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(3)(=»): The proof mirrors (2), noting that (l-ZDQ)V(S'T-Q)>(1—2DQ)V(S'-T'e) if
v(S.T.)<v(S",T.e), for p,e(0,0.5)2N"3,

(&) A similar proof as in (2), except that since pe(0,0.5)2”"3, we must take

pp=€>0 for all ezeq and Deo = ("‘")/2, «x=0,1, and let € tend to zero.

(4): Suppose {(S51.52): Sy~1S2} = {(81,52): Sy~1:S2), where ($4,S,) are
admissible sets. If T=T’ there exists by proposition 3.11 a set SelL]4 with
TIS1=T'[S]. Suppose TIS] = (xy)(zw), while T'[S] = (x2)(yw). Let

Sy = ({xyw,z)} and S, = ({x.y), {w,z}}). Then S, S, are admissible sets and

Si~1S2 but $1<1.S;, which gives the required contradiction. §

1 xampl

For n=4, the admissible sets are &, {{i,j}}, (i,j=1....4), Sy = {{1.2},{3,4}},

S, = ((1,33,(2,43), S3 = {{1,4}.(2,3})) and S4 = {{1,2,3,4}).

For T = (12)(34), we have Si~154<7S2~7Ss.

Order Q(4) as {1}, {1.2}, (1,3}, {1,2,3}, {1,4}, {1,2,4}, {1,3,4)}, {1.2,3,4} and order
(41" as &, (1,2}, (1.3}, (2,3}, (1.4}, (2,4}, (3.4}, {1.2.3.4).

Let r = r(T,p) be the vector of values of neen(T,x)('"2De) with X indexed
over [4]" ordered as above, so that the above relations become:

Fofp =g, alfs = rsrg, Fg 2 rar's, as described by Hendy [1988]. Furthermore
we have r=1, and r;20 for all i. We now show that with two more
conditions these are sufficient for a vector reR8 to be induced by edge
change probabilities. This then characterizes the image of

{s(T,p); pel0, 0.5)3}, since s and r are related by an invertible linear

transformation given in theorem 5.28.
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6.11 Lemma
For T = (12)(34), {r(T.p) : p €[0, 0.5)%} is precisely the set of real 8-tuples
satisfying:

(D:ry=1,r,>0 for i1,
(2):(a)ry < min{r4/r3, r3/r4)

(D) re

IA

i q(r r
min { 5/r3- 3/r5}
(c)rg=rgars

(3): Mol =Tg, Iglfg =r3rg.

Proof: Neccesity is easily checked, so suppose r,....,rg satisfies conditions

(1) to (3). Let p; =1n(ry), and let K be the matrix:

00000O

i1 000

1 01 01

o1 1 01

I 001 1

01 01 I

001 I 1

11110

Now let D be the 5 by 5 submatrix of K onrows 2,3,4,5,8.
ThusD=[1 1 00 0 and D'=05[1 1 -1 00
101 0 1 1 =11 00
01 1 01 -1 1 0-1 1
1001 1 -1 =10 1 1
11110 00 11 -1

Using (1) and (3) to eliminate p,, pg and pr, and applying D' to the resulting

subvector p' of p it follows from the conditions in (2) that

D7'p’ <0 so taking pj = 0.5(1-exp( D"p‘i) we have 0<p;<0.5 so that

p = [p1P2.P3.P4.Ps] canbe regarded as edge change probabilities. But

p = -2Kq, where q; = -0.5In(1-2p), so that if tlhe edges of T = (12)(34) are
ordered so that pendant edges have the same labe! as their incident pendant

vertex and the central internal edge is the fifth edge then p induces r(T.p), as

required. §
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.12 mar
(a): Conditions (1) to (3) imply r;<1 fori=1,...,8.

(b): For the other two trees in BPT(4) one gets corresponding image sets in

the natural way.

Partition probabilities

The following results are required in sections seven and eight.

6.13 Lemma

(1): s(cq; T,p) is a strictly decreasing function of each of the components

of p.

(2): For =0y, s(og; T,p) 2 s(o; T,p), with equality precisely if p = 0.5].

(3): For fixed T, the function p->s(p) is one-to-one on [0,0.5)2n‘3.

(4): For T=T", p € (0,0.5)2"3, p' ¢ [0,0.5)2"-3, we have s(T,p) = s(T",p").

(5): For any event E=?, if p,>0 on each pendant edge of T, then P(E; T,p)>0.

(6): P(o; T,p) is the same for all TeBPT(n) and all ceQ(n), (in which case
P(o; T,p) = 2 N+ ), if and only if at least one edge on every path linking

each pair of pendant vertices has weight 0.5.

Proof: (1): By theorem 5.28, s(gg) = 2"”Z{x5[n]+}rx, where

ry = neerr(T,x)(l_2pe)' which immediately implies (1).

