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Abstract The complex pattern of presence and absence of many genes across different
species provides tantalising clues as to how genes evolved through the processes of gene
genesis, gene loss, and lateral gene transfer (LGT). The extent of LGT, particularly in
prokaryotes, and its implications for creating a ‘network of life’ rather than a ‘tree of
life’ is controversial. In this paper, we formally model the problem of quantifying LGT,
and provide exact mathematical bounds, and new computational results. In particular,
we investigate the computational complexity of quantifying the extent of LGT under the
simple models of gene genesis, loss, and transfer on which a recent heuristic analysis
of biological data relied. Our approach takes advantage of a relationship between LGT
optimization and graph-theoretical concepts such as tree width and network flow.
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1. Introduction

Modern sequencing technology is providing an increasingly detailed picture of the distri-
bution of genes across a wide array of taxa. Some molecular biologists have used these
data to argue that unless ancestral genomes were considerably larger than present-day
ones, extensive lateral gene transfer (LGT) must be invoked to explain the current distrib-
ution of genes (Dagan and Martin, 2007; Dagan et al., 2008; Mirkin et al., 2003). LGT is
a process by which a gene (or genes) from one species is transferred into the genotype of
another species by various genetic mechanisms. The extent of LGT is controversial, but
it has been argued to be widespread in prokaryotes (e.g. bacteria) and, to some extent, in
other domains of life (Andersson, 2005), suggesting in turn that a network, rather than a
tree, best describes the evolution of life (Doolittle and Bapteste, 2007).
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Fig. 1 The dilemma of ancestral genome inflation: If gene g, distributed as shown, is not transferred
laterally then under the model, g must be in five ancestral genomes (∗,+) not just at +.

Although the pattern of presence and absence of different genes across a set of species
can suggest that LGT events occurred in the evolution of these species, another explana-
tion is that certain genes are simply lost in different lineages. As a result, various attempts
to quantify the extent of LGT based on gene content have been developed, typically based
either on most-parsimonious scenarios or on stochastic models of gene genesis, loss, and
transfer (see, for example, Dagan and Martin, 2007; Jin et al., 2007; Spencer et al., 2006).
Attempts to reconstruct evolutionary histories under the assumption that no LGT events
have occurred (and that genes arise just once) imply that some common ancestors of
the considered species must have had far more genes than their current-day descendants.
Doolittle et al. (2003) refer to such an unlikely all-encompassing ancestral genome as
the ‘genome of Eden’ hypothesis. Allowing LGT events reduces the need for genes to be
present at earlier species, as illustrated for a single gene in Fig. 1.

In this paper, we exploit the combinatorial structure that underlies a key biological in-
sight on which a recent heuristic analysis of data was based by Dagan and Martin (2007)
(see also Dagan et al., 2008; Mirkin et al., 2003). This insight is that simple models of
gene evolution, in which a gene typically arises just once (gene genesis) but can be lost
multiple times, imply lower bounds on the extent of LGT simply to prevent hypothetical
ancestral genomes from becoming unfeasibly large (e.g. if no LGT events are allowed,
some ancestral genomes in Dagan and Martin (2007) were at least five times larger than
modern prokaryote genomes). For such a model, we aim to bound the number of gene
transfer events that have occurred in the evolution of a set of taxa, based on the pres-
ence/absence patterns of genes in each of these taxa, assuming that ancestral genomes are
bounded by a given size.

Notice that we wish to count transfer events (rather than the total number of genes
that are transferred), since in each transfer event, several genes may be transferred from
one species into another. Thus, our count of LGTs is conservative, and recognizes that
genes are not independently transferred and that a transfer event may insert a section of
the genome (with several genes) into an individual organism of a different species.

The structure of this paper is as follows. In the next section, we define the model
of gene genesis, loss, and transfer precisely, and summarize our main results. We then
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provide proofs of these results in subsequent sections, and end with some concluding
comments and a conjecture.

2. Mathematical model and summary of main results

2.1. Definitions and model specification

We begin by recalling some notation concerning digraphs, and phylogenetic trees and
networks.

Let v be a vertex of a digraph D. The indegree of v is the number of arcs directed
into v, while the outdegree of v is the number arcs directed out of v. The indegree of
v is denoted by d−(v) and the outdegree of v is denoted by d+(v). The degree of v

is d−(v) + d+(v). Furthermore, u is an in-neighbour of v if (u, v) is an arc in D, while
w is an out-neighbour of v if (v,w) is an arc in D. A digraph D is rooted if there exists
a vertex, ρ say, of indegree zero such that, for each vertex v in D, there exists a directed
path from ρ to v.

Throughout the paper, X will denote a finite set of taxa and G will denote a finite set
of genes. A phylogenetic tree (on X ) is a rooted tree whose root has degree at least two
and all other internal vertices have degree at least three, and whose leaf set is X . More
generally, a phylogenetic network N (on X ) is a rooted acyclic digraph with the following
properties:

(i) the root has outdegree at least two and, for all vertices v with d+(v) = 1, we have
d−(v) ≥ 2; and

(ii) the set of vertices of outdegree zero is X .

The elements of X are the leaves of N . For a subset U of the vertex set of N , the sub-
digraph of N = (V ,A) induced by U is the digraph whose vertex set is U , and whose arc
set is the subset {(u, v) : u,v ∈ U and (u, v) ∈ A} of A.

