UNIVERSITY OF

Recognising two planar objects
under a

projective transformation

A thesis presented for the Degree of
Doctor of Philosophy in Mathematics
at the
University of Canterbury
by

Christopher Eric Hann
University of Canterbury

Christchurch, New Zealand
February 8, 2001



Abstract

This thesis involves solving problems associated with object recognition
for two dimensional images under a projective transformation.

In order to recognise an object under any viewing angle requires invariant
features to be identified. These invariant features can be used to match two
images arising from two different views of a single object.

One invariant is the projective curvature which characterises all curves
up to a projective transformation. However the projective curvature depends
on seventh order derivatives so is very sensitive to noise in the discretisation
of the images and is of little practical use.

Using links between the projective group and its subgroups, invariant
points are found which depend on much lower order derivatives so are less
sensitive to noise. They can be located on the images using a smoothing
process then used to match the curves. However the smoothing process in-
troduces error into the invariant points so that there will be error in the
matching. This will not cause a problem if the two images have significantly
different image features as then they can be detected within the wider tol-
erances of error. But this will cause a problem in distinguishing two images
which are similar but different as it will not be known whether the error in
the matching is due to error in the identification of the invariant points or
not.

A method, called the canonical form method, is developed incorporating
an error analysis which corrects the error in the matchings of the images.
This enables two similar but different two dimensional objects to be distin-
guished. It also provides the background knowledge to solve new problems
as they arise.

In addition to this practical method for two dimensional object recogni-
tion, a new characterisation of curves under the projective group and two of
its subgroups is done using potentials and an alternative method for deriving

and representing the projective curvature is given.
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Chapter 1

Introduction

1.1 Derivation of differential invariants on R2.

1.1.1 Notation and framework

Note, all the following definitions can be generalized to any manifold.

Lie group

An r-parameter Lie group is a group G which also carries the structure of an

r-dimensional smooth manifold in such a way that both the group operation
m:GxG— G, m(g,h)=g-h, gheaq,
and the inversion
1:G— G, i(g):g_l, g €@,

are smooth maps between manifolds.

Lie group action on R?

A Lie group action on R? is given by a Lie group G with identity element

e, an open subset U, with
{e} xR?CUC G xR,

which is the domain of definition of the group action, and a smooth map
U : U — R? with the following properties:
(a) If (h,2) € U, (g,¥(h,2)) € U, and also (g - h,z) € U, then

U(g,V(h,2z)) =¥(g-h,z).
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(b) For all z € R,
Ule, z) = z.
(c) If (g,2) € U, then (g%, ¥(g,2)) € U and

(gt U(g,2)) =z

For (x,u) € R2, ¥(g, (z,u)) is denoted by g-(z,u) whenever it is defined.
Here z € X, the space of the independent variable, and u € U, the space of
the dependent variable.

Given a smooth function u = f(z), it induces a function ™ = pr® f(z),
called the nth prolongation of f, where pr(™f : R — R™*! is the vector
consisting of all the derivatives of u = f(z) of orders from 0 to n. This n+1
dimensional space is denoted by U (") For example, the second prolongation

u® = pr? f(z) is given by

df df

a0 a2

(U5 Uz, Uzz) = (f

all evaluated at x. The total space X x U™ C R", whose coordinates
represent the independent variable, dependent variable and the derivatives

of u up to order n is called the nth order jet space of the underlying space
X xU.

Prolongation of group actions

Suppose G is a Lie group action defined on some open subset M C X xU. A
given transformation g € G transforms a function v = f(z) in the following

way. Identify v = f(x) with its graph,
Ii=A{(z,f(z)):2€Q} C X xU,

where 2 C X is the domain of definition of f. If I'y C My, the domain of

definition of the group transformation g, then the transform of I'y by g is,

g-Ff: {(i‘,ﬂ) :g-(x,u) : (l‘,u) Grf}.

By suitably shrinking the domain of definition Q2 of f, for elements g near
the identity, the transform g-I'y = T’ 7 is the graph of some single-valued
smooth function @ = f(Z). The function f is denoted by f = ¢g- f and is
called the transform of f by g.

Now there is an induced action of G on the n-jet space X x U™ called
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the nth prolongation of G and is denoted pr(™@G. This prolongation is
defined so that it transforms the derivatives of the function u = f(x) into the
corresponding derivatives of the transformed function u = f (Z). Suppose
(xg,u(()n)) is a given point in U™. Choose an arbitrary smooth function
u = f(z) defined in a neighbourhood of xy which has the given derivatives

at xo,

ud” = pr™ f (z).

Let @ = f(Z) be the transformed function under g € G. The action of the
prolonged group transformation pr(™g on the point (zo, u(()n)) is defined by

pr(n)g : (anu((]n)) = (jﬁaa((]n))

See section 1.1.2 for an example of this. Note by the chain rule this pro-

longed group action is independent of the function f(x).

Maurer-Cartan forms

Let G' be an r dimensional Lie group and Ly : h — g - h denote the

standard left multiplication map.

Definition A one-form p on G is called a (left-invariant) Maurer-Cartan

form if it satisfies,
(Lg)'n=p forall g e,

where the symbol * is the standard notation for the pull back. An intro-
duction to differential geometry can be found in [5].

A way of explicitly determining the Maurer-Cartan forms on a given Lie
group is to realize the group G C GL(n) as a matrix Lie group. Let A =
A(g',...,g") € G represent the general matrix in G, which is parametrized
by local coordinates (g',...,g") near the identity. Then the independent

entries of the n X n matrix of one-forms
p=A1tdA

form a basis for the left-invariant Maurer-Cartan forms on G, where

(0AN |,
dA:Z(agi>dg'
=1
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1.1.2 Regularization

A general method for deriving the differential invariants of Lie group actions
on manifolds, together with a rigorous theoretical justification was developed
in [3]. For the case of r dimensional Lie group actions on R?, the theory says
that the fundamental differential invariant, called the curvature, which
characterises all curves up to a Lie group transformation g € G can be

derived in the following way.

r—1)

Consider the (r —1)st prolonged group action pr"~Vg-(z,u). Normalize

the r parameters by setting

pr g (z,u) = (2o, al )

for some point (Zg, ﬂ((]r_Q)) € X xU™ and solving for the parameters in terms
of x, u and the derivatives of u up to order r — 2. These are then substituted
into the (4 1)th component of pr"~Yg- (x,u). This gives the fundamental
differential invariant. Note that higher order differential invariants can be
found by substituting these parameters into the components of higher order

prolongations of g. This method is applied on the following example.

Consider the group action SL(2) on R? given by,
e

b
(x,u) — (z,u) = (azx + bu,dz + eu), det( Z ) =1

so that » = 3. The second prolonged group action is given by,

pr(2)g : (xauauxaumx) = (jaaaﬂfaﬂjf)

where,
d+ euy Ugy
Uz = ,  Uzz = (ae —bd .
T a4 buy 7 = )a+bux
Now using the normalization £ = 0, 4 = 1, 4z = 0 and the condition

ae — bd = 1, the equations

ar+bu=0, dr+eu—1=0, d4+eu,=0, ae—bd—1=0

are solved for a, b, d and e. This gives
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These are then substituted into uzz which yields

Ugy

"= (u — zug)3’

This is the fundamental differential invariant for this Lie group action.

The curvatures presented in later sections of other Lie group actions on R?

can all be derived in a way similar to the above example.

Note, in the final chapter, it is shown that certain subgroups of the

projective group can be prolonged to a group action involving integrals.
a b

The group GL(2) (with det J # 0 above) is one such group. Thus,
e

using the regularization method, the fundamental invariants can be derived

which depend on z, u and integrals involving x and w.

1.1.3 Moving coframes

The following method is an alternative method to regularization for calcu-
lating the differential invariants of Lie group actions on R?, as well as the
group invariant arclength element which was developed in the paper [2].
For a rigorous theoretical justification of this method see [3]. This method
will be explained using the Lie group action of a subgroup of the projective
group on R2.

Consider the group action G on R? given by,

A v
R Ry g — S det<u )ZL
pr+ou-+T1T pr+ou-+T o T

where an element A € G is given by,

The six independent Maurer-Cartan forms are components of the matrix

0 0 O
p=| m pe py | =AdA,
Ha K5 He

These are given by,
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1
w1 =71d\—vdp, g =odv— i VUdT, w3 = 7dv — vdr,
1 2 1 2
fa = —od\ + il Vadp, s = —Z v+ Zdo + wdr,
T T T T
1
e = —odv + i VUdT.
T

Consider the smooth map g : R? — G given by

Yo(z,u) - (z0,u0) = (2,u)

for some (g, uo) € R2. This map will be called the moving frame of order
zero. For this example, if (zg,uo) is chosen to be (1,0) then the moving

frame of order 0 is,

1 0 0
yo=| v Umek (1.1)
P o 1—xpx

where v = v(x,u), p = p(x,u) and 0 = o(z,u) are arbitrary functions.

Let H be the three dimensional group with h = (v,p,0) € H. Then
there is an induced action, ¥ : R? x H — R? x H given by,

10 O
w—"=|d ZL f |0
g h i

The next step is to pull back the Maurer-Cartan forms using ~g. This gives,

22 (px — 1)dv — vaddp + u(pz — 1)dxr — z(pz — 1)du

& = =
ox(px — 1)dv — 2*(vo + 1)dp — (vo + 1)dx
£ =
2l —1)
—z(pr — 1)dv + vadp + vdx
§3 = =
€ = oz?(pr — 1)dv — 23(vo + 1)dp + ou(pz — 1)dx — ox(pr — 1)du
e 2(pr —1)
6 = o?z(px — 1)dv — oz (vo + 1)dp — x(px — 1)do — o(vo + 1)dx
o (pz —1)?
€ = —oz(px — 1)dv + 2%(vo + 1)dp + (vo + 1)dz
o= 2(or — 1)

which spans the space of one-forms on R? x H. These one-forms are invariant
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under ¥, that is
U =&, i=1,...,6
and they completely characterise the group action given by ¥ above. They

will be called the moving coframe of order zero.

These forms are pulled back to J'R? x H by putting du = u, dx, where
J'R? is the first jet space of curves in R%. The resulting one-forms are
called the restricted moving coframe forms, denoted by 64, 02, 83, 64, 05 and
0.

These coframe forms have a linear dependency,
91—|—J(€92—¢94)—|—¢93 =0
where

J 202U — U + Ugy — p?22u + v — vpx? — 2pxu, + p?aiu,

x(—opru+ opr?uy + ou — ouy, — VO — T)

Since the coframe forms are invariant, J can be used to normalize one of
the group parameters. Thus J may be set equal to any convenient constant.

Here J is set to be 0 and v is solved for to give,

_ px2ux — pTU — TUg + U

X

Substituting this into (1.1) produces the first order moving frame

1 0 0
2
B o — +ou+ 1—px)(u—zUy
Ba! (J), Uy Ugy Py 0') = —PTUL + PU + Uy Lot Ue pofngaqu ure (=p )(z 2)
1—px
p o —

This has a corresponding first order moving coframe. The same proce-
dure above can be applied to this coframe which leads to a chain of successive
normalizations and reductions. This will eventually eliminate all the unde-
termined parameters. In this example the final restricted coframe is given
by,

1

0 = 7(156, 0o =0, 03=—01, 0,=0,

0 — 11‘2(3uxxuxxxx - 5u§xx) : Sty (21‘Ugm:x * 3Um:) dr, 606=0

9 £
TUS,
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The final linear dependency 05 = k1, where

L 22 (BUpp Uppwe — DUZ,,) — BUpy (20Uggy + BUgy)
=3 :

Uzx

is the fundamental differential invariant of the transformation group. The

remaining one-form 6y forms the group invariant arclength,

1
3
ds = uﬂdw.
x
All higher order differential invariants can be found by differentiating

with respect to ds, for instance

dk 1 23(9u2 us — 45U uzuy + 40u§)

ds 27 ud,

1.1.4 Curvatures of the projective group and subgroups

The Lie group action which describes all possible viewing transformations
on R? is the projective group. There are three important subgroups of the
projective group which are Euclidean, special affine and affine groups. Their
group action, curvature and arclength element plus the projective group ac-
tion, projective curvature and projective arclength element are shown below
(see [2] for derivations of these). Note that the nth derivative of u where

n > 2 is denoted by uy,.

EUCLIDEAN GROUP:

(z,u) — (xcosh +usinf + a,—xsinf + ucos + b)

Ugy
K® =

(14 u2)

(N[N

dsg = 1 +u2 do

SPECIAL AFFINE GROUP:

b
(x,u) — (ax + bu + e, cx + du + f), det(a J ) =1
c
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2
(SA _ gty — U

(Um)g
1
dSSA — (uxx)g dx

AFFINE GROUP:

b
(x,u) — (ax + bu + e, cx + du + f), det(a d);éO
c

A QU%ng) — 45Uz usuyg + 40u§

(Bugpug — 5u§)%

1
(Bugpug — 5u§) 2

dsa = dx
Uy
PROJECTIVE GROUP:
a b c
(o) — (23, 0ty et | d e f | =1
g h 1

KPROT — ( 33600ugpuSug — T56ut, uu? — 28355 uluy
+ 162u8 usug + 3150002, usui — 7875u3  udui

+ 6720uju’, us + 720udul ur 4 1890ul, ugu’

+ 1134u2  usuguz — 12600u>  usuiuy

+ 13230u U5U3u4 — 3150u u3u4u6

— 810u>  usuquy + 11200u§ — 189u’ u2

8
- 4725uixui>/ <9ui — 4Bugpusug + 40u3> ° (1.2)

dsproy =

(9u2 ,us — 45Uz uzuy + 40u§)% de
u.ﬁtl
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1.2 Signature curves and vector field curvatures

Definition. The signature curve associated with a parametrized curve
C = {(z(t), y(t))} C R? is the parametrised curve S = {(k(t), ks(t))} C R?
where k is the curvature and k4 is the rate of change of curvature with re-

spect to invariant arclength.

