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Chapter 7

Lattice and Non-Lattice Models

The models considered in chapters 4 and 5, in common with the majority of cell-

based models of angiogenesis, simulate EC movement on a regular, pre-determined

lattice. At each time step, an EC is assigned a probability of staying still and a

probability of moving to an adjacent lattice point in each of the two, four or six

(depending on the number of dimensions) orthogonal directions. As has been shown,

the continuum limit of such models is typically a PDE for p (x, t), the EC density

at position x and time t.

In this chapter, a model is developed that allows the EC to move freely in two-

dimensional space: the EC can occupy any point (x, y) ∈ Ω ⊂ R
2 instead of being

restricted to the lattice {(nh,mh) ∈ Ω : n,m ∈ Z}. The model is based on the cir-

cular random walk model of [61] for the trajectories of swimming micro-organisms,

such as algae and fish larvae. Each individual is characterised by its direction

of motion, θ (t) ∈ [−π, π), which is governed by a random walk on the unit cir-

cle. Thus a cell’s direction is constrained to be in a pre-determined set of values

{nδ ∈ [−π, π) : n ∈ Z} for some constant angular step size, δ � 1, but its position

can vary freely. The reinforced random walk framework will be retained, again pro-

viding a link between the discrete process and the continuum limit, which takes the

form of a PDE, not for the density of EC at a given point, but for the density of

EC moving in a given direction.

Although most existing cell-based models of tumour angiogenesis [4, 151] are lattice-

based, this is not the first time a non-lattice model has been used. In [155], EC

velocity was modelled by a stochastic differential equation, containing a white noise
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process and a reorientation term, which biases the EC to move towards the tumour.

A non-lattice model for Dictyostelium discoideum aggregation was considered in [39].

A formal set of rules for cell movement was prescribed, with migration consisting

of a number of discrete ‘runs’. A cell remains stationary until the chemotactic

signal reaches a threshold level; it then begins to move in the direction of the local

chemotactic gradient and continues to move in that direction, at constant speed,

for a fixed period of time. Once the run is completed, it resamples the chemical

environment and repeats the process. Correlation is incorporated by prescribing

the direction of a second consecutive run to be a weighted mean of the previous

direction and the present chemotactic gradient.

To enable a critical comparison of lattice and non-lattice models, we compare sim-

ulations of the circular random walk model with simulations of two lattice-based

models, namely the model of [4], and a reinforced random walk model of the type

presented in chapter 5. The simulations of the different models are run in similar

situations, using the same geometry, initial conditions, chemical microenvironment

and (where possible) parameter values.

The circular random walk model for cell movement is described in section 7.1 and is

used to set up a non-lattice model of tumour angiogenesis in section 7.2. The method

of simulation of cell movement, including mechanisms for branching and looping,

is described in section 7.3 and the model parameters are discussed in section 7.4.

Section 7.5 contains details of the two lattice-based models and their methods of

simulation. The simulation results are presented in section 7.6 and discussed in

section 7.7. In section 7.8, the non-lattice model is extended to three dimensions,

by considering a random walk on the unit sphere. Finally, the three-dimensional

results are presented and discussed in section 7.9.

7.1 The Circular Random Walk Model

Hill and Häder [61] developed a biased circular random walk model for the trajec-

tories of swimming micro-organisms. Each individual is characterised by its speed,

s (t), and direction of motion, θ (t). Treating the direction independently of the

speed, an individual can be thought of as performing a random walk on the unit

circle, described by the random variable, Θ (t) (whose value is denoted by θ (t)). At

each time step of fixed length, k, the organism has a probability, a (θ (t)), of turn-
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ing clockwise through an angle δ, a probability, b (θ (t)), of turning anti-clockwise

through an angle δ and a probability, 1 − a (θ (t)) − b (θ (t)), of continuing in the

same direction, for some functions, a (θ) and b (θ). This may be written:

P (Θ (t + k) − Θ (t) = δ) = a (θ (t)) ,

P (Θ (t + k) − Θ (t) = −δ) = b (θ (t)) ,

P (Θ (t + k) − Θ (t) = 0) = 1 − a (θ (t)) − b (θ (t)) .

The probability density function, f , for Θ (t) is defined in the usual way:

f (θ, t) dθ = P (θ ≤ Θ (t) < θ + dθ) .

It may be shown [61] that, in the limit k → 0, δ → 0 (such that δ2

k
= A, constant),

f satisfies the following Fokker–Planck equation:

∂

∂t
f (θ, t) = − ∂

∂θ
(µ (θ) f (θ, t)) +

1

2

∂2

∂θ2

(

σ2 (θ) f (θ, t)
)

, (7.1)

where

µ (θ) = lim
k,δ→0

(

1

k
E (Θ (t + k) − Θ (t))

)

,

σ2 (θ) = lim
k,δ→0

(

1

k
Var (Θ (t + k) − Θ (t))

)

.

We wish to write (7.1) in the form

∂

∂t
f (θ, t) =

∂

∂θ

(

Dr (θ) f (θ, t)
∂

∂θ

(

ln
f (θ, t)

τ (θ)

))

. (7.2)

This may be achieved by choosing

Dr (θ) =
σ2 (θ)

2
, (7.3)

τ (θ) =
1

σ2 (θ)
exp

(

2

∫

µ (θ)

σ2 (θ)
dθ

)

. (7.4)

We then simulate EC movement using the corresponding master equation:

dfn

dt
= τ̂+

n−1fn−1 + τ̂−
n+1fn+1 −

(

τ̂+
n + τ̂−

n

)

fn, (7.5)

where fn (t) = f (nδ, t).
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In this model, Dr (θ) will always be constant. Thus the mean time travelling in a

given direction (not the time waiting at a given point) is constant and we may use

the basic normalised model, with transition rates given by:

τ̂±
n =

2λτ
((

n ± 1
2

)

δ
)

τ
((

n + 1
2

)

δ
)

+ τ
((

n − 1
2

)

δ
) , (7.6)

where λδ2 = Dr. However, it would be straightforward to generalise to the case

where Dr (θ) is not constant, using one of the methods described in section 3.4.

The movement of an individual in the xy-plane is governed by

dx
dt

= s cos θ (t) , dy
dt

= s sin θ (t) ,

where s is its speed.

7.2 Non-Lattice Model of Angiogenesis

In two-dimensional lattice-based models, a cell is typically assigned five transition

probabilities corresponding to staying still or moving in one of four directions: left,

right, up or down. Chemotaxis has the effect of biasing the transition probabilities,

according to the relative concentrations of VEGF in each of the four directions, so

that the cell is more likely to move towards higher VEGF concentrations.

Here, we free the EC from geometrical constraints using the model outlined above,

retaining the reinforced random walk framework. Each EC has a speed, s (t), and

a direction of motion, θ (t). Instead of computing probabilities of staying still and

of moving in different orthogonal directions, we assign each EC a probability of

continuing in the same direction and a probability of turning clockwise or anti-

clockwise. Chemotaxis is modelled by taking the mean turning rate, µ (θ), to be

such that EC will tend to reorient themselves so that they are moving up the local

VEGF concentration gradient.

7.2.1 Turning Rate Statistics

The transition probability function, τ (θ), is given by (7.4) in terms of the mean,

µ (θ), and variance, σ2 (θ), of the turning rate. Ideally, functional forms for these
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statistics would be obtained via an analysis of experimental capillary networks.

However, such statistical data are not currently available and we therefore adopt the

sinusoidal reorientation model of [61], which was found to fit well with experimental

data for swimming organisms migrating by gravitaxis (i.e. in response to gravity).

The mean and variance of the turning rate are written

µ (θ) = −d sin (θ − θ0), σ2 (θ) ≡ σ2
0 , (7.7)

where θ0 ∈ [−π, π) is the preferred direction of motion and σ2
0, d ≥ 0 are constants.

The turning rate variance is therefore constant and the mean turning rate is at its

greatest when the direction of motion is perpendicular to the preferred direction.

By (7.4), τ (θ) is given by:

τ (θ) =
1

2πI0

(

2d
σ2

0

) exp

(

2d

σ2
0

cos (θ − θ0)

)

. (7.8)

The constant has been chosen such that

∫ π

−π

τ (θ)dθ = 1,

so by the result of section 3.3, τ (θ) is a stable steady solution of the Fokker–Planck

equation (7.1). τ (θ) is a von Mises distribution, which is a unimodal distribution

on the unit circle, with maximum at θ = θ0 and ‘concentration’ parameter κ = 2d
σ2

0

[101].