We now describe the model of gene genesis, loss, and transfer. For each taxon x ∈ X ,
assume that the subset G(x) of G consisting of the genes in G that have been observed in
taxon x is known. We refer to the associated map G : X → 2G as a genome assignment.
Let N = (V ,A) be a phylogenetic network on X . For a fixed positive integer k, and a
genome assignment G : X → 2G , a (G, k)-gene labelling of N is a mapping F : V → 2G

such that the following hold:

(I) F(x) = G(x) for each x ∈ X ;
(II) |F(v)| ≤ k for all v ∈ V ;

(III) For each gene g ∈ G , the sub-digraph of N induced by {v ∈ V : g ∈ F(v)} is rooted
(and, therefore, connected).

Note that if x ∈ X and |G(x)| > k, then N has no (G, k)-labelling. If N has a (G, k)-
labelling, we say that N exhibits such a labelling. A gene labelling describes a possible
evolution of the genes observed in the taxa under consideration. Property (I) says that
each leaf of the network is labelled by the set of genes observed in the corresponding
taxon. Property (II) demands that each vertex is labelled by a set of at most k genes; the
parameter k thus bounds the sizes of the ancestral genomes. Lastly, (III), means that each
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gene in G is created once at most. There is no restriction on the number of times a gene is
lost.

Any function F which satisfies properties (I) and (III) we will call a G-gene labelling.
With these definitions in hand, we can now state the main results of this paper.

2.2. Bounding the number of gene transfers required

Our first result establishes lower and upper bounds on the number of LGT events required
to explain a given data set. Suppose our input is given by a rooted phylogenetic tree T

on X (“species tree”), a genome assignment G : X → 2G , and a positive integer k. Given
a phylogenetic network N , we say that N can be obtained from T by adding h arcs, if
there is a subgraph T ′ of N that is a subdivision of T (i.e. T ′ can be obtained from T by
replacing arcs by directed paths) and at most h arcs of N are not arcs of T ′. Here, one
views these added arcs as LGT events.

We are interested in the minimum number of LGT events that must be added to T in
order for the resulting network to exhibit a (G, k)-gene labelling. We denote this mini-
mum number by �(T ,G,k). Given the above input, Theorem 1 provides lower and upper
bounds for �(T ,G,k). For a vertex v of T , let n(v) denote the number of genes g ∈ G
for which there exist two leaves x1, x2 ∈ X such that g ∈ G(x1), g ∈ G(x2) and the most
recent common ancestor of x1 and x2 in T is v.

Theorem 1. Let T = (V ,E) be a rooted phylogenetic tree on X , let G be a set of genes, let
G : X → 2G be a genome assignment, and let k be a positive integer such that |G(x)| ≤ k

for all x ∈ X . Then

(i) �(T ,G,k) ≥
√

2
3 |{v ∈ V : n(v) > k}|.

(ii) �(T ,G,k) ≤ � |G|−k

k
	 · (|X | + 1).

In particular, it follows that, to any phylogenetic tree, LGT events can be added in order
for the resulting network to exhibit a (G, k)-gene labelling (for any G,k with |G(x)| ≤ k

for all x ∈ X ). The proof of Theorem 1 is given in Section 3.

2.3. Hardness results

The next two results show that two fundamental decision questions concerning the exis-
tence of (G, k)-labellings are NP-complete. First, consider the following problem:

GENE LABELLING

Given: A phylogenetic network N on X , a finite set G of genes, a genome assignment
G : X → 2G , and a positive integer k.

Question: Does N exhibit a (G, k)-labelling?

Theorem 2. The decision problem GENE LABELLING is NP-complete even if k = 1.

A related problem, but concerning rooted phylogenetic trees, is the following:



Quantifying LGT 1787

(G, k)-TREE

Given: A finite set X of taxa, a finite set G of genes, a genome assignment G : X →
2G , and a positive integer k.

Question: Does there exist a rooted phylogenetic tree N on X that exhibits a (G, k)-
labelling?

Theorem 3. The decision problem (G, k)-TREE is NP-complete.

The proofs of these two theorems are established in Section 4.

2.4. Algorithms

Despite the apparent intractability of the two problems described above, there are in-
stances for which there exist polynomial-time algorithms. Several such instances are de-
scribed in Section 5. One in particular is given next.

Let N be a phylogenetic network on X . A sequence of vertices and arcs is an underly-
ing cycle of N if it is a cycle of the underlying graph (i.e the undirected graph obtained by
ignoring the directions of the arcs). A phylogenetic network N on X is a galled tree (Gus-
field et al., 2004) if, for each pair C and D of underlying cycles, the vertex sets of C and
D are disjoint. Each such cycle is called a gall. Theorem 4 shows that restricting the phy-
logenetic networks in GENE LABELLING to galled trees, the decision problem becomes
polynomial-time solvable.

Theorem 4. Let N be a galled tree on X , let G be a set of genes, let G : X → 2G be
a genome assignment, and let k be a positive integer. Then there is a polynomial-time
algorithm for deciding whether or not N exhibits a (G, k)-gene labelling.

Theorem 4, together with the following corollary, is established in Section 5.

Corollary 1. Let T be a rooted phylogenetic tree on X , let G be a set of genes, let G :
X → 2G be a genome assignment, and let k be a positive integer. If h is a fixed positive
integer, then there is a polynomial-time algorithm for deciding whether or not there is a
galled tree N on X that can be obtained from T by adding at most h arcs and which
exhibits a (G, k)-gene labelling.

