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Chapter 2

Mathematical Introduction

Mathematics has for centuries been used to model, describe and predict the be-

haviour of the physical universe and is present in every area of modern physics. By

comparison, the use of mathematics in biology has lagged behind and is only now

becoming a widely recognised tool for improving our understanding of biological

behaviour. The discrepancy is probably due to the higher level of complexity, and

the greater degree of inherent randomness, of biological systems when compared to

their physical counterparts. Which is more complex and more difficult to describe

mathematically: a microphone or an ear, a mechanical pump or a heart, a computer

or a human brain? However, in the last few decades, mathematical modelling of

biological phenomena, with the aim of formulating mathematical descriptions ca-

pable of making accurate predictions, has gathered pace and is, at present, a very

active and exciting area of research. Classic examples of successful mathematical

descriptions of biological systems include: the Turing theory of pattern formation

by diffusion-driven instabilities; the Hodgkin–Huxley and Fitzhugh–Nagumo models

of neural firing; the Field–Noyes model of the Belousov–Zhabotinskii reaction. For

a review of these and other key achievements of mathematical biology, see Murray

[107] and Jones and Sleeman [68].

Within the broadening sphere of mathematical biology, there has been increasing

activity, over the last thirty years, in the mathematical modelling of various problems

related to tumour growth. The most widely studied aspects are chemotaxis, solid

tumour growth and angiogenesis. We begin, in section 2.1, with the mathematical

theory of enzymatic reactions, which are involved in angiogenesis and proteolysis.
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Section 2.2 contains a brief look at commonly used population growth laws. Models

of chemotaxis, which have many applications in mathematical biology and are by

no means exclusively relevant to tumour growth, typically consider the evolution of

the density of a population of cells and of a substrate, to which the cells respond

chemotactically. These models will be examined in section 2.3. Solid tumour growth

models, which will be looked at in section 2.4, attempt to describe the evolution of

the growing mass of cells, with respect to important metabolites, such as oxygen,

glucose and waste products. Models of angiogenesis, the subject of section 2.5,

usually focus on the behaviour of endothelial cells (EC) in response to TAFs. Finally,

another important area of mathematical modelling is that of tumour invasion and

metastasis and this will be dealt with in section 2.6. A range of scenarios has been

modelled, including local invasion of host tissue and growth of metastatic tumours.

2.1 Enzyme Kinetics

One of the most important classes of biochemical reaction involves proteins called

enzymes, which act as biological catalysts. The substance an enzyme acts upon

is called its substrate and the hallmark of a catalytic reaction is that the catalyst

emerges unchanged and only the substrate is consumed. The proteolytic degra-

dation of the basement membrane and the ECM that occurs during angiogenesis

is a classic example of enzymatic catalysis. Furthermore, the binding of ligand to

cell receptors is sometimes viewed in the same way as an enzymatic reaction: the

ligand is internalised and stimulates the production of a new substance, while the

receptors are recycled back to the cell surface. In this section, we present the basic

enzymatic reaction and derive a mathematical description of its kinetics using the

Michaelis–Menten hypothesis; more details can be found in [107] and [141].

2.1.1 Notation and the Law of Mass Action

If one molecule of substance X combines with one of substance Y to form one

molecule of substance Z, at rate k, we write:

X + Y
k−→Z.

The concentration of substance X is denoted by [X], and so on.
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The law of mass action states that the rate of a reaction is proportional to the

product of the concentrations of the reactants [107]. This is written mathematically

as:
d [X]

dT
=
d [Y ]

dT
= −d [Z]

dT
= −k [X] [Y ] ,

where T represents time.

2.1.2 The Basic Enzymatic Reaction

The most fundamental enzymatic reaction involves the action of a single enzyme,

E, on a substrate S. These react reversibly to form an intermediate complex, SE,

which subsequently decomposes into the original enzyme, E, and new product, P

[107]:

S + E
k1




k−1

SE,

SE
k2−→P + E, (2.1)

where the ki ≥ 0 are reaction rate constants.

Let [Er] be the total enzyme concentration (free enzyme, E, plus enzyme forming

the intermediate complex, SE). In addition to the changes in the concentrations of

the individual species resulting from the above reaction, [Er] may change with time

due to, for example, an external supply or decay. Applying the law of mass action

gives the following set of ODEs:

d [E]

dT
= −k1 [S] [E] + (k−1 + k2) [SE] +

d [Er]

dT
, (2.2)

d [S]

dT
= −k1 [S] [E] + k−1 [SE] , (2.3)

d [SE]

dT
= k1 [S] [E] − (k−1 + k2) [SE] , (2.4)

d [P ]

dT
= k2 [SE] . (2.5)

If the initial concentrations of the complex, [SE], and product, [P ], are zero then

(2.2)–(2.5) admit the following conservation laws:

[E] + [SE] = [Er] ,

[S] + [SE] + [P ] = [S] (0) ,

where [Er] (0) = [E] (0). If there is no external supply then d[Er]
dT

= 0 and the total

enzyme, [E] + [SE], is constant.
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Applying these to eliminate E and P and non-dimensionalising by writing

u =
[S]
s0
, v =

[SE]
e0
, er =

[Er ]
e0
, t = k1e0T,

gives the following pair of coupled ODEs:

du

dt
= −u (t) er (t) + (u (t) +K − λ) v (t) , (2.6)

ε
dv

dt
= u (t) er (t) − (u (t) +K) v (t) , (2.7)

where

e0 = [E] (0) , s0 = [S] (0) > 0, ε = e0

s0
, K = k−1+k2

k1s0
, λ = k2

k1s0
.

The initial conditions are

u (0) = 1, v (0) = 0. (2.8)

This is a non-linear system, which cannot be solved analytically. However, an

asymptotic solution can be obtained via a perturbation analysis.

2.1.3 Michaelis–Menten Theory

The most remarkable feature of enzymatic catalysis is its efficiency: only a very

small concentration of enzyme is needed in comparison to that of the substrate.

The Michaelis–Menten approach exploits this disparity between the enzyme and

substrate concentrations to obtain an accurate asymptotic description of the reaction

kinetics.

The fact that the initial concentration of enzyme is small in comparison to that of

the substrate may be written mathematically as ε = e0

s0
� 1. Taking a perturbation

analysis approach, we therefore seek a solution of (2.6), (2.7) as a power series in

the small parameter, ε:

u (t; ε) =
∑

∞

n=0 ε
nun (t), v (t; ε) =

∑

∞

n=0 ε
nvn (t). (2.9)

Imposing the ODEs, (2.6), (2.7) and equating O
(

ε0
)

terms:

du0

dt
= −u0 (t) er (t) + (u0 (t) +K − λ) v0 (t) , (2.10)

0 = u0 (t) er (t) − (u0 (t) +K) v0 (t) , (2.11)
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with initial conditions

u0 (0) = 1, v0 (0) = 0.

Clearly, the algebraic equation (2.11) cannot satisfy the initial conditions (note that

er (0) = 1). This is because ε multiplies the highest-order derivative in (2.7), which

means that it is a singular perturbation problem. The solution of (2.10), (2.11):

u0 (t) − u0 (0) +K ln
u0 (t)

u0 (0)
= −λ

∫ t

0
er (τ) dτ, (2.12)

v0 (t) =
u0 (t) er (t)

u0 (t) +K
, (2.13)

will necessarily be incorrect at t = 0, no matter how many terms of the series (2.9)

are included, and must therefore be interpreted as the O
(

ε0
)

outer solution, valid

only for t� ε.

It is possible to obtain a closed form solution for u0 (t) in terms of the omega function

[141], W (x), which satisfies the transcendental equation:

W (x) eW (x) = x.

It follows from (2.12) that

u0 (t) = KW

(

u0 (0)

K
exp

(

u0 (0) − λ
∫ t

0 er (τ) dτ

K

))

. (2.14)

The inconsistency between the outer solution and the initial conditions arises be-

cause the term εdv
dt

is neglected at O
(

ε0
)

. Implicit in this is the assumption that dv
dt

is O (1). However, there may be very rapid changes near t = 0 (called a boundary

layer), so it is necessary to use a more appropriate time scale. We therefore make

the transformation,

s = t
ε
, U (s) = u (t) , V (s) = v (t) ,

so the governing ODEs, (2.6), (2.7) become

dU

ds
= −εU (s) er (εs) + ε (U (s) +K − λ)V (s) , (2.15)

dV

ds
= U (s) er (εs) − (U (s) +K)V (s) , (2.16)

with the same initial conditions (2.8).
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We may now seek an inner solution, valid for t = O (ε):

U (s; ε) =
∑

∞

n=0 ε
nUn (s), V (s; ε) =

∑

∞

n=0 ε
nVn (s).

Imposing the ODEs, (2.15), (2.16) and equating O
(

ε0
)

terms this time gives

dU0

ds
= 0, (2.17)

dV0

ds
= U0 (s) er (εs) − (U0 (s) +K)V0 (s) , (2.18)

with initial conditions

U0 (0) = 1, V0 (0) = 0.

Solving gives the O
(

ε0
)

inner solution, valid for s = O (1), i.e. t = O (ε):

U0 (s) = 1, (2.19)

V0 (s) = e−(1+K)s

∫ s

0
er (ετ) e(1+K)τdτ. (2.20)

In order to obtain a single solution valid for all t ≥ 0, it is necessary to match

the inner and outer solutions. The leading order solutions may be matched by

demanding that, as ε→ 0,

u0 (sε) = U0

(

t
ε

)

, v0 (sε) = V0

(

t
ε

)

.