We choose the preferred direction, θ0, to be in the direction of increasing VEGF

concentration: if the VEGF concentration at (x, y) is given by v (x, y), then we take

θ0 to be in the direction of ∇v (cf. [39, 155]). We hence define θ0 ∈ [−π, π) by

(cos θ0, sin θ0) .
∇v

|∇v| = 1. (7.9)

If vx = vy = 0 then θ0 is undefined and we set

τ (θ) ≡ 1,

so that there is no bias to the turning angle.

Note that this definition of θ0 introduces a dependence of τ on x and y as well as

on θ.
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Dr ≡ σ2

0

2 is the turning rate variance, or rotational diffusivity. A high value of σ2
0

means a high variance in the turning rate and a large degree of randomness in the

direction of motion. Conversely, a low value of σ2
0 means a low variance and a low

probability of turning: the cells will exhibit a tendency to continue in their current

direction and the random walk is said to be highly correlated.

The turning coefficient, d, is a measure of a cell’s ability to reorient itself: the

higher d is, the greater the mean turning rate and the more quickly a cell will be

able to turn towards the preferred direction. We admit the possibility that d is not

constant, but dependent on the local concentration and/or concentration gradient

of VEGF. A constant value of d would mean that the cell’s response depends only

on the direction of ∇v and not its magnitude. It would be natural to suppose that

the response would be greater when the magnitude of ∇v is larger. Similarly, if the

concentration of the chemoattractant is very high, the cells can become desensitised

and lose the ability to detect the gradient. One could, therefore, argue for a negative

dependence of d upon v.

Note that the steady solution (7.8) of the Fokker–Planck equation depends only on

the concentration parameter, κ = 2d
σ2

0

. For a fixed value of κ, σ2
0 determines the rate

at which the probability density function approaches the steady state.

The speed of a cell may be treated independently of its direction of motion. Again,

many choices are possible for the speed, which could be dependent on VEGF con-

centration and/or concentration gradient. For simplicity, we set the speed to be

constant, s0 > 0.

7.2.2 Haptotaxis

In addition to chemotaxis, it is thought that haptotaxis plays an important role

in EC migration. It has been suggested that EC will haptotactically migrate up

a concentration gradient of fibronectin, a principal component of the ECM [4, 21].

Haptotaxis is a complex process that is not fully understood and it is unlikely that it

can be fully captured by such a simple gradient-dependent mechanism. For example,

migrating EC actively degrade surrounding ECM, creating a channel along which

they can move; in this context, EC movement is towards areas of low fibronectin

concentration [90, 110, 122]. However, we will take the simple view that EC will
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migrate up a fibronectin concentration gradient. This is for illustrative purposes

and more complex haptotactic mechanisms could be readily incorporated into the

model.

Hence there are now two preferred directions of motion: θ1 in the direction of ∇v

and θ2 in the direction of ∇F (where F (x, y) is the fibronectin concentration at

(x, y)). We take a simple additive form for the mean turning rate:

µ (θ) = −d1 sin (θ − θ1) − d2 sin (θ − θ2). (7.10)

The transition probability function associated with this is

τ (θ) = exp

(

2d1

σ2
0

cos (θ − θ1)

)

exp

(

2d2

σ2
0

cos (θ − θ2)

)

. (7.11)

Note that the mean turning rate may be written

µ (θ) = −d0 sin (θ − θ0),

where

tan θ0 =
d1 sin θ1 + d2 sin θ2

d1 cos θ1 + d2 cos θ2
,

d2
0 = d2

1 + d2
2 + 2d1d2 cos (θ1 − θ2) .

Hence the addition of a second attractant changes the net preferred direction, θ0,

to a weighted mean (according to the relative values of the turning coefficients, d1

and d2) of the two individual preferred directions, θ1 and θ2. In the case where

θ2 = θ1 + π (i.e. the two preferred directions are diametrically opposed) then

θ0 = θ1,

d0 = d1 − d2.

In other words the net preferred direction is determined by whichever has the larger

value of di (i = 1, 2), unless d1 = d2, in which case µ (θ) ≡ 0.

7.2.3 Substrate Profiles

For the simulations carried out in this chapter, we assume that the VEGF and

fibronectin concentrations, v (x, y) and F (x, y), are in steady state. The assumption
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for VEGF is reasonable since uptake of VEGF by EC is small in comparison to

the amount of VEGF produced by the tumour. Fibronectin levels are likely to

be significantly modified by EC (through both proteolysis and synthesis of extra-

cellular components) [122]. However, a steady state profile is a reasonable first

approximation.

We position a parent vessel along the line y = 0 and simulate the growth of a number

of capillary sprouts, which start at equally spaced points along the parent vessel.

Two different VEGF profiles are considered: one in which the tumour generates a

point source of VEGF at (x, y) =
(

L
2 , L

)

,

v (x, y) = v0e
−k1

√
(x−0.5L)2+(y−L)2 , (7.12)

and one representing a more extensive tumour colony along the line y = L,

v (x, y) = v0e
−k1|y−L|. (7.13)

One effect of VEGF is to increase vascular permeability [77]. This can lead to

leakage of blood plasma, which contains a soluble form of fibronectin [36], thus

establishing a fibronectin gradient in the ECM, with fibronectin higher near to the

parent vessel [4]. We therefore take

F (x, y) = F0e
−k2|y|. (7.14)

In the case where the VEGF is given by (7.13), the preferred direction induced by

VEGF is always θ1 = π
2 (directly upwards). The preferred direction induced by

fibronectin is towards the parent vessel: θ2 = π
2 if y < 0; θ2 = −π

2 if y > 0. Clearly

if y < 0, the net preferred direction is θ0 = π
2 , but if y > 0, then the net preferred

direction is θ1 if d1 > d2 and θ2 if d2 > d1.

The turning coefficients are modelled as follows

d1 = dv
|∇v|

(1+γv)p , d2 = df |∇F | , (7.15)

where dv, df , γ, p ≥ 0 are constants. Thus the cells’ ability to reorient themselves

increases with the magnitude of the chemotactic/haptotactic gradient. If p > 0, the

turning coefficient associated with the VEGF decreases as v increases. The func-

tional form is comparable to the receptor–kinetic law [12] and reflects the fact that

cells can become desensitised to chemotactic gradients at high attractant concen-

trations [4, 87].
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7.2.4 Non-Dimensionalisation

Let

x′ = x
L
, y′ = y

L
, t′ = t

T
, v′ = v

v0
, F = F

F0
, d′v = dvv0T, σ2

0
′
= σ2

0T,

k′
1 = k1L, k′

2 = k2L, γ′ = γv0, k′ = k
T
, s′0 = s0T

L
, d′f = dfF0T,

Dropping the dashes, we have

dfn

dt
= τ̂+

n−1fn−1 + τ̂−
n+1fn+1 −

(

τ̂+
n + τ̂−

n

)

fn, (7.16)

where the transition rates (used to simulate the evolution of θ (t), as described in

section 7.3) are given by:

τ̂±
n =

2λτ
((

n ± 1
2

)

δ
)

τ
((

n + 1
2

)

δ
)

+ τ
((

n − 1
2

)

δ
) , (7.17)

τ (θ) = exp

(

2dv |∇v|
σ2

0 (1 + γv)p cos (θ − θ1)

)

exp

(

2df |∇F |
σ2

0

cos (θ − θ2)

)

,(7.18)

λ =
σ2

0

2δ2
, (7.19)

1 = (cos θ1, sin θ1) .
∇v

|∇v| , (7.20)

1 = (cos θ2, sin θ2) .
∇F

|∇F | . (7.21)

The trajectory of an EC is determined by:

dx

dt
= s0 cos θ, (7.22)

dy

dt
= s0 sin θ. (7.23)

The substrate profiles are given by

v (x, y) = e−k1

√
(x−0.5)2+(y−1)2 (7.24)

or v (x, y) = e−k1|y−1|, (7.25)

F (x, y) = e−k2|y|. (7.26)

In addition, each EC is assigned an initial position and direction of motion:

x (0) = x̂, y (0) = ŷ, θ (0) = θ̂. (7.27)
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7.3 The Method of Simulation

The simulation method is entirely analogous to the one-dimensional form of the

reinforced random walk method1 used in lattice-based models (see section 3.6). The

one-step transition probabilities of turning anti-clockwise (τ̂+
n k), clockwise (τ̂−

n k)

and continuing in the same direction (1 − 2λk) are given by (7.17)–(7.21). The

simulation is carried out by generating a random number r ∈ [0, 1).

If r ∈ [0, τ̂+
n k) , turn anti-clockwise through angle δ.