Theorem. Two curves C = {(x(t), y(t))} and C = {(z(¢), y(f))} are
equivalent under a group transformation if and only if their signature curves

are identical, i.e. S =S.

In [1], the signature curve was introduced which avoids the parametri-
sation problem. For example {(r(5t),t)} stretches graph out by a factor of

two. The theorem above is a special case of the general theorem of Cartan.

1.2.1 Euclidean group (E(2))

The Euclidean group E(2) is the group of rotations and translations of the

plane. For a curve C' = {(z(t), y(t))}, the formulas for x and ks are,

TtUtt — U
_ tUtt t 3tt (1'3)
(@7 +uf)?
(l‘% + u?)(utttfct — utxttt) + 3(’&% — x?)uttxtt + 31‘,5%5(1‘%15 — u?t)
(@7 + uf)?

s =

In practical cases C does not have a formula but is a discretised curve.
As was developed in [1], a discrete invariant numerical approximation to the
Euclidean signature curve can be given by the following method.

Take three points Py, P; and P, € C' and consider the unique circle of
radius r1 passing through them (a straight line is considered a degenerate
circle). Then the curvature kD) = % of this circle approximates the curva-
ture at P; of C (see section 2.1.2 for the formula and Taylor series expansion
showing how close this approximation is). Similarly an approximation to the

curvature at the next point P5 is given by k(2 = %

The value for xs at P; can be approximated by f@gl) ~ %1“(1), where
s1 is the arclength of the circle through P, P; and P, from P; to Ps.
In practice the Euclidean distance d; between the points P, and P> can be
used to approximate s1. By doing this for every point around the discretised
curve, the discrete Euclidean signature curve can be built up.

Note that the circle is the unique constant Euclidean curvature curve

going through 3 points and can be found by integrating the following equa-
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tions which are called the infinitesimal generators of the Euclidean group

action.

xy = a — cu(t)

Ut = b+ CIL’(t)

1.2.2 Problem with finding discrete signature curves

For the projective group which is the group,

(2, 0) <a:c+ﬂu+’y )\x+,uu+y>’ det

pr+ou+71 pr+ou+T

> > 2
AT ™
4R 2
Il
—

the infinitesimal generators are,

zy = au(t) + b+ dz(t) + fo(t)? + gz (t)u(t)
up = cx(t) + e+ fr(t)u(t) + gu(t)? + u(t).

These cannot be integrated in terms of elementary functions.
The similarity group
(z,u) — (aw +a,fu+ b) , k fixed integer,

and the full affine group
b
(x,u) — (ax + bu+ e,cx + du+ f), where det < “ J ) #0
c

have interpolation equations (equations that are required to fit the unique
constant curvature curve through required number of points) which are non-
linear. So this method will not generalise. Note that in the case of the circle,

the interpolation equations are linear.
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1.2.3 Interpolation using vector fields
Euclidean group

Motivation

Take three points (Py, Pi, P») and consider unique circle passing through
them. This corresponds to an integral curve of the vector field (up to scale

factor),
v =(a—u)0y + (b+ )0,

with initial condition (z¢,up) = Fy. Thus v can be specified uniquely by
giving the tangent vectors at two points, Fy and P; say.

An arbitrary integral curve of v is the solution to the following equations,

xy = a — u(t)

up = b+ x(t)

Then substituting these into the curvature (1.3) and setting ¢ = 0 gives the

curvature of the integral curve of v through (x(0),u(0)),

1
K= , (1.4)
Va2 — 2aug + ut + b2 + 2bxg + 23

where zg = x(0), up = u(0). Thus the following definition can be made,

Definition: The curvature of vector field v at (zg,up) is the curvature at

(o, up) of the integral curve of v passing through (xq,ug).

In general, the tangent vectors of a constant curvature curve through a
set of points are not known, but they can be approximated by joining the

points with straight lines.

True tangents Approximate tangents
D X
P
P PO ! P 2

With Py = (zg,up), Pr = (z1,u1), P, = (z2,u2) an approximate tangent

vector at Py has the form

vy = Oz((."L‘l — ."L‘(])ax + (Ul - UO)au)
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for some constant a and an approximate tangent vector at P, has the form

vy = B((z2 — 21)0, + (u2 — u1)0y)

for some constant (3.

Setting v/|(zo,u0) = V1 implies

a—ug = oz — o)

b+ xo = a(uy — ug).
Eliminating « gives
(1 —20)(b+ x0) — (u1 — up)(a — up) = 0.

Similarly setting v\(th) = vy and eliminating 3 gives

(1‘2 — ."L‘l)(b—F fL‘l) - (UQ — ul)(a — ul) =0.

This gives two equations in two unknowns which can be solved for a and b
to get a new vector field v say. (1.4) gives the curvature of v at (z¢, ug), call
this k¢. Now it is shown that k¢ is invariant under the Euclidean group.

Consider the unique integral curve Cy through (zg, ug) corresponding to
Vv, with curvature sy and tangent vector V|, o) at (zo,uo). If a Euclidean
transformation is done on Cy then, by the uniqueness of the integral curve,
C will coincide with the integral curve through (Zg, @) corresponding to v.
Here ¥ is determined from joining the points (Zo, @), (Z1,%1) and (Z2, o)
by straight lines. Thus Kz = k¢ as required.

In order to see how good an approximation k¢ is, a Taylor series for k¢
is computed. Take three points Py, P;, P, on curve and apply a Euclidean
transformation so the points become Py = (—h,u(—h)), P, = (0,0), P, =
(k,u(k)) and for Py and P» sufficiently close to P; the curve is the graph of
a function y = u(z) with u(0) =0, u,(0) = 0.

Transformed curve
y = u(x)

The values of the curvature and its arclength derivatives at x = 0 are

K(0) = Uz, Ks(0) = Upzz, and Kgs(0) = Ugprr —3uS, where the derivatives
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are evaluated at 0. Now expand in a Taylor series,

_ 1 2 1 3 1 4
u(—h) = 2u2h 6U3h + 24U4h
u(kz)—1 K 4 Sugh® + gk +

T Ul Tt ot

where ug = 1,,(0), Uz = Ugze(0), Ug = Uzgze(0), - -.

The distances A and B have expansions,

1 1
A:MW+M40:h+y@P—EWWM+~

1

1
8u%k3 + —uguzk® +---

B = k2 k)2 =k
+ u(k) + 13

Inverting this series gives

h=A+o0(A%)
k= B+ o(B®).

Substituting h = A and k = B into Taylor series for u(—h) and u(k) k¢

becomes
_ 1(A+B) 1(B—A)(A+ B) 1 3\ 49
Ry = 57 I£-|-6 1 I£5+48(2/€35+3:‘£ JA
—%H?’AB — éKSBQ + higher order terms

For equally spaced points where A = B, k¢ is a second order approximation
to K.

Now consider four points,

B
A/°P1\>
op
e \
C o P

It is required to find x and kg at P;. Py, P, P> are used to get kg, and
Py, P, Py are used to get Kg,. Thus

1(A+ B) 1(B—A)(A+ B)
m;,l_§ ) K—I—E P Kg
. N}(A+C)H+1(C—A)(A+C)H
V279 A 6 A 3

and so

_2(A? — C?) Akg, +2(B? — A?) Ay,
(A+C)(A+B)(B-C)




1.2. SIGNATURE CURVES AND VECTOR FIELD CURVATURES 15

_6A(A+ C)kg, —6(A+ B)Akg,
"= T A+ C)(A+B)(B-C)

Since kg, and kg, are unaffected by Euclidean transformation of the
points Py, Pi, P>, P3, and A, B,C are joint-invariants, this gives an invari-
ant numerical approximation to x and k, at Pj.

The following figures show an example to demonstrate that the discrete
approximation is in agreement with the true signature curve. Figure 1.5
illustrates the invariance of the numerical approximation. Note the deviation
in the approximate signature curve in figure 1.3. This occurs where there
is a high rate of change of curvature and is due to a x3 term in the Taylor
series. However this may be reduced by plotting more points on regions
of the curve where the rate of change of curvature is large. This effect is
magnified when using large spacing, see figure 1.7.

Finally notice that in Figure 1.9, there is a small loop in the approximate
signature curve which clearly distinguishes the original curve with the curve

related by an affine transformation.

Figure 1.1: {z = cos(t) + & cos(t)?,y = 1z + sin(t) + 75 sin(t)?}
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Figure 1.2: Discrete version (294 points)

104

-10-

Figure 1.3: True signature curve vs approximate signature curve (294 points)
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-0.5

Figure 1.4: Rotate discrete curve by 90 degrees.

10+

-10-

Figure 1.5: Approximate signature curves for original curve and rotated
discrete curve with 294 points, plotted on same axes (note they are identical).
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0.5+

—0.5

4l

Figure 1.6: Original curve with large spacing (72 points).
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-10-

Figure 1.7: Signature curve of the curve with large spacing plotted against
the true signature curve.
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Figure 1.8: Applying the affine transformation (x,y) — (1.12,0.9y) to the
curve
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Figure 1.9: Approximate signature curve of transformed curve (294 points).
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Special affine group

The special affine transformation is given by,
a
(x,u) — (ax + fu+ v, Az + pu+v), det \ =1,

the infinitesimal generators are,

xy = ax(t) + bu(t) +d
u = —au(t) + cx(t) + e.

. . Utt Tt —ULT . .
Substituting u, = ;—z, Upy = (uee xt xttt “), .-+, into k3" (see section 1.1.4)
t

and setting ¢ = 0 gives,

/{%A = —3(a2 + be) / <2a3x0u0 + a2bu% + 2a2du0 — 2a26x0 — 2aed

win

+ 2abcxgug + bQCU% + 2bedug + cd® — agcx% — bc%% — 2bcexy — beQ)

The vector field v is obtained by joining five points {(xl, uy), (x2,uz2),
(z3,u3), (x4,usq), (x5, U5)} with straight lines. This gives the equations,

ar] +ub+d —auy1 +cx1+e)=0

ary + usb +d —aug +cxo+e)=0

)
)
ars +usb+d —auz +cxz+e) =0
)

) —
) —
) —
) —

ary + usb +d —aug +cxg+e)=0

SA

which can be solved for a, b, ¢, d, e. This yields the approximation xZ* to

KSA,

Now by a similar proof to the Euclidean case above, x$* is invariant
under a special affine transformation of the five points. Thus sx3* can be
written in terms of the joint-invariants of the special affine group.

Given three points (zj,w;), (z;,u;), (g, ur), the joint-invariant of the

special affine group is the bracket value

Ty, U4 1
lijk] =det | x; w; 1

Tk ukl

(See [2] for the theory behind joint-invariants). However, the numerator and
denominator of k3* are very large multinomials in {x;,u;,4 = 1,...,5} so

an algorithm is required for writing these in terms of the bracket values.
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There is a general theory in [9] which deals with a similar problem but
this theory applies to bracket values defined differently from the above, they

are given by

11 T12 713
[’ijk]gzdet T21 X292 X23

T31 T32 I33

The algorithm developed in [9] can be reformulated. The following ex-

ample shows how this is done.

Given five points (z11,212),. .., (51, Z52) consider the multinomial,
F= expand([124]2 — 2[345] + [125] [245}[134]) .

where expand refers to evaluating the determinant in the bracket values and
expanding in terms of monomials. Compute the leading term [p say of F'
using the ordering z11 < 12 < --- < x51 < T52 and rearrange the factors of

I in the form
n
H (wiklxij)N
k=1

for some positive integers n, N, i; and jp where i < jp, 11 < --- <4, and
j1 < --+ < jp. This corresponds to the leading term of all the combinations
of multinomials P; = [124][135][24k] where i = 3,4,5, j = 4,5 and k = 5.

Choose i, j and k such that they are one digit more than the previous

digit which gives
Py = [123][134][245].
Now define a new polynomial F; = F'— P; and apply the above procedure
to Fy. This gives

Ir, = (211732)% 2140
Py = [134]%[245]
F=F—-P

Continuing this process will eventually remove all coefficients of z1; then

T91 and so on until for some m > 1, F,, = 0, so that F' can be written in
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terms of the bracket values by,

k=1

The 12th iteration gives

lp, = —2x31242
Pry = —2[345)
Fio=F1—P2=0

so that

F = [123][134](245] + [134]%[245] + [134][145][245] + [123]* + 2[123][134]
+ [134] — [134][234][245] — [134][245)% — 2[123][234] — 2[134][234]
+ [234]2 — 2[345]

Now the above method is applied on x$* which produces after a large
computation in MAPLE (see [11]),

= 3( — 4[123]?[134][234][345] — 3[123][234][345]*[134]?

+ 4[134]?[234)%[245][345] + 2[123][134]%[245][345] — [123][234][245][345]
+ 4[123][134][234]2[345)% — [123]*[345] — [234]*[345)> — [234]*[245]?
— [134]*[345] — [123]%[234]%[245][345] + 2[134]*[245][345]
— 2[123][134]%[345]% + [123][234][345]? + 4[234]3[134][145)*

+ [123]3]234] ]

+ [123][
[345]% + 4[123][134][234]%[245][345] + 4[134][234][245]?
+ 2[234]%[245][345] — 8[134][234]3[245][345] + 2[134]%[234]%[345)?

— 6[134)%[234)%[245] + 2[123]?[234][134][145][345]

+ 3[123][134)%[234][245][345] — [134]*[245]?