Matching the solutions for u, (2.14) and (2.19), in this way gives

1 = u0 (0)

and hence the composite solution, valid for all t ≥ 0, is

u0 (t) = KW

(

1

K
exp

(

1 − λ
∫ t

0 er (τ) dτ

K

))

. (2.21)

If er (t) ≡ 1 (i.e. there is no change in the total concentration of enzyme), then the

solutions for v, (2.13) and (2.20), also match and the composite solution, valid for

all t ≥ 0 is

v0 (t) =
u0 (t)

u0 (t) +K
− exp

(

− (1 +K) t
ε

)

1 +K
. (2.22)

If there is an external supply, (2.21) is still uniformly valid, but we only have the

outer solution for v (2.13), valid for t� ε.
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It is possible to calculate terms in higher powers of ε, but for most biological ap-

plications ε = e0

s0
� 1 and the O

(

ε0
)

terms give a good approximation, which is

asymptotically correct as ε→ 0.

It is often the reaction rate that is required and this may be obtained by differenti-

ating (2.21). Returning to the dimensional variables, we therefore have

d [S]

dT
= −k2 [Er] [S]

Km + [S]
, (2.23)

d [P ]

dT
=

k2 [Er] [S]

Km + [S]
, (2.24)

where Km = k−1+k2

k1
. The reaction rate is linear in [Er], but, for large values of [S],

tends to the limiting value of k2 [Er]. Equations (2.23) and (2.24) are very useful

when modelling enzymatic reactions of the form (2.1).

2.2 Population Growth Laws

Several laws have been proposed to describe the growth of a population of individuals

with time. Letting n (t) represent the size of the population at time t and n0 ≡ n (0),

three of the most commonly used laws are (for constants a,C > 0):

• Exponential (Malthusian) growth.

dn
dt

= an, n (t) = n0e
at. (2.25)

• Logistic (Verhulstian) growth.

dn
dt

= an
(

1 − n
C

)

, n (t) = n0Ceat

C+n0(eat
−1) . (2.26)

• Logarithmically retarded (Gompertzian) growth.

dn
dt

= −an ln n
C
, n (t) = C

(

n0

C

)exp (−at)
. (2.27)

Exponential growth represents unchecked growth of a population. There is only

one steady state, n (t) = 0, and this is unstable; for any positive initial condition,

n0 > 0, the population grows without bound and n→ ∞ as t→ ∞. It is rare for a

population to have no constraints, such as predators or food supply, on its size, so
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whilst (2.25) may provide a reasonable description of population size in the early

stages, it is unrealistic for large t [107].

Logistic growth combines the first-order birth term of exponential growth with a

second-order death term. Again n (t) = 0 is an unstable steady state, but this time

there is a second steady state, n (t) = C, which is stable. For small n, the death

rate is small and the behaviour is similar to exponential growth, but as n grows

the death rate also grows and, for any positive initial condition, n0 > 0, n → C as

t→ ∞. C is called the carrying capacity and is usually determined by the resources

available to the population [107].

Logarithmically retarded growth is similar to logistic growth in that it has two

steady states, n (t) = 0 and n (t) = C, which are respectively unstable and stable.

For any positive initial condition, n0 > 0, n→ C as t→ ∞.

Although the laws (2.25)–(2.27) are expressed in terms of the total size of the popu-

lation, they may equally be applied to cell densities in a spatially dependent manner.

Furthermore, whilst the solution of the ODEs (2.25)–(2.27) is trivial, the inclusion

of spatially dependent terms of this form in PDEs makes solution non-trivial. The

classic example is the Fisher equation, which describes a population undergoing

diffusion and logistic growth [107]:

∂p

∂t
= Dp

∂2p

∂x2
+ ap

(

1 − p

C

)

. (2.28)

The Cauchy problem for this equation possesses travelling wave solutions, with a

minimum wave speed given by

c = 2
√

aDp.

2.3 Chemotaxis

Many cells and bacteria are dependent on the ability to direct their movement in

response to an external stimulus. Chemotaxis, directed movement in response to

the concentration gradient of some chemical (see section 1.3.2), is one of the most

important mechanisms by which this is achieved. In this section, we first present a

mathematical description of chemotaxis, which forms the basis of most models, and

then go on to describe some of the models and their main results.
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2.3.1 Mathematical Description of Chemotaxis

The models of chemotaxis presented in this section are all at the continuum level.

That is, they deal with macroscopic quantities such as cell density and chemical

concentration.

Classical Fickian diffusion states that the diffusive flux, Jdiff , of a substance, u, is

proportional to the concentration gradient of that substance and that the direction

of the flux is down the concentration gradient [107]. In one spatial dimension, this

may be written

Jdiff = −Du
∂u

∂x
, (2.29)

where Du > 0 is the diffusion coefficient.

Equation (2.29) may be thought of as describing the average behaviour of a large

number of cells. The Brownian motion of a single particle or cell is governed by

instantaneous differences in pressure caused by collisions with other particles. As

such, the movement of any one particle is a highly random process and its path will

be erratic, but the average behaviour of a large number of particles is described,

with arbitrary accuracy, by (2.29).

In addition to this random, diffusive flux, we would like to consider a chemotactic

flux, Jchem, governed by the concentration gradient of a different substance, w.

This time, the direction of flux is usually up the gradient, which means that the

population migrates towards areas where the concentration of chemoattractant (or

substrate) is high:

Jchem = χ (w) u
∂w

∂x
. (2.30)

The function χ (w) is the chemotactic sensitivity of the population, u, at a given

concentration of chemoattractant, w. Various choices are possible for this function.

For example, three choices were suggested in [12] (for constants χ0, k, n ≥ 0):

• A constant law.

χ (w) = χ0. (2.31)

• A logarithmic law.

χ (w) =
χ0

w
. (2.32)
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• A receptor–kinetic law.

χ (w) =
χ0k

(k + w)n . (2.33)

Under the constant law, often referred to as classical chemotaxis, the cells always

respond to a given gradient of the chemoattractant in the same way, regardless

of its concentration. The logarithmic and receptor–kinetic laws take account of

the fact that, as described in section 1.3.2, cell receptors can become saturated at

high concentrations, resulting in reduced sensitivity to the concentration gradient.

Unlike the logarithmic law, the receptor–kinetic law has the advantage that χ (w)

is non-singular as w → 0.

Keller and Segel [72] were the first to explicitly derive a functional form, such as

(2.30), for the chemotactic flux of a population. They considered the case where the

organisms take steps of constant length, h, and the effective length of the organisms

(the distance between receptors) is αh. Denoting the frequency of steps in a given

direction by f (w), the frequency of steps to the left/right will be

f

(

w

(

x± αh

2
, t

))

.

The total flux of cells at (x, t) is therefore

J (x, t) =

∫ x

x−h

f

(

w

(

s+
αh

2
, t

))

u (s, t) ds

−
∫ x+h

x

f

(

w

(

s− αh

2
, t

))

u (s, t) ds.

Assuming α = O (1) (which is biologically reasonable — the size of steps taken

by the organisms will be of the same order of magnitude as their length), Taylor

expansions yield:

J (x, t) = h
((

f +
(α

2
− 1
)

hf ′wx

)

(u− hux)

−
(

f − αhf ′wx

2

)

u

)

+O
(

h3
)

= h2
(

−fux + (α− 1) f ′uwx

)

+O
(

h3
)

, (2.34)

all evaluated at (x, t).

On neglecting the O
(

h3
)

terms, the first term is identified with the diffusive flux

(2.29) and the second term with the chemotactic flux (2.30) on writing

Du (w) = h2f (w) , χ (w) = h2 (α− 1) f ′ (w) .
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As the authors acknowledged, the constraint that χ (w) ∝ D′

u (w) is a significant

limitation of this approach. In particular, it does not allow a chemotactic term to

be retained when making the natural choice, Du = constant. Furthermore, there

is no chemotaxis if the length of the steps is equal to the length of the organisms

(α = 1).

If, however, we normalise the step frequencies so that the frequency of steps to the

left/right is given by

2λf
(

w
(

x± αh
2 , t
))

f
(

w
(

x+ αh
2 , t
))

+ f
(

w
(

x− αh
2 , t
)) , (2.35)

where λ > 0 is a constant, then the total flux of cells is

J (x, t) = 2λ

∫ x

x−h

f
(

w
(

s+ αh
2 , t
))

f
(

w
(

s+ αh
2 , t
))

+ f
(

w
(

s− αh
2 , t
))u (s, t) ds

−2λ

∫ x+h

x

f
(

w
(

s− αh
2 , t
))

f
(

w
(

s+ αh
2 , t
))

+ f
(

w
(

s− αh
2 , t
))u (s, t) ds.

The form of (2.35) is analogous to the transition probabilities used in [117] to derive

the reinforced random walk equations. A detailed account of this will be given in

chapter 3; here, we simply note that (2.35) implies that the total frequency of steps

to the left and to the right is independent of x and t. Again, Taylor expansions

yield

J (x, t) = λh

((

1 +
(α

2
− 1
) hf ′wx

f

)(

1 +
hf ′wx

f

)

(u− hux)

−
(

1 − αhf ′wx

f

)

u

)

+O
(

h3
)

= λh2

(

−ux + α
f ′

f
uwx

)

+O
(

h3
)

. (2.36)

This identifies more naturally with (2.29) and (2.30) by writing

Du = λh2, χ (w) = λαh2 f ′(w)
f(w) .

Note that if f ′ (w) > 0 (i.e. the frequency is greater towards higher values of w),

then χ (w) > 0 and, as one would expect, the chemotactic flux is directed up the

concentration gradient of w. Conversely if f ′ (w) < 0, the flux is directed down the

gradient of w. Note also that the chemotactic flux is proportional to the effective

length, αh, of the organisms, so the greater the distance between the receptors, the
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more efficient the organisms will be in detecting and responding to a concentration

gradient.

Mass balance requires that the rate of change of mass in a given region, [x0, x0 + h],

must equal the net rate of mass entering that region, plus the rate of production of

mass within the region:

∂

∂t

∫ x0+h

x0

u (x, t) dx = J (x0, t) − J (x0 + h, t) +

∫ x0+h

x0

r (x, t) dx,

where r (x, t) is the rate of production of u at (x, t).