If r ∈ [τ̂+
n k, 2λk) , turn clockwise through angle δ.

If r ∈ [2λk, 1) , continue in the current direction.

In addition, we incorporate a simple set of rules for branching and looping. It is

likely that more complex mechanisms are at work but, if so, these are not fully

understood, and a simple approach will provide a starting point and highlight areas

for future improvement. Note that (as in the model of chapter 5) only the leading

EC of each capillary is explicitly included in the model; other EC are assumed to

follow the leading EC to form a contiguous vessel.

Firstly, we assume that each capillary has a fixed probability of branching2, pbk,

at each time step (where k is the time step length) [155]. If and when a capillary

does branch, the parent capillary continues on its existing trajectory, whilst the

daughter capillary is assigned an initial direction of motion at α = 30◦ to that of

the parent. The value of 30◦ for the branching angle is an estimate, but falls within

observed physiological ranges [80, 85]. The daughter capillary subsequently grows

independently of the parent.

Secondly, we assume that if a leading EC attempts to cross the trail of another

EC, or its own trail3, then an anastomosis has occurred. The colliding cell ceases

to migrate (though the cell whose trail has been crossed can continue) and the

capillaries form a closed loop. This is a passive mechanism for anastomosis: there

is no active force behind the formation of closed loops, it simply occurs when vessel

trajectories happen to cross.

1Despite the fact that the EC are moving in two-dimensional space, the random walk is effectively

one-dimensional because there is only one variable, θ (t), performing a reinforced random walk.
2The effects of a variable branching rate are discussed in section 7.6.
3Due to the use of fixed, discrete time steps in the simulations, EC trajectories consists of a

series of (short) straight line segments in R
2. Trajectories A and B are defined to cross if a segment

of trajectory A crosses a segment of trajectory B.
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7.4 Parameter Values

The parameter values used in the simulations are, unless stated otherwise, those

shown in Table 7.1. These have been based as closely as possible on empirical

values.

The speed of capillary sprouts has been estimated as 0.04 mm/h [155] and as

0.00833 mm/h – 0.0417 mm/h [12]. We take the average of these two limits,

s = 0.025 mm/h. We use L = 0.5 mm as a typical distance between an avas-

cular tumour and a blood vessel [11, 109] and run simulations for T = 20 h. VEGF

concentrations of up to 0.005 µM were used in [166]; a background fibronectin con-

centration of 0.01 µM was used in [87]. We adopt these values for the maximum

VEGF and fibronectin levels, v0 and F0. The decay rates for these quantities, k1

and k2, are chosen to give reasonable gradients over the ECM (the choice k2 > k1

reflects the fact that VEGF is a diffusible factor which will spread throughout the

tissue, whereas fibronectin is a large macromolecule, so plasma-derived fibronectin

is likely to remain in the vicinity of the blood vessel). Inter-branch distances of

between 0.025 mm and 0.25 mm were observed in [80]; an average distance between

branch points, in the early stages of angiogenesis, of up to 0.1 mm was cited by

[155] and, for tips migrating at s = 0.025 mm/h, this corresponds to a branching

rate of 0.25 h−1. We take a branching rate of pb = 0.2 h−1 and examine the effects

of increasing the branching rate at higher VEGF concentrations. The turning rate

variance, σ2
0, and turning coefficients, dv and df , are unknown, but the effects of

changing these parameters will be discussed.

7.5 Lattice-Based Models

This section contains details of two lattice-based models which will subsequently

be compared to the non-lattice model. We are interested primarily in comparing

the method of simulation of cell movement, so we are concerned only with the

cell movement parts of these models. That is, we neglect the particular substrate

dynamics and instead use the steady state profiles (7.24)–(7.26). We use the same

initial conditions for the EC positions (7.27) (the initial condition for direction of

motion is redundant in the lattice-based models) and rules for branching and looping

as in the non-lattice model.
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Dimensional values

Distance between tumour and parent vessel L = 0.5 mm
Duration of the simulation T = 20 h
VEGF concentration v0 = 0.005 µM
VEGF spatial decay rate k1 = 2 mm−1

Fibronectin concentration F0 = 0.01 µM
Fibronectin spatial decay rate k2 = 4 mm−1

Cell speed s0 = 0.025 mm/h
Turning rate variance σ2

0 = 0.1 h−1

Turning rate coefficients dv = 250 µM−1h−1

df = 50 µM−1h−1

VEGF sensitivity parameter γ = 2000 µM−1

Branching rate pb = 0.2 h−1

Time step size k = 0.02 h

Dimensionless values

VEGF spatial decay rate k1 = 1
Fibronectin spatial decay rate k2 = 2
Cell speed s0 = 1
Turning rate variance σ2

0 = 2
Turning coefficients dv = 25

df = 10
VEGF sensitivity parameters γ = 10

p = 4
Branching rate pb = 4
Branching angle α = π

6
One-step turning angle δ = π

50
Time step size k = 0.001

Table 7.1: Parameter values for the non-lattice model.

Dimensionless values

Cell diffusion coefficient D = 0.00175
Chemotactic coefficient χ0 = 2
Haptotactic coefficient ρ0 = 0.25
Chemotactic sensitivity parameters γ = 10

p = 4
Branching rate pb = 4
Grid size h = 0.005
Time step size k = 0.001

Table 7.2: Parameter values for the lattice-based models.
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7.5.1 Lattice Model I

Anderson and Chaplain [4] considered the following PDE for EC density, p (x, y, t):

∂p

∂t
= D∇2p −∇. (χ (v) p∇v) −∇. (ρ (F ) p∇F ) . (7.28)

This consists of Fickian diffusion of EC, together with chemotactic and haptotactic

terms: the EC migrate up VEGF gradients with chemotactic sensitivity, χ (v), and

migrate up fibronectin gradients with haptotactic sensitivity, ρ (F ). The choices

made for the sensitivities were:

χ (v) = χ0

(1+γv)p , ρ (F ) = ρ0, (7.29)

where χ0, ρ0, γ, p ≥ 0 are constants. The haptotactic sensitivity is constant, but

the chemotactic sensitivity decreases as the VEGF concentration increases. The

form of (7.29) is comparable to the turning coefficients (7.15) in the non-lattice

model. However, in the lattice-based model, it is not the cells’ ability to reorient

themselves that decreases, but their ability to move in the direction of increasing

VEGF concentration.

Denoting the EC density at grid point (n,m) and time step j by p
(j)
n,m, (7.28) is

discretised (using standard finite differences) to obtain

p(j+1)
n,m = R0p

(j)
n,m + R1p

(j)
n+1,m + R2p

(j)
n−1,m + R3p

(j)
n,m+1 + R4p

(j)
n,m−1, (7.30)

where the coefficients R0, . . . , R4 are given by (omitting the superscript, j):

R0 = 1 − k

h2

[

4D + χ (vn,m) L (vn,m) + ρ0L (Fn,m)

− γpχ (vn,m)

4 (1 + γvn,m)

(

(vn+1,m − vn−1,m)2 + (vn,m+1 − vn,m−1)
2
)

]

,

R1 =
k

h2

[

D − χ (vn,m)

4
(vn+1,m − vn−1,m) − ρ0

4
(Fn+1,m − Fn−1,m)

]

,

R2 =
k

h2

[

D +
χ (vn,m)

4
(vn+1,m − vn−1,m) +

ρ0

4
(Fn+1,m − Fn−1,m)

]

,

R3 =
k

h2

[

D − χ (vn,m)

4
(vn,m+1 − vn,m−1) −

ρ0

4
(Fn,m+1 − Fn,m−1)

]

,

R3 =
k

h2

[

D +
χ (vn,m)

4
(vn,m+1 − vn,m−1) +

ρ0

4
(Fn,m+1 − Fn,m−1)

]

,

and L is the Laplacian difference operator:

L (an,m) = an+1,m + an−1,m + an,m+1 + an,m−1 − 4an,m.
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Normalising such that
∑4

i=0 Ri = 1, these coefficients are interpreted as the prob-

abilities of a cell staying still (R0) or moving to the left (R1), right (R2), down

(R3) or up (R4). If there is no VEGF or fibronectin gradient, it can be seen that

the movement probabilities, R1, . . . , R4, all equal kD
h2 , so the cell is equally likely

to move in each direction. However, if there is a greater concentration of VEGF

or fibronectin on one side of the cell, the probabilities will no longer be equal and

there will be a bias to move towards the higher concentration. Having calculated the

values of R0, . . . , R4, cell movement is simulated, using a random number, r ∈ [0, 1),

in exactly the same way as in the reinforced random walk model (see section 3.6).