- [123}2[134}2[345}2> / ( — [123] ([234]2[345] — [234)%[245] — [123]?[345]
— 2[134][234][345] + 2[134][234][245] + [134]?[345]

- [134}2[245}) ([234][123] [345] — [123]2[345] + [134][234][345]

Wl

— [134][234][245] — [123][134][345] — [134]%[345] + [134]2[245])2) .

A Taylor series of k3* is computed with equally spaced points in the x
coordinate. First a special affine transformation is done so that «(0) = 0,
uz(0) =0, uz2(0) = 1 and uz2,(0) = 0 (see section 2.1.1). Then two points
P, P, and two points P, P5 are equally spaced each side of P3, so that
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P, = (=2h,u(—2h)), P, = (—=h,u(—=h)), Ps = (0,0), Py = (h,u(h)) and
Ps = (2h,u(2h)), with h > 0. The values of the curvature and its arclength
derivatives at z = 0 are K54(0) = uy, &5*(0) = us, and k52(0) = ug—>5uy.

Now expand in a Taylor series,

2 4 4 8
u(—2h) = 2h% + §u4h4 — —ush® + —ugh® — —u7h"+ -

15 45 315
u(—h) = %hZ + %mh‘l - $u5h5 + %U(}hﬁ - ﬁuﬁf + -
u(h) = %hZ + ium‘* + &udf + %u(jhﬁ + ﬁuﬂf — ..
u(2h) = 212 + §u4h4 + %u5h5 + %uﬁhﬁ + %uﬂf S
where w4 = Upgz2(0), Us = Uggzre(0), - --. Substituting into x3* yields

1 5
k$A = k%A + 5—4(23(/€SA)2 + OSMA2 + %KSAREAhg + O(h%)

The discrete approximation to the special affine signature curve for un-
equally spaced points could be obtained by a similar method to the Euclidean
case. That is given five points (—m,u(—m)), (—k,u(—k)), (0,0), (h,u(h))
and (l,u(l)), the Taylor series for these can be computed and substituted

$A. The coefficients are written in terms of the bracket values [ijk]

into K
by inverting the Taylor series. The first two terms can be used to get the
special affine invariant approximation to the special affine signature curve.

This calculation has not been done.

Projective group

The projective transformation is given by,

(2, 0) <a:1:—|—ﬁu—|—v )\IL‘+,LLU+Z/>’ det

pr+ou+T1 pr+ou+T

™ > D
QA =T
RN

I
\:—‘

the infinitesimal generators are,

zy = au(t) + b+ do(t) + fo(t)? + gz (t)u(t)
up = cx(t) + e + fa(t)u(t) + gu(t)® + u(t)

— (uttxt —ut&?tt)

: , -+ into kP and setting t = 0
IEt Ttt

Substituting u, = Z—z, Ups

yields, after a large computation in MAPLE,

KE = (Bac—d+1-3fb+ d? — 3ge)/(—54eaf + 18ac + 18cda + 36 fb

+ 4d3 — 6d — 6d* + 4 — 5degb + 36dge — 18ge — 18dfb)’
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Note that f@%‘“’j does not depend on the initial point.
The vector field v, is obtained by joining eight points {(xl, uy), (x2,uz2),
(3,u3), (T4,u4), (x5, us5), (26, ug), (x7,ur), (x8, ug) } with straight lines. This

gives

U — U au1+b+da:1+fa:1+ga:1u1 T9—1T1 c:c1+e+fa:1u1+gu1+u1

U3 — U3 auQ+b+da:2+fa:2+ga:2uQ —(x3—x9 c:c2+e+fa:2uz+gu2+u2

( )—( )
( )—( )
ug—ug)(aug+b+dues+ fri+grsus) —(wa—ws)(cos+et frauz+gui+us
(aug+b+dey+ fri+groug)—(v5—14)
( )—( )
( )—( )
( )—( )

( )
( )
( )
(cxgte+ fryustgui+uy)
( )
( )
( )

Ug—Us au5—|—b—|—d1:5—|—f:c5+g:c5U5 —(zg—s cx5+e—|—f:c5U5—|—gu5+U5

—(z7—z6 cx6+e—|—f:c6u6—|—gu6+u6

0
0
0
0
0
u7—ug ) (aug +b—|—d1:6—|—f:c6+g:c6u6 0
0

( )
( )
( )
(us—u4)
( )
( )
( )

ug— U7 au7—|—b—|—d1:7—|—f:c7+g:c7w Ty—T7 c;v7+e—|—f:c7U7—|—gu7+U7

which can be solved for a, b, ¢, d, e, f, g. Thus an approximation k£ to
kP is obtained.

Pro i invariant

Now by a similar proof to the Euclidean case above, s
under a projective transformation of the eight points. Thus /-igmj can be
written in terms of the joint-invariants of the projective group.

The projective joint-invariants depend on five points, {(z1,u1), (z2, us2),

(x37 ’U3), (x47 ’U4), (x57 U5)} and are given by7

. _ [34)12s)
LT T3] [124]
o [123)245)
> [125][234]

The explicit expression for R\E,Mj has not been calculated but could be
done by using the algorithm from special affine group above to write the ex-
pression in terms of the bracket values [ijk] then rearranging the expression
in terms of J; and Js.

A Taylor series of KE™

is computed with equally spaced points in the
x coordinate. A projective transformation is done so that at the point
Py € u(z), u(0) = 0, uy(0) = 0, uge(0) =1, ug = 0, ug = 0, us = 1 and
ug = 0. This is done by first doing a special affine transformation such that

u(0) = 0, uz(0) = 0, uze = 1, uz = 0 and then applying the projective

transformation,
c=0, f=0, d=0, e=a“ b=ag, h:§g—€u4, a=u
_15uf — ug

3 us
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The points P, P», P3 and Ps5, Py, P7, Pg are equally spaced in the x co-
ordinate both sides of Py, so that P, = (—=3h,u(—3h)), Py = (—2h,u(—2h)),
Py = (=h,u(—=h)), Py = (0,0) and P5; = (h,u(h)), Ps = (2h,u(2h)),
P; = (3h,u(3h)), Ps = (4h,u(4h)) with h > 0. The values of the cur-
vature and its arclength derivatives at x = 0 are kP*(0) = uy, k8" (0) =
2ug — 35 and KB (0) = iw) —u7 where u7 = Ugzrrrrz(0), Us = Ugrarzzrs(0),

U9 = Ugzgrrzers(0). Now expand in a Taylor series,

9, 81 .. 243 . 729 4
C3R) =SR2 s L EE T T ek —
u(=3h) = 5h" = 15 560" T qag0 "

u(—2h) = 2h% — %iﬁ - %mh? + %ushs —.

u(—h) = %hQ — %fﬁ — ﬁuﬂf + 40320u8h8 — ..
ulh) = %hg * %hg} * ﬁmh? g0z T
u(2h) = 2h? + %hf’ + %uﬂf + %ushs e
w(3h) = gzﬂ + %zﬁ + %um? n %ushs L
u(4h) = 8h? + %iﬁ + %um? + %ughs 4o
Substituting into fig“’j yields
KBTS = pProd — %(32(;&“%’)3 — 162 — 27k2")h
+ 14% (—999(kPT3)? — 324(KPT9)? KP4 2430KE5°3 + 160(kP7)°) B2

The discrete approximation to the projective signature curve could be ob-
tained by a similar method to the Euclidean case.

Now this method is demonstrated by plotting the true curvature versus
the approximate discrete curvature with equally spaced points for the curve

u = tan(z) (200 points are used), see figures 1.10 and 1.11.
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Figure 1.10: u = tan(z)
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t

Figure 1.11: true curvature versus approximate curvature for equally spaced
points, 20 points (out of 200) are plotted.



Chapter 2

Invariants and curve

matching

2.1 Invariants

In chapter 3, a method is described for matching two curves related by a
projective transformation. In this method it is required to find and identify
common points in the two curves. Thus properties of the curves must be
found which are invariant under a projective transformation.

One such property is the projective curvature which is a global invariant
and characterises all curves up to a projective transformation. However, the
projective curvature depends on up to seventh order derivatives and so is
very sensitive to noise and is of no practice use. Thus invariants depending
on much lower order derivatives are required.

In the following section 2.1.1, it is shown there are links between the cur-
vatures of the Euclidean, special affine, affine and projective groups. These
provide lower order invariants. One such lower order invariant is the special
affine curvature turning points. It is shown that these points characterise
all the singularities in the projective curvature.

In section 2.1.2 a way of locating the invariant points in practice is given.
The property that tangency is preserved under a projective transformation
is shown. For concave curves, two further invariant points called bi-tangents
can be used. The projective joint-invariants are given which depend on five
points and it is shown how these can be used to identify the invariant points
between two curves. Also it is shown that if n points in one curve have their
corresponding joint-invariants equal to n points in another curve, then the

n points in both curves must be related by a projective transformation.

27
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2.1.1 Links between groups

The curvatures of the projective group, special affine group and Euclidean
goup are all related. The links (see section 5.2 for a derivation of k* and

are as follows,

HPROJ)

sa _ B(KP)SKE +9(k®)5 (kE)2 — (kE)? — 9(kP)°

R = ( )1 , s = Euclidean arclength
KE)3
(o SA
kA = ( 5 )3 , s = special affine arclength
I{SA b
268 T (k)2 KA 1 1
RPROT = — 58 — G )8 + —= - > + —(/@A)%, s = affine arclength
(k2)s B (kA)s  (kA)5  3(kA)s 12

The expression for k$* is given by

sA 19ufmu5 — 45Uz usuyg + 40u§

K
s 3 u,

where it is assumed that v € C°.

Notice that the numerator of x$* is the denominator of kPR (see (1.2)).

PROJ

Assuming that u,, # 0, the denominator of x will vanish at a critical

point of the special affine curvature (k$* = 0). This is equivalent to,

B §U3(9umm — 8u§)

= 2.1
=9 u2, 2.1)

at the critical point. Substituting (2.1) into the numerator of KFR°7 gives
numer (k") = —21(40u3 — 20uguqui — 15u2 uf + 3ud ug)®>  (2.2)

Substituting (2.1) into k{2 gives,

S

sa _ 40u3 — 20ugzusuf — 15u2,uf + 3ud ug

s 16/3
Uz

So if ugz, # 0 then at a non-degenerate critical point of K$* (k52 # 0), the

PROJ PROJ

numerator of k will be non-zero, and so

Note that if k5 # 0, then since u € C'*°, the numerator of kF®? will be
PROJ

will have a singularity.

bounded thus no singularity will occur in &

Also note, if there exists an interval I, such that for € I, u = u(x) is
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part of a conic section, then k$* = 0 and 32 = 0 on I. Thus k"*°7 will be
undefined on /. It is assumed that this is not the case.

If uy, = 0, then
HPROJ — 280ug .
40548

Thus, if ug # 0 k"R does not have a singularity. For the case uz = 0 (as-

suming u € C'°) then u can be represented by (after a possible translation)
u(z) = ax + ¢(x)z"

for some n > 4 (since uz, = 0 and ug = 0) and, ¢ € C*> with ¢(0) # 0.
Note that if no such n exists then u(x) is a straight line and the projective

curvature is undefined. The projective curvature of u(x) is now

1 (n? —n+1)>3
4 ((n=2)@n - 1)(n+ 1))2

PROJ
K =

Hence if uz, = 0 then xkF*°7 does not have a singularity. Note that ugz, = 0
corresponds to zero Euclidean curvature at x = 0. Conversely as long as the
tangent line at this point is not vertical (u, = oo) then a point with zero
Euclidean curvature corresponds to a point where u,, = 0. Thus if k¥ =0

then kKPR does not have a singularity.

Now it is shown that if k& = 0 at a point on a curve u € C*°, then under
any projective transformation, k¥ = 0 at the transformed point. Note as
is shown further below this is not the case if the point of interest occurs
at a singularity of u. First a Euclidean transformation is done such that
x =0, u(0) =0, uy(0) = 0, this has no effect on the condition K* = 0. The

projective transformation of the first and second derivatives are,

o fg—di
g —ai
_ umm(O)ZS
Urr = [
m (cg — ai)3
This gives,
- 344(0) _ i 5

((ai —cg)? + (fg—di)2)7  ((ai —cg)? + (fg — di)?)?

If i # 0 then at least one of ai — cg, fg — di must be non-zero otherwise

it is not a projective transformation. Under a projective transformation,
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(0,0) — (5, {) therefore ¢ = 0 implies at least one of z, u is mapped to
oo. Therefore as long as the image point is finite K*(z,u) = 0 if and only if
RE(z,u) = 0.

If i =0, g # 0 then R® = 0 independent of k®. If i = 0, g = 0, since

u € C*°, u(x) can be written in the form,
u(z) = Az® + p(z)z" (2.3)

where n > 3, ¢ € C* and ¢(0) # 0. A = 0 corresponds to k¥ = 0. This

gives

a:"“F(x)

($(0)2n2(c? + f2) + G(z))?

RE =

Y

where G(0) = 0 and one of ¢ or f must be non-zero otherwise it is not a
projective transformation. Thus x = 0 gives kF = 0.

Hence, k® is well defined at the transformed point (Z,u) even though
(Z,u) is a point at co. Thus, if curves having singularities are allowed they
may have points where k¥ = 0 which are not true inflection points. That is
they arise from a projective transformation of a point on a C*° curve which
has kF # 0.

