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Abstract

The Maximum Agreement Subtree Problem was posed by Finden and Gordon in 1985, and is as follows: given a set
S ={s;, 55,...,5,} and two trees P and Q leaf-labelled by the elements of S, find a maximum cardinality subset So
of S such that P|S, = Q|S,. This problem arises in evolutionary tree construction, where different methods or data
yield (possibly) different trees for the same species on which the trees agree. A superpolynomial time algorithm for
finding a maximum agreement subtree of two binary trees was found by Kubicka et al. In this paper, we will present
an O(n*® log n + V) algorithm to determine the largest agreement subtree of two trees on 7 leaves, where V is the
maximum number of nodes in the trees. For the case of trees of maximum degree k, there are two algorithms
presented: one has running time O(k!n®+ V) while the other has running time O(k%°n? log n+ V). These
algorithms also apply when the trees are constrained to be rooted; in this case a maximum agreement subtree is also
constrained to be rooted. Each of the algorithms we present can be modified to produce a maximum agreement

subtree, rather than computing only the size. Thus, we can solve the search problem in the same running time as
above.
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leaf-labelled by S if there is a bijection /;:8 —
L(T) between the elements of S and Z(T), the
leaves of T. We will denote by ¢t <, T that ¢ is
homeomorphic to a (not necessarily proper) sub-
tree of T. For t ¢, T, #(¢) is identified naturally
with a subset of #(T), so that /71(i) is defined
for i €2(t). For t ¢, T, we can define the set of
labels at the leaves of ¢ to be L(¢) ={l;'(i): i€
Z(t)}. Given a subset S, of S, TS, refers to the
minimal homeomorphic subtree of T containing
all the leaves labelled by elements of S,; in this
tree, nodes of degree two are suppressed. Given
two trees P and Q each leaf-labelled by S and
S, <S, we say that P|S,=Q|S, if there is a
graph isomorphism ¢ :V(P|S,) = V(Q|S,) such
that I5'(¢(Ip(s))=s for all s€S,. Thus, the
mapping ¢ must carry labels to labels. The tree
t=P|S, = Q|S, is called an agreement subtree for
P and Q. Thus, while P and Q may each have
nodes of degree two in them, their agreement
subtrees will not.

When the tree ¢ is rooted, we let r(¢) denote
the root of ¢. We can also then speak of the least
common ancestor of a set of nodes. Given a set
Vo € V(T), let Ica (V) be the node v in the tree
T such that
(1) v lies on every path from a node s€V,

towards »(7T), and
(2) if v’ satisfies (1), then v’ lies on the path
from v towards r(T).
We will usually refer to least common ancestors
only of pairs of nodes.

The Agreement Subtree Problem is then as

follows:

Problem: The Agreement Subtree Problem

Instance: A set S={s, s,,...,s,}, two trees P
and Q which are leaf-labelled by S, and an
integer k.

Question: Does there exist a subset S, of cardi-
nality at least k& such that P|S,=Q|S,?

This problem arises naturally in the applica-
tion to phylogenetic tree construction, where trees
for the same species set may be constructed in a
variety of ways (either the optimality criteria may
differ, or the trees may be based upon different
data sets).

The agreement subtree problem was first posed
by Finden and Gordon in 1985 and a method for
finding a subtree on which two binary trees agreed
was presented [1]. Unfortunately, the heuristic
did not guarantee that the subtrec would be of
maximum cardinality. In [3], Kubicka et al. pre-
sented an algorithm for the agreement subtree
problem on binary trees, which had running time
O(ntl/2+eNoe2my [ gwer bounds on the minimum
size of the agreement subtree of two n-leaf binary
trees were found by Kubicka et al. in [4]. In this
paper we present the first polynomial-time algo-
rithm for the problem of computing the maxi-
mum agreement subtree of two trees. The algo-
rithm we present has running time O(n*> log n
+ V). For trees of maximum degree k we
present two algorithms: one has running time
O(k!n?+ V) and the other has running time
O(k?*n? log n + V).