7.5.2 Lattice Model II

The second lattice-based model considered is the reinforced random walk model,

developed in [117, 151] and this thesis. We use the two-dimensional form of the

basic normalised barrier model described in section 3.2.3. The master equation is

(3.10) and the transition rates are given by (3.11), (3.12). The transition probability

function is given by (3.17) and we adopt the same sensitivities (7.29) as for lattice

model I, giving:

τ1 (v) =







(1 + γv)
χ0

γD , p = 1

exp
(

− χ0

γD(p−1)(1+γv)p−1

)

, p 6= 1







, (7.31)

τ2 (F ) = exp

(

ρ0F

D

)

. (7.32)

The continuum limit of the master equation is therefore (7.28), so the two lattice-

based models result in identical forms in the continuum limit. However, the two

models have different transition probabilities. In lattice model I, the probabilities

are constructed by discretising the governing PDE and normalising the five coeffi-

cients such that their sum is 1. In lattice model II, the probabilities are derived

directly from the governing biology via the master equation (3.10) and the transi-

tion probability function, τ (w). In addition, the mean waiting time at a point is

constant across the lattice (see section 3.2.3). Hence the chemotactic factors affect

only the direction of movement, not the rate of movement (although the model

can be generalised to incorporate chemokinetic factors, which do affect the rate of

movement, as described in section 3.4). In contrast, the mean waiting time in lattice

model I, given by 1 + R0

R1+R2+R3+R4
, depends on the local values of ∇2v, ∇2f and
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Figure 7.1: Capillary network formed in the non-lattice model, with a point source

of VEGF at (x, y) = (0.5, 1), representing a small tumour.

Figure 7.2: Capillary network formed in the non-lattice model, with a source of

VEGF along the line y = 1, representing an extended tumour colony.

(∇v)2. It is therefore my opinion that the reinforced random walk model provides

a more natural framework for the simulation of discrete jump processes.

7.6 Results

We firstly run simulations of the non-lattice model (7.16)–(7.27) on (x, y) ∈ Ω =

[0, 1] × [−0.5, 1], t ∈ [0, 1] as follows. The master equation (7.16), governs the

probability density function, fn (t), for the direction of motion, Θ (t). The associated
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(a) (b)

Figure 7.3: Capillary networks formed in the non-lattice model with turning rate

variance: (a) σ2
0 = 20. (b) σ2

0 = 0.2.

method of simulation, described in section 7.3, is used to give a realisation, θ (t),

of the random variable, Θ (t). This is used, via (7.22), (7.23), to determine the

trajectory of the EC. Five cells are simulated, representing the ‘leading’ EC (i.e.

the EC at the migrating tip) of five nascent capillary sprouts. The initial positions

are x̂j = 0.2j − 0.1, ŷj = 0 and the initial direction is θ̂j = π
2 (j = 1, . . . , 5). If a cell

leaves the domain, Ω, it plays no further part in the simulation. In each simulation,

we measure the average network extension rate (defined as the maximum distance

travelled in the y-direction per unit time) and the mean vessel length (cf. [155]).

The values obtained may then be compared with experimental data.

In Figures 7.1–7.5 and 7.7, p = 0, so the turning coefficient does not decrease as v

increases (i.e. there is no desensitisation at high VEGF concentrations). In Figures

7.1–7.6, df = 0: there is no haptotaxis and the cells are responding only to VEGF.

Figure 7.1 shows a simulation with the VEGF profile given by (7.24), a point source

of VEGF at (x, y) = (0.5, 1), representing a localised tumour colony. The cells are

initially moving directly upwards, but gradually reorient themselves in response to

the local VEGF gradient. They turn to move towards the point source, resulting in a

marked focussing of vessels. There is widespread vessel branching and the formation

of many closed loops, or anastomoses. This would allow circulation to begin and

hence is a prerequisite for the growth of a functional capillary network. The mean

vessel length is 0.117 mm (taken as an average value over ten simulations), which
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(a) (b)

Figure 7.4: Capillary networks formed in the non-lattice model with turning rate

coefficient: (a) dv = 250. (b) dv = 2.5.

falls into the experimental range of 0.1 mm–0.3 mm reported in [155]. The average

network extension rate is 0.0243 mm/h, which is also comparable with experimental

data [11, 12, 155].

Figure 7.2 shows a simulation with the VEGF profile given by (7.25), representing a

more extensive tumour colony along the line y = 1. This time there is no focussing

of the capillaries as the preferred direction, θ1, is always π
2 . Again, branching

and looping are observed, allowing the formation of a capillary network capable of

supporting blood flow. The results show qualitative resemblance to experimental

vascular networks, such as those shown in Figure 1.10 (though it should be noted

that the geometry, initial conditions and chemotactic gradients in these experiments

are not the same as in the simulations). The mean vessel length and average exten-

sion rate are very similar to the values for the point source of VEGF. From now on,

we use the VEGF profile (7.25) in the simulations unless indicated otherwise.

In order to better understand the roles of the key model parameters (and to verify the

robustness of the model with respect to parameter values), we carried out a number

of simulations with different parameter values. Figure 7.3 shows simulations with a

turning rate variance of σ2
0 = 20 and σ2

0 = 0.2. It follows from (7.17), (7.19) that

the mean time between changes of direction is given by 1
2λ

≡ δ2

σ2

0

, so the larger σ2
0,

the more often a cell will change direction. In Figure 7.3(a), the increased variance

results in the growth of tortuous capillaries, whose net direction is approximately in
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(a) (b)

Figure 7.5: Capillary networks formed in the non-lattice model: (a) with no branch-

ing. (b) with branching rate pbv
vp

.

the preferred direction of motion, but whose trajectories wander around much more

than in Figure 7.2. In contrast, the decreased variance in Figure 7.3(b) means that

the vessels that are very reluctant to change direction. Many of the shorter vessel

segments are almost exactly straight and the changes of direction that do occur are

much more gradual.

Figure 7.4 shows simulations with a turning rate coefficient of dv = 250 and dv = 2.5.

The higher dv, the greater the cell’s ability to reorient itself towards the preferred

direction. In Figure 7.4(a), with an increased turning coefficient, the capillaries all

grow directly up the VEGF concentration gradient, with very little deviation from

the preferred direction. Vessel branches, which initially grow at an angle of π
6 to

their immediate parent, quickly turn so that they too are travelling in the preferred

direction. The result is that daughter capillaries grow very close to their parents

and the five families of capillaries remain entirely distinct. This reduced connect-

edness will have adverse implications for efficient blood flow through the capillary

network and we conclude that angiogenesis has been impeded by the increase in

the turning coefficient. In Figure 7.4(b), with a reduced turning coefficient, the

capillaries demonstrate a significant reduction in their ability to detect and respond

to the VEGF gradient. Several vessels grow for prolonged periods in directions

significantly different to the preferred direction. Again, angiogenesis is not as suc-

cessful as in Figure 7.2. The changes we have made to the parameter values are

large for illustrative purposes. Nevertheless, it appears that, for the assumed VEGF



203

concentration profile, there may be an optimum value of dv to give a functional neo-

vasculature. Too large a value means that vessel branches are unable to grow away

from their parents, reducing interconnections; too small a value means that vessels

cannot turn effectively and may not grow towards the tumour.

As mentioned above, it is expected that a statistical analysis of experimental capil-

lary network data will yield accurate functional forms for the turning rate mean, µ,

and variance, σ2, in the context of angiogenesis. Nevertheless, even in the absence

of such data, the sinusoidal reorientation model (7.7) is not the only possible choice.

A linear reorientation model,

µ (θ) = −d (θ − θ0) ,

was also considered in [61]. Simulations using this model (not shown) are similar

to those using the sinusoidal model. The only drawback of the linear model is

that, when considering the sum of two different turning rates (as in (7.10)), the

net preferred direction will frequently be almost perpendicular to both individual

preferred directions, which is undesirable from a modelling point of view.

Increasing the branching angle from π
6 to π

3 results is a network with more open

fenestrations (results not shown). This is unsurprising since the daughter capillaries

will have further to turn before they are travelling in the preferred direction, and

will therefore grow further from their parent as they do so.

In Figure 7.5(a), there is no capillary branching (pb = 0), resulting in a drastically

reduced angiogenic response. Although there is one anastomosis and the remaining

four EC almost reach the tumour colony, the vessels would not be capable of sup-

porting circulation and the tumour has not succeeded in establishing a blood supply.