Let P* be the space of curves as those that are generated by projective
transformations of C*° closed curves. For curves in P, the following
method gives a way of detecting when a point is a true inflection point or
not. Note this restriction is to avoid analysing the points at infinity of C'°
open curves. This is discussed further below. Locally a closed curve can
be represented by a function u = u(z). Without loss of generality assume
that the point of interest occurs at x = 0, u(0) = 0 and u,(0) = 0. Since
u € C°, u(z) takes the form (2.3). A projective transformation is done on
the curve u = u(z). If i # 0 then k® # 0 if and only if K* # 0. If i = 0 then
R® = 0; even if k® # 0.

Assume i = 0. Consider the radius R = \/m = oo of the trans-
formed point (Z,u). This is the curvature for the rotational group SO(2).

Now

at the transformed point. If g # 0 then A = 0 implies (¥%)2R® = 0. Note
that since i = 0 implies K¥ = 0 the following also holds (independent of A),

(RE)*R® = 0.
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If g = 0 then h # 0 (otherwise this is not a projective transformation),
so that the following holds

(EE)2R6 —

where Fy(0) = 0, F5(0) = 0, and ¢® + f? # 0. Hence at = 0, (F®)?R® = o0,

independent of A. Furthermore,

_ 1
—“E\4 D6 __
VR = ossae @ + oy

Soif A0, (R®)*R% # 0 and if A =0, (F®)*R°® = oc.

These results can be summarized in the following table.

Inflection point
1. KE =0 (RE)2RS =0 (RE)AR® =0 Yes
2. RE =0 (R®)’RS = oo (RE)*RS = oo Yes
3. RE=0 (RE)2RS #£ 0 (RE)AR® =0 No
4. RE =0 (R®)’RS = oo (RE)*RS £ 0 No
5. RE® #0 No

An alternative method is to use k$*. As above it is assumed that u(z)
is of the form (2.3). If A =0 (ugz(0) = 0) then
sa _ 20(0)’n%(n —2)(2n — 1)(n +1)(n — 1) + F(x)

Ke©® = TG ) (2.4)

where F'(0) = 0. Hence at x = 0, k% = co. Also
R+ u(@)’)? = 2R3N+ (B(a)a" )2

so that, at = = 0, K52 R = oo.

If A # 0, then since u € C*°, the numerator of x$* will be bounded and
s0 K52 #£ 00. Thus k54 = oo if and only if A = 0. Also xk$AR? = oo if and
only if A =0.

If a projective transformation is done on the curve u = u(x) then xk3$#
transforms to

RSA = (g + hu(z) +i)3K5A (2.5)

3 =
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Also note that if two curves were related by a projective transformation
with either a = 1, b =10, ¢ = 0 or with d =0, e = 1, f = 0 then #R3*7> =

kSA23 and KSAu3 = kSAu3 respectively. These give two subgroup actions of

the projective group action. The invariants of these subgroup actions are

z dr+eu+ f e f
1 — det =1
1) (w,u) (g:l:+hu—|-i’g;v—|-hu—|—i)’ ¢ (h )

22 (Bugpuy — 5u§) — Bugy (2zus + 3uyy)

KR =
U,

8 woloo

€T

OR  r=a%k5% — 2/ (xr3*) dw

ks = xORSA
1
3
~  Uzx
ds = —d
x

ar +bu+c U a ¢
2 det =1
2) (x’u)'—>(g:c+hu+i’ga:+hu+i)’ ¢ <g z)

. u? (3ugpty — 5u§) — BUpe (3u Uy + 2uuguz — 6uu’,)
- 8

3
Uz

OR  k=u’k*— 2/ (uk®*) du

ks = uSKSA
1
3
~  Uzx
ds = —d
u

Note the links to the special affine group.
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Now multiplying (2.5) by R? gives

N[

REAR? = k5 ((ax + bu(z) + ¢)® + (dz + eu(z) + £)?) (2.6)

Thus, 34 R3 = oo implies k5 = co. However k54 = oo if and only if A = 0.
If A=0and ¢ =0 then at least one of ¢ or f must be non-zero otherwise it
is not a projective transformation and so ASAR3 = co. For A =0 and i # 0,
¢ =0, f = 0 implies that at least one of @ and b is non-zero. Thus (2.3)

becomes u(z) = ¢(z)x™ and so (2.6) is

[N[°Y]

REAR® = 2652 ((a + bo(x)a™)? + (d + ep(x)z™)?)?,

SA

where k3

is given by (2.4) and n > 3. Hence at x = 0, 235 = oo implies

KSAR3 = co. Thus for any projective transformation,
RSAR3 = oo if and only if A = 0.
Note for the case ¢ # 0 then
sA _

R3 oo if and only if A = 0.

S

In summary, given any 4 € P, then if K4 R3 = 0o at some point, the

point corresponds to an inflection point in a closed curve u € C°°. Further-

more this point does not correspond to a singularity in KP®°7.

Now (2.5) shows that,
k5™ # 0 implies 7 # 0 and k5 # 0
and for 7 # 0,
k3™ = 0 if and only if kK5 = 0.
Also by (2.6), if = 0 so that at least one of ¢ or f is non-zero, then

RSAR3 = 0 if and only if k54 = 0.

So a point on a curve 4 € P> corresponds to a point at which k3% =0
on a closed curve u € C* if and only if both 54 and &34 R3 vanish at that

point.
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SA transforms

Under a projective transformation, 32

3 h A\ 3 . h SA
R?? — (gl‘ + hu(x) + 2)411?? + (gl‘ + U(SL‘) + Z)( ()ul (.’L‘) +g)’%s
Ugz(T)3

If k3 = 0 and ¢ # 0 then the sign of k52 is the same as the sign of xK52.
Note also that 782 = 0 if and only if kK52 = 0.

If 2 = 0 then, at a critical point of x5#
RSARY = k32 ((ax + bu(x) + ) + (dz + eu(z) + f)g)2

where at least one of ¢ of f is non-zero. Thus the sign of 32 R* is the same
as the sign of k52

Therefore, for any curve u € P, g$*

and R can be used to detect
whether a point in @ arises from a critical point of k5# of some closed curve
u € C*°. Furthermore #32 and R can be used to classify the type of critical

point.

It was shown earlier that for a curve u € C*° if uy, # 0 then at a non-
degenerate critical point of K5# (k52 # 0), kPR97 has a singularity. It is now

PROJ

shown that for the degenerate case (k{8 =0), & also has a singularity.

First a special affine transformation is performed on u = wu(x) so that
the critical point of k$* occurs at © = 0, u(0) = 0, u,(0) = 0, uy(0) =1

and u3(0) = 0. The special affine transformation is given by

1ugu, — 3u§x b 1 ug
-3 3 ’ B
Uxy (0
1 zuzu, — 3zrul, — usu 1
€=3 5 ’ d=—,
3 3
ng; u:l?:l?
Ugs TUyp — U
e = l ) f - 1 *
3 3
Uz Uz

where each derivative is evaluated at the critical point. Note that in the
above, ad — be = 1.

A projective transformation can now be done such that, £ = 0, a(0) = 0,
and 1z(0) = 0, uzz(0) = 1, u3(0) = 0, uz(0) = 0, uz(0) = 0, ug(0) = 0,
uz(0) = “2—9. This transformation is given by i =1, ¢ =0, f =0, d =0,
e =a? b=agand h = £g* — Ltus(0). Since i # 0, this will have no effect
on the conditions k$* = 0, k32 = 0.

If u7(0) # 0, then setting a = (u7(0))5, will yield @-(0) = 1. Thus, in a
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neighbourhood of z = 0, u(z) has the form
u(z) = 2% + 27 + ¢(x)z8, (2.7)

where ¢ € C*°. The projective curvature of u(x) is

onoy | — 175575859200 + F(z)
K =
z® G(z)

where F(0) =0, and F,G € C*°. Hence, at z = 0, k"R°? has a singularity.

If u7(0) = 0, there must exist an n such that the nth order derivative
at 0 is not equal to zero. Otherwise u(x) = x? which is a conic section (see
above). Thus u(z) has the form,

u(z) = 2 + d(z)a", (2.8)
where ¢ € C*°, ¢(0) # 0 and n > 7. The projective curvature of u(z) is

[ PROT _ —n*(n+1)(n =5)(n —1)*(n = 3)*(n — 4)*> + F(x)
:L‘2n3—_4G(:E) ’

where F'(0) = 0, and F,G € C*. Thus xkP*°’ has a singularity at = = 0.
Hence, at any point where k§* = 0 (non-degenerate or degenerate) on a
curve u € C'*, there is a singularity in the projective curvature. If k3 #£ 0
then there is no singularity in the projective curvature.

It has been shown above that for any 4 € P*°, &$* and R can be used to
detect whether a point in @ arises from a critical point of £%# of some closed
curve u € C°. Hence, £3* and R, completely characterise the singularities
in the projective curvature. Note that for any point on a closed curve
u € C°, only k54 is required to detect whether there is a singularity in the
projective curvature.

The restriction of curves to P°° was to avoid analysing the points at oo
of C*° open curves that do not arise from the projective transformation
1 = 0. The following is an analysis of the points at co of polynomials.

Consider the polynomial

n
u(z) = Z a;x’
5=0

for some n > 3 (as for n < 3 the projective curvature is undefined). Then

joa 2t DEn—1)(n-2) | Phln()
S n(n— DA™t PR ()
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RP=2*1+a2a® 2+ Pz(i)_4(a:))%
(1) (2) (3) : _
where Py,” 1,(z), P;,_g(x) and P," ,(x) are polynomials of orders 4n — 11,
4n — 8 and 2n — 4 respectively. Thus at z = oo, k54 = 0 and k$AR? = oo.
Also

PROJ __ n2_n+1
2 —2)2n —1)(n+1))5

Thus kFR*°7 does not have a singularity at z = co.

Under a projective transformation on u(x)

n
ke = k3™ (gr + hZaj:L‘j +i)3
=0
So if h # 0, R$* = o0 at x = oc.

If h =0 then r$* =0 at z = co. But

(VI3

R = ((b* + %) A%2*" + Fop_s(2))

where Fy,_o(x) is a polynomial of order 2n — 2 and at least one of b or
e must be non-zero otherwise it is not a projective transformation. Hence
since 3n > n + 1, RSAR3 = 0o at © = 0.

Thus for the case of curves in P* and all curves which are projective

PROJ

transformations of polynomials, a point is a singularity of x if and only
if both k54 = 0 and k54 R3 = 0. Hence for this class of curves, 54 and R

completely characterise the singularities in the projective curvature.

So in summary the above demonstrates a link between the projective
curvature and lower order curvatures. Note that if g =0, h =0, ¢ = 1 then
the projective transformation reduces to a special affine transformation (as

must have ae — bd = 1) so that the equation (2.5) becomes

This reflects the fact that x$# is invariant under a special affine transforma-

tion.

Note in the case of two closed curves related by a projective transforma-
tion then gz 4+ hu(x) +i # 0 everywhere (since 7 # 0 in this case). Thus the
inflection points can be detected using «® only and singularities in kFPR9J
can be detected using x5 only. Also the two closed curves will have the
same number of inflection points and special affine curvature critical points

as well as the same type of critical point.
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2.1.2 Locating and identifying invariant points between two

curves

In practice a curve is given as a discrete number of points. Thus a discrete
approximation is required for the Euclidean and special affine curvatures so
that the invariant points discussed above can be calculated. Note that an
inflection point u,, = 0 is a turning point of the derivative curve, u, = u,(z),

so that the calculation of inflection points involves the first order derivative.

Given three points, (x1,u1), (x2,uz2), (r3,u3) on a curve u = u(x), the
Euclidean curvature of the circle passing through these three points approx-
imates the Euclidean curvature of the middle point. The curvature of this
circle is given by

~E

_ 4A193
abe

where Ajo3 is the area of the triangle determined by the three points and is

given by
1 1 Uux 1
A123 = §det T2 U2 1
Ir3 Uus 1
and

a = \/(xg — 371)2 -+ (UQ — u1)2
b= \/(xg — 372)2 -+ (U3 — u2)2
c=/(3 —21)? + (uz — u1)?

The error in this approximation can be found in the following way (see [1]).

Do a Euclidean transformation (which will not affect £¥) on the three
points such that (z1,u1) = (—h,u(—h)), (x2,u2) = (0,0), (x3,u3) = (k,u(k)),
where h > 0, k > 0 and u,(0) = 0 so that the values of the Euclidean cur-
vature and its arclength derivatives at z = 0 are k(0) = Uz, Ks(0) = Ugya,

Kss(0) = Ugzzz — 3u,. Then taking a Taylor series gives

1 1 1

u(—=h) = §th2 - Eugh?’ + ﬂu4h4 —

u(k) = Liok? + Lugh® - Lkt 4
Tt T g

1 1 1
_ ot 1 2_...)2
a h\/l+h (2u2 6u3h+ 24U4h )

1 1 1
— 1 2(Z — _ 2 L.0)2
b—k\/ —I—k (QUQ+6U3/€+24U4]€ + )



38 CHAPTER 2. INVARIANTS AND CURVE MATCHING

1 1
c=(h+ k)\/l + Zu%(k‘ —h)?2+ gu;;ug(k —h)(h? —kh +k?) +---

Inverting the Taylor series of a and b gives

Then substituting h = a and k = b into the Taylor series for i® gives
~E E 1 E 1 2 2\ .E :
R® = k" + §(b —a)kg + E(b — ab+ a®)kY, + higher order terms

where s is the Euclidean arclength, and ¥ (the true curvature), ¥ and

E

o are evaluated at the middle point. Hence, as long as the points are

K
sufficiently close, the two points where &® changes sign will be a good ap-
proximation to the points where the true curvature k¥ changes sign. Note
that only the sign of Ajs3 is required to locate these two points. The point
that is chosen out of these two which will serve as the approximation to the
inflection point is essentially arbitrary. In practice for consistency, the point

chosen is the point which has Aj93 the closest to zero.