3. How many gene transfers are needed?

In this section, we prove Theorem 1.

Proof of Theorem 1: For the proof of (i), suppose that a network N admitting a (G, k)-
gene labelling can be obtained by adding �(T ,G,k) arcs to T . It follows that there exists a
tree T ′ that is a subdivision of T and a subgraph of N . In other words, T ′ is a topological
embedding of T in N . An arc of N is said to be an lgt-arc if it is not an arc of T ′.
Consider two leaves x1, x2 and their lowest common ancestor v in T ′. Suppose that for
a gene g ∈ G we have g ∈ G(x1) and g ∈ G(x2). Since network N admits a (G, k)-gene
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Fig. 2 Illustration for the proof of Theorem 1. The three cases apply, without loss of generality, whenever
g ∈ G(x1), g ∈ G(x2), but g /∈ F(v), where v is the lowest common ancestor of x1 and x2 in T ′ . Straight
lines denote arcs, while curves denote paths. Solid curves are in T ′, while dotted lines/curves can be either
in T ′ or only in N .

labeling F , there has to be an undirected path between x1 and x2 in N containing only
vertices u with g ∈ F(u). Furthermore, at least one such undirected path has to consist
of two directed paths, one ending in x1 and one ending in x2, since the subgraph of N

induced by {v ∈ V | g ∈ F(v)} is rooted, and hence contains a rooted tree. There are
four possibilities. Firstly, it is possible that this undirected x1 − x2-path passes through v,
implying that g ∈ F(v). The remaining three cases are illustrated in Fig. 2. The first case
is that the undirected x1 − x2-path uses an lgt-arc (a, d) between two vertices a, d that
have v as their lowest common ancestor in T ′. A second possibility is that the path uses
two lgt-arcs (a, b) and (c, d) such that v is the lowest common ancestor of a and d in T ′

(a does not have to be on the path v → x1 as in the figure). Finally, it is also possible
that the path uses two lgt-arcs (b, a) and (c, d) such that v is the lowest common ancestor
of a and d in T ′ (other logical possibilities can be obtained from the given possibilities
by relabeling vertices). Thus, for any vertex v with n(v) > k, there has to be either an
lgt-arc (a, d) or two lgt-arcs (a, b), (c, d) or two lgt-arcs (b, a), (c, d), with a and d two
vertices that have v as their lowest common ancestor in T ′.

Given a vertex v of T , we say that an lgt-arc (s, t) satisfies v if v is the lowest common
ancestor of s and t in T ′. Since in a tree there is a unique lowest common ancestor,
each single lgt-arc satisfies at most one vertex. Furthermore, we say that a pair of lgt-
arcs {(s, t), (s ′, t ′)} satisfies v if v is the lowest common ancestor of either s and t ′, or
of s ′ and t or of t and t ′ in T ′. It follows directly that each pair of lgt-arcs satisfies at most
three vertices. Since there are �(T ,G,k) lgt-arcs, in total at most 3

(
�(T ,G,k)

2

) + �(T ,G,k)

vertices v with n(v) > k can be satisfied. From the previous paragraph we know that each
vertex v with n(v) > k needs to be satisfied, either by a single lgt-arc or by a pair of lgt-
arcs. It follows that there can be at most 3

(
�(T ,G,k)

2

) + �(T ,G,k) vertices v with n(v) > k.
Part (i) follows by generously bounding 3

(
�(T ,G,k)

2

) + �(T ,G,k) by 3
2�(T ,G,k)2.

For (ii), we can construct a network N admitting a (G, k)-gene labelling as follows.
We select a set G0 of k arbitrary genes in G and set F(v) = G0 for each internal vertex v

of T . The third property of a (G, k)-gene labelling is now satisfied for the genes in G0. For
the remaining |G| − k genes, we do the following. We introduce f = � |G|−k

k
	 additional

isolated vertices v1, . . . , vf and label these vertices by disjoint sets F(v1), . . . ,F (vf ) that
partition G \ G0 and contain at most k genes each. Finally, we add arcs from the root to
each vi and from each vi to each leaf x with G(x) ∩ F(vi) �= ∅. This leads to the claimed
upper bound. �
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To improve upon this, simple upper bound turns out to be challenging. This can per-
haps be explained by the results in the next section, in which we show that, even if the
network N is given and k = 1, it is NP-complete to decide if a (G, k)-gene labelling of N

exists.

4. Unravelling lateral gene transfer is hard

We begin this section by first showing that GENE LABELLING is NP-complete. First,
consider the following decision problem:

DIRECTED ACYCLIC SUBGRAPH HOMEOMORPHISM (DASH)

Given: Directed acyclic graphs D = (VD,ED) and P = (VP ,EP ) with VP ⊆ VD .
Question: Is P homeomorphic to a subgraph of D?

A graph P is homeomorphic to a graph H if H can be obtained from P by replacing
arcs (u, v) by internally vertex-disjoint directed u − v paths. Hence, DASH can be seen
as a disjoint-paths problem. The graph P is called the “pattern graph”. It was observed
by Fortune et al. (1980) that NP-hardness of DASH follows from a result of Even et al.
(1972) on multi-commodity flows.

Theorem 2. The decision problem GENE LABELLING is NP-complete even if k = 1.