Dividing through by h and taking the limit as h → 0, we obtain the conservation

equation
∂u

∂t
= −∂J

∂x
+ r (x, t) . (2.37)

In the case where r (x, t) ≡ 0 and there is only diffusive flux (2.29), equation (2.37)

is the heat equation:
∂u

∂t
= Du

∂2u

∂x2
. (2.38)

If a chemotactic flux (2.30) is also included, we have the diffusion–chemotaxis equa-

tion:
∂u

∂t
= Du

∂2u

∂x2
− ∂

∂x

(

χ (w) u
∂w

∂x

)

. (2.39)

It is straightforward to generalise this approach to higher spatial dimensions, in

which case equation (2.39) takes the form

∂u

∂t
= Du∇2u−∇. (χ (w) u∇w) . (2.40)

Most models of chemotaxis consider either (2.39) or (2.40) (depending on the number

of spatial dimensions), coupled with a PDE for the substrate, w. This typically

consists of Fickian diffusion, as outlined above, and a reaction term, rw (x, t), for

production or decay of substrate. The reaction term is more usually written in

terms of the local population density and the substrate concentration:

rw (x, t) = Rw (u (x, t) , w (x, t)) ≡ Rw (u,w) .

Applying the conservation equation (2.37) gives the following reaction–diffusion

equation (which, again, is straightforward to generalise to higher dimensions):

∂w

∂t
= Dw

∂2w

∂x2
+Rw (u,w) . (2.41)
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2.3.2 Models of Chemotactic Behaviour

In a second paper, Keller and Segel [73] studied a one-dimensional model of chemo-

tactic bacteria of the form (2.39), (2.41). The following choices of functional forms

were made:

χ (w) = χ0

w
, Rw (u,w) = −ku,

for some constants, χ0, k ≥ 0.

This is a logarithmic law (2.32) for the chemotactic sensitivity. The choice for Rw

represents uptake of substrate by the bacteria at constant rate, k.

Neglecting diffusion of the attractant (i.e. setting Dw = 0), the authors proceeded

to find travelling wave solutions to this system. Seeking solutions, u (x, t) = U (ξ),

w (x, t) = W (ξ) in terms of the travelling coordinate, ξ = x− ct, the PDEs (2.39),

(2.41) become:

−cU ′ = DuU
′′ − χ0

(

UW ′

W

)

′

, (2.42)

−cW ′ = −kU. (2.43)

The bacteria density and flux are assumed to approach zero, and the substrate

concentration to approach some value, w∞, a long way ahead of the travelling wave:

limξ→∞U (ξ) = limξ→∞U ′ (ξ) = 0, limξ→∞W (ξ) = w∞.

Equations (2.42), (2.43) may now be integrated to obtain the solution

U (ξ) = AW
χ0

Du exp

(

− cξ

Du

)

, (2.44)

W (ξ) =

(

Ak

c2
(χ0 −Du) e−

cξ

Du + w
1−

χ0

Du
∞

)

−
Du

χ0−Du

, (2.45)

where A is an arbitrary constant.

Figure 2.1 shows typical solutions for the population, U , and the substrate, W .

The solution thus predicts a sharp band of bacteria migrating at constant speed, a

prediction in agreement with experimental observations.

For the solutions to remain finite as ξ → −∞, the condition χ0 > Du must hold

and in this case,

lim
ξ→−∞

W (ξ) = 0.
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(a) (b)

Figure 2.1: Graphs of the travelling wave solutions of the chemotaxis model of [73]

with Du = k = w∞ = U0 = A = 1, χ0 = 4: (a) the bacteria population. (b) the

substrate.

It then follows from integrating equation (2.43) that the wave speed is:

c =
kU0

w∞

,

where U0 =
∫

∞

−∞
U (ξ) dξ is the total size of the bacteria population.

Rascle and Ziti [132] studied a similar system, but, instead of looking for travelling

wave solutions, sought radially symmetric solutions in N spatial dimensions. As in

[73], a logarithmic law (2.32) was used for the chemotactic sensitivity, but a slightly

more general form for the substrate reaction term was taken:

χ (w) = χ0

w
, Rw (u,w) = −kuwm,

where χ0, k > 0 and 0 ≤ m < 1 are constants. As in [73], the simplification Dw = 0

was made.

Thus, the system under investigation was

∂u

∂t
= Du∇2u− χ0∇.

(

u
∇w
w

)

, (2.46)

∂w

∂t
= −kuwm. (2.47)

Self-similar solutions were sought, in terms of a similarity variable, ξ:

u (x1, · · · , xN , t) = (−t)a U (ξ) ,

w (x1, · · · , xN , t) = (−t)bW (ξ) ,
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t=-1.0

t=-0.5

t=-0.25

(a) (b)

Figure 2.2: Graphs of the similarity solutions of the chemotaxis model of [132] with

N = 1, Du = 0, χ0 = 5, m = 0.5, k = A = 1: (a) the bacteria population. (b) the

substrate.

where

ξ =
|x|2
t

=
1

t

N
∑

i=1

x2
i . (2.48)

On making the choices

a = −N
2 , (m− 1) b+ a+ 1 = 0,

the PDE (2.46) may be integrated once to give

U = 4χ0
UW ′

W
− 4DuU

′, (2.49)

bW − ξW ′ = kUWm. (2.50)

In the non-diffusive case, Du = 0, these may be easily solved, for strictly positive

values of U , to obtain

U (ξ) =
A1−m

k

(

b− ξ

4χ0

)

exp

(

1 −m

4χ0
ξ

)

, (2.51)

W (ξ) = A exp

(

ξ

4χ0

)

, (2.52)

where A > 0 is an arbitrary constant.

Figure 2.2 shows typical solutions for the population, u (x, t), and the substrate,

w (x, t). The bacteria migrate up the substrate gradient towards the origin. The

solutions have a singularity at x = 0, t = 0: u → ∞ as t → 0 and we say that the
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solution blows up at t = 0. This is not an uncommon feature for models of this kind.

However, in this case, the singular behaviour appears to be a direct consequence of

the choice of similarity variable (2.48), so it is questionable whether the prediction

of blowup has any biological significance here.

Levine and Sleeman [88] also studied a system of the form (2.39), (2.41) and made

the choices

χ (w) = −χ0

w
, Rw (u,w) = λuw − µw,

where χ0 and λ, µ > 0 are constants. If χ0 < 0, the cells will migrate up concen-

tration gradients of the substrate, w, and vice versa if χ0 > 0. The reaction term

for the substrate, Rw, represents production by the cells (as opposed to uptake, as

considered in [73, 132]) and exponential decay. Once again, substrate diffusion was

ignored by taking Dw = 0.

Unlike [73, 132], the problem was studied on a finite spatial domain, Ω = [0, L], with

no-flux boundary conditions imposed on ∂Ω. By rescaling arguments, the authors

set, without loss of generality,

Du = 1, L = π, µ = 0, λ = 1.

The system considered was therefore

∂u

∂t
=

∂2u

∂x2
+ χ0

∂

∂x

(

u
1

w

∂w

∂x

)

, on Ω × [0, T ] , (2.53)

∂w

∂t
= uw, on Ω × [0, T ] , (2.54)

χ0
1

w

∂w

∂x
+

1

u

∂u

∂x
= 0, on ∂Ω × [0, T ] .

The authors used the substitution,

ψ (x, t) = lnw (x, t),

to write the second-order system (2.53), (2.54) as a single third-order PDE for ψ:

ψtt − χ0 (ψxψt)x = ψxxt, on Ω × [0, T ] , (2.55)

χ0ψxψt + ψxt = 0, on ∂Ω × [0, T ] .

The cases χ0 = ±1 were considered and one of the main results may be summarised

as follows. When χ0 = −1 (the attractive case), there exists a solution, derived by
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(a) (b)

Figure 2.3: Graphs of the solutions of the chemotaxis model of [88] with N = 4,

ε = 0.5: (a) the blowup case (χ0 = −1). (b) the collapse case (χ0 = 1).

a separation of variables approach, which blows up in finite time:

u (x, t) = 1 − 2NcεeNct εeNct − cos (Nx)

1 − 2εeNct cos (Nx) + ε2e2Nct
, (2.56)

where

c =
2

N +
√
N2 + 4

> 0,

and |ε| < 1 and N > 0 are arbitrary. The blowup point is given by

t =
− ln |ε|
Nc

.

When χ0 = 1 (the repulsive case), there exists a solution which collapses (i.e. decays

to a spatially uniform value):

u (x, t) = 1 + 2NcεeNct εeNct + cos (Nx)

1 + 2εeNct cos (Nx) + ε2e2Nct
, (2.57)

where

c = − 2

N ±
√
N2 − 4

.

Figure 2.3 illustrates a typical blowup solution and collapse solution for the popu-

lation u (x, t).
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2.4 Solid Tumour Growth

The principal aim of mathematical modelling of solid tumour growth is to obtain a

description of the growth of a tumour in terms of such factors as external nutrient

supply and tumour cell proliferation and death rates. The simplest possible model

is the exponential growth law (2.25). This may provide a reasonable approximate

description of tumour growth during the very early stages, when diffusive transport

of nutrients is sufficient to maintain all the tumour cells in a proliferative state.

However, tumours do not continue to grow exponentially: once the tumour begins

to outstrip its nutrient supply, cell quiescence, and later necrosis, will occur and

(2.25) ceases to be valid. A successful model must predict a slowing of the growth

rate as the tumour becomes large.

The Gompertzian growth law (2.27) provides a better description of tumour growth

and is widely used as a basic phenomenological description. However, this model

does not take account of factors such as tumour cell quiescence and necrosis, or

nutrient supply and consumption. More complicated mathematical models have

therefore been developed in an attempt to describe tumour growth more accurately.

