similarly to the full affine group above, this
integral curvature can be evaluated at each point x by using,

v =
∫ x

x0

1
u2

dx, w =
∫ x

x0

x

u3
dx.
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Now consider the full projective transformation,

(x, u) �−→
(
ax+ bu+ c

gx+ hu+ i
,
dx+ eu+ f

gx+ hu+ i

)
, det




a b c

d e f

g h i


 = 1

New coordinates I, Ix, Iu, Ixx, Ixu, Iuu, can be defined by,

d

dsSA

I = κSA
s ,

d

dsSA

Ix = xκSA
s ,

d

dsSA

Iu = uκSA
s ,

d

dsSA

Ixx = x2κSA
s ,

d

dsSA

Ixu = xuκSA
s ,

d

dsSA

Iuu = u2κSA
s

Consider

Ī = g2Ixx + 2ghIxu + h2Iuu + 2giIx + 2hiIu + i2I

Īx̄ = agIxx + (ah+ bg)Ixu + bhIuu + (ai+ gc)Ix + (bi+ hc)Iu + ciI

Īū = dgIxx + (dh+ ge)Ixu + ehIuu + (di+ gf)Ix + (ei+ hf)Iu + fiI

Īx̄x̄ = a2Ixx + 2abIxu + b2Iuu + 2acIx + 2bcIu + c2I

Īx̄ū = adIxx + (ea+ bd)Ixu + beIuu + (fa+ dc)Ix + (fb+ ec)Iu + cfI

Īūū = d2Ixx + 2deIxu + e2Iuu + 2dfIx + 2efIu + f2I

This gives,

d

ds̄SA

Ī = κ̄SA
s̄

d

ds̄SA

Īx̄ = x̄κ̄SA
s̄ ,

d

ds̄SA

Īū = ūκ̄SA
s̄ ,

d

ds̄SA

Īx̄x̄ = x̄2κ̄SA
s̄ ,

d

ds̄SA

Īx̄ū = x̄ūκ̄SA
s̄ ,

d

ds̄SA

Īūū = ū2κ̄SA
s̄

and so there is an induced action

Ī = G · I, Īx̄ = G · Ix, Īū = G · Iu, Īx̄x̄ = G · Ixx,
Īx̄ū = G · Ixu, Īūū = G · Iuu

on the coordinates I, Ix, Iu, Ixx, Ixu, Iuu, where G is an element of the
projective group.

Using a similar method to the above this can be shown to be a group
action. The parameters may be normalized by setting

(x̄, ū, Ī, Īx̄, Īū, Īx̄ū, x̄0, ū0) = (0, 0, 1, 0, 0, 0, 0, 1)
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and substituting into Īx̄x̄ · Īūū gives the invariant

κproj
I = −IxxI

2
u + IxxIuuI + 2IxuIxIu − IuuI

2
x − I2

xuI.

This invariant can be evaluated by using,

I =
∫ s

0
κSA
s dsSA, Ix =

∫ s

0
xκSA

s dsSA, Iu =
∫ s

0
uκSA

s dsSA,

Ixx =
∫ s

0
x2κSA

s dsSA, Ixu =
∫ s

0
xuκSA

s dsSA, Iuu =
∫ s

0
u2κSA

s dsSA

where in each integral sSA varies from a common starting position which is
designated to be sSA = 0 corresponding to some point (x0, u0). Note that
using integration by parts the coordinates can be written in the following
form,

I = κSA − κSA
0 , Ix = xκSA − x0κ

SA
0 −

∫ x

x0

κSA dx,

Iu = uκSA − u0κ
SA
0 −

∫ u

u0

κSA du, Ixx = x2κSA − x2
0κ

SA
0 − 2

∫ x

x0

xκSA dx,

Ixu = xuκSA − x0u0κ
SA
0 −

∫ x

x0

uκSA dx −
∫ u

u0

xκSA du,

Iuu = u2κSA − u2
0κ

SA
0 − 2

∫ u

u0

uκSA du

Also since

κSA =
d2

dx2
(u

− 2
3

xx ) =
d2

du2
(x

− 2
3

uu ),

κproj
I can be written in terms of κSA,

∫ s
0 dsSA and up to third order derivatives

of u.
The theory of Cartan guarantees that κproj

I characterises all curves up
to a projective transformation.
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5.2 Alternative derivation of projective curvature