Proof: The reduction is from DASH. Let (D,P ) be an instance of DASH. We begin by
showing that we may assume, for each vertex u in P , we have d−

P (u) + d+
P (u) = 1. To

see this, let D′ and P ′ be the digraphs obtained from D and P , respectively, by iteratively
doing the following for each vertex v in P :

(i) Let {s1, s2, . . . , si} be the set of in-neighbours of v in P and let {t1, t2, . . . , tj } be the
set of out-neighbours of v in P .

(ii) In P , replace v and the arcs (s1, v), . . . , (si , v) and (v, t1), . . . , (v, tj ) with the new
vertices v1, v2, . . . , vi+j and the new arcs (s1, v1), . . . , (si , vi) and (vi+1, t1), . . . ,

(vi+j , tj ).
(iii) Let {x1, x2, . . . , xr} be the set of in-neighbours of v in D and let {y1, y2, . . . , ys} be

the set of out-neighbours of v in D.
(iv) In D, replace v and the arcs (x1, v), . . . , (xr , v) and (v, y1), . . . , (v, ys) with the new

vertices v1, v2, . . . , vi+j and the new arcs

(x1, v1), (x2, v1), . . . , (xr , v1), (x1, v2), (x2, v2), . . . , (xr , v2),

. . . , (x1, vi), (x2, vi), . . . , (xr , vi)

and

(vi+1, y1), (vi+1, y2), . . . , (vi+1, ys), (vi+2, y1), (vi+2, y2), . . . , (vi+2, ys),

. . . , (vi+j , y1), (vi+j , y2), . . . , (vi+j , ys).
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At the end of this iterative construction, for each vertex u in P ′, we have d−
P ′(u) +

d+
P ′(u) = 1. Moreover, it is straightforward to check that P ′ is homeomorphic to a sub-

graph of D′ if and only if P is homeomorphic to a subgraph of D. It now follows that we
may assume that our given instance (D,P ) of DASH is of the form at the completion of
this construction.

We next describe a polynomial-time transformation of our instance (D,P ) of DASH
into an instance of GENE LABELLING with k = 1. Set k = 1. We define N , X , G , and
the function G : X → 2G iteratively as follows. Initially, set X and G to be both empty.
Let N be the phylogenetic network obtained from D = (V ,A) by applying the following
sequence of operations:

(O-I) For each arc a = (u, v) of P , add a new gene ga to G , add new leaf vertices �u, �v

to V and to X , add new arcs (u, �u) and (v, �v) to A, and set G(�u) = G(�v) =
{ga}. Furthermore, delete all incoming arcs of u from A. At the end of (I), the
constructions of the sets X and G , and the function G : X → 2G are completed.

(O-II) Repeatedly remove all leaves of the resulting network not in X and repeatedly
remove all vertices of indegree zero that do not have an element of X as a child.

(O-III) Finally, root the resulting network by choosing a vertex of indegree zero as a root
and then adding an arc from this root to each other vertex of indegree zero. Setting
N to be the resulting phylogenetic network on X , we have now constructed the
desired instance of GENE LABELLING.

An example of this construction is shown in Fig. 3. Note that, while D may not be con-
nected, N is connected because of (O-III). We complete the proof by showing that N

admits a (G,1)-gene labelling if and only if P is homeomorphic to a subgraph of D.
Suppose that P is homeomorphic to a subgraph of D. Then, for each arc a = (u, v)

of P , there exists a directed u− v path in D such that all these directed paths are pairwise
vertex disjoint. We first claim that for each such u − v path in D, there exists a corre-
sponding u − v path in N . To see this, observe that, in the construction of N from D, the

Fig. 3 An example of the reduction in the proof of Theorem 2. From an instance (P,D)

of DASH, a phylogenetic network N is constructed with leaf-labelling G(�u) = G(�v) = {ga}
and G(�u′ ) = G(�v′ ) = {ga′ }. Disjoint paths u → w2 → v and u′ → w4 → v′ in D correspond to a la-
belling F(�u) = F(u) = F(w2) = F(v) = F(�v) = {ga},F (�u′ ) = F(u′) = F(w4) = F(v′) = F(�v′ ) =
{ga′ }.
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only arcs deleted are those arcs directed into a vertex, u say, for which u is a vertex in P ,
and arcs incident with a vertex, w say, for which either there is no directed path from w

to a vertex in X or there is no directed path from a parent of a vertex in X to w.
None of these deletions deletes an arc on any u − v path in D and so the claim holds.

Now, for each arc a = (u, v) of P and for each vertex w on the associated u − v path
in N , set F(w) = {ga}. Since the children �u of u and �v of v are the only other vertices
with a label containing ga , the subgraph of N = (V ,A) induced by {w ∈ V | ga ∈ F(w)}
is rooted and connected. Labelling all remaining vertices w by F(w) = ∅ thus leads to
a (G,1)-gene labelling of N .