When the trees P and Q are constrained to be
rooted, then the definition of an agreement sub-
tree ¢ carries the additional requirement that ¢ is
homomorphic to a rooted subtree of P and Q.
Thus, relationships between least common ances-
tors of leaves in ¢+ must hold in P and Q as well.
Let ¢p:V(t) = V(P) denote the function map-
ping ¢t homeomorphically onto its image in P.
Then the additional requirement for rooted trees
is that

lcap(dp(a), ¢p(b)) = dp(lcar(a, b)).

Of course, the same condition must be true for
the function ¢,.

The algorithms we give for computing the size
of the maximum agreement subtrees of unrooted
trees can be modified for the rooted case, or to
construct the maximum agreement subtree itself,
with the same running times.

2. Finding the maximum agreement subtree of
two trees

We now present a dynamic programming algo-
rithm for finding a maximum agreement subtree
of two trees on » labelled leaves. For the general
case, the algorithm has running time O(n*> log n
+ V), where V is the number of nodes between
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the two trees. For trees of maximum degree %,
the running time is bounded by O(k*°n? log n +
7). We will also give a variant on the algorithm
for bounded degree trees which has running time
o(k!n? + V).

The first step of the algorithm is to replace P
and Q, respectively, by P|S and Q|S. This can be
accomplished in O(V') time, where V' is the num-
ber of nodes in P and Q, by repeatedly contract-
ing an edge incident to a degree-two node until
there are no degree-two nodes left. Thus, the tree
¢ is an agreement subtree for P and Q if and only
if it is an agreement subtree for P|S and Q|S.
Therefore, replacing P and Q by P|S and Q|S,
respectively, will not cause any problems, we will
henceforth assume that there are no internal
nodes of degree of two in either P or Q, so that
the number of nodes in P and Q is then linear in
the number of leaves, n.

The problem we solve in this paper is to com-
pute the maximum k such that P and Q have an
agreement subtree on k leaves. We will let
MAST(P, Q) denote that maximum value. If
|S|<3 so that P|S=Q|S, then MAST(P, Q)
=|S|. The algorithm we will describe in the
following section is used only when |S|> 3, in
which case more care is needed to compute the
size of the maximum agreement subtree.

2.1. Definitions

Let T be an unrooted tree leaf-labelled by
S=1{s, 55,...,5,}. We will use the term e-subtree
to indicate a subgraph of T which is component
of T —{e} for some edge e € E(T). Each e-sub-
tree is naturally rooted at the vertex incident to
the deleted edge. The deletion of the root of an
e-subtree x will create subgraphs x!, x?%,..., x™.
These subgraphs are also e-subtrees by our defi-
nition.

Now let p and g be e-subtrees of P and Q
respectively. Note that here p and g need not
have the same label set. When two e-subtrees p
and p’ arise by deleting the same edge from P,
we will say that p and p’ are complementary.
Since P|S =P, there are O(n) e-subtrees of P,
and similarly there are O(n) e-subtrees of Q. We

order the e-subtrees of P by inclusion, and com-
pute a linear extension @(P) of this partial order-
ing. In the same way we construct the linear
ordering #(Q) and compute a linear ordering &
on @(P) X @(Q). There are O(n?) pairs (p, q) in
this order &.

2.2. The algorithm

The algorithm is a dynamic programming
algorithm, in that it computes MAST(p, g) for
each (p, g) €& only after we have computed
MAST(p’, q’) for all e-subtrees p’, g’ such that
(p', q') precedes (p, g) in the order &. The
minimal elements ( p, g) of the order # are where
p or g is a single leaf. For these -cases,
MAST(p, q) =|L(p) N L(q)|. Thus, we need to
compute the set of labels L(x) which appear in
each e-subtree x. These sets are given by charac-
teristic vectors, and can be computed using
depth-first-search. The value of MAST(p, q) for
the remaining pairs ( p, g) can be determined in a
somewhat complicated manner, which involves
examining certain predecessors in the contain-
ment order, and computing a maximum matching
in a weighted bipartite graph. This is now de-
scribed.