For the special affine curvature case, given five points on a curve u =
u(x), the special affine curvature of the unique conic section passing through
those five points, approximates the special affine curvature of the middle
point. The curvature of this conic section (see [1]) is given by

or= S (2.9)

wn

where,

S = %[124]2[135]2([235] — [234])? + %[123]2[145]2([245] + [234])?
- %[123][145][124][135]([234] 345] + [235][245])

T = %[123] [124][125][134][135][145][234] [235][245][345]
[’ljk] = det T Uj 1

Tk ukl

Again a Taylor series can be computed to show the error in this approx-

imation (see [1] for derivation). Given five points P;_a, Pi_1, P;, Piy1, Piyo
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the result is

RSA — RSA +

i+2
( Z Lj> kS* + higher order terms
j=i—2

U] =

where
P;
Lj:/ dsga, j=1—2,..,i+2
’j

denotes the special affine arc length of the conic section from P; to P; (as-

sumed to be small); in particular L; = 0.

Now the following shows that tangency is preserved under a projective

transformation so that other invariant points called bi-tangents can be found

(see [7]).
Consider a point (z1,u1) on a curve C with derivative ug}). The equation

of the line tangent to C' at (x1,u1) is given by,
uw=uy +ul(z—x1) (2.10)

Under a projective transformation the derivative u, transforms by

dhu + di + euygr + euyi — dehu, —eug — fg — fhuy
ahu + ai + buggx + bugi — axhu, — bug — cg — chu,

Uy M Uz =
The line (2.10) transforms to the line
U= UzT + o (2.11)
where

__ —detaf —dbuy — cut) + uja + bugcl)f +dbul ey —ullza
4= ) m ) L (212)
ai + tbuy’ + huya — huy "z1a — ¢g — chug’ — buig + bug "z19

Hence the derivative of the line (2.11) coincides with the derivative of the
transformed curve C' at (Z1,%1). Thus tangency is preserved under a pro-
jective transformation.

Now consider the curve in figure 2.1. The two points marked are called bi-
tangents. These points are the unique points in the concavity which have the
same tangent line. Since tangency is preserved, this property is projectively
invariant and can be used to locate these points in any projective transform

of the curve. Thus bi-tangents also provide invariant points.
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bi-tangents

tangent line
Figure 2.1: Concave curve showing two bi-tangents.
The invariant points in each curve can be identified by using the projec-

tive joint-invariants. The projective joint-invariants depend on five points

{(z1,w), (z2,u2), (3, u3), (T4, u4), (¥5,u5)} and are given by

134][125]
1= 3521 (2.13)
[123][245]

If five points are identified correctly in each object they will have the

same joint-invariants.

Consider two sets of five points {(x1,u1), (22, u2), (x3,u3), (24, u4),

(w5,u5)} and {(Z1, 1), (T2, U2), (T3, U3), (T4,Us), (T5,Us)} Where
Ji=J, Jo=.J (2.15)

and

a:cj+buj+c d$j+EUj+f
gz + huj +1i’ gr; + huj +1

(5:85) = g (25) = ). ew

where j = 1,...,4. Substituting (2.16) into (2.15) gives two equations in
the two unknowns Z5 and us. Using MAPLE these can be solved uniquely
to yield

(Z5,Us5) = Goroj - (5, us).
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The following shows the MAPLE code.

> inv:=proc(x,u,i,j,k)

> linalg[det] ([[x.i,u.i,1],[x.j,u.j,1],[x.k,u.k,1]]) end;
inv = proc(z, u, 1, j, k) linalg g ([[x.7, w.i, 1], [z.5, u.j, 1],
[z.k, u.k, 1]]) end

> Jil:=inv(x,u,1,3,4)*inv(x,u,1,2,5)/inv(x,u,1,3,5)/inv(x,u,

> 1,2,4);

J1 :=((x1 u8 — 21 w4 —x3 ul + x3 uf + x4 ul — x4 ul)
(21 u2 —xl ub — 22 ul + 22 ud + x5 ul — x5 u2))/(
(1 u8 — xl ub — x8 ul + x8 ud + x5 ul — x5 u3)

(21 u2 —xl uf — 22 ul + 22 uf + x4 ul — x4 u2))
> for k from 1 to 4 do
>  xb.k:=(a*x.k+b*u.k+c)/(g*x.k+h*u.k+1i);
> ub.k:=(d*x.k+e*xu.k+f)/(g*x.k+h*u.k+i) od;

axl +bul +c
xbl = ———————
gzl +hul +1
dxl +eul + f
ubl = -
gzl +hul +1
ax?2+bu2+c
w2 = —————
g2+ hu2+1
dz2 +eul + f
ub2 == -
gz2+hu2 +i
by = AEIFbus+c
gxr3 +hul +1
dz3 +eud + f
ub3 == -
g3 +hul +1i
axf +buj +c
abf = ————
gx4 +hud +1
dzj +euf + f
ubg = -
gxs +huf +4

Jib:=inv(xb,ub,1,3,4)*inv(xb,ub,1,2,5) /inv(xb,ub,1,3,5)
/inv(xb,ub,1,2,4):
J2:=inv(x,u,1,2,3)*inv(x,u,2,4,5)/inv(x,u,1,2,5) /inv(x,u,
2,3,4);

vV V. V V

J2 == ((x1 u2 — 21 u8 — 22 ul + z2 ud + 3 ul — 3 u2)

(22 uf — z2 ub — 24 ul2 + x4 ub + x5 u2 — x5 u4))/(

(1 u2 — x1 ub — 22 ul + 22 ud + x5 ul — x5 u2)

(22 u8 — 22 u4 — 28 ul + x8 uf + x4 u2 — x4 ul))
> J2b:=inv(xb,ub,1,2,3)*inv(xb,ub,2,4,5)/inv(xb,ub,1,2,5)
> /inv(xb,ub,2,3,4):

> #the following are polynomial equations:

> eqgl:=numer (normal(J1-J1b)):
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> eq2:=numer (normal (J2-J2b)):
> solve({eql,eq2},{xb5,ub5});
f+dxs+ude rha+udb+ec

b5 = by = ———
{u i+hu5+x5g’z i—l—hu5—|—x5g}

That is, the fifth points are related by the same projective transformation
as the first four points. Similarly, if there is a sixth point (xg,ug) and
(%6, u6), where (2.15) holds for the pair of five points (z;,u;) j =2,...,6
and (Z;,u;) j = 2,...,6, then (Te,U6) = Gproj - (@6, us). Continuing this
process shows that if (2.15) is satisfied for all the consecutive groups of five
points in a group of n points then the set of n points in each curve must be

related by a projective transformation.
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2.2 Smoothing and curve matching using links be-

tween groups

In section 2.1, a method for approximating the projectively invariant inflec-
tion points and special affine curvature turning points is given. This involves
a discrete approximation to the Euclidean and special affine curvatures re-
spectively.

The inflection points and special affine curvature turning points can be
used to match the curves in the following way.

If two curves C and C are related by a projective transformation and four
points are correctly identified in each curve, then the projective transforma-
tion that relate the curves can be found. Let {(z1,u1), (z2,u2), (z3,us),
(x4, uq)} be four of these points in C and {(Z1, u1), (T2, u2), (T3, Us), (T4, u4)}
be the corresponding four points in C. Then the projective transformation

mapping C to C is given by the solution to the following set of equations,

eql = (awy +buy +c) —T1(gr1 + huy +1i) =0
eq2 = (dwy+eui + f) —ui(grr +huy +i) =0
eqd = (axg + bug + ¢) — Ta(gxe + hug + i) =0
eqd = (dwy+ eus + f) — Ua(gas + hug +i) =0
eq5 = (azz +bug +c) — T3(gws + huz +1i) =0
eq6 = (dzs+ eus+ f) —us(gws + hug +1i) =0
eq? = (axg+ bug + ¢) — Ty(grg + hug +1i) =0
eq8 = (dxy+euq+ f) —Us(grs +hug +1i) =0

After a large computation in MAPLE, the solution to the above equa-
tions is

a = 5152%4734[123][124] — 51533/24724[123][134] + 5253?14Y14[123] [234]

+ T T4 Yo3Y 23[124][134] — ToT4 Y 15Y13[124][234] + T4T3Y 12Y12[134][234]

b= —5152?34)(34[123} [124} + flf3?24X24[123][134] - fgf3?14X14[123] [234]
— flf4?23X23[124} [134} + 5452?13)(13[124} [234} - f4f3X12?12[134} [234}

c= flfg?34D34[123} [124} - flfg?g4Dg4[123} [134} + fgf3?14D14[123} [234}
+ 51547231323[124} [134} — 5254?131313[124} [234} + 54537121312 [134} [234}

d= —ﬂ2ﬂ1734Y34[123][124] + ﬂ3ﬂ1724}/24[123} [134} - ﬂ3ﬂ2714}/14[123} [234}
— T X 23Y23[124][134] + Tyt X 13Y13[124][234] — U473 X 12Y12[134][234]
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e = ﬂ2ﬂ1Y34X34[123} [124} — ﬂ3ﬂ1Y24X24[123][134] + ﬂ2ﬂ3Y14X14[123} [234}
+ ﬂ4ﬂ1Y23X23[124} [134} - ﬂ4ﬂgY13X13[124] [234] + ﬂ4ﬂgX12Y12[134} [234}

f = —ﬂ2ﬂ1Y34D34[123][124] + ﬂ3ﬂ2Y24D24[123} [134} — ﬂ2ﬂ3Y14D14[123] [234]
— Uyt X 23 D23[124][134] + Tyt X 13 D13[124][234] — WaTi3 X 12 D12[134][234]

g = Y34D34[123][124] — Y24 D24[123][134] + D14Y14[123][234]
+ Ya3D23[124][134] — D13Y13[124][234] + D12Y12[134][234]

h = — D34 X34[123][124] + Doy X24[123][134] — D14X14[123][234]
— D13 X23[124])[134] + D13X13[124][234] — X12D12[134][234]

i = D34D34[123][124] — D2y D24[123][134] + D14D14[123][234] (2.17)
+ Da3Da3[124][134] — D13D13[124][234] + D12D12[134][234]

T; U — T; Uy
Dij = det ! ¢ s Dij = det _z _Z y
Ty Uj Ty Uj

where

1\ o 7 1
Vi =det [ . YVy=det| .
Uj 1 U j 1

Note that more than four points in each curve can be used to match the
curves by solving the resulting overdetermined system of linear equations by
least squares.

Now the Euclidean and special affine curvatures depend on second and
fourth order derivatives respectively, so are sensitive to noise. This noise
can be smoothed out by the following averaging process.

Replace each point on curve by the average of itself and one point on
each side (this number is essentially arbitrary) and repeat until the noise is
smoothed out.

Under smoothing, inflection points (points where u,, = 0) do not remain
inflection points as over time they are smoothed out. But given a graph
u = u(z), if uy, = 0 then this corresponds to a turning point of the graph

of the derivative of u(z), uy = uy(z). Thus these points can be calculated
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using first order derivatives so only a small number of smoothings will be
required to locate them. Even so, as is shown in the section 2.2.1, an error
can still develop when using the inflection points of the smoothed curve to
locate the inflection points of the original (noisy) curve. This is also the
case in the calculation of the special affine curvature turning points which

is shown in section 2.2.2.

2.2.1 Moving of inflection points
Given six points Pi, Po, P3, Py, P5, Pg, define

_ P+P+P
P2:1+2+3

3 )
_ P,+P;+ P
Py = 2+33+ 4’
_ P+ Py + P
P, = 3+34+ 5’
155:P4+];5+P6’

The area of the triangle area determined by P, Ps, P is
- 1
Agzy = 9 (A124 + A1ss).

Suppose that for the above six points that Ajsg > 0, Aggy < 0, Aggs <
0, Ass6 < 0 and also Aszs < 0, Assg < 0. That is the two points between
which the discrete curvature changes sign are P, and P3. If Ajoq4+ A145 > 0
then Agsy > 0 and also Asys = % (Agss + Ags6) < 0. So the two points
between which the discrete curvature changes sign on the smoothed curve

after one smoothing is now P3 and P;. Figure 2.2 shows an example of this.

3.57 3.57

3 3
° 25 ° 257

2 ) ) 2

1.5 1.5

1 1

0.5 ° 0.5

2 a0 i ; 2 a0 i ;

Figure 2.2: Graphs showing the six points Py, P», P, Py, Ps, P with triangle
areas A123 = 1.5,A234 = —O.75,A345 = —0.5,A456 = —0.25, A124 + A145 =
0.75, Agss + Agsg = —4.5 and the four smoothed points Py, P, Py, P5 with
triangle areas Aggy = 0.04, Azys = —0.25 (all values are to two decimal
places)
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The point chosen to approximate the inflection point on this smoothed
curve is the point which has triangle area closest to zero. Suppose Py is
this point. Since it is the inflection point on original (noisy) curve that is
required, the corresponding point P is used as the approximation. Further
smoothings may move the approximation to inflection point on original curve
further but inflection points only depend on first order derivatives and so
the noise is smoothed out quickly. Thus the inflection points will not move
significantly after the first few smoothings. The error however, will still have
an effect on the matching of curves, (see section 2.2.3).

The first graph in figure 2.3 shows a concavity of a discretised curve
(points equally spaced) with the true inflection points denoted by a box.
The two points corresponding to where the discrete curvature changes sign
for each inflection point are denoted by a circle. Notice that the second
(true) inflection point lies just outside the two circled points. This curve
is smoothed five times and the points where the discrete curvature changes
sign on smoothed curve are located. The second graph in figure 2.3 shows
the corresponding points on the original curve, which have moved slightly

away from the true inflection points.

ro.4 . * Fo.4
to.3 R to.3
to.2 to.2
Fo.1 Fo.1
sl —0.5 o 05 sl —0.5 o 05
@
—0.1 o} —0.1
® (o)
© ©
Q) )
o] ] . []
—0.2 -0.2

Figure 2.3: Approximations to true inflection points on discretised curve
without smoothing and with smoothing.