The most common formulation is a free-boundary problem (the moving boundary

represents the edge of the tumour) and many of the models assume radial sym-

metry, reducing the problem to one spatial dimension. Here, attention is focussed

on two models of avascular growth: the model of Jones and Sleeman [68], which

was developed from the pioneering work of [53] and is concerned principally with

the avascular phase; the model of Byrne and Chaplain [23], which also includes the

vascular phase and the effects of a growth inhibitor.

In [68], the tumour is treated as a spherical (i.e. radially symmetric) colony, divided

into three layers: a necrotic core of dead material; a quiescent layer of cells that

are not actively proliferating; an outer layer of proliferating cells. The quantities

modelled are the internal pressure, p (r, t), and the concentration of vital nutrient,

σ (r, t), where r is the radial distance from the centre of the tumour. The boundary

between the necrotic and quiescent layers, RN (t), and the outer boundary of the

whole tumour, R (t), are treated as free boundaries. Experimental evidence sug-

gests that the thickness of the proliferating rim, h, is determined by the nutrient

concentration on the tumour boundary:

h = ν
√
σ − σ1.
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Cells are assumed to become necrotic when the nutrient concentration drops below

a critical level, σ2. The nutrient level at the necrotic boundary is therefore, by

definition,

σ (RN , t) = σ2.

Additionally, the nutrient concentration is assumed to be constant a large distance

from the tumour:

lim
r→∞

σ = σ∞ > σ1 > σ2,

where σ∞ > σ1 > σ2 > 0 are constants.

Tumour cell proliferation and death are modelled as follows. Proliferation is confined

to the outer layer. Cell death due to apoptosis (programmed cell death) takes place

in both the quiescent and the proliferating layers; necrosis is confined to the inner

core. The processes of proliferation, apoptosis and necrosis are assumed to take

place at constant rates, β, S1, S2 ≥ 0 respectively. The rate of nutrient uptake

is assumed to be proportional to the proliferation rate. Hence the total rate of

proliferation and of nutrient uptake in the outer rim are given respectively by

λ
√
σ − σ1, µ

√
σ − σ1, (2.58)

where λ = βν and µ > 0 are constants. The proliferating rim is relatively thin

(h � 1), so these terms are treated as boundary conditions on the moving tumour

boundary.

The net cell growth rate in the interior of the tumour, S (r, t), consists of necrosis

in the central core and apoptosis elsewhere:

S (r, t) = −S1H (r −RN ) − S2H (RN − r) .

The nutrient is assumed to be in a diffusive equilibrium, so we have the following

PDEs:

∇2p ≡ 1

r2
∂

∂r

(

r2
∂p

∂r

)

= S, r ≤ R (t) , (2.59)

∇2σ ≡ 1

r2
∂

∂r

(

r2
∂σ

∂r

)

= 0. (2.60)

On the tumour boundary, the pressure must be balanced by the surface tension,

which is proportional to the curvature of the boundary. In a spherical tumour, this
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is equal to R−1. This, together with conservation of mass arguments applied to the

proliferation and nutrient uptake (2.58) in the thin outer layer, gives the following

set of boundary conditions on the moving tumour boundary, r = R (t):

p =
α

R
, (2.61)

dR

dt
= −∂p

∂r
+ λ

√
σ − σ1, (2.62)

∂σ

∂r
= µ

√
σ − σ1. (2.63)

(2.59) and (2.60) may now be integrated to give explicit expressions for p (r, t) and

σ (r, t) in both the necrotic core and the outer layers.

Conditions (2.62), (2.63) give the following ODE for the tumour radius:

dR

dt
= −S1

R

3
+ (S1 − S2)

R3
N

3R2
+
λ

µ
(σ∞ − σ2)

RN

R2
, (2.64)

where

RN =
−µ2R3 + µR2

√

µ2R2 + 4 (σ∞ − σ1)

2 (σ∞ − σ2)
.

The problem reduces to the original model of [53] on taking S1 = S2 and σ1 = σ2

(i.e. ignoring necrosis). In this case, (2.64) can be written

dR

dt
= −S1R

3
+

2λ (σ∞ − σ1)

µR+
√

µ2R2 + 4 (σ∞ − σ1)
. (2.65)

This simplified model evolves to the steady state radius, given by

Rs = 3λ

√

σ∞ − σ1

S1 (S1 + 3λµ)
.

A numerical solution of the full model (2.64) is shown in Figure 2.4. As in the

reduced model (2.65), the tumour initially grows rapidly, but eventually reaches a

steady state, in which volume increase by cell proliferation is balanced by volume

loss due to cell death. This is in agreement with clinical observations of avascular

tumour growth; the tumour must obtain a blood supply, via angiogenesis, before it

can grow any further.

The modelling assumptions taken in [23] are slightly different. Firstly, the nutrient

is not assumed to be in a diffusive equilibrium, but is allowed to be explicitly time-

dependent. A source of nutrient within the tumour is included, allowing for the
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Figure 2.4: Graph of the solution of the solid tumour growth model of [68] with

S1 = 60, S2 = 100, σ∞ = 1, σ1 = 0.7, σ2 = 0.5, λ = 1 and µ = 10. The quiescent

radius, RQ (t) is given by R (t) − ν
√

σ (R, t) − σ1.

vascular case, in which the tumour has established its own blood supply; uptake

of nutrient is assumed to take place throughout the tumour, not just in the outer

rim. Secondly, a growth inhibitor, β, is introduced, which acts as an additional sink

for the nutrient, thus reducing the amount available to the tumour cells. Thirdly,

the nutrient and inhibitor concentrations on the tumour boundary are prescribed

constants. Finally, the proliferation rate, S (σ, β), is a continuous function of the

local concentrations of both the nutrient and the inhibitor.

Attention is focussed on non-necrotic tumours, but the net proliferation rate can

become negative if the local nutrient concentration drops below a threshold value.

This differs from the proliferation term used in [68], where the death rate is a heav-

iside step function of the nutrient, whilst proliferation is confined to the outer rim,

the thickness of which is determined by the nutrient level on the tumour boundary.

The proliferation rate is chosen to increase linearly with nutrient concentration, and

to decrease linearly with inhibitor concentration:

S (σ, β) = s (σ − σc)

(

1 − β

βc

)

,

where σc, βc > 0 are constants and β < βc throughout the tumour.

In common with [68], radial symmetry is assumed. The model equations thus consist

of a pair of reaction–diffusion equations for the nutrient and inhibitor species and
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an integro–differential equation for the radius of the tumour, R (t):

∂σ

∂t
=

Dσ

r2
∂

∂r

(

r2
∂σ

∂r

)

+ Γ (σB − σ) − λσ − γ1β, (2.66)

∂β

∂t
=

Dβ

r2
∂

∂r

(

r2
∂β

∂r

)

− γ2β, (2.67)

dR

dt
=

1

R2

∫ R

0
S (σ, β) r2dr

=
s

R2

∫ R

0
(σ − σc)

(

1 − β

βc

)

r2dr, (2.68)

where Γ, λ, σB , γ1, γ2 ≥ 0 are constants.

The nutrient source term, Γ (σB − σ), is proportional to the difference between the

local nutrient concentration and the constant concentration in the bloodstream, σB.

Γ = 0 represents the avascular case, in which no nutrient is supplied to the tumour

internally and the only mechanism for nutrient supply is diffusion across the tumour

boundary. The −λσ and −γ1β terms represent uptake of the nutrient by the tumour

cells and the inhibitor respectively, whilst the −γ2β term represents natural decay

of the inhibitor.

The initial and boundary conditions are

∂σ
∂r

(0, t) = 0, σ (R, t) = σR, σ (r, 0) = σ0 (r) ,
∂β
∂r

(0, t) = 0, β (R, t) = βR, β (r, 0) = β0 (r) .
(2.69)

The system (2.66)–(2.69) was solved numerically. Typical solutions in the inhibitor-

free case (β0 = βR = 0) may be seen in Figure 2.5. As in [68], the tumour evolves to

a steady state radius, Rs. The nutrient concentration also approaches a steady state

(the assumption made in [68] was that the nutrient was already in such a steady

state).

When inhibitor is introduced, the steady state radius is reduced, showing that the

inhibitor can decrease the size of the dormant tumour. Furthermore, the more

potent the inhibitory effect (i.e. the larger γ1 and the smaller βc), the smaller the

steady state radius. If the inhibitory effect is sufficiently strong, there exists a second

steady state radius of zero: large tumours will still grow to the non-trivial steady

state, but if the tumour is sufficiently small at the time the inhibitor is introduced,

it will evolve to the zero steady state and effectively disappear.

The authors performed some analysis to determine the steady states of the model.

In the inhibitor-free case, setting ∂
∂t

= 0 in (2.66) and (2.68) leads to the following
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(a) (b)

Figure 2.5: Graphs of the solutions of the solid tumour growth model of [23] in the

inhibitor-free case with σc = 0.6, σB=1.2, σ0 = σR = Γ = λ = 1: (a) the tumour

radius against time. (b) the nutrient concentration against r.

equation for the steady state radius:

tanh η =
η

1 + Λη2
, (2.70)

where

Λ =
(

σc − ΓσB

Γ+λ

)(

3
(

σR − ΓσB

Γ+λ

))

−1
, η =

√
Γ + λRs.

Hence, there is always a trivial steady state, η = 0, corresponding to a tumour of

radius zero. A non-trivial steady state, η = ηs > 0, exists if and only if

0 < Λ <
1

3
.

This condition is equivalent to

0 < ΓσB

Γ+λ
< σc < σR or 0 < σR < σc <

ΓσB

Γ+λ
.