It therefore appears that inhibiting capillary branching, whilst not preventing the

initial growth of primitive vessels, is incompatible with sustained angiogenesis. It is

possible that there is a close link between vessel branching and the mitotic division

into two daughter cells of the leading EC simulated in this model. In this case,

the results shown in Figure 7.5(a) are consistent with experimental observations

[148] that, although sprouting and primitive growth can occur by EC migration

alone, mitosis is required for continued vessel growth and the successful completion

of angiogenesis.

In the simulations described so far, the behaviour of the EC does not change as

they migrate towards the tumour. This is not what is observed experimentally.
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Figure 7.6: Capillary network formed in the non-lattice model with desensitisation

in the chemotactic mean turning rate, p = 4.

VEGF is a potent endothelial mitogen and higher VEGF concentration levels will

result in increased EC proliferation [77], possibly leading to more frequent capillary

branching. Indeed, several researchers have reported that branching becomes more

pronounced as the capillaries approach the tumour, producing what is sometimes

called a brush border effect [109, 148]. Figure 7.5(b) shows a simulation in which

the branching rate is not constant, but increases linearly with VEGF concentration.

The probability of branching at a given time step is v
vp

pbk instead of simply pbk

(where vp is the VEGF concentration at y = 0). The branching rate is therefore the

same as before at the parent vessel, but increases as the EC approach the tumour.

Unsurprisingly, there is more branching nearer to the tumour, creating a denser

capillary network.

In Figure 7.6, we return to a constant branching rate, but include desensitisation

effects by taking p = 4. dv is adjusted so that the turning coefficient is unchanged at

the parent vessel (y = 0), but decreases with increasing VEGF concentration. The

EC are, therefore, initially able to reorient themselves effectively, but progressively

lose that ability as they approach the tumour. This is the reason for the growth of

vessels, in the vicinity of the tumour colony, in directions other than the preferred

direction.

Figure 7.7 shows simulations with fibronectin included. We return to a turning

coefficient that is dependent only on the concentration gradient (p = 0). For y > 0,

there are now two competing effects on EC reorientation: chemotaxis provides a
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(a) (b)

Figure 7.7: Capillary networks formed in the non-lattice model with haptotaxis: (a)

df = 10. (b) df = 15.

stimulus for the cells to turn towards the direction θ = π
2 ; haptotaxis stimulates

them to turn towards θ = −π
2 . The net effect depends on the relative strengths of

the two gradients: the net preferred direction is π
2 if

dv |∇v| > df |∇F | ,

and is −π
2 otherwise. (Note that, when y < 0, the VEGF and fibronectin produce

cooperating, rather than competing, effects, so the net preferred direction is always

θ = π
2 .)

There is thus a threshold value, yc, such that haptotactic effects dominate for y < yc

whereas chemotactic effects dominate for y > yc. For the substrate profiles (7.25),

(7.26), this value is given by

yc =
ln

(

df k2

dvk1

)

+ k1

k1 + k2
. (7.33)

If an EC manages to use its initial ‘momentum’ (the cells have initial direction

θ̂ = π
2 ) to escape to y > yc, it will likely continue under a net upward stimulus

and reach the tumour colony. However, if an EC fails to escape, it will be drawn

back towards the parent vessel, in whose vicinity it is likely to remain. This can

be seen clearly in Figure 7.7(a): several vessels escape past the threshold value of

yc = 0.259 and are able to successfully establish a capillary network; a few vessels,

however, do not escape and are forced to double back towards the parent vessel.
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Figure 7.8: A graph of the average network extension rate, G, against the hapto-

tactic coefficient, df .

Haptotaxis may therefore be one mechanism behind anastomosis, particularly in

the early stages of angiogenesis when the nascent sprouts are still near to the parent

vessel, providing a stimulus for the new capillaries to loop back on themselves.

The looping back of capillary sprouts in the initial stages of angiogenesis has been

observed experimentally [108].

In Figure 7.7(b), the haptotactic turning coefficient has been increased to df = 15.

This increases the pull back towards the parent vessel and raises the threshold value

to yc = 0.394, making it more difficult for EC to migrate towards the tumour. There

is more looping back of vessels, creating a large number of anastomoses near to the

parent vessel, and fewer capillaries reach the tumour colony. Increasing df further

prevents the EC from moving away from the parent vessel (results not shown). These

results are consistent with those of lattice-based models [4, 151], which have demon-

strated that a moderate amount of haptotaxis helps to promote anastomosis, but an

excessive amount can prevent successful angiogenesis. Experimental results [169],

have also shown that moderate concentrations of ECM components such as collagen

can assist branching and the growth of a functional capillary network, whereas very

high concentrations result in dense, tangled networks with a reduced invasive ca-

pacity. Figure 7.8 shows a graph of the average network extension rate against df :

unsurprisingly, the extension rate decreases as df increases and haptotaxis becomes

stronger.

We now run lattice-based simulations for comparison with the above results. The

parameter values, unless stated otherwise, are as shown in Table 7.2. For the pa-

rameters relating to the VEGF and fibronectin profiles, the same values are used
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as in the non-lattice simulations (see Table 7.1). Other parameters were chosen to

resemble the non-lattice model as closely as possible (for example, the sensitivity

parameters, γ and p, and the branching rate, pb, are the same). The diffusion coeffi-

cient, D, and the sensitivities, χ0 and ρ0, play similar, but not identical, roles to the

turning rate variance, σ2
0 , and the turning coefficients, dv and df . Their values were

chosen to give comparable travel times to the non-lattice model, but the effects of

changing these values will be discussed. In Figures 7.9–7.11, there is no haptotaxis

(ρ0 = 0) and chemotaxis is the only factor affecting EC migration. In Figures 7.9,

7.10 and 7.12, the chemotactic sensitivity is constant (p = 0). In each Figure, parts

(a) and (b) show the simulation using lattice models I and II respectively.

Figure 7.9 shows simulations with no haptotaxis (ρ0 = 0); the equivalent non-

lattice simulation is Figure 7.2. The results are qualitatively similar to the non-

lattice results (with comparable network extension rates and mean vessel lengths),

but the effects of the lattice are clearly visible, with tip migration consisting of a

series of orthogonal jumps. Also, the results of the two lattice-based simulation

methods are similar. The only noticeable difference is that model I (Figure 7.9(a))

consistently gives slightly more lateral migration than model II (Figure 7.9(b)), in

which the movement is more predominantly upwards. The reason for this is not

entirely clear, but is likely a consequence of the different forms for the individual

transition probabilities (see section 7.5). As demonstrated in section 3.2.3, one could

choose a different form for the transition rates in lattice model II, given by (3.14),

(3.15), and still obtain the same continuum limit (7.28). Under such a choice, the

transition rates in the x direction are independent of those in the y direction and,

for the VEGF profile used in the simulations, lateral spread will therefore always

be the same, regardless of how great a chemotactic stimulus is applied vertically.

Simulations (not shown) using these transition rates give even more lateral spread

than lattice model I, particularly for large values of χ0. This is in contrast to the

transition rates of lattice model II (3.11), (3.12), under which a strong stimulus

to move vertically upwards focusses all movement in that direction, thus reducing

migration in the x direction (which is intuitively more realistic).

Figure 7.10 shows simulations with an increased chemotactic sensitivity (χ0 = 20),

adding to the bias for the cells to move in the upward direction. There is no direct

equivalent in the circular model, but the effect is similar to increasing the chemo-

tactic turning coefficient (see Figure 7.4(a)). There is less lateral migration (and

hence fewer interconnections between the capillaries) and almost all the movement
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is directed up the chemotactic gradient.

In Figure 7.11, we include the effects of desensitisation at high VEGF concentrations

by taking p = 4. As before, χ0 is adjusted so that the sensitivity, χ (v), is unchanged

at the parent vessel, but decreases as v increases. Again, the nearest equivalent

to this in the non-lattice model is where the turning coefficient decreases at high

VEGF concentrations (Figure 7.6). In the lattice-based model, it is not the cells’

ability to reorient themselves that is lost, but the ability to move in the direction of

increasing VEGF concentration. This explains why the desensitisation has a more

severe impact on the invasion distance in Figure 7.11 than in Figure 7.6. In the

non-lattice model, the EC are already moving up the VEGF gradient, so losing the

ability to turn is not crucial4. In the lattice-based model, however, loss of directional

bias is critical, leaving the EC migrating almost at random.