In general, there can be no guarantee that the approximated inflection
points in one curve match up precisely with the approximated inflection
points in the transformed curve. However this is the case for two equally
spaced curves (in Euclidean distance from a common point) C' and C related
either by a Euclidean transformation, (z,u) — (xcos@ 4+ usinf, —zsinf +
ucos ), or a similarity transformation, (z,u) — (az + a,au +b), a > 0.

Let g be a Euclidean or similarity transformation which maps C to C.
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Euclidean distance is invariant under the Euclidean group and is scaled by
a constant factor under the similarity group. Define C' = {P;} where P; are

all equally spaced in Euclidean distance. Also define C' = {P,;} where

P=g-P. (2.18)

Then P; are also equally spaced in Euclidean distance.

Assume that an inflection point Ii;y in C has been identified correctly
with an inflection point Iyye in C. Let I° = W, be the discrete
approximation to the inflection point in the smoothed curve of C so that
P, will be the approximation to Iliue. (I° is chosen so that the absolute

value of its associated triangle area is locally the closest to zero). Let
Ts:g_ISZQ'Po-FQ'Pl-FQ'Pz
3

(2.19)
since ¢ is a linear transformation. Also, by (2.18), T = M.

Under the Euclidean group, the triangle areas are preserved and, under
the similarity group, they are all scaled by a constant factor. So that I
will have the same sign as I° and its associated triangle area will be locally
the closest to zero. Therefore, I° will be the discrete approximation to the
inflection point in the smoothed curve of C so that P, = ¢ - P; will be the
approximation to Ityye. This shows that the approximated inflection points
of C' match up precisely with those in C' under this discretisation.

But if ¢ was not a Euclidean transformation or similarity transforma-
tion, but was an affine transformation or projective transformation, equally
spaced points are NOT preserved under g. Furthermore, if g was a projective
transformation then (2.19) does not hold. So in general the approximated
inflection points of C' and C' will not match up precisely.

Note that this construction also holds for special affine curvature turning

points.

2.2.2 Moving of special affine curvature turning points

The mechanism behind how the special affine curvature turning points move

under smoothing though is much more complicated to analyse as fourth

order derivatives are involved. As yet an effective way of analysing this has

not been found. Though the following example shows the behaviour.
Consider the convex curve C' = {(X (¢),U(t))} where

1
X(t) = cost+ 5C082t

1 1
Ut) = §X(t) +sint + 1—0sin2t
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This is equally spaced in Euclidean distance with 60 points, see figure 2.4,
and the curve is then smoothed 10 times using five points each side of the

middle point in the averaging process.

0.5

-4
Figure 2.4: Discretised curve with 60 equally spaced points.

Using the discrete approximation %4 (given by (2.9)) to the special affine
curvature of the curve C, the turning points are located and their position is
compared with the positions of the turning points found from the smoothed
curve. Figure 2.5 shows that some of the turning points have moved away
from there initial position. Here #5#is plotted against the parameter ¢ and
the points which correspond to the turning points of the original curve are

denoted by a circle.

]
°

0 1 2 3 4 5 6

Figure 2.5: Comparing the positions of special affine curvature turning
points of original curve with smoothed curve.
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2.2.3 Matching curves

In general, there is never a precise matching of the objects because smooth-
ing changes the positions of the invariant points. A method is now described
for reducing some of this error which works well on the first example of a
convex curve. However when it is applied to the second example of a con-
cave curve, it gives no further improvement to the initial matching. But it
led to an overshooting undershooting method which is described in the next
section. This method works for both the convex curve and two examples of
concave curves.

Consider two curves, related by a projective transformation very close to
the identity which are sampled at equally spaced (in Euclidean arclength)
points from a common point. Suppose each sampling has the same number
of points and that the curves are both smoothed using this averaging pro-
cess. Then their smoothed curves will remain close as well. Consider two
curves C' and C related by a projective transformation. Using the approxi-
mated inflection points and/or special affine curvature turning points, map
C on to a curve C. The two curves C and C represent the initial matching.
It is assumed that C' will be more closely matched to C' than C so that if
C is equally spaced in Euclidean distance and smoothed again the inflec-
tion points and/or special affine curvature turning points should move less
relative to the corresponding points in C'. Thus the next mapping will be
closer.

If C and C are related by a Euclidean transformation or a similarity
transformation and they are each equally spaced from a common point then
the amount the invariant points move relative to each other will be exactly
the same. In practice though, they will not be equally spaced from precisely
a common point. But the error in the matching of the discretisations (due to
not starting at precisely the same common point) will be within at least half
the distance between the points. If two discretisations of C' are used where
their starting points differ by half the distance between the points then one
of these discretisation’s will have an error within at least one quarter of the
distance between the points. (This error can be further reduced by using
more discretisations all more points). So if both of these discretisations
are used to match the curves, one of them will have a starting point which
coincides very closely to the starting point of the discretisation of C'. Thus
the difference in the amount the invariant points move in each curve relative

to each other will be small.

So the method is to first equally space C' and C, then map C to C,

equally space C and repeat the procedure. Note that equal spacing is used
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as it is the simplest spacing that can be placed consistently on the curves.

Example 1

Consider the curve

1
X:cost—l-gcosZt
1 1
Y = §X—|—sint+ﬁsin2t

Take a projective transformation of this curve, discretise both curves using
60 points, add random noise to both, then equally space each curve approx-
imately in Euclidean arclength. This is done by joining every two points by
a straight line, and summing up all the distances between points to get the
approximate arclength of each curve, then dividing by 60 to get the required
distance d between points. Then 60 points are placed on curve such that

the distance between every two points is d, see figure 2.6.

L S A B B

L LA s

Figure 2.6: Two convex curves related by a projective transformation

Each curve is smoothed a number of times (until the noise is smoothed
out, which is determined by when the number of turning points stays con-
stant after further smoothings), and the discrete special affine curvature is
computed for both curves. Both curves have six special affine curvature
turning points, which are located on each curve. For each of the six possible
combinations of five consecutive points in each curve, the joint-invariants are
computed. The following table shows the six joint-invariants in each curve
plus the corresponding combination of five points. For example [12345] refers
to the joint-invariants involving the consecutive points (x;,u;), 7 = 1,...,51in
the first curve ([12345] refers to the consecutive points (z;,4;), i = 1,...,5
in second curve). The initial ordering of the points chosen in the second

curve is such that the types of special affine curvature turning points coin-
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cide with the same type in the ordering of the first curve. Note that they
still do not match up.

Table of joint-invariants

Combination [J1, Jo] Combination [J1, J2]
[12345] [0.7313, 1.0025] [12345] [0.5618,2.9282]
[23456] [0.7050, 0.5765] [23456] [0.8483,0.3188]
[34561] [0.5355, 2.6568] [34561] [0.5334, 1.5098]
[45612] [0.8075,0.4835] [45612] [0.6730,1.2167]
[56123] [0.6382, 0.9766] [56123] [0.7348,0.7575]
[61234] [0.5918, 1.3794] [61234] [0.6430, 0.7700]

The sequence of six points in the second curve which has the best match-
ing of joint-invariants with the sequence of six points in first curve is found
(because of noise and the fact that the parametrisations in each curve do not
match up, the joint-invariants will not be exactly the same). This is done by
first computing the square root of the sum of the distances squared between

each joint-invariant pair in the above table. This corresponds to the sequence

quences [34561], [45612],...,[23456] and [56123],[61234],...,[45612] (these
are the sequences which have the type of special affine curvature turning
points coinciding between the curves). The result is 2.4752, 3.0772 and
second curve has the best matching with the sequence [12345],...,[61234]
in the first curve.

Now since there are six points, the mapping back equations are solved
by least squares and C is mapped back onto C. Call the resulting curve
C. Figure 2.7 shows the initial mapping is quite close but their is still error
present.

The procedure is repeated on C. That is, C is discretised by equally
spacing and smoothing the same number of times as the previous curves.
The six points are relocated then C is mapped onto C. Figure 2.8 shows

that most of the initial error has been corrected.
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—0.5

P4

Figure 2.7: Initial mapping

-1

Figure 2.8: First iteration of method.
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Example 2

Consider the following two images (figure 2.9 and figure 2.10) which are two
digital photographs of a planar object taken from two different positions.
The planar object used comes from a picture from the paper [1] where they

take an image of a canine left ventricle and extract the boundary of it.

Figure 2.9: First camera angle

Figure 2.10: Second camera angle



54 CHAPTER 2. INVARIANTS AND CURVE MATCHING

The .jpg files are read into MATLAB (see [12]), and the curves are

discretised, see figure 2.11.
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Figure 2.11: Discretised curves

193 points are equally spaced around each curve then the curves are
smoothed six times. All the triangle areas are plotted on a graph, and the
inflection points are located on each curve by finding where the triangle
areas change sign. Figure 2.12 shows the triangle areas associated with the

first curve.
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Figure 2.12: Triangle areas of the first curve after smoothing six times.

The second curve is then mapped back onto the first. Figure 2.13 shows

the initial mapping is quite close.
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0.5 1 1.5 2

Figure 2.13: The initial mapping.

However applying the above method to this curve produces no further
improvement. One possible reason for this is that all the inflection points
in second curve are within one point of matching up precisely with those
in the first curve and that the error in the initial mapping of second curve
is enough so that smoothing this curve always shifts at least one of these
inflection points one point away from the true position. This example led to
the overshooting, undershooting method which is described in the following

section.

2.3 Overshooting, undershooting method

In general, the first mapping back never gives a precise matching of the
objects because smoothing changes the positions of the invariant points. A
method for correcting the error in the initial matching will now be given
which is demonstrated on three examples. This method is explained for the
case of concave curves, but the example of convex curve below gives evidence
that it can also be applied in the convex case.

Take two concave curves C' and C related by projective transformation.
Locate four approximate inflection points in C. Now assume the four points
in C have been found that match up precisely with those in C. That is the
exact projective transformation mapping C to C can be found.

Let C1 be a concavity of C' with two of these inflection points Iy, Is,
say and €1 be the corresponding concavity of C' with the corresponding two

inflection points I, I, see figure 2.14.
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Vi 12 IQ

61 el

Figure 2.14: Two corresponding concavities in C' and C

Suppose I; is mapped to a point on €; to one side of I; and €; overshoots
C1. On the other hand if I; is mapped to a point on €; to the other side
of I, €; will undershoot €1, see figure 2.15. Note, the solid line is part of
@1, the dashed line is the corresponding part of C;.

I, is mapped to here I; is mapped to here

Figure 2.15: C; overshooting and undershooting €; respectively

So if in the beginning I; does not exactly match up with Iy, the difference
in the behaviour of the matching shown above can be used to match it
correctly. Examples 2 and 3 in this section show that with noise present
the above idea can be used to match two curves related by a projective
transformation closely.

The convex case is more difficult to handle as the special affine curvature
turning points require fourth order derivatives and so many more smoothings
are required to locate them. Thus there is a potential for a much larger
amount of error to occur. Example 1, though, gives evidence that this case
can still be handled by this method.

2.3.1 Example 1

Consider the two equally spaced discretised curves with random noise added,

C, and C from the first example of section 2.2.3, shown again in figure 2.16.
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Figure 2.16: Two convex curves related by a projective transformation

Each curve is smoothed a number of times (until the noise is smoothed
out) and the discrete special affine curvature is computed for both curves.
Both curves have six special affine curvature turning points. These are
located on each curve. They are matched up by using the joint-invariants.

The overshooting undershooting method is applied on this convex curve.
Four consecutive turning points are chosen in each curve. The first turning
point in C is shifted in two directions to get an interval where overshooting
and undershooting occurs as shown in figure 2.17. The same is done for
the second turning point and the combination of points (lying inside these
intervals) is found which produces the best local matching, see figure 2.18.
The same process is done on the third and fourth turning points, and the
best local matching is shown in figure 2.19.

Note: in figures 2.17-2.27, C is denoted by crosses and C' by circles. Each

pair of turning points are denoted by boxes.
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—-0.6 —0.4 —-0.2 O 02 04 06 038 1 1.2 —0.5 [¢] 0.5 1

Figure 2.17: First turning point: C undershoots and overshoots C respec-
tively



58 CHAPTER 2. INVARIANTS AND CURVE MATCHING
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Figure 2.18: Best local matching of first and second turning points
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Figure 2.19: Best local matching of third and fourth turning points

The process repeated on the fifth and sixth turning points. But here,
fixing the fifth point in its initial position causes C' to significantly overshoot
C. This affects the calculation of the interval for the sixth point where over-
shooting and undershooting occurs in that the interval does not contain the
best position for the sixth point. Thus the best local matching of the fifth
and sixth turning points (which is shown in figure 2.27) is not obtained.

This can be overcome by the following method.

First a limit is fixed on the amount of error allowed in the turning points.
If the curves cannot be matched within this tolerance then it is assumed that
either the curves are excessively noisy or they are not related by a projective

transformation. Note that if the error was too large then the joint-invariants
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will not be able to be matched up anyway.

Since it is discrete data that is being worked with, it can be assumed
that the initial approximations to the six turning points in C' are within
a certain number of points from a precise matching with the six points
in C'. This number is essentially arbitrary as the allowable error can be
increased or decreased by increasing or decreasing the spacing of the points.
This number should not be too high as this would affect the speed of the
algorithm.