5.2.1 First approach

Under the projective group, the special affine arclength,

dsSA = u
1
3
xxdx

transforms by

ds̄SA =
dsSA

gx+ hu+ i
.

Also κSA transforms by

κ̄SA = (gx+ hu+ i)2κSA + 18h(gx + hu+ i)u
1
3
xx − 9(g + hux)2

u
2
3
xx

− 6(gx + hu+ i)(g + hux)uxxx

u
5
3
xx

.

and κ̄SA
s̄ is given by

κ̄SA
s̄ = (gx + hu+ i)

d

ds̄SA

(κSA)

= (gx + hu+ i)3κSA
s .

Similarly, κ̄SA
s̄s̄ and κ̄SA

s̄s̄s̄ can be found giving

κ̄SA
s̄s̄ = (gx+ hu+ i)4κSA

ss + 3
(gx+ hu+ i)3(g + hux)

u
1
3
xx

κSA
s

κ̄SA
s̄s̄s̄ = (gx+ hu+ i)3

(
(gx+ hu+ i)2κSA

sss + 7
(gx+ hu+ i)(g + hux)

u
1
3
xx

κSA
ss

+
3h(gx+ hu+ i)u2

xx + 9(g + hux)2uxx − (gx+ hu+ i)(g + hux)uxxx

u
5
3
xx

κSA
s

)

Thus the projective group gives an action on (κSA
s , κSA

ss , κ
SA
sss) and by setting

(κ̄SA
s̄ , κ̄SA

s̄s̄ , κ̄
SA
s̄s̄s̄) = (1, 0, 0),

the parameters can be normalized and substituted into κ̄SA to give,

κproj =
−6κSA

s κSA
sss + 7(κ

SA
ss )

2 + κSA(κSA
s )

2

κSA
s

8
3

.

This coincides with the projective curvature from section 2.1.1.

Note that this method is an example of the general concept of using the
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simpler equivalence problem based on a subgroup to aid the solution to the
more complicated equivalence problem with the larger group. This general
concept is mentioned in chapter 10 of Equivalence, Invariants and Symmetry
by Peter J Olver [6] using Cartan’s equivalence method.

5.2.2 Second approach

The infinitesimal generators of the projective group are,

V1 = x∂x, V2 = u∂x, V3 = ∂x, V4 = x∂u, V5 = −x∂x + u∂u,

V6 = ∂u, V7 = x2∂x + xu∂u, V8 = xu∂x + u2∂u.

Using the coordinates (x, ux, uxx, uxxx, κ
SA, κSA

s , κSA
ss , κ

SA
sss), each vector

field

V = ξ(x, u)∂x + η(x, u)∂u

can be prolonged by,

V = ξ(x, u)∂x + η(x, u)∂u + η(1)(x, u, ux)∂ux + η(2)(x, u, ux, uxx)∂uxx

+ η(3)(x, u, ux, uxx, uxxx)∂uxxx + η(4)(x, u, ux, uxx, uxxx, κ
SA)∂κSA

+ η(5)(x, u, ux, uxx, uxxx, κ
SA, κSA

s )∂κSA
s

+ η(6)(x, u, ux, uxx, uxxx, κ
SA, κSA

s , κSA
ss )∂κSA

ss

+ η(7)(x, u, ux, uxx, uxxx, κ
SA, κSA

s , κSA
ss , κ

SA
sss)∂κSA

sss

For n = 1, . . . , 3 the action of the one parameter group determined by
V acts on the derivatives of u by

ũ(n) = u(n) + ε η(n)(x, u, u′, . . . , u(n)) + · · · = x+ εV(u(n)) + · · ·

where the η(n) are defined by

η(n) =
∂ũ(n)

∂ε

∣∣∣∣
ε=0

.