Now suppose that F is a (G,1)-gene labelling of N . It remains to show that P is
homeomorphic to a subgraph of D. Consider a gene ga ∈ G , and let a = (u, v) be the
associated arc of P . Since F is a (G,1)-gene labelling, the subgraph of N induced by
{w ∈ V (N) : ga ∈ F(w)} is connected. Furthermore, each of the arcs added in (O-III) in
the construction of N joins two vertices that are assigned distinct genes in G by F as F

is a (G,1)-labelling of N . Thus, none of these arcs are contained in the subgraph of N

induced by {w ∈ V (N) : ga ∈ F(w)}. Since u has no other incoming arcs, u has indegree
zero in this subgraph. Since the child �v of v is also labelled F(�v) = {ga}, it follows
that N contains a directed path from u to v whose vertices are assigned {ga} under F .
This path is also a directed path in D. Moreover, for two distinct genes ga, gb ∈ G , these
paths are pairwise disjoints and so they are pairwise disjoint in D. The union of these
paths in D forms a subgraph H of D such that P is homeomorphic to H . This completes
the proof of the theorem. �

We turn now to the proof of Theorem 3, which is based on the concepts of tree-width
and tree-decomposition from graph theory – we define these notions now; for further
background the interested reader may wish to consult (Diestel, 2006).

A tree decomposition of a graph H = (VH ,EH ) is a pair (T , {Xi : i ∈ I }) where T =
(I,ET ) is a tree and, for all i ∈ I , the set Xi is a subset of VH such that:

(i)
⋃

i∈I Xi = VH ;
(ii) for each (u, v) ∈ EH , there exists an i ∈ I with u,v ∈ Xi ;

(iii) for each v ∈ VH , the subgraph of T induced by {i ∈ I : v ∈ Xi} is connected.

The width of the tree decomposition is defined as maxi∈I |Xi | − 1.
We use the following NP-complete problem for the reduction in the proof of the theo-

rem.

TREEWIDTH

Given: An undirected graph H = (VH ,EH ) and a natural number k′.
Question: Does there exist a tree decomposition of H with width at most k′?

Theorem 3. The decision problem (G, k)-TREE is NP-complete.

Proof: The reduction is from TREEWIDTH. Let (H, k′) be an instance of TREEWIDTH,
and set X = EH , G = VH , G(x) = {u,v} for each edge x = {u,v} ∈ EH , and k = k′ + 1.
We complete the proof by showing that there exists a tree decomposition of H with width
at most k′ if and only if there exists a phylogenetic tree N on X that admits a (G, k)-gene
labelling.
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Firstly, let (T , {Xi : i ∈ I }) be a tree decomposition of H with width k′. For
each {u,v} ∈ EH , there exists an i ∈ I with u,v ∈ Xi . Hence, for each taxon x ∈ X ,
there exists a vertex i of T with G(x) ⊆ Xi . We construct N from T by choosing an arbi-
trary vertex as a root, directing all edges away from the root and, for each x ∈ X , adding
a leaf x and an arc (i, x) where i is an arbitrary vertex of T with G(x) ⊆ Xi . Repeatedly
deleting leaves not in X , set N to be the resulting rooted phylogenetic tree on X . We can
now obtain a (G, k)-gene labelling F of N by setting F(x) = G(x) for each leaf x ∈ X
and F(i) = Xi for each other vertex. For each gene g ∈ G , the subgraph of N = (V ,A)

induced by {v ∈ V : g ∈ F(v)} is connected by property (iii) of a tree decomposition, and
is rooted as N is a rooted phylogenetic tree.

Now suppose that there exists a phylogenetic tree N on X and a (G, k)-gene la-
belling F of N = (V ,A). Then we can obtain a tree decomposition (T , {Xi : i ∈ I }) of H

by setting I = V and Xi = F(i) for all i ∈ I , and defining T to be the tree obtained from
N by ignoring the rooting and thus orientation of each of the arcs. All properties of a tree
decomposition are clearly satisfied, and the width is at most k′ = k −1 because |F(i)| ≤ k

by the definition of a (G, k)-gene labelling. �

5. . . . But sometimes it is easy

Let N be a galled tree on X , let G be a set of genes, let G : X → 2G be a genome assign-
ment, and let k be a positive integer. The main result of this section shows that there is a
polynomial-time algorithm for deciding whether N exhibits a (G, k)-labelling. If N is a
phylogenetic tree, then this problem is equivalent to deciding if �(N,G,k) = 0.

Proposition 1. Let T be a phylogenetic tree on X , let G be a set of genes, let G : X → 2G

be a genome assignment, and let k be a positive integer. Then there is a polynomial-time
algorithm for deciding whether �(T ,G,k) = 0.

Proof: Deciding whether �(T ,G,k) = 0 is equivalent to deciding if T has a (G, k)-gene
labelling. With this in mind, it is easily seen that the following G-gene labelling function
F of T minimizes k. For all v ∈ V , the gene g ∈ G is in F(v) precisely if v is a vertex of
the minimal subtree of T that connects those leaves x for which g ∈ G(x). If |F(v)| ≤ k

for v, then F is a (G, k)-gene labelling; otherwise there is no such gene labelling of T . �

Proposition 2 (below) establishes the main result when N has exactly one gall. We will
use this proposition as the base case for an inductive proof of the main result. The proof
of this proposition relies on the following construction. Let N be a galled tree on X with
exactly one gall. Thus the undirected graph underlying N has exactly one cycle. Label (in
order) the vertices of this cycle w1,w2, . . . ,wp , where wp is the unique vertex in N with
two arcs directed into it.