In order to illustrate the method with the current example, the limit
is chosen to be three points. Note that the arguments that follow neglect
the contribution of possible errors in the other two special affine curvature
turning points used in the local matching. However, for the three examples

to follow this did not cause a problem.

Let P¥¢ and P{™°, be the true positions in C for the fifth and sixth
turning points respectively (that is they match precisely with the corre-
sponding turning points in C'). Let Pgnit and Pénit be the initial positions
in C of the fifth and sixth turning points respectively. Fix the fifth point
and move the sixth point in the direction where the curves overshoot, call
this direction Dgr . Denote the other direction where the curves undershoot
by Dg . Similarly fix the sixth point and move the fifth point and define di-
rections D;, D . Note that if the fifth point is fixed at P and the sixth
point is fixed at two points F; and PG+ say where the curves overshoot and
undershoot, then P € [Py, Pyl

If the fifth point was fixed in the direction Dy so that the curves un-
dershoot, then to compensate for this so that the curves overshoot again,
the sixth point will have to be moved a sufficient amount in the direction
Dg' . Furthermore, the further the fifth point is fixed in the direction Dy
the further that the sixth point will have to be moved in the direction Dg'
to compensate.

To illustrate this, consider the smooth versions of the curves C' and C.
First the fifth point is fixed at the position Ps; as marked in figure 2.20
so that C undershoots C' as shown in figure 2.21 (C is the dotted curve, C
is the solid curve). Then the sixth point is fixed at the position Fs; (with
the fifth point still at Ps 1) so that C overshoots C' by an amount similar to
figure 2.21. The fifth point is then fixed at P52 and to keep C overshooting
C by an amount similar to figure 2.22 the sixth point must be fixed at P ».
Similarly for P53 the sixth point must be fixed at Fs 3. So that the further
the fifth point is fixed so that C undershoots C, the further the sixth point

has to be fixed to make C overshoot C' again.
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0.5
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Figure 2.20: Graph of C showing the points used to illustrate overshooting
and undershooting.
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Figure 2.21: C undershoots C Fi'gure 2.22: C overshoots C'
with P51 with P51 and Fp 1.
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Eventually the fifth point will be fixed a sufficient distance in the direc-
tion Dy at a point, PgejeCt say, such that before the curves overshoot again,
the sixth point will have to be moved in excess of the three point limit of
Pénit. Thus the two consecutive points Pgr and Py which correspond to
the curves overshooting and undershooting will lie outside the three point
limit of Pi". This implies P ¢ [Py, P;]. Hence the point PL¥*" can be
rejected as being P¥™°. Note that any points fixed further in this direction
D will be rejected as well. Let Pgnin_ be the point the closest to Pinit
which is rejected. By a similar argument to above the fifth point can be
fixed in the direction DJ to find PM"". Thus Pire ¢ [pin= pmint],

Now figure 2.23 shows a point PgejeCt denoted by a circle which is rejected
as the two points Py and P6+ where overshooting and undershooting occurs

init

are outside the three point limit from Pi™", see figures 2.24-2.25.

0.2+

0.5 1 15

-1

Figure 2.23: Graph showing PgejeCt denoted by a circle, Pgnit denoted by a
black dot and Pf™¢ denoted by a box.
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Figure 2.24: C overshoots and undershoots C respectively corresponding to
the points P6_,P6Jr eC.
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Figure 2.25: Graph showing Py and PG+ denoted by a circle, Pénit denoted
by a black dot and P{™° denoted by a box.
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The method then proceeds as follows. Fix the fifth point at Pgnit and say
the curves undershoot. Move the sixth point three points both sides of Pénit
until the curves overshoot. If no overshooting occurs reject this point and

accept

find the position nearby where it is not rejected. Call this point F,
Now find the first two points to the left and right of P} Pt where they are
rejected. Call these points Pt and P_rfjeCt respectively. These points put
a bound around where the true point lies.

Figure 2.26 shows the results of this method applied on the fifth and
sixth turning points. The true position for the fifth point in C' (that which
matches up precisely with the fifth point in C'), is denoted by a box. Pgnitial
is denoted by a black dot and P and Pj_ejeCt are circled. Note that here,
P_rfjeCt would be rejected anyway as it lies outside the three point limit.

Now let the point closest to the true position of fifth point (between
P and P_rfjeCt) be PPe' and let the point closest to the true position
of sixth point be PP®!. For each point between Pt and PfjeCt, find the
two points nearest the initial sixth point where the curves overshoot and
undershoot. Eventually P5beSt will be fixed, so that the two points where
curves overshoot and undershoot will contain PP*'. Hence the best local
matching of the fifth and sixth points can be obtained, see figure 2.27.

Note, one could always just check every combination of three points ei-
ther side of initial points and get the best matching from these, this would
take 72 = 49 possibilities to check. The advantage of utilising overshoot-
ing and undershooting is that this can significantly decrease the number of

possibilities that need to be checked.
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Figure 2.26: Bounds P**" and P_rfjeCt, surrounding true fifth point.
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Figure 2.27: Best local matching of fifth and sixth turning points

Finally all the six resulting points are used to map C onto C, figure 2.28

shows the curves are matched closely.

0.5+ '

—0.5

Figure 2.28: Final matching

Note that assuming the curves match, it may be advantageous to map the
whole curve back using the initial approximations to the six turning points
(by solving a system of 8 equations by least squares) before the overshooting,
undershooting method is applied. Then the areas where the two curves
deviate the most can be found and the turning points closest to these areas

can be located. This will give a good estimate of what turning points have
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the greatest amount of error in them.

Also note that when the best local mapping is being found by varying
two points in C, the other two points in C' and the four points in C re-
main fixed during that whole calculation. The explicit solution to mapping
equations (2.17), shows that the [ijk] terms and the majority of the other
terms remain fixed throughout, so everytime a, ..., 7 are recomputed, only a
few terms need to be calculated. If the 8 by 8 linear system is solved each
time then this makes no use of the fact that six terms are fixed. So using
(2.17) reduces the amount of computation involved.

Finally note that the local matching if required could be applied again
around the curve as the second time the errors in special affine curvature
turning points will have reduced and a better approximation could be ob-
tained. Going around a second time could also avoid the potential problem
of error in two other special affine curvature turning points which are fixed
during the calculation of the interval where overshooting and undershooting

occurs, see comments at the end of this section.

2.3.2 Example 2

Consider the two discretised curves from the second example of section 2.2.3,

shown again in figure 2.29.
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Figure 2.29: Discretised curves

As before, the inflection points are located on each curve. The over-
shooting, undershooting method is now applied to each concavity.

Note that it is possible that error in the first inflection point could affect
the calculation of the correct interval for the second inflection point. That

is the point closest to the true second inflection point may not lie inside



66 CHAPTER 2. INVARIANTS AND CURVE MATCHING

this interval (a similar problem to this occurs in example 1 of this section).
However for this example and example 3 this problem does not occur.

For the following figures, the first curve is denoted by a cross, the sec-
ond curve by a circle. Figures 2.30 and 2.31, show the overshooting and
undershooting for two inflection points in one of the concavities of the left
ventricle. Figure 2.32 shows the best matching of this concavity. Figure

2.33 shows the best matching of the other two concavities.
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Figure 2.30: First inflection point; first curve undershoots and overshoots
second curve
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Figure 2.31: Second inflection point; first curve overshoots and under-
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Figure 2.32: Best matching of first concavity
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3.2

3.2
2.89
2.6

3.1
2.4+

0.5 1 1.5 2 0.3 0.4 0.5 0.6

Figure 2.33: Best matching of second and third concavities

Finally, all the resulting six inflection points are used to map the second
curve into the first curve. This is done by solving the twelve resulting over-

determined equations by least squares. Figure 2.34 shows a close matching.
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Figure 2.34: Mapping second curve into first curve

Note that the closeness of the matching is dependent on the spacing
of the points. Consider the inflection point closest to the bottom right-
hand corner of figure 2.34. The second curve overshoots the first curve
here showing that this current inflection point is slightly out from the true

inflection point. Furthermore, if the point next to this inflection point in
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the second curve is used then the second curve undershoots the first curve
and so using points in this current discretisation will not correct this error.

However, if the point halfway between these two points where the curve
undershoots and overshoots is used, as figure 2.35 shows the matching be-
comes even closer. This is because the true inflection point lies between the

two points above where overshooting and undershooting occurs.
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Figure 2.35: Closer matching
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2.3.3 Example 3

Consider two different curves (not related by a projective transformation)
given by C1 = {(X1(t),U1(t))}, and Cy = {(X2a(t), Ua(t))}, where,

X1(t) = cos(t)

Ui(t) = sin(t) + sin(%t)2 cos(t) + %sin(?t)2

Xo(t) = cos(t)

1 2
Us(t) = sin(t) + sin(?ﬁ)2 cos(t) + 3 sin(2t)?
and a third curve C; = {(X1(¢),U1(t))} which is related to C; by a projec-
tive transformation.

These curves are each discretised using 193 points, random noise is

added, and they are equally spaced, see figure 2.36.

Figure 2.36: Three curves, Cy, C; and C; respectively.

Now all three curves are smoothed and their inflection points are calcu-
lated. Each curve has six inflection points.
The overshooting, undershooting method is applied on C; and C;. Fig-

ures 2.37 and 2.38 show the results for one of the concavities. Figure 2.39
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shows the best matching of this concavity. The same is done on the second
and third concavities and figure 2.40 shows the best matchings of these. The

points of C are denoted by a cross, the points of C; are denoted by a circle.
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Figure 2.37: First inflection point; C; overshoots and undershoots C,
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Figure 2.38: Second inflection point; C; undershoots and overshoots C;
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Figure 2.39: Best matching of first concavity
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Finally, all six corrected inflection points are used to map the whole of

curve C'; onto C;. Figure 2.41 shows a close matching.
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Figure 2.41: Final matching of C'; onto C

Now the same method is applied on C7 and C5. Note that the overshoot-
ing and undershooting still occurs as the curves are only a small perturbation
of one another. Figure 2.42 shows the best matching of the first and second
concavities. The matching of the first concavity is a significantly worse than
was the case with C and C1, c.f. figure 2.39. Interestingly though, as the
second graph in figure 2.42 shows, the best matching of the second concavity
is quite good and is comparable to first graph in figure 2.40. But the best
matching of the third concavity (see figure 2.43) is significantly worse than

second graph of figure 2.40.
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Figure 2.42: Best matching of first and second concavities
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Figure 2.43: Best matching of third concavity

Now using the six corrected inflection points, C5 is mapped onto Cf,

figure 2.44 shows there is a significant difference between the curves.
This result is consistent with the fact that C; and Cy are different.
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Figure 2.44: Final matching
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Comments about overshooting undershooting method

The overshooting undershooting method is a way of correcting the initial
error in the matching. It has been assumed in this method that the errors
in the two points that are fixed during the calculation of interval where
overshooting and undershooting occurs have no effect. In general this may
not be the case though, as was mentioned earlier, if the method is applied
twice this problem may not occur.

Another problem with this method is that, depending on how much error
is needed to be corrected a potentially large number of mappings and local
matchings would be required.

However this method provides some insight into the behaviour of pro-
jective transformations on curves and led to the canonical form method
in chapter 3 which tracks errors to individual parameters of the projective

group and can place points where desired on the curves for use in matching.
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Chapter 3

Canonical form

3.1 Euclidean canonical form

Consider two curves u = u(x) and u = u(Z) related by a projective trans-

formation

ar+bu+c de+eu+ f
9T + hu+1" gr+ hu+i

)s (3.1)

(x,u) — (Z,u) = (

a b ¢
det | d e f |=1
g h 1

Note that by the chain rule, the derivative u, transforms by

dhu + di + euygx + euyt — drhuy, — eug — fg — fhuy
ahu + ai + buggx + bugi — axhu, — bug — cg — chuy,

Locate a point common to both curves. This point could be an inflection
point, bi-tangent point or special affine curvature turning point as these
points are projectively invariant (see chapter 2). A Euclidean transformation

is performed on each curve so that this common point satisfies,
x=2 =0, u(0) =u(0) =0, uz(0) =1uz(0) =0.

Note that this Euclidean transformation is unique since there are three pa-
rameters in the Euclidean group and the above gives three conditions to
solve for these parameters. This form of the curves is called their Eu-
clidean canonical form. Then (3.1) and (3.2) implies that ¢ =0, d =0
and f = 0.

Now e # 0 otherwise it is not a projective transformation, so after di-

viding through every constant by e (this has no effect on the projective

7
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transformation) the two curves are related by

ax + bu U
gr +hu+1 g+ hu+i

). (3.3)

(#,u) — (

and therefore

INERST

:af—i—b,
u

Thus the ¥ turning points and inflection points are preserved and can be

detected in a way which is independent of parametrisation.

3.2 Discussion of the following sections

In the following section (3.3), a method is given which utilises a & turning
point between two bi-tangents to generate other invariant points which are
used to match the curves. Several examples of concave curves with rea-
sonably large concavities are given with random noise added to show the
robustness of the use of the Euclidean canonical form. Adaptive spacing is
used for accuracy of calculating the bi-tangents and for minimizing the num-
ber of points needed in representing the curves for speed of the algorithm.

This method is then adapted to handle convex curves (which have no &
turning points) utilising an ¥ inflection point. A number of examples show
the robustness of the use of the Euclidean canonical form.

This is followed by a geometrical interpretation of all the parameters in

the projective group (section 3.4).