Let G(p, q) be the weighted version of K,
with w(i, j) = MAST(p’, ¢/), and let #'(p, q) be
the weight of a maximum matching in this
weighted bipartite graph.

The value for MAST(p, q) is then given as
follows:

MAST(p, q) =|L(p) NL(q)| if either p or g is
a singleton, else

max{

7 (p, q), MAST(p, q'), MAST(p, q*),
..., MAST(p, q°), MAST(q, p'), MAST(q, p?),
..., MAST(q, p")

}

Note that MAST takes as its arguments two
rooted trees. Since the input to the Maximum
Agreement Subtree may be unrooted, we will
define the function MAX(P, Q) to be the num-
ber of leaves in a maximum agreement subtree of
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P and Q. The computation of MAX(P, Q) is
then set to

max MAST(p,, q,) + MAST( p,, q,)
pipasana: \ MAST( py, q,) + MAST( p,, q;) ’

where (p,, p,) and (q,, q,) are both pairs of
complementary e-subtrees.

The entire algorithm thus has the following
structure:

Algorithm:
If | S{< 3, then MAX(P, Q)=|S| and EXIT. Else
Compute the lists @& of pairs (p, q) of e-sub-
trees as described above, where pcP
and g C Q.
For each (p, q) € # Compute MAST(p, gq)
Compute MAX(P, Q)
end of algorithm

2.3. Proof of correctness

We now show that this algorithm finds the
correct value for the maximum agreement sub-
tree of two rooted trees p and gq.

Lemma 1. Let p and q be two e-subtrees of P and
Q respectively, and let t be a maximum agreement
subtree of p and q. Then | Z(t)|= MAST(p, q).

Proof. The proof is by strong induction on [
—12(p) +12(a) .

The trees p, g, and ¢ are each rooted and thus
we have subtrees p!, p2...,p", 4%, 4%,...,q°,
and ¢!, ¢2,...,¢" The base case is where / = 2, so
that p and g are each leaves, and MAST(p, q) =
|L(p) NL(q)|, which is obviously correct. So
assume true for all pairs of e-subtrees with at
most / leaves between them, let p, g be given
with [+ 1 leaves between them, and let ¢ be a
maximum agreement subtree of p and g. We will
first show that MAST(p, q) <|Z(?)|.

Assume, without loss of generality, the
value of MAST(p, q) is either #(p, q) or
MAST(p, q”), for some y. If MAST(p, q)=
# (p, q), then there is a matching in the weighted
bipartite graph G(p, q) of weight #(p, q). In-
ductively, the weight of an edge (p’, ¢’) in that

matching corresponds to the number of leaves in
an agreement subtree t(i, j) of p’ and ¢’. Con-
struct the rooted tree T(p, gq) by adding a node r
and making the root of each (i, j) the child of r.
T(p, q) is an agreement subtree of p and g, so
that |.2(T(p, q))|<|Z(t)|. Thus, MAST(p,
) =7 (p, 9 =|2(T(p,q))|<|Z(1)|. The
other case is where MAST(p, q) = MAST(p, q*)
for some y. In this case, inductively,
MAST(p, ¢*) =|2(t")|, where ¢’ is a maximum
agreement subtree of p and g”. Clearly ¢’ is also
an agreement subtree of p and ¢, so that
MAST(p, q) =|Z(t")|<|.Z(¢)|. Thus, in each
case, MAST(p, q¢) <|Z(t)|. To complete the
proof we only need to show that | .Z(t)|<
MAST(p, q), for all p, g.