Recall that, in the non-lattice model, the cells move with constant speed. This is

a reasonable first approximation for tip migration during angiogenesis. However, it

is likely that, in reality, there is some dependence of migration speed, s, on VEGF

concentration, v. The assumption of constant speed is obviously unrealistic in the

case where there is no VEGF as, under these circumstances, the EC would remain

stationary. It would therefore be natural to take s as an increasing function of v for

low values of v. It is also possible that desensitisation at high VEGF concentration

occurs via a decrease in the migration speed, so one could argue for a negative

dependence of s on v for high values of v. If this is the case, behaviour would likely

be intermediate between Figure 7.6, in which desensitisation acts solely by reducing

the turning coefficient, and Figure 7.11, in which desensitisation acts by reducing

the directional bias and hence the average speed of migration towards the tumour.

Further experimental data are required to test these conjectures.

In Figure 7.12, the addition of haptotaxis (ρ0 = 0.25) reduces the vertical invasion

distance of the capillaries, as in the non-lattice model (see Figure 7.7). Again, there

is a threshold value, yc, such that haptotaxis is stronger than chemotaxis for y < yc

and vice versa for y > yc. The threshold value is given by

yc =
ln

(

ρ0k2

χ0k1

)

+ k1

k1 + k2
, (7.34)

which may be identified with the equivalent value in the non-lattice model (7.33)

4Loss of turning ability would, however, be crucial if the initial direction were chosen to be a

value other than π
2
. It is also important for daughter capillaries, which are initially assigned a

different direction of motion to their parent.
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on identifying dv and df with χ0 and ρ0 respectively. In the non-lattice model,

the net preferred direction is θ0 = −π
2 for y < yc and θ0 = π

2 for y > yc. In the

lattice-based model, it is the net flux which changes from being in the negative

y-direction for y < yc to the positive y-direction for y > yc
5. Hence, haptotaxis,

for a given value of yc, will have a more severe retarding effect on the growing

capillaries in the lattice-based model because, in the non-lattice model, the EC

have an initial ‘momentum’ which may carry them above the threshold value. If

the flux is negative at y = 0, however, the lattice-based EC will be unlikely to move

away from the parent vessel at all. We have therefore used ρ0 = 0.25 in Figure

7.12 (for which there is no threshold value, and the net flux is always upward) in

order to generate some capillary growth. Increasing the strength of haptotaxis above

this level further impedes migration (results not shown) to the point where the EC

cannot escape from the immediate vicinity of the parent vessel (as in the non-lattice

model).

In the lattice-based models, haptotaxis acts by simply reducing the upward bias

of chemotaxis, making downward movement more likely. Unlike in the non-lattice

model, the direction of the tips can change very rapidly, so they do not need to de-

scribe large, sweeping curves as they turn. Thus haptotaxis, under the simple steady

state gradient assumptions, does not provide the same stimulus for anastomosis as

in the non-lattice model. The inclusion of fibronectin synthesis by EC may help to

stimulate anastomosis by providing a bias to migrate towards other capillaries [4].

7.7 Discussion

The results of the non-lattice model shown in section 7.6 demonstrate qualitative

agreement with experimental observations. The mean vessel length and average ex-

tension rate of the simulated capillary networks are also supported by experimental

data. The main advantage of this type of model (which is based on the model of [61]

for swimming micro-organisms) over other cell-based models of tumour angiogenesis

is that the cells are not constrained to a regular lattice and can move freely through-

out the ECM. This is not a new idea: a non-lattice model in which the velocity of

the EC satisfied a stochastic ODE was developed in [155]. However, the majority

5The net flux in the continuum limit PDE (7.28) changes sign at y = yc. In the discrete models,

the probability of moving down is greater than the probability of moving up for y < yc and vice

versa for y > yc.
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(a) (b)

Figure 7.9: Capillary networks formed in the lattice-based models: (a) model I. (b)

model II.

(a) (b)

Figure 7.10: Capillary networks formed with increased chemotaxis, χ0 = 20: (a)

model I. (b) model II.
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(a) (b)

Figure 7.11: Capillary networks formed with desensitisation in the chemotactic

sensitivity, p = 4: (a) model I. (b) model II.

(a) (b)

Figure 7.12: Capillary networks formed with haptotaxis, ρ0 = 0.25: (a) model I. (b)

model II.
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of discrete angiogenesis models use a lattice for EC movement and this is the first

time the reinforced random walk method of simulation [117, 151] has been used in

a non-lattice model. Moreover, it is an advantage that the model is directly linked

to the statistics of the capillary network (which is not the case for other non-lattice

models, such as [39, 155]) because an analysis of experimental network data (see

below) will firmly ground the model in a realistic framework.

The processes of branching and anastomosis are crucial for successful angiogenesis,

but are not well understood. The precise stimulus for vessel branching is unclear

and it is not known why a brush border forms only in certain tumour types. Sim-

ilarly, the mechanism behind anastomosis is not understood. One major strength

of discrete (microscopic) models of angiogenesis [4, 151], as opposed to continuum

(macroscopic) models [4, 12, 87], is their ability to capture branching and looping

events. The model presented here provides an alternative way of studying these

processes, based on the direction of capillary growth and the angles between ves-

sels. For example, it has been observed that sprouts initially grow from the parent

vessel in a parallel fashion, but subsequently incline towards one another and even-

tually anastomose [120]. This model provides an ideal framework for studying such

behaviour. Furthermore, the ability to prescribe the branching angle, which is not

possible in lattice-based models, is advantageous.

Two of the key quantities in the model, the turning rate variance (or rotational

diffusivity), σ2
0 , and the turning rate coefficient, d, have been shown to have clearly

observable effects on model predictions. A high value of σ2
0 leads to the growth

of tortuous vessels, whereas a low value leads to much straighter vessels. A high

value of d means that vessels reorient themselves almost immediately; this can

adversely affect the number of interconnections in the network. A low value of d

means that vessels are less able to reorient themselves and hence are more likely to

grow in directions other than the preferred direction. It is a useful feature of the

model that relatively complex properties of the microvascular architecture can be

manipulated by just two parameters. Introducing a spatial dependence into these

parameters may be one way to model the architectural heterogeneity observed in

tumour-associated capillary networks. For example, tumour vessels are often highly

tortuous and chaotic, with a lack of vessel hierarchy [79, 120, 167].

The sinusoidal reorientation model was found to fit well with experimental data for

the trajectories of algae migrating by gravitaxis [61]. We have adopted this model
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in the simulations and it has produced realistic capillary networks. Nevertheless, it

is expected that accurate functional forms for the turning rate statistics, in the con-

text of angiogenesis, will be obtained via an analysis of experimental network data.

Proceeding in a similar way to [61], this is achieved by discretising the trajectories

using a range of time step lengths, k, and plotting the mean and variance of the

turning angle, θ (t + k)−θ (t), against the absolute angle, θ (t). The resulting curves

determine the functional forms of µ (θ) and σ2 (θ). The associated parameter values

(such as σ2
0 and d in the sinusoidal case) are obtained by examining the behaviour of

the curves as k → 0. In addition, it would be most interesting to compare the net-

work statistics of normal blood vessels to those of tumour-associated vessels. Such

an approach could shed light on the functional and structural differences between

physiological and tumour-induced angiogenesis.

The direct comparison of lattice and non-lattice simulations has been instructive.

Despite the qualitative similarities in terms of capillary migration, branching and

anastomosis, the advantages of freeing the EC from the lattice are immediately

apparent. The most striking difference between the two modelling approaches occurs

when the haptotactic effects of fibronectin are included. In the lattice-based models,

haptotaxis simply reduces the bias for movement towards the tumour colony and, if

the effect is sufficiently strong, creates a net bias towards the parent vessel. In the

circular random walk model, however, the cells cannot simply stop and turn around,

but must turn gradually. Haptotaxis can thus stimulate the looping back of nascent

capillary sprouts, a phenomenon that has been observed in vivo [108], and promote

anastomoses in the vicinity of the parent vessel. The processes of haptotaxis and

anastomosis, and the possible relationship between them, are not fully understood:

further empirical evidence is needed to test this hypothesis.

A limitation of the model in its present form is that steady state profiles are im-

posed for the substrate concentrations. It would be straightforward to generalise to

time-dependent profiles independent of the EC. However, in order to incorporate,

for example, proteolysis, synthesis of ECM components and secretion of angiogenic

growth factors and inhibitors by EC, it is necessary to couple the substrate dy-

namics to the EC. This would present more of a challenge since the associated

reaction–diffusion equations would have to be solved on a lattice. The simplest

solution to this difficulty would be to assign each cell to the nearest lattice point

for the purposes of computing the substrate dynamics and of sampling the local

substrate concentrations and concentration gradients, but still allow them to move
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independently of the lattice.