(2): By theorem 5.28, s(o) = ZI_HZ{xg[n]*}(‘l)l onX | ry. and for 0= there
is a set Xeln]" ror which |onX| is odd (indeed, by theorem 5.28 (1),
Z{xf[n]*'}(-l) l GNX ‘ =0). Comparing this with the expression in the proof of

(1) for og gives (2).
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(3): For TeBPT(n), let K = [K(x'e)]XE[n]+,eeE(T) be the 2””'Dg (2n-3) matrix

defined by K(X.e) = 1if eer(T,X), 0 otherwise. Then Ktk = 2N73(1+ ), (Henay

[1988]) which is full rank. Hence K is one-to-one.

Now by theorem 5.28, s = ]/8Hr with H = [(-1) ] 9NX] lg x (as in theorem 5.28
(M), r = exp(-2KQq), where q, as in definition 6.4 (4), is given by

qp= - 0.5In(1-2p,) (it is here that p,<0.5 is required).

Thus s is a composition of one-to-one functions, and so is one-to-one.

(4): Suppose T=T'. Then there exists a set SCL, |S|=4 with T[S]=T'[S], by
proposition 3.11. By proposition 6.5 (3), it suffices to prove the result for
WBT(4). But this follows immediately from the invariants described in

example 6.10.

(5): Since E=%, we can choose xeE. Then P(E; T,p) 2 P(X=x: T,p) = (m!/,“)s",

Now for any ceQ(n), let F(o) be the set of pendant edges incident with the

pendant vertices having labels in o. Then

s(o) = ”eeF(o)DeneeE(T)—F(c)("De) >0. Thus s(T,p) >0 so that

P(E; T,p)>0, as required.

(6): By theorem 5.28, if s(cg) = 2™, then

| = Z(XE[n]*}rx = “Z{Xe[n]*:xzclﬂrx- so that (1-2p,) = 0 for at least one
eeTr(T,X) and all Xe[n]"*.

Conversely, suppose this condition holds. Then for any ceQ(n), by theorem

5.28,5(0) = 21 5 ey ) (1) | onx| = 27§
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Next we strengthen part (4) of the previous lemma to obtain a result which
is required in section seven. Define sA(T,p) to be the vector s(T,p) with

the component s(Tg; T,p) deleted. We show sA(T,p) defines T.

14 rem

If T=T", p,p’ € (0,0.5)2""3, BeR, then sA(T,p) = BsA(T",p).

Proof: As inpart (4) of the previous theorem it suffices to prove this
result for n=4. Let T = (12)(34), T' = (13)(24), and order the paths on T and
T as 1(T,X) (resp. (7' X)) where the sets X are ordered as in example 6.10.
Let sy =s8"(T,p), 5y = s™(T'p’), and suppose s; = Bsy".

Then s(Tp) = [sl.solt, s(T'p") = [Bs'.so‘]t, (where [x,all is the vector obtained
from % by adjoining a). Since the components of both vectors sum to | we
have

B= (]_SO‘)/(PSO)‘

Using the notation of example 6.10, we have r(p) = Ht[s,,sg]t. If Hyis the ‘
submatrix of H on the first 7 rows, we have r(Tp) = H,tspsoj (where

j = 01,1, white £(T7,p") = BH s +sq'].

Thusrj’ = Bri +sq'-Bsg= Brj +A, where X = (50'“50)/(,_50).

we show 8>1and B<I, a contradiction. First since rg' = r3'r¢g’ we have
B2r3rg+BA(r3+rg)-Brg+A2-A=0. Now B+A=1, so this equation becomes:
B(B(r3rg-rz-rg+1)+(r3+rg-rg-1)) = 0. Since =0, we have

8= (1+r3‘l’3‘r6)/(]+r3r6_r3_r6) B (]+r8—r3-r6)/(l‘rz)(l_re)'

NOW rg>rarg so that (I+rg-rs-rg) > (I+rsrg-ry-rg) = (1-r3)(1-rg). Thus the
numerator of § exceeds the denominator, which is positive since rs,rg<i,
giving B>1. Now this holds for any p and p' and if s™(T,p) = Bs™(T",p') we
have s™(T'p) = B_'s"(T,p). Thus repeating the argument (replacing T and T)

we would deduce that B']>l, which contradicts $>1, as required. §



6.15 Theorem
Any linear combination of the coordinates of s(T,p) is nonzero except on an
algebraic subset of p values in [0,0.5]2"'3.

(Recall that UcC RKis algebraic precisely if U = {x: p(x) =0} for some

non-zero polynomial p € R[x;,...,x,]).

Proof: Suppose EOXOS(O; T.p) =0 for all pe[O,O.S]Z”'3. Applying theorem
5.28,

S (xeln]*)dxTx = O Tor all p, where dy = S5(-1 19X |5 . we show dy=0 by

induction on | X|. For |X|=0,let p,=0.5 for all e¢E(T), giving dg= 0.

For |X| = 2k setpy = 0 for eerm(T.X), and p, = 0.5 for ecE(T)-1(T.X). Then
dy + z><'c><,><'=><d><' = 0. Since the sets being summed over in this equation

have cardinality less than 2k, we can apply the induction hypothesis to

deduce that dy = 0. Thus for all Xelnl", dy = 0, and since
Ag = 2'“”Z(x5[n]+}(-l) |onX]| dy. we have A4 = 0 for all o, a contradiction.