If the non-trivial steady state radius exists, then it is unique. The stability of the

steady state(s) was investigated by exploiting the existence of two different natural

time scales: the tumour doubling time scale (which is measured in days) and the

nutrient diffusion time scale (which is measured in minutes). Setting T = t and

τ = t
ε
, where ε � 1 is the ratio of the two time scales, and performing a rescaling,

the governing equations (2.66) and (2.68) in the inhibitor-free, avascular (Γ = 0)

case become

ε
∂σ

∂T
+
∂σ

∂τ
=

1

r2
∂

∂r

(

r2
∂σ

∂r

)

− λσ, (2.71)



52

∂R

∂T
+

1

ε

∂R

∂τ
=

s

R2

∫ R

0
(σ − σc) r

2dr. (2.72)

The authors used the method of multiple scales, treating T and τ as independent

variables and seeking solutions as an asymptotic expansion in the small parameter,

ε:

σ (r, T, τ) =
∑

∞

m=0 ε
mσm (r, T, τ), R (T, τ) =

∑

∞

m=0 ε
mRm (T, τ). (2.73)

Equation (2.71) may be solved for the leading order solution, σ0 (r, T, τ), by sepa-

ration of variables. Equation (2.72) implies that the leading order solution for R is

independent of τ . Therefore, demanding that (2.73) is a uniform expansion, valid

for t ≤ O
(

ε−1
)

, the equation for R1 (T, τ) in (2.72) gives the following expression

for η =
√
λR0 (T ):

1

sσR

dη

dt
=

1

tanh η
− 1

η
− Λη.

Note that, on setting d
dt

= 0, this reduces to equation (2.70) for the steady state

radius. Power series expansions about the critical points give

1

sσR

dη

dt
=

(

1

3
− Λ

)

η +O
(

η2
)

,

1

sσR

dη

dt
=

(

1 − 3Λ − Λ2η2
s

)

(η − ηs) +O
(

(η − ηs)
2
)

.

It can be shown that 1− 3Λ−Λ2η2
s < 0 for 0 < Λ < 1

3 . Hence, to leading order in ε,

the non-trivial steady state, if it exists (0 < Λ < 1
3), is stable and the trivial steady

state is unstable. Otherwise, the trivial steady state is stable.

2.5 Angiogenesis

Before the pioneering hypothesis of Folkman [45] that sustained tumour growth is

dependent on the growth of new blood vessels, research into angiogenesis was almost

non-existent and angiogenesis as a biological process was very poorly understood.

Despite Folkman’s heroic efforts, the attention received by angiogenesis was slow

to increase. Only with the development of suitable experimental techniques [11,

108, 148], the discovery of angiogenic activators [147] and inhibitors [43] and the

realisation that angiogenesis represents a potential therapeutic target in the fight
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against cancer did interest in the subject increase significantly. These advances also

allowed mathematical models of angiogenesis to be constructed on a sound biological

footing. It is an understatement to say that our knowledge of angiogenesis has

improved dramatically over the last thirty years. This improvement has brought

about mathematical models that reflect the biological processes more faithfully.

Nevertheless, there remains much about angiogenesis that is still not understood and

continued inter-disciplinary research is needed to further elucidate the intricacies of

this complex process and to develop feasible anti-angiogenic therapies.

Mathematical models of angiogenesis may be divided broadly into two categories:

continuum models at the cell density level and discrete models at the individual

cell level. Models of the continuum type are usually derived from mass conserva-

tion equations and chemical kinetics. This results in a system of PDEs, modelling

macroscopic quantities, such as cell or capillary density and chemical concentrations.

Quantities such as these are only meaningful when describing the average behaviour

of a large number of individuals. This raises the question of whether a continuum

description is really valid for angiogenesis, a process controlled by the behaviour

of individual cells. One disadvantage of the continuum modelling approach is its

inability to capture microscopic features of the emerging capillary network, such as

vessel density and the frequency of branching and looping.

In contrast to the continuum approach, discrete models often contain a stochastic

element and model at the level of the individual cell. They attempt to capture

microscopic properties of the system by modelling the movements of each cell.

2.5.1 Continuous Models

We will focus, for the most part, on three different continuous models, namely

Balding and McElwain [12], Anderson and Chaplain [4] and Levine et al. [87]. This

will illustrate many of the considerations involved in formulating a mathematical

model of tumour angiogenesis.

Balding and McElwain [12] developed one of the earliest mathematical models of

angiogenesis, modelling capillary density and sprout tip density in response to a dif-

fusible tumour angiogenesis factor (TAF). The model was considered in one spatial

dimension, with a tumour situated at x = 0 and a capillary at x = L. The main

assumptions were as follows.
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1. Capillary density, p (x, t), can increase only by the movement of the tips, so

the rate of change of capillary density is proportional to the flux of tips.

2. The flux of the tips is governed only by classical chemotaxis (as in equation

(2.30), with χ (w) = χ0 constant) in response to TAF. The random diffusive

flux (2.29) is neglected.

3. There is a constant death rate of capillaries, γ ≥ 0.

4. The rate of tip creation is proportional to TAF concentration, c (x, t).

5. The rate of tip annihilation due to tip-to-branch anastomosis is proportional

to the product of tip density, n (x, t), and capillary density, p (x, t).

6. TAF is governed by the heat equation (with diffusion coefficient, Dc > 0),

with a constant concentration, c0, of TAF at the tumour (x = 0). Uptake of

TAF by the capillary tips is neglected.

7. Initially, tip density is zero everywhere and capillary density is zero every-

where, except at the parent vessel (x = L), where it is p0 > 0. Capillary

density remains p0 at x = L thereafter, while capillary density and tip density

are zero a long way from the parent vessel.

Using these assumptions, the following pair of PDEs was derived:

∂p

∂t
= −Jn − γp, (2.74)

∂n

∂t
= −∂Jn

∂x
+ αcp − βnp, (2.75)

where α, β ≥ 0 are constants.

The TAF concentration is given by the solution to the heat equation:

c (x, t) = c0erfc

(

x

2
√
Dct

)

,

where erfc is the complementary error function.

The flux of the tips is given by

Jn = χ0n
∂c

∂x
= − χ0c0√

πDct
n exp

(

− x2

4Dct

)

. (2.76)
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The boundary and initial conditions are

n (x, 0) = 0, p (x, 0) =

{

p0 x = L

0 x < L

}

,

limx→−∞ p (x, t) = 0, p (L, t) = p0,

limx→−∞ n (x, t) = 0.

(2.77)

The system (2.74)–(2.77) was solved numerically. The solutions exhibit wave-like

behaviour, with a wave-front of tips advancing from the parent vessel towards the

tumour. There is a maximum tip density at the leading edge of the advancing

wave. It has been assumed that vessel growth occurs only at the capillary tips, so

tip density may be thought of as a measure of angiogenic activity. The solution

is therefore in agreement with experimental observations that angiogenic activity,

such as EC proliferation and capillary branching, is greatest at the sprout tips and

decreases as one moves back towards the parent vessel.

If the TAF is removed at time t = t0, so that c (x, t0) ≡ 0, the system (2.74), (2.75)

may be easily solved to predict uniform decay of the capillary density to zero. This

may be interpreted as regression of the newly formed capillaries, a phenomenon

that has been observed experimentally in the cornea following the removal of the

angiogenic stimulus [10].

The sprout tips eventually connect with the tumour at x = 0: the model thus

predicts that vascularisation will take place. The assumptions cease to be valid at

this point because direct interactions between the newly formed capillaries and the

tumour, which have not been accounted for, become important.

The model of angiogenesis described above is, as with many others, notionally based

on the in vitro experimental technique of implantation of tumour cells into the

cornea. This experiment has been studied extensively [11, 108] and allows direct

comparison between empirical data and theoretical predictions. For example, the

time taken for the capillary sprouts to reach the tumour (the vascularisation time)

is a commonly used quantity. In [12], the authors used a typical vascularisation

time of 14 days to estimate the value of the TAF diffusion coefficient, Dc.

More recent continuum models of angiogenesis have mainly used EC density (as

opposed to capillary and tip density), together with concentration of TAF, as the

principal dependent variables. Nevertheless, the approach taken and the assump-

tions made are not greatly dissimilar to those of [12]. One of the earliest models
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to be based on EC density was constructed by Chaplain and Stuart [33]. As with

much of the subsequent work in the field, the EC dynamics are driven by the fun-

damental angiogenic components of EC migration up TAF concentration gradients

and proliferation in response to TAF. The TAF produced by the tumour diffuses

throughout the tissue and is consumed by EC via a Michaelis–Menten law.

Byrne and Chaplain [24] extended the model of [12], retaining the random flux

of EC and uptake of TAF. The authors attempted to capture the increased vessel

density (or brush-border effect), sometimes observed at the leading edge of the

neovasculature, by adding a second, more rapid, proliferation term, which only

becomes active when TAF concentration is above a certain threshold value.

In the second model to be examined in detail in this section, Anderson and Chap-

lain [4] formulated both a discrete (see section 2.5.2) and a continuum model of

angiogenesis. In addition to TAF, fibronectin, one of the main components of

the ECM, was included. The model was considered in two spatial dimensions,

on (x, y) ∈ [0, L] × [0, L], with a tumour situated at (x, y) =
(

L, L
2

)

and a capillary

at x = 0.

EC movement consists of a random diffusive flux, a chemotactic flux and a hapto-

tactic flux. Instead of the classical chemotaxis used in [12], a receptor–kinetic law

(2.33) (with n = 1) was used:

χ (c) =
χ0

1 + αc
, (2.78)

where α ≥ 0 is a constant. This reflects the fact that, as the concentration of TAF

increases, the EC lose the ability to efficiently detect the concentration gradient, so

the chemotactic sensitivity decreases. Note that classical chemotaxis is recovered in

the limit α→ 0.