As discussed in section 7.6, an obvious model extension would be to use a VEGF-

dependent tip migration speed, instead of the constant speed used in the non-lattice

simulations. One could easily set the migration speed to be a simple function of

VEGF concentration but, again, experimental data are required to elucidate a re-

alistic functional form.

7.8 Three-Dimensional Non-Lattice Model

We now extend the model of section 7.1 to three spatial dimensions by considering

a random walk on the unit sphere. The general, N -dimensional form of the Fokker–

Planck equation in Cartesian coordinates [135] is:

∂p

∂t
= −

N
∑

i=1

∂

∂xi

(

D
(1)
i (x, t) p (x, t)

)

+
N
∑

i=1

N
∑

j=1

∂2

∂xi∂xj

(

D
(2)
ij (x, t) p (x, t)

)

, (7.35)

where p (x, t) is the probability density function for the position random variable

(X (t) ∈ R
N ), D(1) is the drift vector and D(2) is the diffusion matrix:

p (x1, . . . , xN , t) dx1 . . . dxN = P (x1 ≤ X1 (t) < x1 + dx1, . . . ,

xN ≤ XN (t) < xN + dxN ) ,

D
(1)
i (x, t) = lim

k→0

1

k
E (Xi (t + k) − Xi (t)) ,

D
(2)
ij (x, t) = lim

k→0

1

2k
E ((Xi (t + k) − Xi (t)) (Xj (t + k) − Xj (t))) .

If the random variables, Xi (t) (i = 1, . . . , N), are independent, then D
(2)
ij = 0 for

i 6= j (i.e. D(2) is a diagonal matrix). Furthermore, if the Xi (t) have common

variance, say σ2 (x, t), then D(2) (x, t) = σ2 (x, t) I [N ]. In this case, (7.35) simplifies

to
∂p

∂t
= −∇.

(

D(1) (x, t) p (x, t)
)

+
1

2
∇2
(

σ2 (x, t) p (x, t)
)

. (7.36)

We now transform to spherical polar coordinates (r, θ, φ) by:

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ.

The direction of a vector OA is described by two angles: 0 ≤ θ ≤ π, the colatitude,

is the angle OA makes with the positive z-axis; −π ≤ φ ≤ π, the longitude, is the
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angle made by the projection of OA in the horizontal (xy) plane with the positive

x-axis.

The unit vectors are

r̂ = (sin θ cos φ, sin θ sin φ, cos θ) ,

θ̂ = (cos θ cos φ, cos θ sinφ,− sin θ) ,

φ̂ = (− sinφ, cos φ, 0) .

The gradient operator is

∇ = r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ φ̂

1

r sin θ

∂

∂φ
.

The divergence of a vector field, F = r̂Fr + θ̂Fθ + φ̂Fφ, is

∇.F =
1

r2

∂

∂r

(

r2Fr

)

+
1

r sin θ

∂

∂θ
(sin θFθ) +

1

r sin θ

∂Fφ

∂φ
.

Each individual is characterised by two random variables, Θ (t) and Φ (t), and per-

forms a random walk on the unit sphere. The probability density function, f , is

defined by:

h (θ, φ, t) dA ≡ f (θ, φ, t) dθdφ = P (θ ≤ Θ (t) < θ + dθ, φ ≤ Φ (t) < φ + dφ) ,

(7.37)

where dA = sin θdθdφ is an element of surface area on the unit sphere. Note that h is

a more direct representation of the probability distribution, since it is the probability

density per unit area [101] and we will work with h, rather than f , throughout this

section.

h satisfies equation (7.36) and in polar coordinates, this becomes

∂h

∂t
= −∇. ((0, µ (θ, φ) , ν (θ, φ))h (θ, φ, t)) +

1

2
∇2
(

σ2 (θ, φ) h (θ, φ, t)
)

, (7.38)

where

µ (θ, φ) = lim
k,δ→0

(

1

k
E (Θ (t + k) − Θ (t))

)

,

ν (θ, φ) = lim
k,δ→0

(

1

k
E (Φ (t + k) − Φ (t))

)

,

σ2 (θ, φ) = lim
k,δ→0

(

1

k
Var (Θ (t + k) − Θ (t))

)

= lim
k,δ→0

(

1

k
Var (Φ (t + k) − Φ (t))

)

.

Note that, since the random walk is on the unit sphere, R (t) ≡ 1 and the first

component of the drift vector, E (R (t + k) − R (t)), is identically zero.
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In an analogous way to the two-dimensional case, we wish to write (7.38) in the

form
∂h

∂t
= ∇.

(

Drh∇

(

ln
h

τ

))

. (7.39)

This may be done by choosing Dr (θ, φ) and τ (θ, φ) such that:

Dr =
σ2

2
, (7.40)

1

τ

∂τ

∂θ
=

2µ

σ2
−

1

σ2

∂σ2

∂θ
, (7.41)

1

τ

∂τ

∂φ
=

2ν sin θ

σ2
−

1

σ2

∂σ2

∂φ
. (7.42)

Note that it will be possible to satisfy these conditions only if

∂

∂φ

( µ

σ2

)

=
∂

∂θ

(

ν sin θ

σ2

)

.

In this case, τ is given by

τ (θ, φ) =
A (φ)

σ2 (θ, φ)
exp

(

2

∫

µ (θ, φ)

σ2 (θ, φ)
dθ

)

(7.43)

=
B (θ)

σ2 (θ, φ)
exp

(

2 sin θ

∫

ν (θ, φ)

σ2 (θ, φ)
dφ

)

, (7.44)

where the functions A and B are determined by equivalence of (7.43) and (7.44).

Expanding (7.39) gives

2ht = σ2



h cot θ

(

ln
h

τ

)

θ

+

(

h

(

ln
h

τ

)

θ

)

θ

+ csc2 θ

(

h

(

ln
h

τ

)

φ

)

φ





+h

(

(

ln
h

τ

)

θ

σ2
θ + csc2 θ

(

ln
h

τ

)

φ

σ2
φ

)

. (7.45)

Because of the factor of csc2 θ in terms involving derivatives with respect to φ, and

the additional term in cot θ, this is not the continuum limit of a standard two-

dimensional master equation of the form (3.10). It is possible that there is modified

master equation, with appropriately weighted transition rates, whose continuum

limit is equation (7.45), but, if so, it is unknown. We therefore proceed by discretis-

ing (7.45), using standard finite differences, by the method of [7]. As previously

discussed, I do not believe that this method provides as natural a framework for

simulating random walks, and the derivation of an appropriate reinforced random

walk master equation is a problem for future work.
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In the case where the variance is constant, σ2 (θ, φ) ≡ σ2
0 , discretisation gives

h(j+1)
n,m = R0h

(j)
n,m + R1h

(j)
n+1,m + R2h

(j)
n−1,m + R3h

(j)
n,m+1 + R4h

(j)
n,m−1, (7.46)

where

R0 = 1 −
σ2

0k

2

(

cot θ

2δ

τn+1,m − τn−1,m

τn,m
+ δ−2

(

2
(

1 + csc2 θ
)

+
τn+1,m + τn−1,m + csc2 θ (τn,m+1 + τn,m−1) − 2

(

1 + csc2 θ
)

τn,m

τn,m

−
(τn+1,m − τn−1,m)2 + csc2 θ (τn,m+1 − τn,m−1)

2

4τ2
n,m

))

,

R1 =
σ2

0k

2

(

cot θ

2δ
+ δ−2

(

1 −
τn+1,m − τn−1,m

4τn,m

))

,

R2 =
σ2

0k

2

(

−
cot θ

2δ
+ δ−2

(

1 +
τn+1,m − τn−1,m

4τn,m

))

,

R3 =
σ2

0k csc2 θ

2δ2

(

1 −
τn,m+1 − τn,m−1

4τn,m

)

,

R4 =
σ2

0k csc2 θ

2δ2

(

1 +
τn,m+1 − τn,m−1

4τn,m

)

,

the subscripts, n and m, denote (θ, φ) = (nδ,mδ), and the superscript j denotes

t = jk.

The movement of an individual is governed by

dx
dt

= s sin (θ (t)) cos (φ (t)) , dy
dt

= s sin (θ (t)) sin (φ (t)) , dz
dt

= s cos (θ (t)) ,

where s is its speed.

Recall that in the two-dimensional model with sinusoidal reorientation, the transi-

tion probability function, τ (θ), is a von Mises distribution on the unit circle (7.8).