Let F ∗ be the following map from the vertex set V of N to 2G . For each v ∈ V , the
gene g ∈ G is in F ∗(v) precisely if, ignoring the direction of the arcs, either:

(i) there is a pair of leaves x1 and x2 with g ∈ G(x1) and g ∈ G(x2), and v is on a path
between x1 and x2 that avoids wp , or

(ii) there is a pair of leaves x1 and x2 with g ∈ G(x1) and g ∈ G(x2), and v is on all paths
between x1 and x2.
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The following two observations are important for what follows. First, if F is a G-gene
labelling of N , then it is easily seen that F ∗(v) ⊆ F(v) for all v ∈ V . Second, F ∗ is not
necessarily a G-gene labelling of N . The exact reason for this is that there can be a gene
g ∈ G such that the sub-digraph of N induced by {v ∈ V : g ∈ F ∗(v)} consists of two
rooted connected components; one lying below wp (more precisely, in the subgraph of N

induced by the vertices that are reachable from wp by a directed path) and one lying above
wp (more precisely, in the subgraph of N induced by the vertices that are not reachable
from wp by a directed path).

Now let G′ be the subset of genes g ∈ G for which the sub-digraph of N induced
by {v ∈ V : g ∈ F ∗(v)} is disconnected. We extend F ∗ to a G-gene labelling F of N

by reformulating the problem as an undirected network flow problem and then using its
solution to identify the extension. Here, one can view each edge {a, b} as the two arcs
(a, b) and (b, a). We construct an undirected graph U from N by starting with the sub-
digraph of N induced by {w1,w2, . . . ,wp} and ignoring the direction of the arcs, adding
a source vertex s, and, for each gene g ∈ G′, adding a new vertex sg and the three edges
{s, sg}, {sg,wi1−1}, and {sg,wi2+1}, where i1 and i2 are, respectively, the smallest and
largest index i �= p for which g ∈ F ∗(wi). Now assign each sg capacity 1 and, for each
i ∈ {1,2, . . . , p − 1}, assign wi capacity k − |F ∗(wi)|.

To illustrate the above construction, consider the galled tree N shown in Fig. 4(a).
Each leaf x of N is labelled by the set G(x) of input genes observed in the corresponding
taxon. The map F ∗ is shown in Fig. 4(b). The undirected graph U with k = 3 is shown in
Fig. 4(c).

Lemma 1. There exists an integer flow in U from s to wp with value |G′| if and only if
there exists a (G, k)-gene labelling of N . Moreover, if there is such an integer flow, then
it leads to a (G, k)-gene labelling of N .

Proof: First suppose that there exists such a flow f with value |G′|. Based on f , we show
that there exists a (G, k)-labelling F of N . For this existence proof, we assume that we
know the path that each unit of flow takes. We will conclude the proof by showing how
an actual (G, k)-labelling can be constructed.

Initially set F = F ∗. Since f has value |G′| and each sg has capacity 1, there is exactly
one unit of flow passing through sg from s to wp . Furthermore, as f is integer, it uses
exactly one of the two edges {sg,wi1−1} and {sg,wi2+1}. If f uses {sg,wi1−1}, then the
corresponding unit of flow either uses the vertices on the path from wi1−1 to wp through
{w1,wp} or the vertices on the path from wi1−1 to wp through {wp−1,wp}. Depending
on which of these paths this unit of flow takes, add g to F(wi) for each of the vertices
on this path. Similarly, if f uses {sg,wi2+1}, then the corresponding unit of flow either
uses the vertices on the path from wi2+1 to wp through {w1,wp} or the vertices on the
path from wi2+1 to wp through {wp−1,wp}. Depending on which of these paths this unit
of flow takes, add g to F(wi) for each of the vertices on this path. Doing this for each
g ∈ G′, we claim that the resulting map F : V → 2G is a (G, k)-labelling of N . Clearly, F

satisfies (III). Furthermore, as each vertex wi has capacity k −|F ∗(wi)|, the cardinality of
F(wi) is at most k. Thus F satisfies (II). It now follows that F is a (G, k)-labelling of N .

Now suppose that there exists a (G, k)-gene labelling F of N . By one of the two obser-
vations earlier, F ∗(v) ⊆ F(v) for all v ∈ V . Consider a gene g ∈ G′. The sub-digraph of N

induced by {v ∈ V : g ∈ F ∗(v)} consists of two rooted connected components. However,
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Fig. 4 (a) A galled tree N with one gall. Each leaf x of N is labelled by G(x). (b) The initial labelling F ∗
in which, for example, the sub-digraph of N induced by {v ∈ V : 4 ∈ F ∗(v)} (displayed by the dashed
arcs and unfilled vertices) consists of two connected components. (c) Auxiliary graph U with capacities in
parentheses. (d) A (G,3)-gene labelling of N . This gene labelling corresponds to a maximum flow in U

which sends one unit of flow through s1 and w1 and one unit of flow through s4 and w4.

by (III), the sub-digraph of N induced by {v ∈ V : g ∈ F(v)} is rooted and connected.
Therefore, there is a path on the cycle consisting of vertices wi with g ∈ F(wi) − F ∗(wi)

that connects the two components. Sending one unit of flow from s to the first vertex on
this path via sg , and then along this path to wp for each g ∈ G′ gives the desired integer
flow.