Let v,=¢,(r(¢) and v, =¢ (r(t). If v,#
r(p), then v, € V(p') for some i=1, 2,...,r. In
this case, t C,, p' and so | Z(t)|<MAST(p', q)
<MAST(p, q). Similarly, if v, # r(q), then t <,
g’ for some j=1, 2,...,s, and so |Z(t)|<
MAST(q’, p) < MAST(p, q). The remaining case
is where v, =r(p) and v, =r(q). We will show
that in this case | Z(t)|<#(p, q), and since
#(p, q) < MAST(p, q), the assertion that
|.Z(t)| < MAST(p, q) follows.

To complete our proof, we will show that

(1) for each i, there exist a and b such that
é,(t1) <, p* and ¢,(t) c, q°,

@) if ¢,(¢t") c;, p® and ¢,(+/) ;, p% then i =},
and

(3 if ¢,(t)) <y, q° and ¢ (1)) gy g%, then i=].

We will show that these assertions simply that
t defines a matching in G(p, gq) of weight at least
|2 (t)|. Therefore, | Z(t)|<#(p, q), as re-
quired.

To prove these assertions, we will show that if
these conditions do not hold, then without loss of
generality there exist nodes u, v € V(¢) such that
¢, (Ica (u, v) # Ica (¢ (), ¢,(v)), contradicting
that ¢, maps ¢ homeomorphically to a subtree of
p.

Foreachi=1,2,...,mthereisana,1 <a<r
such that ¢ (r(t+'))=p, € V(p®). Thus, we can
define the function P by P(i) = a. Similarly, for
each i=1, 2,...,m there is a b, 1 <b <5 such
that ¢ (r(t') = g; € V(¢"), and we can define the
function Q by Q(i)=b. Therefore, t'c, p®
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and t' ¢, ¢9®. Thus assertion (1) is proved. To
prove assertion (2), suppose that P(i) = P(j) =a,
for i #j. Then

lcap(tj)(r(ti)), (i)p(r(tj))) <r(p®) <r(p).
On the other hand,

é,(Ica,(r (), r(')) =d,(r(1)) =r(p).

Thus, it is not the case that Ica (¢ (1), ¢,(v)) =
¢,(ca(u, v)) for all u, v E€t, contradicting our
assumption. Thus assertion (2) is proved. The
proof of (3) follows exactly along the same lines.

To construct a matching in G(p, gq) having
weight at least |.Z(¢)]|, select edge (p?, q°) if
and only if for some i, P(i)=a and Q@) =bh.
These edges form a matching in G(p, ¢) by con-
ditions (1), (2), (3) above, and ¢/ is an agreement
subtree of p? and g® of at most w(a, b) leaves.
Thus,

h h
|l Z() = L 20)] < Lw(P3), Q))

i=1 i=1
<7(p.q).

Therefore, | Z(t)| < MAST(p, q) for all p, q.

Since | Z(t)|<MAST(p, ¢) <|Z(t)] for all
p, g, it follows that MAST(p, q) =|.Z(¢t)] for all
p,q. O

We complete the proof of correctness by show-
ing that the algorithm correctly determines the
number of leaves in a maximum agreement sub-
tree of two unrooted trees.

Theorem 2. The algorithm correctly determines the
size of a maximum agreement subtree for two trees
on n labelled leaves.

Proof. Let P and Q be two trees on n leaves
each, and let T be a maximum agreement subtree
of P and Q. Note that if |$|< 3 then P|S and
Q|S are identical (since P and Q are unrooted
trees), and the algorithm will correctly determine
this by setting MAX(P, Q) =|S|. Now suppose
|S|> 4.