The three-dimensional analogue of this is the Fisher distribution on the unit sphere

[101], with probability density function:

fs (θ, φ) = CF exp

(

2d

σ2
0

(sin θ sin θ0 cos (φ − φ0) + cos θ cos θ0)

)

sin θ, (7.47)

where

CF =
d

2πσ2
0 sinh

(

2d
σ2

0

) .

Note that fs (θ, φ) = CF exp
(

2d
σ2

0

cos G (θ, φ, θ0, φ0)
)

sin θ where G (θ1, φ1, θ2, φ2) is

the geodesic distance between (θ1, φ1) and (θ2, φ2) on the unit sphere. Compare
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this to the von Mises distribution (7.8), which may be written in a similar form in

terms of the arc distance between θ and θ0 on the unit circle. Like the von Mises

distribution, the Fisher distribution is unimodal, with maximum at (θ, φ) = (θ0, φ0).

Since we are working with h rather than f (see (7.37)), we define the transition

probability function, τ , by

τ (θ, φ) sin θ = fs (θ, φ) , (7.48)

Note that, as in the two-dimensional case, τ is the stable steady solution of the

Fokker–Planck equation (7.38).

By (7.41), (7.42), the mean turning rates associated with this distribution are:

µ (θ, φ) = d (cos θ sin θ0 cos (φ − φ0) − sin θ cos θ0) , (7.49)

ν (θ, φ) = −d sin θ0 sin (φ − φ0) . (7.50)

Thus, the EC will tend to reorient themselves so that they are moving in the di-

rection θ = θ0, φ = φ0. For simplicity, only one preferred direction, (θ0, φ0), is

considered, and is assumed to be in the direction of increasing VEGF concentra-

tion. We hence define θ0 ∈ [0, π], φ0 ∈ [−π, π) by

(sin θ0 cos φ0, sin θ0 sin φ0, cos θ0) .
∇v

|∇v|
= 1. (7.51)

If ∇v = 0 then θ0 and φ0 are undefined and we set

τ (θ, φ) ≡ 1.

When a capillary branches, a choice must be made for the initial direction of the

daughter capillary. This is done as follows: the parent capillary continues on its

existing trajectory, (θp, φp), whilst the daughter capillary is assigned a new direction,

(θd, φd), at random, such that the angle between the two direction vectors is α:

(sin θp cos φp, sin θp sin φp, cos θp) . (sin θd cos φd, sin θd sin φd, cos θd) = cos α.

In the two-dimensional model, it is sufficient to define anastomosis as the event of

two capillary trajectories crossing. However, in continuous three-dimensional space,

the probability of two trajectories exactly coinciding is zero. We therefore assume
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Figure 7.13: Capillary network formed in the three-dimensional non-lattice model.

that the EC are spheres of fixed radius, ρc. The variables (x, y, z) describe the

position of the centre of the EC. Thus, if a leading EC attempts to move within

a distance 2ρc of the trail of another EC, or of its own trail, then an anastomosis

occurs (cf. [155]).

We position a parent vessel along the line y = 0, z = 1
2 and simulate the growth of

a number of capillary sprouts, which start at equally spaced points along the parent

vessel. A spherical tumour of radius ρ0 and centre (x0, y0, z0) is assumed to generate

a VEGF profile of the form

v (x, y, z) =

{

e−k1(ρ−ρ0), ρ ≥ ρ0

1, ρ < ρ0

}

, (7.52)

where

ρ2 = (x − x0)
2 + (y − y0)

2 + (z − z0)
2 .

Cells take no further part in the simulation once they make contact with the tumour

boundary.

We take ρc = 0.0125 mm as the EC radius [155]. The effects of fibronectin are not

considered, so df = 0; all other parameters are as shown in Table 7.1.
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Figure 7.14: Capillary network formed in the three-dimensional non-lattice model

with desensitisation, p = 4.

Figure 7.15: Capillary network formed in the three-dimensional non-lattice model

with two tumours.
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Figure 7.16: A graph of the ratio of the number of anastomoses to the number of

branching events, R, against EC radius, ρc.

7.9 Results and Discussion

Simulations are run on (x, y, z) ∈ Ω = [0, 1] × [−0.5, 1] × [0, 1], beginning with five

EC, positioned at equally spaced points along the parent vessel: x̂j = 0.2j − 0.1,

ŷj = 0, ẑj = 0.5 (j = 1, . . . , 5). The initial direction of motion is θ̂j = φ̂j = π
2 (i.e.

in the horizontal plane, in the direction of increasing y). The tumour is assumed to

be centred at (x0, y0, z0) = (0.8, 0.8, 0.8), with radius ρ0 = 0.2. The choice of the

position of the tumour is arbitrary, but is chosen to introduce an asymmetry into

the problem. The VEGF-dependent branching rate, v
vp

pb is used.

Figure 7.13 shows a simulation with no desensitisation (p = 0). Unsurprisingly, the

majority of vessels migrate directly towards the centre of the tumour, as dictated

by the VEGF gradient, ∇v.

In Figure 7.14, desensitisation is included (p = 4). The cells thus lose the ability

to respond to the VEGF gradient as they approach the tumour, where the VEGF

concentration is at its highest. This, combined with the increased branching rate

near the tumour, appears to result in a greater degree of lateral migration, i.e.

there is some migration around the tumour, as opposed to purely towards it. This

is more realistic, as experimental evidence [109, 148] has shown that capillaries,

having reached the vicinity of the tumour, often begin to grow around it, eventually

encapsulating it in a dense vascular network, or brush border.
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Figure 7.15 shows a simulation with p = 0, and two tumours: one centred at

(0.8, 0.8, 0.8) and one at (0.2, 0.8, 0.2) (the VEGF profile is accordingly assumed to

be a sum of two profiles of the form (7.52)). The EC must now make a decision

as to which tumour to move towards. The outcome for each capillary is primarily

determined by which tumour is the nearer, as dictated by the net local VEGF

gradient. For EC that are approximately equidistant between the two tumours,

however, |∇v| ≈ 0, so there is very little bias to the turning angle. These EC are

likely to continue migrating in approximately the same direction, until they enter a

region where there is a bias towards one tumour or the other.

As can be seen from Figures 7.13–7.15, capillary branching and anastomosis are fre-

quent events. It is noteworthy that anastomosis still occurs in the three-dimensional

model, as it would be possible for the capillaries to pass under and over one another,

without actually colliding. Clearly, this does indeed sometimes occur, but the fact

that anastomoses also occur is a consequence of our (realistic) choice of a finite EC

radius, ρc. Simulations were run for a range of values of ρc; Figure 7.16 shows a

graph of the ratio of the number of anastomoses to the number branching events6

against ρc. Unsurprisingly, the larger the EC, the more frequently anastomosis oc-

curs, whilst as the EC radius tends to zero, the number of anastomoses also tends

to zero.

The three-dimensional model has generated realistic vascular structures, which com-

pare well with experimentally grown networks (see, for example, Figures 1.9 and

1.10). As in the two-dimensional model, assumptions have been made regarding the

turning rate statistics but, again, an analysis of experimental data would avoid the

necessity of using an a priori statistical distribution, such as the Fisher distribu-

tion, thus grounding the model in realistic framework. Another important target for

future work is the derivation of a master equation for the three-dimensional model

which respects the fact that the random walk is on the unit sphere. It may be

possible to accomplish this via the theory of solid angles; this would provide a more

natural framework for carrying out the simulations.

I believe that the non-lattice model developed in this chapter represents a promising

framework in which to study angiogenesis. The possibility of using a statistical

6The quantity plotted is effectively the number of anastomoses per capillary. The stochastic

branching mechanism means that the number of branching events can vary considerably between

simulations. The number of branching events determines the number of active migrating capillary

sprouts and hence has a direct impact on the number of anastomoses.
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analysis to base the turning rate statistics on experimental capillary network data

is an exciting one. The conjecture that differences between normal and tumour-

associated vasculatures could be revealed via differences in their network statistics

is also worth further investigation.

7.10 Summary

• A circular random walk model has been used to formulate a non-lattice model

of tumour angiogenesis.

• At present, estimates must be made for the turning rate statistics, but an

analysis of experimental capillary network data would yield accurate functional

forms for these statistics.

• Simulations have been run and compared to simulations of lattice-based mod-

els, demonstrating the advantages of freeing the EC from geometric con-

straints.

• The model has been extended to three dimensions using spherical polar coor-

dinates and the simulations have produced realistic capillary networks.

• Key references: Stokes and Lauffenburger [155], Hill and Häder [61], Anderson

and Chaplain [4], Sleeman and Wallis [151].
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