This gives

ũ(n) = u(n) + ε η(n) + · · · = dũ(n−1)

dx̃
=

dũ

dx

/ dx̃

dx

=
u(n) + ε (dη

(n−1)

dx ) + · · ·
1 + ε ( dξdx) + · · · = u(n) + ε

(
dη(n−1)

dx
− u(n) dξ

dx

)
+ · · · .
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Thus

η(n) =
dη(n−1)

dx
− u(n) dξ

dx
, n = 1, . . . , 3.

For η(i), i = 4, . . . , 7, a similar process can be done. That is put,

κ̃SA = κSA + εη(4) + · · · , κ̃SA
s̃ = κSA

s + εη(5) + · · · ,
κ̃SA
s̃s̃ = κSA

ss + εη(5) + · · · , κ̃SA
s̃s̃s̃ = κSA

sss + εη(6) + · · · ,

then

κ̃SA = κSA + ε η(4) + · · · = 3ũ
(2)ũ(4) − 5(ũ(3))2

(ũ(2))
8
3

,

κ̃SA
s̃ = κSA

s + ε η(5) + · · · = dκ̃SA

ds̃
=

dκSA + ε dη4 + · · ·
(ũ(2))

1
3 (dx+ ε dξ + · · · )

and similarly for κ̃SA
s̃s̃ and κ̃SA

s̃s̃s̃. This gives

η(4) =
1
3
κSA

(
2
dξ

dx
− 5

uxx

dη(1)

dx

)
+
1

u
11
3
xx

(
5u2

xxx

dη(1)

dx

− 10uxxuxxx
dη(2)

dx
+ 3u2

xx

dη(3)

dx

)
η(5) = −1

3
κSA
s

(
2
dξ

dx
+
1

uxx

dη(1)

dx

)
+
1

u
1
3
xx

dη(4)

dx

η(6) = −1
3
κSA
ss

(
2
dξ

dx
+
1

uxx

dη(1)

dx

)
+
1

u
1
3
xx

dη(5)

dx

η(7) = −1
3
κSA
sss

(
2
dξ

dx
+
1

uxx

dη(1)

dx

)
+
1

u
1
3
xx

dη(6)

dx
.

Using these formulas the prolonged infinitesimal generators of the pro-
jective group are,

V1 = x∂x − ux∂ux − 2uxx∂uxx − 3uxxx∂uxxx − 2
3
κSA∂κSA − κSA

s ∂κSA
s

− 4
3
κSA
ss ∂κSA

ss
− 5
3
κSA
sss∂κSA

sss

V2 = u∂x − u2
x∂ux − 3uxuxx∂uxx − (3u2

xx + 4uxuxxx)∂uxxx

V3 = ∂x

V4 = x∂u + ∂ux

V5 = −x∂x + u∂u + 2ux∂ux + 3uxx∂uxx + 4uxxx∂uxxx

V6 = ∂u
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V7 = x2∂x + xu∂u + (u− xux)∂ux − 3xuxx∂uxx − (3uxx + 5xuxxx)∂uxxx