We will first show that MAX(P, Q) <|Z(T)|.
Since |S|> 4,
MAX(P, Q)

= max
P1,P2-91-92

{MST(plv QI) +M45T(p2’ qZ)}

where p,, p, and ¢q,, g, are pairs of comple-
mentary e-subtrees of P and Q respectively.
Suppose that MAX(P, Q) = MAST(p’, q') +
MAST(p”, q”), for (p’, p"”) and (q’, q"”) pairs of
complementary e-subtrees. Let ¢’ be a maximum
agreement subtree of p’ and ¢’ and let ¢t" be a
maximum agreement subtree of p” and q”. By
the previous lemma, MAST(p', q')=|Z(t")]
and MAST(p”, q")=|Z(t")|. Let t be the un-
rooted tree formed by adding an edge between
the roots of ¢’ and t". Then
|2 =12 +]Z(")]

=MAST(p’, q") + MAST(p", q")

=MAX(P, Q).
Since (p’, p”) and (q', q”) are both pairs of
complementary e-subtrees, ¢ is an agreement
subtree of P and Q, so that | #(¢)|<|Z(T)| It
follows that MAX(P, Q) <|.#(T)|. To complete
the proof we show that | Z(T)|< MAX(P, Q).

Let e, be an edge in T, and let T — {e} have
e-subtrees T, and T, with label sets L(T;) =3,
for i =1, 2. Thus, e defines a partition of the
label set L(T) into two parts, S, and S,. Since P
and Q both contain homeomorphic images of 7,
each of P and Q must contain edges creating the
same bipartition on L(T); let these edges be e,
and eg.

The removal of e, from P creates trees P,
and P,, and similarly we have trees Q, and Q,
created by removing e, from Q. Then (P, P))
and (Q,, Q,) are both pairs of complementary
e-subtrees. Without loss of generality we can claim
that S, c L(P)NL(Q)), for i =1, 2. Thus P, and
Q, each contain a rooted subtree homeomorphic
to T, for i=1,2. Therefore, 7, is an agree-

I

ment subtree of P, and Q,, for i=1,2, and

i

MAST(P,, Q) > | Z(T,)|, by the previous lemma.
Then

MAX(P, Q) = MAST(P,, Q,) + MAST(P,, Q,)
>|2(T) | +]12(T)| == (T)].
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Since |.Z(T)|> MAX(P, Q) >| Z(T)|, it fol-
lows that MAX(P, Q) =|Z(T)|, as stated. O

2.4. Running time analysis

The initialization involves computing all e-sub-
trees t of P or Q, computing the label set L(z)
for each e-subtree ¢, and computing the linear
order #. Using depth-first-search, we can com-
pute L(z) in O(n) time per e-subtree ¢, and thus
accomplish the initialization in O(n?) time.

When neither p nor g is a single leaf, the cost
of the MAST( p, q) computation includes the cost
of computing a maximum matching on the bipar-
tite weighted graph G(p, g). One way to do this
is to use the Gabow and Tarjan algorithm of [2]
which has running time O(mvn log(Nn)), where
m is the number of edges, n the number of
nodes, and N the maximum weight of an edge.
This results in a cost of O(n?® log n) for the
general case, and O(k%° log n) for the case where
each node is constrained to have degree at most
k. As an alternative, if k is small enough, the
(k — 1! possible matchings can each be evalu-
ated, at a cost of O(k) additions per matching,
for a total cost of O(k!) to find the maximum
matching. The weight #(p, g) of this maximum
matching is then compared to r+s<n other
values, where p has r subtrees and g has s
subtrees, for an additional cost of O(n) at worst
for the general case, and O(k) for the case where
the degrees are constrained to be at most k.

Since there are O(n?) pairs (p, g) of e-sub-
trees, this costs at worst O(n*® log n) for the

general case, and O(k!n?) or O(k%*°n? log n) for
the case where the degrees in P and ( are
constrained to be at most k.

The final computation of selecting the maxi-
mum among O(n?) values involves O(n?) addi-
tions, and O(n?) comparisons. Thus, the overall
cost of the algorithm is O(n*> log n) for arbitrary
trees P, Q, and either O(k!n?) or O(k*n? log n)
for trees in which all nodes have degree at most
k.
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