The haptotactic flux is entirely analogous to the chemotactic flux of equation (2.30):

Jhapt = ρ (f)n∇f,

where f (x, y, t) is the fibronectin concentration and ρ (f) is the haptotactic sen-

sitivity. In line with several experimental reports [21, 98], the flux is assumed to

be directed up fibronectin gradients (so EC exhibit preference for areas of higher

fibronectin concentration). Because of the paucity of empirical evidence regarding

its precise functional form, the haptotactic sensitivity was taken to be constant,

ρ (f) = ρ0 ≥ 0 (classical haptotaxis).
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The haptotactic flux simply appears as an extra term in (2.40), so the total EC flux

is given by:

Jp = −Dp∇p+
χ0

1 + αc
n∇c+ ρ0n∇f,

where p (x, y, t) is the EC density. EC proliferation is ignored, replicating the ex-

perimental setup of [148], in which irradiated EC were used.

TAF diffusion is neglected, but its uptake by EC is accounted for. Diffusion of

fibronectin (which is a large macromolecule and therefore diffuses very slowly) is

also ignored, but secretion and uptake of fibronectin by EC is included. The model

thus consists of three differential equations:

∂p

∂t
= Dp∇2p− χ0∇.

(

1

1 + αc
n∇c

)

− ρ0∇. (n∇f) , (2.79)

∂c

∂t
= −λnc, (2.80)

∂f

∂t
= ωn− µnf. (2.81)

Although TAF diffusion is neglected in (2.80), the initial condition for TAF is

an approximation to a diffusive steady state, with a source of TAF located at

(x, y) =
(

L, L
2

)

. This establishes a chemotactic gradient of TAF concentration in

the tissue to which the EC may respond. The higher TAF concentrations are found

near the tumour, so the chemotactic flux will be towards the tumour. In line with

observations that plasma fibronectin can leak from vessels that have become hyper-

permeable in response to TAF [36, 118, 136], the initial fibronectin concentration

is assumed to be high near the parent vessel (x = 0) and to decrease as one moves

away from it. Since it has been assumed that haptotaxis is directed up fibronectin

gradients, the haptotactic flux will be towards the parent vessel. Chemotaxis and

haptotaxis are therefore opposing forces for EC movement. The eventual outcome

will depend on the relative strengths of these two effects: if chemotaxis is stronger,

the EC will display a net preference for movement towards the tumour; if haptotaxis

is stronger, however, net EC movement will be towards the parent vessel. Figure

2.6 shows the initial conditions for the TAF, the fibronectin and the EC (which

are assumed to initiate in three clusters along the parent vessel, representing three

capillary sprouts).

The system (2.79)–(2.81), subject to the initial conditions described above and no-

flux boundary conditions, was solved numerically. In the absence of haptotaxis (ρ0 =

0), the three EC clusters migrate across the ECM towards the tumour, under the
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(a) (b)

Figure 2.6: The initial conditions used in the continuous angiogenesis model of [4]:

(a) EC density. (b) TAF (higher near the tumour at x = 1) and fibronectin (higher

near the parent vessel at x = 0) concentration.

influence of chemotaxis. Due to the choice of chemotactic sensitivity function (2.78),

the rate of EC migration decreases as they encounter the higher TAF concentrations

near to the tumour. If α is sufficiently large, this desensitisation effect will cause

EC migration to stop almost completely. The EC are thus prevented from reaching

the tumour, until such time as the TAF concentration has decayed to a level that

allows the EC to once again detect the TAF gradient.

Including haptotaxis slows EC migration by introducing a bias towards the parent

vessel, competing with the chemotactic bias towards the tumour. Furthermore,

the EC clusters, in addition to migrating across the ECM towards the tumour,

move towards one another and eventually merge to form a single band of migrating

EC. Thus haptotaxis, together with the fibronectin uptake and production terms in

(2.81), may be one mechanism for anastomosis, a key event allowing blood flow in

the neovasculature to begin.

The third continuum model of angiogenesis to be examined in this section is [87],

which includes several important aspects, often neglected in previous models. Firstly,

the initial stage of angiogenesis, in which the EC must abandon their normally qui-

escent state and move out of the parent capillary, is explicitly dealt with. Secondly,

proteolysis (by EC-secreted enzymes), which has been shown to be a prerequisite

for successful angiogenesis [122], is included. Finally, the anti-angiogenic potential

of angiostatin is investigated.



59

The model consists of two coupled systems: a one-dimensional system, representing

the parent vessel, and a two-dimensional system, representing the ECM, which

separates the parent vessel from the tumour. In the parent vessel, the EC respond to

a VEGF stimulus by producing protease, which degrades the basement membrane,

allowing the EC to extravasate and move into the ECM. Once in the ECM, the cells

can migrate towards the tumour, continuing to secrete protease and thus degrading

the ECM. The protease is viewed as a chemoattractant, whilst haptotaxis is assumed

to have the effect of attracting the EC to areas where the density of the ECM is

low. The reasoning behind this latter assumption is that EC cannot migrate through

intact connective tissue: some degradation must take place to create a channel along

which the cells can move. Haptotaxis thus acts to draw EC into areas of proteolytic

degradation, where they may move more freely.

The initial EC density is taken to be constant, p0, in the parent vessel and zero in

the ECM. As in [4], fibronectin concentration is viewed as a measure of the density

of the ECM. Fibronectin concentration in the parent vessel is viewed as a measure

of the thickness of the basement membrane. VEGF is produced by the tumour

and diffuses through the ECM and into the parent vessel. It then stimulates the

EC to express protease, which degrades fibronectin. Michaelis–Menten terms (see

section 2.1) are used for the binding of VEGF to EC receptors, stimulating protease

expression, and for the enzymatic degradation of fibronectin.

When the fibronectin concentration in the parent vessel falls below a certain thresh-

old level, f0, the basement membrane has been sufficiently degraded to allow EC to

escape into the ECM. The EC may now form sprouts from the parent vessel and mi-

grate across the ECM towards the tumour. EC proliferation in the ECM is assumed

to consist of a logistic growth term (2.26) and a protease-dependent term, so the

amount of protease produced by the EC in turn affects the proliferation response.

A death term is also included, representing apoptosis, or programmed cell death.

Angiostatin is assumed to function by deactivating the protease produced by the

EC [153].

Denoting by the lower-case variables, v, c, f and a respectively the concentrations of

VEGF, protease, fibronectin and angiostatin in the parent vessel, these assumptions

lead (neglecting diffusion) to the following set of differential equations in one spatial

dimension:

∂v

∂t
= − λ1δevp

1 + ν1v
+ vr (x, t) , (2.82)
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∂c

∂t
=

λ1δevp

1 + ν1v
− µc, (2.83)

∂f

∂t
=

4

Tf

f

(

1 − f

f0

)

p

p0
− λ3caf

1 + ν3f
, (2.84)

∂a

∂t
= ar (x, t) − a

Trel

, (2.85)

where vr (x, t) and ar (x, t) are source terms for VEGF and angiostatin respectively

and λ1, λ3, δe, ν1, ν3, µ, f0, Tf , Trel ≥ 0 are constants.

Note that only active protease, ca, takes part in the degradation of fibronectin:

ca =
c

1 + νea+ ν3f
, (2.86)

where νe ≥ 0 is a constant.

In the ECM, diffusion of VEGF and fibronectin are included, leading to the following

set of equations (using upper-case variables):

∂V

∂t
= DV ∇2V − λ1δeV P

1 + ν1V
, (2.87)

∂C

∂t
=

λ1δeV P

1 + ν1V
− µC, (2.88)

∂F

∂t
= DF∇2F +

4

TF

F

(

1 − F

f0

)

− λ3CAF

1 + ν3F
, (2.89)

∂A

∂t
= DA∇2A+ ar (x, t)

(

1 − F

f0

)

− A

Trel

, (2.90)

CA =
C

1 + νeA+ ν3F
, (2.91)

where DV ,DF ,DA, TF ≥ 0 are constants.

The PDE for EC density in the parent vessel is written as follows:

∂p

∂t
= Dp

∂

∂x

(

p
∂

∂x

(

ln
p

τ

)

)

. (2.92)

The motivation for writing the PDE in this form will become clear after we have

seen the theory of reinforced random walks (chapter 3). Here, we simply note that

(2.92) may be identified with the more familiar diffusion–chemotaxis equation (2.39)

by writing:

τ (w) = exp

(

1

D

∫

χ (w) dw

)

.

The choices made for the chemotactic and haptotactic sensitivities are:

χ (ca) = γ1
α2 − α1

(ca + α1) (ca + α2)
,
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ρ (f) = γ2
β2 − β1

(f + β1) (f + β2)
,

where 0 < α1 � 1 < α2, 0 < β2 � 1 < β1 and γ1, γ2 > 0 are constants.

This a modification of the receptor–kinetic law used in [4] so that τ and its deriva-

tives are bounded as ca, f → 0 and ca, f → ∞. Note that χ (ca) > 0, so the

chemotactic flux is directed up gradients of protease concentration, whilst ρ (f) < 0,

so the haptotactic flux is directed down gradients of fibronectin concentration. In

both cases, the magnitude of the sensitivity is a decreasing function of its argument,

so cells lose the ability to detect gradients when the concentration of the control

substance is high.

In the ECM, (2.92) is combined with proliferation and death terms, leading to the

following PDE:

∂P

∂t
= DP∇.

(

P∇
(

ln
P

T

))

+P

[(

θ (p0 − P ) +G (CA)
∂CA

∂t

)

H (CA − C0) − µ1

]

, (2.93)

where Dp, p0, θ, C0, µ1 ≥ 0 are constants.

The first term inside the square brackets represents EC proliferation; the second

represents natural death by apoptosis. The heaviside step function, H (CA − C0),

serves as a switch: there is no proliferation while the active protease concentration

is below the threshold level, C0; once it has risen above this level, proliferation

can begin. The θP (p0 − P ) term represents background logistic growth, whilst the

G (CA) term represents a protease-dependent contribution to cell proliferation.