The method for concave curves in section 3.3 works well for large concav-
ities but in practice a different method will be used (based on the adapted
method for convex curves) which can be applied to all curves. This global
method (described in section 3.5 using the left-ventricle) can place points
used for matching where desired on the curves and enables a way of cor-
recting error in the initial matching. A theoretical formulation of this error
correction is given at the end of section 3.5. (An implementation of the error

correction is given in chapter 4).
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3.3 Utilising the Euclidean canonical form

Suppose two concave curves u = u(zr) and u = u(z) are related by a
projective transformation. Suppose an inflection point, bi-tangent or special
affine curvature turning point has been identified and that the curves are
given in their Euclidean canonical form.

If the canonical point of u is a bi-tangent point then the other bi-tangent
point will have v = 0. Similarly for u. Let the other bi-tangent point be
P, = (x1,0). Assume that for = in a neighbourhood of the two bi-tangents P;
and the canonical point (0,0), u(x) > 0 and 1 > 0 (the case 1 < 0 proceeds
similarly). The Taylor series of u(x) for  in a neighbourhood of zero is given
by u(z) = Az? + O(2?), where A > 0 and the Taylor series of u(z) for z in
a neighbourhood of 1 is given by u(z) = Ay (x — 21)? + O((z — x1)3) where
A1 > 0. Thus as ¢ — 0T, ﬁ — oo and as * — x| ﬁ — 00. Therefore,
between x = 0 and x = x1, there must be at least one minima of ﬁ This
corresponds to zu, —u = 0. Let (z1p,urp) be this point. Note that these

points are invariant under rotation, since xru, — u transforms by

i Ty — U
cos(0) + ug sin(f)

8
<
IS
|
Il

There is a geometric interpretation of the 7 turning points. The line
from the canonical point to the ¥ turning point is tangent to the curve

there, see figure 3.1.

< turning point

bi-tangents

Figure 3.1: Geometric interpretation of the & turning point.

Note that there is a proposed object recognition procedure in Rothwell
et al., 1995 [7] which uses these bi-tangent points to generate what they call

bi-tangent contact points. The £ turning point corresponds precisely to a
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bi-tangent contact point. This method reproduces these points in a more

general setting.

Now translate the curve £ = Z(¢) (for arbitrary parametrisation t) by

an amount pr:ﬁ—g so that the turning point occurs at x = 0. This is

equivalent to doing the transformation,
(x,u) — (x — brpu, u) (3.4)

Do the same for Thus the resulting curves (using same notation) will

NI

satisfy

INERS]]

x
= a—
u

Thus v = u(x) and @ = u(Z) will be related by the following transformation

ax u
gr +hu+i gr+hu+i

(2 4) — ( ) (3.5)
Points where x = 0 are invariant under this transformation. One of these
points is the ¥ turning point (0, uyp) with the corresponding point (0, %rp)
on the curve u = u(z). Let another such point where z = 0 be (0, uz), with
the corresponding point (0, @2) in the curve @ = u(Z). Geometrically (0, us)
comes from the point (z2,u2) which is the intersection of the tangent line

through (2rp,urp) and the curve u = u(z), see figure 3.2.

anUQ)

TP uTF)

Figure 3.2: Graph showing the points (zqp,urp) and (x2,uz2), which corre-
spond to the points (0, urp) and (0, usz) on the curve translated by (3.4).
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Using the transformation,

(2,u) — (5 ~ )
T.U) —
’ Hu+1I Hu+1
where
. UgUrp — UQUTp __ UrplU2 (ﬂTP - ﬂ2)
H=—= I=——
U2UTp (UTP - UZ) UTpU2 (UTP - UZ)

map (0, urp) and (0,us) onto (0, urp) and (0,us). Then the new (x,u) and
(z,u) are still related by (3.5) but the following equations hold,
Urp - U2

— =1u = Uuy.
httrp + 1 B hto + 1 2

So that htipp + 7 = 1 = hus + i where trp # Us thus h =0 and ¢ = 1. That

is the curves are now related by,

ax u
gr+1 gr+1

) (3.6)

(@, u) — (

Finally, map the other bi-tangent of u(x), call this (z¢,0), onto the

corresponding bi-tangent (Zg,0) of @(Zz) using the transformation,
(z,u) — (Az,u)

where
A=T0
o
Then the new (x,u) and Z,u) are still related by (3.6) but now
ax
9To +1

= Xo which implies a = gZg+ 1.

The curves are now related by

(970 + 1)z w
gr+1 ‘gr+1

). (3.7)

(@, u) — (
This transformation forms a group action since

g-(h-(z,u)) =(g-h)-(z,u)
where,

g-h=g(hzy+1)+h,
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The identity is g;q = 0 and the inverse of g is

glt=--7
gTo+1

Thus (3.7) forms a one parameter subgroup action of the projective group

action. Using the method of regularization (see section 1.1.2) the equation
(g0 + 1)z 0
gr+1

U
gxr+1

is solved for g and substituted into which gives the curvature,

U

(3.8)

K==
T — To
Thus the curves are related by a projective transformation if and only

if k is the same for both objects (in this final canonical form). Note that
by using one invariant point in each curve from (3.8), the two curves can
be mapped on top of each other using (3.7). In the examples below, locate
approximately the point (Zup,un,) half way (in Euclidean arclength) be-
tween the turning point (rp,urp) and the canonical point (xg,ug) in the
Euclidean canonical form of the first curve by using the distances between
the points. Then using x above find the point in other curve which corre-
sponds to this point. This is the invariant point that will be used. Note
that if the nearest turning point of K to (Zup, Uy ) is identified in the first
curve this can be used to ensure that the corresponding point (Zyup, Unp) in

the second curve is found uniquely.
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Consider the two digital photographs of the canine left ventricle of chap-

ter 2, section 2.2. These are shown again in figures 3.3 and 3.4 below.

Figure 3.3: First camera angle

Figure 3.4: Second camera angle
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Figure 3.5 shows their discretised curves again.
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Figure 3.5: Discretised curves

Now 193 points are equally spaced around each curve and the bi-tangents
are found for each concavity by first finding the two points in the discreti-
sation that have the closest to the same tangent line, then finding the two
points nearby such that the line between these points does not intersect the
discretised curve.

There are six bi-tangents in each curve so there are six possible combina-
tions of joint-invariants involving consecutive points. The points are initially
ordered by (x1,u1),..., (26, ug) in the first curve and (Z1,a1), ..., (Zs, Up)
in the second curve. The following table shows the six joint-invariants in
each curve plus the corresponding combination of five points. For example
[12345] refers to the joint-invariants involving the consecutive points (x;, u;),
i=1,...,5 in second curve). Note that the initial ordering of the points in

the second curve does not match up with the ordering in the first curve.

Table of joint-invariants

Combination [J1, o] Combination [J1, J2]
[12345] [0.6697, 2.2363] [12345] [0.5481,5.2737]
[23456] [0.7726, 1.6429] [23456] [0.8840, 1.2288]
[34561] [0.5861,1.8797] [34561] [0.5382,2.4289]
[45612] [0.5940, 4.9599] [45612] [0.6391, 2.4401]
[56123] [0.8796, 1.2152] [56123] [0.7714, 1.6743]
[61234] [0.5219, 2.6780] [61234] [0.6280, 1.7371]

Given a pair of bi-tangents (z1, u1), (22, u2) in the first curve these can be
matched with the corresponding bi-tangents in the second curve by finding

the pair of joint-invariants (Ji,.J2) which are the closest to (Ji,.J3) for the
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combinations [56123] and [61234]. The table of joint-invariants above shows
that [56123] and [61234] match with [23456] and [34561].

The following table shows the correct order for points in the second
curve. Note that even though only crude approximations are used for the

bi-tangents the joint-invariants match quite closely.

Table of joint-invariants

Combination [J1, J2] Combination [jl, jg]
[12345] [0.6697,2.2363] [45612] [0.6391, 2.4401]
[23456] [0.7726,1.6429] [56123] [0.7714,1.6743]
[34561] [0.5861,1.8797] [61234] [0.6280,1.7371]
[45612] [0.5940, 4.9599] [12345] [0.5481,5.2737]
[56123] [0.8796,1.2152] [23456] [0.8840, 1.2288]
[61234] [0.5219, 2.6780] [34561] [0.5382, 2.4289]

The point used for the Fuclidean canonical form is the bi-tangent as-
sociated with the concavity which has the largest perpendicular distance
between the line joining the two bi-tangents and the curve. This point is
found in the second curve using joint-invariants. It corresponds to the point
(z9,u2). The reason for using this point is so that the point arising from
the intersection of the tangent line from the canonical point to (rp,urp)
(see figure 3.2) is as far as possible away from the other bi-tangent in the
concavity.

A least squares cubic fit through nine points around each bi-tangent is
used for a better approximation and the curves are mapped to their Eu-
clidean canonical form, see figure 3.6. Figures 3.7-3.11 show the matching
of the curves at each step of the above method. Then all the transforma-
tions are reversed so that both curves are mapped to the original scale of
the second curve. Figure 3.11 shows that this final matching of the curves

is close.
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Figure 3.6: Euclidean canonical form.
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Figure 3.7: Curves related by (x,u) — (
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4 2 2 b b

Figure 3.8: Curves related by (x,u) — (ggﬂil, ﬁ)
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Figure 3.9: Curves related by (z,u) — ((giiﬂ)m, 1)
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Figure 3.10: Applying the transformation (x,u) — ((gjiﬁ)x, sor1) (after

using (3.8) to identify an invariant point in each curve) to match the curves.

Figure 3.11: Mapping curves back to the original scale of the second curve.
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Now the above method is applied on three curves C; = {(X1(t),U1(t))},
Cy ={(X1(t),U1(t))} and Cy = {(X2(t),Ua(t))}, where,

X1(t) = cos(t)

Uy (t) = sin(t) + sin(%t)2 cos(t) + %sin(?t)2

Xo(t) = cos(t)

1 2
Us(t) = sin(t) + sin(ﬁt)2 cos(t) + 3 sin(2t)?
and C is related to Cy by a projective transformation.

Initially about 550 points are equally spaced on each curve, and random
noise is added. An adaptive spacing is chosen for the curves by plotting
more points where the curve has high curvature, and less points where the
curve has low curvature.

First the curves are smoothed and then for each curve, start at an ar-
bitary point Py on that curve. Consider the two preceeding points P_1, P_o
and the vectors v_; from P_; to Py and v_y from P_5 to Fp.

P,1 V-1

Py

Figure 3.12: Two vectors v_1 and v_o.

V—1+v-_2

Let v,y = 5—, the find the next point P; on curve such that the
angle between the vectors vy (from Py to P;) and v,y is larger than one and
a half degrees (this number is essentially arbitrary). Plot this point and
continue around the whole curve. Then put this resultant adaptive spacing
on the smoothed curves back onto the original non-smoothed curves using
the corresponding points.

Now locate two points in the smoothed curve of C; which when joined
by a straight line, do not intersect the curve in a neighbourhood of each
point. Identify the corresponding points in the non-smoothed curve. These
will be approximations to the bi-tangents. Using joint-invariants, find the

bi-tangents in C'; and Cy which best match up with those bi-tangents in C4.

This spacing plots too many points around the bi-tangent points. This

problem is avoided by the following strategy. Consider one of the bi-tangent
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points Py, a preceeding point P_; and the point P; after Py. Compute the
angle 0y between the vectors v_; and vg. If this angle is greater than five
degrees, then plot the point P;. If not then choose the point P_5 preceeding
P_1, and the point P, after P;. Compute the angle 6; between the vectors
v_g (from P_g to Py) and 0y (from Py to P). If this angle is greater than
five degrees, then plot this point P, see figure 3.13. If not then continue this

process until a point is found where the angle is greater than five degrees.

Figure 3.13: Graphs showing the angle 6y between v_1 and vy and the angle
01 between v_o and vg.

Note that this method is also used to avoid points in the adaptive spac-
ing suddenly accelerating apart when moving from high curvature to low
curvature.

Do this until say five points are plotted and then repeat for five points
on the otherside of bi-tangent. The least squares cubic through these 11
points is then computed. This is then repeated for the other bi-tangent.

Now consider the two curves C; and C;. Map them both to their Eu-

clidean canonical form. The result is shown in figure 3.14.

2.4-
221 T
1.8
1.6
1.4
1.2 ,. =
L R g
s e J
0.6

_ 0.4
¥ 0.2

18 44 4 Zos 0702040608 1121416

Figure 3.14: Euclidean canonical form of the curves C; and C;

The £ and £ turning points between the corresponding bi-tangents are
" z g g g

computed and the curves are mapped using (3.4) so they are related by
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(3.5). The points where each curve passes the u axis are calculated. Note,
to get the best approximation to these points, the points in the original
discretisation (~ 550 points) are used. The same procedure as the previous
example is then applied and both curves are mapped back to the original
scale of the second curve. Figure 3.15 shows this final mapping and shows
there is error in the turning point. Perturbing the turning point in the
second curve (along curve) fixes this error and figure 3.16 shows a close

matching.

I8 A4 7 66 021707640608 11.21.41.6

Figure 3.15: Matching curves, with error in turning point.
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Figure 3.16: Matching curves, after correcting the error in turning point.

Notice that to the right of the canonical point, the second curve slightly

overshoots the first curve. This shows there is a slight error in the canonical
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point of second curve relative to the first curve. Translating the second curve
to the left along x axis fixes this error and gives an even closer matching as

shown in figure 3.17.
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Figure 3.17: Matching curves, after translating second curve slightly to the
left along z axis.

The same method is then performed on the curves C7 and Cs. Figure
3.18 shows the two curves in their Euclidean canonical form and figure 3.19
shows the final matching of the curves. As the figure shows, there is a
significant difference between the two curves which is consistent with the

fact that C7 and Cy are not related by a projective transformation.
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