We have now shown that if there is an integer flow f from s to wp with value |G′|,
then there is a (G, k)-labelling of N . This does not directly give such a labelling as we
can make no distinction on the flow units. In particular, it is not directly clear which of the
two paths a flow unit takes once it reaches a vertex wi in the cycle. This can be rectified as
follows. Let f be such a flow and let g ∈ G′. Ignoring the vertices wi1 , . . . ,wi2 , either the
flow unit through sg takes the path from wi1−1 to wp via w1 or the path from wi2+1 to wp

via wp−1. To make this decision, consider the following modification of the integer flow
problem. Extend F ∗ to F ∗

g by adding g to each of F ∗(wi1−1), . . . ,F
∗(w1) and, for each of

these vertices, subtract one from their capacities. If there is an integer flow from s to wp in
U\sg of |G′| − 1 units, then we may assume that the unit of flow through sg in U follows
the path from wi1−1 to wp via wp−1. In this case, replace F ∗ with F ∗

g and U with U\sg ,
and repeat for another element in G′ − g. If there is no such integer flow in U\sg , then the
unit of flow through sg in U follows the path from wi2+1 to wp via wp−1. In this second
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case, replace F ∗ with that obtained by adding g to each of F ∗(wi1−1), . . . ,F
∗(w1) and,

for each of these vertices, subtract one from their capacities, and replace U with U\sg .
Continuing in this way, we eventually obtain a (G, k)-labelling of N . �

To illustrate Lemma 1 and its proof, consider the example prior to the lemma, illus-
trated in Fig. 4. In U , a maximum flow could send either two units of flow through w1 or
one unit of flow through vertex w1 and one unit of flow through vertex w4. From the latter
option, one can for example obtain the (G,3)-gene labelling shown in Fig. 4(d).

Proposition 2. Let N be a phylogenetic network on X , let G be a set of genes, let G :
X → 2G be a genome assignment, and let k be a positive integer.

(i) If N is a galled tree with exactly one gall, then there is a polynomial-time algorithm
for deciding whether N exhibits a (G, k)-labelling, in which case, such a labelling
can also be found in polynomial time.

(ii) If T is a phylogenetic tree, then there is a polynomial-time algorithm for deciding
whether �(T ,G,k) = 1.

Proof: First note that a maximum-valued integer flow can be found in O(n1.5 log(n · k))

time (Goldberg and Rao, 1998). Thus, (i) follows from Lemma 1. For (ii), if |X | = n, then
there are O(n2) possible ways of adding a single arc to T . Applying Lemma 1 to each
such way gives the desired algorithm. This completes the proof of the proposition. �

We now extend Proposition 2(i) to all galled trees using induction on the number of
galls. Let N be a galled tree on X , let G be a set of genes, let G : X → 2G be a genome
assignment and let k be a positive integer. If N has either no galls or exactly one gall,
then we have such an algorithm by Propositions 1 and 2, so we may assume that N has at
least two galls. In this case, there exists a vertex u1 of N with the property that, for some
gall, each of the vertices in the vertex set of this gall are descendants of u1 and no vertex
that is a proper descendant of u1 has this property. Let N1 be the phylogenetic network
obtained from N by replacing u1 and all of its descendants with a single vertex q1. Let
Q1 be the phylogenetic network obtained from N by deleting all of the vertices of N

that are not descendants of u1 and adjoining a parent vertex r1 to u1 with one further
child other than u1. Call the additional child vertex v1. Let LQ1 denote the leaf set of Q1.
Effectively, we have partitioned N into two phylogenetic networks N1 and Q1. See Fig. 5
for an example. Let

G(q1) = G(v1) =
( ⋃

x∈LQ1 −{v1}
G(x)

)
∩

( ⋃
x∈X −LQ1

G(x)

)
.

The proof of the following lemma is straightforward, and so the details are omitted.

Lemma 2. The galled tree N has a (G, k)-labelling if and only if each of N1 and Q1 has
a (G, k)-labelling.

By Proposition 2(i), there is a polynomial-time algorithm for deciding whether or not
Q1 has a (G, k)-labelling. If there is no such labelling, then, by Lemma 2, N has no
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Fig. 5 A galled tree N and the decomposition of N into Q1 and N1 described in the text.

(G, k)-labelling. On the other hand, if Q1 has a (G, k)-labelling, then one needs to check
if N1 has a (G, k)-labelling. Now repeat the above construction with N replaced by N1.
Continuing in this way, we either find a galled tree with a single gall that does not exhibit
a (G, k)-labelling, and thereby show that N has no such labelling, or we find no such
galled tree and conclude that N has a (G, k)-labelling. Note that the number of galls in
N is polynomial in the size of the vertex set of N . In particular, we have established the
following results.

Theorem 4. Let N be a galled tree on X , let G be a set of genes, let G : X → 2G be
a genome assignment, and let k be a positive integer. Then there is a polynomial-time
algorithm for deciding whether N exhibits a (G, k)-gene labelling.

Corollary 2. Let T be a rooted phylogenetic tree on X , let G be a set of genes, let G :
X → 2G be a genome assignment, and let k be a positive integer. If h is a fixed non-
negative integer, then there is a polynomial-time algorithm for deciding whether or not
there is a galled tree N on X that can be obtained from T by adding at most h arcs and
which exhibits a (G, k)-gene labelling.