The ECM and parent vessel are coupled by appropriate transmission conditions and

the system is closed by appropriate initial and boundary conditions. The system

(2.82)–(2.93) was solved numerically. Figures 2.7 and 2.8 show the evolution of the

EC density in the ECM, in the case where there is no angiostatin, and in the case

where angiostatin is introduced after a fixed period of time respectively. The EC

create a single hole in the basement membrane of the parent vessel (at x = 0.5),

through which they move into the ECM and form a single capillary sprout. In

the absence of angiostatin, the EC migrate towards the tumour and eventually

reach it. In agreement with empirical data [109, 148], and with other theoretical

results [24, 33], the EC density is greatest at the leading edge of the emergent

neovasculature. Following the introduction of angiostatin, the EC density decays to
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Figure 2.7: Graph of the solution of the angiogenesis model of [87], showing evolution

of the EC density, in the case where there is no angiostatin. The tumour is at y = 1

and the parent vessel is at y = 0.

a low level, indicating regression of the newly formed capillary. This implies that,

if it can be efficiently supplied to the system, angiostatin is, under the assumptions

made (namely that angiostatin inhibits the action of proteolytic enzyme, thus also

inhibiting EC proliferation), capable of preventing angiogenesis.

There are many other continuum models of tumour angiogenesis, each making dif-

ferent assumptions and focussing on different aspects of the process. For example,

Orme and Chaplain [114] constructed a one-dimensional model of behaviour within

a nascent capillary sprout. The density of the ECM and of matrix adhesive sites,

which the EC use for migration, were included as model variables. The results ex-

hibited localised aggregation of EC within the sprout, an occurrence interpreted as

a precursor for secondary capillary branching off the primary capillary sprout. The

number of such branch points increased with the length of the primary sprout.

In a subsequent paper [116], the model was extended to two spatial dimensions. Four

potential anti-angiogenesis strategies were examined: increasing the EC death rate;

preventing EC proliferation; inhibiting chemotaxis; inhibiting haptotaxis. All of

these were shown to be capable of disrupting angiogenesis, with different degrees of
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Figure 2.8: Graph of the solution of the angiogenesis model of [87], showing evolution

of the EC density, in the case where angiostatin is introduced at T = 4.45 h. The

tumour is at y = 1 and the parent vessel is at y = 0.

effectiveness. It is unlikely that such simple strategies are therapeutically achievable.

Nevertheless, this approach may be extended to include more realistic strategies;

critically comparing different strategies may provide useful clues as to the most

efficient ways of preventing angiogenesis.

It is frequently observed that, following surgical removal of a vascularised primary

tumour, there is rapid growth of previously dormant metastases [32]. It has been

suggested [113] that this may be due to short-range activation by the primary tu-

mour, capable of locally inducing an angiogenic response, but long-range inhibition

(via the circulation) keeping the angiogenic switch ‘off’ at secondary sites (see sec-

tion 1.5.6). A one-dimensional model of this phenomenon was considered in [5], by

including a source of angiostatin (an angiogenic inhibitor) from the parent vessel,

and a source of TAF from the secondary tumour. The concentration of angiostatin

in the circulation was assumed to be proportional to the size of the primary tumour

and it was hypothesised that angiostatin is a chemoattractant for EC. It was shown

that, with no inhibition, vascularisation of the secondary tumour was successful;

with a large primary tumour (high inhibition) vascularisation was prevented; with a

medium primary tumour (intermediate inhibition) ‘weak’ vascularisation occurred,
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with only a few EC sprouts reaching the secondary tumour.

Levine et al. [89] considered the one-dimensional portion of [87] (the parent ves-

sel) and examined the roles played by macrophages and pericytes. Both of these

cell species were allowed to move along the parent vessel and it was assumed that

macrophages migrate up concentration gradients of a chemotactic factor produced

by the tumour, whilst pericytes migrate haptotactically up gradients of fibronectin.

In addition, the macrophages produce an angiogenic growth factor in response to

the tumour-derived chemotactic agent. The macrophages thus contribute to the an-

giogenic stimulus received by the EC, which respond by forming a single cluster in

the parent vessel. As in [87], fibronectin was degraded in the area of the EC cluster,

creating a gap in the basement membrane and allowing outgrowth of a capillary

sprout. The pericytes accumulated on either side of the nascent sprout, consistent

with experimental evidence that such cells are closely involved in the development,

and in particular the maturation, of the endothelium of the new capillary channel

[142].

The ECM is not simply a passive medium through which cells can move; cellular

proteolysis and locomotion affect the extra-cellular environment and this, in turn,

influences cell migration. The interactions between EC and the ECM may be partic-

ularly important factors affecting the architecture of the emergent capillary network

and the formation of anastomoses. Holmes and Sleeman [64] extended the work of

[33] to incorporate cellular traction and the visco-elastic nature of the ECM. Their

results demonstrated that these effects help to produce vessels that maintain their

cord-like structure, and to stimulate EC migration back towards the parent vessel, a

process which may be important for the creation of closed capillary loops, in which

blood flow can commence.

Angiogenesis is by no means associated exclusively with tumour growth, and plays

a role in a range of physiological and pathological conditions, such as placental

growth, rheumatoid arthritis and wound healing [29]. Some of these have been

studied mathematically: for example, a one-dimensional model of wound healing

angiogenesis was investigated in [48]. The key components of endothelial cell mi-

gration and proliferation are the same as in tumour-induced angiogenesis and the

model focusses on the endothelial compartment. It was shown that capillaries in-

vaded the wound as a wave and analytical travelling wave solutions were found via

a perturbation analysis.
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The role of the angiopoietins in angiogenesis has been studied in [8]. This model con-

sists of systems of ODEs for spatially averaged quantities, such as tumour volume,

VEGF, nutrients and mature and immature blood vessel density. The introduction

of time delays into the ODEs results in oscillations in vascular density, a phenomenon

that has been observed empirically [63]. The model is used to test the effects of po-

tential therapeutic strategies, such as continuous or periodic administration of an

anti-angiogenic drug, on the tumour and its vasculature.

2.5.2 Discrete Models

Discrete models of angiogenesis work on a microscopic scale and usually describe the

behaviour of individual EC. A stochastic element, representing random fluctuations

in cell movement, is often included and many of the models take the form of a cellular

automaton. The modelling approach based on the theory of reinforced random walks

(which is the approach taken in this thesis) will be described in chapter 3. In this

section, we examine other discrete models of angiogenesis.

Stokes and Lauffenburger [155] constructed a model of angiogenic capillary growth

in which the velocity of each migrating EC at the tip of a capillary sprout was

viewed as a stochastic process. The velocity was assumed to satisfy a stochastic

differential equation, containing white noise and a drift term, which reorients the

velocity up the local gradient of TAF concentration, thus introducing a directional

bias towards the tumour. The TAF concentration was assumed to be in a steady

state (with uptake by EC ignored) and simple mechanisms for sprout branching

and anastomosis were incorporated. The results demonstrated that a sufficient TAF

concentration gradient and chemotactic response to that gradient are necessary to

provide directed angiogenic growth. Inhibition of EC mobility caused a substantial

reduction in capillary formation.

In [7], a discrete model for nematode movement was derived via a discretisation

of the governing continuous equation. This method has subsequently been used

to generate discrete models of EC movement in angiogenesis [4] and of tumour

cell invasion [6]. The discrete models presented in this thesis differ from these in

that they attempt to link the continuum and discrete modelling approaches via the

theory of reinforced random walks. A detailed account of this theory will be given

in chapter 3.
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The starting point for the discretisation method of [4] is the continuum model of

the same paper (see section 2.5.1). The system (2.79)–(2.81) is discretised using

standard finite difference approximations. The governing equation for the EC (2.79)

may thus be written

p(j+1)
n,m = p(j)

n,mR0 + p
(j)
n+1,mR1 + p

(j)
n−1,mR2 + p

(j)
n,m+1R3 + p

(j)
n,m−1R4, (2.94)

where p
(j)
n,m is the EC density at grid point (n,m) and at time step j. The coefficients

R0, . . . , R4 depend on the concentrations of the control substances at (n,m) and its

four neighbouring grid points, (n± 1,m) and (n,m± 1).

The five coefficients are normalised such that
∑4

i=0Ri = 1. They may then be

thought of as the probabilities of an EC staying still (R0) or moving one step to the

left (R1), right (R2), down (R3) or up (R4). These probabilities may then be used

to simulate the movement of an individual EC by generating a random number,

r ∈ [0, 1).

If r ∈ [0, R0) , stay still.

If r ∈ [R0, R0 +R1) , move one step to the left.

If r ∈ [R0 +R1, R0 +R1 +R2) , move one step to the right.

If r ∈ [R0 +R1 +R2, R0 +R1 +R2 +R3) , move one step down.

If r ∈ [R0 +R1 +R2 +R3, 1) , move one step up.

If there are no TAF or fibronectin gradients, R1 = R2 = R3 = R4, so there is no

spatial bias: an EC is equally likely to move left, right, up or down. If there are

gradients of the control substances, TAF and fibronectin, the differences in their

values at the four grid points (n± 1,m) and (n,m± 1) will cause differences in the

values of R1, . . . , R4, thus introducing a directional bias.

Simple probabilistic rules for capillary branching and anasatomosis are set out (after

it has reached a certain age, a sprout has a fixed probability of branching at each

time step). The same governing equations and initial conditions are used for the

TAF and fibronectin as in the continuum model. Numerical simulations of the

system (2.80), (2.81), (2.94) are carried out; Figure 2.9 shows the results of one

such simulation.

It can be seen immediately by comparing the results shown in Figure 2.9 to con-

tinuum results (such as Figure 2.7) that discrete modelling can provide an insight

into the microscopic properties of the neovasculature, something that is missed by
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Figure 2.9: Simulations of the discrete angiogenesis model of [4], showing the forma-

tion of new capillaries (from a parent vessel at x = 0) in response to a TAF source

at (x, y) =
(

1, 1
2

)

.

continuum models. Features such as vessel density, network architecture and the

frequency of branching and looping can be studied much more readily using an in-

dividual cell-based model. Moreover, the effects on such features of factors such as

TAF concentration and chemotactic sensitivity, can be systematically investigated.