+ (6
uxxx

u
5
3
xx

− 2x2
3
κSA)∂κSA − 3xκSA

s ∂κSA
s

− (3κ
SA
s

u
1
3
xx

+ 4xκSA
ss )∂κSA

ss

+ (
uxxxκ

SA
s

u
5
3
xx

− 7κ
SA
ss

u
1
3
xx

− 5xκSA
sss)∂κSA

sss

V8 = xu∂x + u2∂u + ux(u− xux)∂ux − 3xuxuxx∂uxx

+ (−3uxuxx − 3xu2
xx − 4xuxuxxx − uuxxx)∂uxxx

+ (6
uxuxxx

u
5
3
xx

− 18u
1
3
xx − 2uκSA)∂κSA − 3uκSA

s ∂κSA
s

− (3uxκ
SA
s

u
1
3
xx

+ 4uκSA
ss )∂κSA

ss

+ (κSA
s (

uxuxxx

u
5
3
xx

− 3u
1
3
xx)− 7uxκ

SA
ss

u
1
3
xx

− 5uκSA
sss)∂κSA

sss

The curvature for the projective group κproj can be written as

κproj = κproj(x, u, ux, uxx, uxxx, κ
SA, κSA

s , κSA
ss , κ

SA
sss)

which can be determined from

Vi(κproj) = 0, i = 1, . . . , 8.

Note that only three of the generators have ∂κSA , ∂κSA
s
, ∂κSA

ss
and ∂κSA

sss

terms and so the conditions Vi(κproj) = 0, i = 2, . . . , 6 give

κproj = κproj(κSA, κSA
s , κSA

ss , κ
SA
sss).

That is κproj can be written as a function of κSA and its arclength deriva-
tives.

Now the condition V1(κproj) = 0 gives,

κproj = φ

(
κSA
s

(κSA)
3
2

,
κSA
ss

(κSA)2
,

κSA
sss

(κSA)
5
2

)

for an arbitrary function φ ∈ C∞.

The infinitesimal generators V1, . . . ,V6 generate the full affine group,
so if V1, . . . ,V6 are prolonged only up to ∂κSA , this implies the full affine
invariant κA is given by any function of

κA =
κSA
s

(κSA)
3
2

,
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which reproduces the formula given in section 2.1.1.
If V1, . . . ,V6 are prolonged up to ∂κSA

s
and ∂κSA

ss
this gives the higher

order differential invariants of the full affine curvature. These must be func-
tions of κA and its arclength derivatives and are given by

κSA
ss

(κSA)2
= κA

s̃ + (κ
A)2,

κSA
sss

(κSA)
5
2

= κA
s̃s̃ + 3(κ

A)3.

where s̃ = sA.
The condition V7(κproj) = 0, gives the projective curvature κproj as any

function of

κproj =
−6κSA

ss κ
SA
sss + 7(κSA

ss )2 + κSA(κSA
s )2

κSA
s

8
3

,

this gives V8(κproj) = 0.
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Appendix A

Error correction and strategy

In section 4.1.1 an error correction method is given by fixing one parameter
δ and varying ε to minimize the error in the matching. This error was stored
using joint-invariants.
The following is an example of using the Taylor series approximations for

g, h and i in section 4.2 to generate an error characterisation using distance
as a measure of error. It is compared with the error characterisation using
the true values of g, h and i. This gives evidence that the Taylor series for
g, h and i could be used to assist with error correction. This is followed by
a method for varying ε and δ with potentially very fast convergence. Finally
a general strategy for planar object recognition is outlined.
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A.1 Example compared with Taylor series

Consider the curve given in figure A.1.

0

0.5

1

1.5

2

–1 –0.5 0.5

Figure A.1: Initial curve with points used to match the curve denoted by a
circle and points used to get a measure of the error denoted by a cross.

The three points denoted by a circle are used to match the curve onto itself
by putting errors in ε and δ and the four other points denoted by a cross
are used to get a measure of the error in the matching. This is done in the
following way.