Proof: Suppose that N is a galled tree on X that can be obtained from T by adding at
most h arcs. Then there is an embedding T ′ of T in N . Notice that since N is a galled
tree, it follows that all vertices of N are contained in T and thus that N can be obtained
from T by subdividing at most 2h arcs and adding at most h arcs.
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Hence, given T , we can try each possible way of subdividing at most 2h arcs and
adding at most h arcs. For each such possibility, we check if the resulting network is a
galled tree. In each such case, we can check if a (G, k)-gene labelling of this network
exists, by Theorem 4. The time needed is polynomial in the size of the input, for each
fixed h. �

6. Concluding comments

The analysis of this paper rests on a number of assumptions concerning gene evolution.
Perhaps the most restrictive is the requirement that gene genesis is a unique event. This
requirement reflects the fact that a gene is typically a long and fairly precise sequence of
nucleotides, and the probability that a similar sequence could evolve independently in a
different part of the tree is small. This seems reasonable if DNA sequence evolution is
described by a neutral model (Kimura, 1983), but in some cases, natural selection will,
no doubt, direct the evolution of DNA sequences towards certain genes that confer higher
fitness. Thus, simple arguments based on neutrality need to be treated with caution. It
would be interesting to extend the analysis of this paper to allow for a small frequency of
independent gene genesis events.

A related question is what degree of sequence similarity is required in order to classify
two sequences as coding for the same gene. Insisting on exact sequence identity is too
severe, since it is well known that different species typically encode a gene with slightly
different sequences that result from random site substitutions (indeed these differences
have been the main signal used for phylogenetic tree reconstruction, Felsenstein, 2004).
This question of gene identity is also relevant to the probability of independent gene
genesis: a region of DNA that codes for a gene could, in principle, accumulate sufficient
site mutations to put it just outside the range of being identified with that gene, but could
then mutate back within range, giving the appearance of a second gene genesis event.

Other aspects of the model that may be criticized are the assumptions that the species
tree is known with certainty (or, indeed, that it is meaningful to talk of a ‘species tree’,
Doolittle and Bapteste, 2007), and that the model does not penalize gene losses at all.

Our computational complexity results highlight that many problems are surprisingly
difficult, even for a tree, and some questions still remain to be explored further. One that
seems particularly interesting is described as follows, along with our conjecture as to its
possible resolution.

Given a rooted phylogenetic tree T , a set of genes G(x) for each leaf x of T , and
natural numbers k and h, consider the problem of deciding whether it is possible to add at
most h arcs to T to obtain a phylogenetic network N that admits a (G, k)-gene labelling.

Conjecture 1. This problem is NP-complete in general, but for each fixed h, it admits a
polynomial-time algorithm.

References

Andersson, J.O., 2005. Lateral gene transfer in eukaryotes. Cell. Mol. Life Sci. 62(11), 1182–1197.
Dagan, T., Martin, W., 2007. Ancestral genome sizes specify the minimum rate of lateral gene transfer

during prokaryote evolution. Proc. Natl. Acad. Sci. USA 104, 870–875.



1798 van Iersel et al.

Dagan, T., Artzy-Randrup, Y., Martin, W., 2008. Modular networks and cumulative impact of lateral trans-
fer in prokaryote genome evolution. Proc. Natl. Acad. Sci. USA 105, 10039–10044.

Diestel, R., 2006. Graph Theory, 3rd edn. Springer, Berlin.
Doolittle, W.F., Bapteste, E., 2007. Pattern pluralism and the Tree of Life hypothesis. Proc. Natl. Acad.

Sci. USA 104, 2043–2049.
Doolittle, W.F., Boucher, Y., Nesbø, C., Douady, C.J., Andersson, J.O., Roger, A.J., 2003. How big is the

iceberg of which organellar genes in nuclear genomes are but the tip? Philos. Trans. R. Soc. B 358,
39–58.

Goldberg, A.V., Rao, S., 1998. Beyond the flow decomposition barrier. J. ACM 45(5), 783–797.
Even, S., Itai, A., Shamir, A., 1972. On the complexity of timetable and multi-commodity flow problems.

SIAM J. Comput. 1(2), 188–202.
Felsenstein, J., 2004. Inferring Phylogenies. Sinauer Press, Sunderland.
Fortune, S., Hopcroft, J., Wyllie, J., 1980. The directed subgraph homeomorphism problem. Theor. Com-

put. Sci. 10, 111–121.
Gusfield, D., Eddhu, S., Langley, C., 2004. Optimal, efficient reconstruction of phylogenetic networks

with constrained recombination. J. Bioinform. Comput. Biol. 2, 173–213.
Jin, G., Nakhleh, L., Snir, S., Tamir, T., 2007. Inferring phylogenetic networks by the maximum parsimony

criterion: A case study. Mol. Biol. Evol. 24, 324–337.
Kimura, M., 1983. The Neutral Theory of Evolution. Cambridge University Press, Cambridge.
Mirkin, B.G., Fenner, T.I., Galperin, M.Y., Koonin, E.V., 2003. Algorithms for computing parsimonious

evolutionary scenarios for genome evolution, the last universal common ancestor and dominance of
lateral gene transfer in the evolution of prokaryotes. BMC Evol. Biol. 3, 2.

Spencer, M., Susko, E., Roger, A.J., 2006. Modelling prokaryote gene content. Evol. Bioinf. Online 2,
157–178.


	Quantifying the Extent of Lateral Gene Transfer Required to Avert a `Genome of Eden'
	Abstract
	Introduction
	Mathematical model and summary of main results
	Definitions and model specification
	Bounding the number of gene transfers required
	Hardness results
	Algorithms

	How many gene transfers are needed?
	Unravelling lateral gene transfer is hard
	… But sometimes it is easy
	Concluding comments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