McDougall et al. [104] extended the work of [4] to model blood flow through the

neovasculature. Using the results of [4] (such as those shown in Figure 2.9), Poiseuille

flow through the capillary network was simulated. This enabled the efficiency of

the tumour’s blood supply to be investigated and the prospects for delivery of an

intravenously administered chemotherapeutic drug to be evaluated. It was shown

that a highly interconnected network, with a large number of anastomoses, resulted

in poorer delivery of drug to the tumour.

One drawback of the discretisation method of [4] is that equation (2.94) gives the

EC density at grid point (n,m) at time step j + 1 in terms of the EC densities

at (n,m) and the four neighbouring grid points, (n± 1,m) and (n,m± 1), at time

step j. Thus, R1, for example, strictly corresponds to the transition of an EC at
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point (n+ 1,m) at time step j to the point (n,m) at time step j + 1. However,

in the simulation, R1 is used as the probability of a move, not from (n+ 1,m) to

(n,m), but from (n,m) to (n− 1,m).

It is my opinion that the method of reinforced random walks provides a more nat-

ural framework for the formulation of discrete models for cell movement. As will

be shown in the next chapter, this method has the advantage of using transition

probabilities that are directly derived from the governing biology and of providing

a useful link between continuum and discrete models.

2.6 Invasion and Metastasis

As discussed in section 1.6, invasion of host tissue by cancer cells has many simi-

larities to angiogenesis. In particular, the three essential components of proteolysis,

migration and proliferation are common to both processes. It is therefore unsurpris-

ing that the two processes may be represented by models that are mathematically

similar. Moreover, the two approaches to modelling angiogenesis – continuum and

discrete – may also be used in the modelling of cancer cell invasion.

In angiogenesis, the most important participants are the EC, whereas in cancer in-

vasion, it is the tumour cells themselves that are centre stage. The two processes

may be overlapping and a more complete model would consider both together (see

for example [115]). However, for the sake of simplicity, most models consider either

angiogenesis or invasion. In spite of the mathematical similarities between angiogen-

esis and invasion, the former has been studied more extensively. The latter therefore

represents a promising target for future mathematical research.

In [6], both continuum and discrete approaches were used to study host tissue in-

vasion by an avascular tumour. The three main quantities in the continuum model

are tumour cell density (p), proteolytic enzyme concentration (c) and fibronectin

concentration (f). It is assumed that the tumour cells produce protease (at a con-

stant rate), which locally degrades the ECM, thus reducing the concentration of

fibronectin. This creates concentration gradients in the tissue, to which the malig-

nant cells may respond via classical haptotaxis. The tumour cell diffusion coefficient,

Dp, is allowed to depend on the local concentrations of protease and fibronectin. The

system studied, subject to appropriate initial and boundary conditions, is therefore
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as follows:

∂p

∂t
= ∇. (Dp (c, f)∇p) − ρ0∇. (p∇f) , (2.95)

∂c

∂t
= Dc∇2c+ µp− λc, (2.96)

∂f

∂t
= −αcf, (2.97)

where Dc, ρ0, α, µ, λ ≥ 0 are constants.

This system is solved numerically, initially in one spatial dimension, with Dp (c, f) ≡
d constant. As expected, the tumour cells, which start near x = 0, migrate into the

host tissue. The greater the haptotactic sensitivity, ρ0, the more tumour cells depart

from the primary site and invade the host tissue, demonstrating the importance of

haptotaxis. In the case where the tumour cell diffusion coefficient is not constant,

but depends linearly on protease concentration (i.e. Dp (c, f) = dc, representing

a chemokinetic effect of the protease on the malignant cells), a distinct cluster of

tumour cells detaches from the primary mass. This cluster invades rapidly, possibly

representing a group of highly invasive cells that may reach a blood vessel and

intravasate, while the main mass of cells spreads only slowly into the host tissue.

In the two-dimensional case, the effect of a heterogeneous ECM is examined by using

a spatially-dependent initial condition for the fibronectin concentration. This results

in asymmetric invasion, with localised areas of very high cell density, more closely

approximating empirical evidence. This emphasises the importance of interactions

between malignant cells and the ECM.

The same method as in the model of angiogenesis [4] (see section 2.5.2) was used to

discretise the governing equation for the tumour cells (2.95). This gives an equation

of the form (2.94), which is used to simulate the movement of individual tumour cells.

Cell proliferation is also included, with division into two daughter cells assumed to

occur (conditional on the existence of a vacant grid point adjacent to the parent

cell) at fixed intervals.

Consistent with the continuum results, the tumour cells spread out from their initial

cluster, thus invading host tissue. The stochastic element of the discrete system is

evident by the existence of outlying cells, which move further from the primary site

than the majority of cells. This demonstrates the difficulties faced by a surgeon,

attempting to remove a malignant tumour that does not possess a well defined

boundary separating it from surrounding healthy tissue. The study of discrete
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models of this type may be useful in determining the radius of tissue that needs

to be removed in order to be reasonably confident of eliminating all the malignant

cells.

In [125], a one-dimensional continuum model of cancer cell invasion was formulated,

using essentially the same variables as in [6]: cancer cell density, ECM density and

protease concentration. Logistic growth of malignant cells and the action of tissue

inhibitors of metalloproteases (TIMPs) were also included.

Turner and Sherratt [164] used a Potts model to simulate cancer cell invasion. This

method is distinct from both the finite difference method [4, 6, 7] and the reinforced

random walk method (see chapter 3). The simulation is carried out by randomly

selecting a change in the system state and testing the effect of that change on the

total energy, H, of the system. The change is accepted with probability given by

P =

{

1 ∆H ≤ 0

e
−

∆H
β ∆H > 0

}

.

The Hamiltonian energy function, H, is assumed to depend on surface interactions

between adjacent cells and between cells and the ECM, and on the volume of the

cells. The model thus incorporates the effects of cell–cell and cell–ECM adhesion

(factors which are known to be very important in cell migration), as well as migration

in response to haptotactic gradients created by proteolysis. The results reproduced

the finger-like protrusions from the main cell mass that are observed in malignant

tumours. Also consistent with biological theory and observations [93, 102, 140], the

most invasive phenotype was found to be low cell–cell adhesion and high cell–ECM

adhesion, combined with high proteolytic activity.

The effects of including cell proliferation were also examined, taking account of three

observed phenomena: a period following cell division during which a cell cannot

divide again; a stochastic distribution of the interval between successive divisions;

a link between the proliferation rate and the adhesive characteristics of the cell.

Somewhat unexpectedly, the addition of cell proliferation, for certain parameter

values, decreased the invasion rate. The authors suggested that this was because

the increased number of cells made it more difficult for the leading cells to completely

detach from the main cell mass, as happened in the case without proliferation. The

anchoring effects of cell–cell adhesion thus remained in place for these cells, reducing

their invasive capability.
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In contrast to local tissue invasion by malignant cells, which is mathematically simi-

lar to angiogenesis, the remote growth of secondary tumours (metastases) has more

in common with models of primary tumour growth (see section 2.4). For exam-

ple, Bloor and Wilson [18] developed a free-boundary model of a micrometastasis,

growing as a perivascular cuff around a coopted capillary. The main difference be-

tween this model and those of section 2.4 is that source of nutrient is at the centre

of the tumour, rather than external to it. In addition, the geometry was assumed

to be not spherically symmetric, but cylindrically symmetric, mimicking a tumour

growing around a linear blood vessel.

Under steady state assumptions for the nutrient concentration, the authors arrived

at the following ODE for the radius, R, of the tumour (cf. equation (2.68), which

was derived in spherical geometry):

dR

dt
=

1

R

∫ R

rm

S (r) rdr

=
1

2R

(

R2 − r2m
)

(

k0 +
k1

2
− α

)

− k2
1

2
R ln

(

R

rm

)

, (2.98)

where rm is the radius of the blood vessel at the centre of the tumour and

S (r) = k0 − k1 ln

(

r

rm

)

− α

is the tumour cell proliferation rate (k0, k1, α ≥ 0 constants).

Assuming that R� rm, the steady state radius is given by

Rs = rm exp

(

2k0 − 2α+ k1

2k1

)

.

This work was extended to two spatial dimensions in [19] by assuming axial, instead

of cylindrical, symmetry (i.e. allowing the radius of the tumour to vary as one moves

along the central capillary).

2.7 Summary

• The Michaelis–Menten hypothesis can provide a asymptotic description of

enzymatic reaction rates.

• Models of chemotaxis typically consist of a pair of coupled PDEs, one for the

population density and one for the substrate concentration, and these systems
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have been shown to possess a rich variety of solutions, including travelling

waves, self-similar solutions, blowup and collapse.

• Models of solid tumour growth attempt to describe the evolution of the tu-

mour in response to diffusible chemicals, such as vital nutrient. Most models

predict a steady state radius, beyond which the tumour cannot grow without

establishing its own bloody supply.

• Continuum models of tumour angiogenesis deal with macroscopic quantities,

such as cell density and chemical concentrations. Such models have been

widely studied, and have improved our understanding of angiogenesis, but

cannot capture important microscopic features of the process, such as capillary

branching and looping.

• Discrete models of angiogenesis attempt to capture microscopic features by

modelling at the level of the individual cell. One method for the formulation

of such a model is to discretise a continuum model; an alternative to this,

using reinforced random walks, will be described in the next chapter.

• Just as the processes of angiogenesis and malignant invasion possess biological

similarities, models of these processes have mathematical similarities. Again,

the problem may be approached in either a continuum or a discrete framework.

• Key references: Murray [107], Jones and Sleeman [68], Keller and Segel [72],

Levine and Sleeman [88], Balding and McElwain [12], Anderson and Chaplain

[4], Levine et al. [87].