First {(x̄2, ū2), (x̄4, ū4), (x̄3, ū3)} are mapped onto {(x2, u2), (x4, u4),
(0, u3)} where

x̄j

ūj
= (1 + ε)

xj

uj
+ δ, i = 2, 4 and

x̄3

ū3
= δ

for some ε and δ. This gives a = 1
1+ε , b =

−δ
1+ε , g = g(ε, δ), h = h(ε, δ) and

i = i(ε, δ). Now using the other four points (Xj , Uj), j = 1, . . . , 4, (crosses
in figure A.1) the distance

dist =

√√√√ 4∑
j=1

(
(X̄j −Xj)2 + (Ūj − Uj)2

)
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is computed where,

(X̄j , Ūj) =
(

aXj + bUj

gXj + hUj + i
,

Uj

gXj + hUj + i

)
, j = 1, . . . , 4.

For 10 equally spaced values of δ in the interval [−0.1, 0.1], ε is varied in
steps of 0.02, then in steps of 0.01 until the value εbest corresponding to the
minimum value of dist is found. Let this value be distεbest

.

The values of distεbest
for each δ are predicted using the Taylor series

approximations to g, h and i. This is done by substituting g = g(ε, δ),
h = h(ε, δ) and i = i(ε, δ) into dist2 and then taking a Taylor series of dist2

with respect to ε to get εbest. This value εbest is then substituted εbest into
dist. The Taylor series for g, h and i (to four decimal places) are

g(ε, δ) = 0.3338 ε − 1.1899 δ − 0.7162 ε2 + 2.4802 ε δ − 0.4901 δ2

h(ε, δ) = 0.7324 ε + 0.2150 δ − 1.1148 ε2 − 1.3043 ε δ − 5.7371 δ2

i(ε, δ) = 1− 1.7246 ε − 0.5062 δ + 2.6250 ε2 + 3.0711 ε δ + 11.5583 δ2 .

Figure A.2 shows the comparison between the true values and the ap-
proximated values which is very close.

0
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0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

–0.1 –0.06 0.020.040.060.08 0.1

Figure A.2: Comparing true dist vs δ graph with the Taylor series approx-
imation. The true values are denoted by a circle, the approximated values
by a cross.
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A.2 Potentially fast convergent method

A very large error of δ = 0.1, ε = −0.1 is applied to the curve in figure A.1,
see figure A.3.
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Figure A.3: Initial matching of curves.

The parameter ε is fixed and δ is varied initially in steps of 0.04, then
in steps of 0.02 and finally in steps of 0.01 until the best matching of dist
is obtained, let this value of δ be δ1

best. Then δ1
best is fixed and ε is varied

in a similar way to get ε1best. This process is continued until the graphs are
matched. Figures A.4 and A.5 show the first two iterations which converge
very rapidly. Notice that a significant amount of the error has been reduced
just by varying δ with ε fixed at a large error of ε = −0.1. The reason for
this is due to dist being much more sensitive to changes in δ than in ε as
shown by the following Taylor series for dist2,

dist2 = 2.859052113ε2 − 3.112656824εδ + 9.383416329δ2 .
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Figure A.4: First iteration.
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0
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Figure A.5: Second iteration.

Note, error in the canonical point could also be included in this error
correction. Let this error be α. Then for the initial α, apply the above
method until the changes in ε and δ result in changes in the matching error
to be less than some specified value. Then fix ε and δ and vary α until
the best matching is found. Then repeat the above procedure until the
improvement in the matching is less than some specified value. If this final
error in the matching is sufficiently small, accept curves as being the same,
otherwise reject them as different.
In the general strategy of planar object recognition to follow, this method

is used as the error correction method and the error correction method of
the section 4.4 is presented as optional.
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A.3 General strategy of planar object recognition

Discretise curves

smooth curves and find
bi-tangents/SA curvature
turning points.

Use joint-invariants
to match up points

If joint-invariants differ by
some specified amount,
reject curves as different

Map to Euclidean canonical form

Do error correction method from
section above on the parameters
ε, δ and the error in the
canonical point parameter α

If the error in the matched
curves exceeds the specified
tolerance reject curves

If curves are matched within
the specified tolerance accept
as being the same

Apply the error correction
method of section 4.4,
if curves still exceed the
specified tolerance reject

OPTIONAL