Thus f(p) = Zoxgs(o; T.p) €RIpy....pop-3] With 1(p) not = 0, so that p lies in

an algebraic set. §

The previous theorem implies that, except for exceptional values for p,

Zocos(c; T.p) = x, implies c4 = x. Thus zcs(o; T,p) = 1 is essentially the

only linear relationship between the components of s (except for

exceptional values of p).

We now give bounds on s(Tg; T,p), the probability of observing a uniform

colouring on (T,p).



Choose a pendant vertex v, of T as root, and direct all edges of T away from
v;. Let p, be the weight of the pendant edge incident with v, and for each
internal vertex velV(T) let {v(1), v(2)} be the two edges of T incident with,

and directed away from v.

6.16 Lemma

Al Ty ety (m)av(1)9v(2) < $(F0i TP) < AT, ¢ y(my(Gy(1) a2y +Py(1)Py(2)):

where qg =1- pg,.

Proof: The left hand inequality is just the statement that a sufficient
condition for all the pendant vertices of T to be the same colour is that
there are no colour changes on any of the edges of T. The right hand
inequality is proved by induction onn. For n < 3 the result holds. Suppose
the result is true for all n<k, k>3. For TeBPT(k+1), choose a pendant vertex
vi. Then since every TeéBPT(n), n>4 has at least two binary edges (definition
2.17), we can choose two pendant vertices vp,v3, both distinct from vy,
which have pendant edges incident with a common internal v of T. Deleting

v, and vz and their incident edges, and labelling v and the other pendant
vertices from the set L, gives a tree T'eBPT(k). If ¢ is the partition of T
corresponding to all labels other than the label on v, and p' is the
restriction of p to T’, we have

s(0gi T.P) = Qy()Gy(2)5(Tai T'P") * Py(1)Py(2)5(T1 T'.PY.

But by lemma 6.13 (2), s(oy: T,p') < s(Tg: T'.p’'), which establishes the

induction step. §

17 rollar
If each edge of TeBPT(L) has edge weight > p, then
s(0; T.p) < q(q2+p2)"2, where n = |L|, g =1-p.



Proof:
By lemma 6.13 (1) we may assume each edge has weight p. The result now

follows from the previous lemma. §

6.18 Lemma
Fork>0, C > Ky, letpn) = CIN(M); " 5(n) = nk(1-2p(n)+2p2(n))™2.

Then S(n) ~ 0.

Proof: Choose n sufficiently large so that x(n) = 2p(n)-2p2(n) lies between

0 and I. Then since In(l-y) < -g+92/2 for ye(0,1),

IN(s(n)) < kin(n) + (n—2)(-x(n)*x2(n)/2) -> - 3as n->o, as required. §

The last theorem in this section is an illustration of the use of some of the
above results, and is referred to in section eight. We show that if the
number of sites grows no faster than a polynomial function of the data, and
the edge lengths of the underlying trees don't go to zero too quickly then
with increasing certainty, all partitions (including the uniform partition

T g) will occur at most once.

6.19 Theorem
For (T(n),p(n)) e WBT(n), suppose

(1): min{"Pe(")/,n(n): e€E(T(n))} =0, @S N—soo,
(2): ¢ grows as a polynomial function of n.

Let A, be the event that X 5(c) < 1 for all ceQ(n).

Then P(A; T(n),p(n)) ~ 1.

Proof: Let 2(X) =ZO'EQ(I’\)(XO2 - XO)‘



Thus on (T.p)eWBT(n), E[Z(X)] = 2 5eq(nEXa?l - 2aeq(mEXsl

Now 2 sea(n)ElXgl = c. the number of sites being sampled,

while, 25 a(mEXs?l = Zgeq(ny(VarlXsl + EX512)

= 2 5eq(n)cs(0)(1-5(a))+c2s(0)?, by lemma 6.2 (3a).

Thus E[Z(X)] = ¢ + (c2-C)2 5eqy(n)s(0)? - ¢ < C2Z(55Q(n)5(0)2

By corollary 5.29,

2oeQ(n)S(0: TP)2 = s(0g: Tp*), where py’ = 2p,(1-pg). and from corollary
6.17, s(cgi T.p") < 7 2(1-p*), where o =1-2p'+2p'2, and p’ = 2p(1-p), and

p = min{pgy: e€E(T)). Applying this to T(n).p(n) gives

ElZ(X)] < czmn”z(%p‘n) < c2o" 2, where =1-2p'*2p'2, and

P'n = 2Pp(1-Pp). Ppy = Min{py(n): e€E(T(N))).

Now since nDn'/m(n) > P/ ny=> @s n=>, if ¢ = o(nK), then by lemma

6.18, 1iMp_> o E[Z(X): T(n),p(n)] = 0.

Since 2(X)z0, Markov’s inequality, (lemma 6.2 (2)) gives
PZ(X)=1; T(n),p(n)) < E[Z(X): T(),p(M]. Thus P(Z(X)21: T(n),p(n)) ~ 0. But

Ap, is precisely the event that 2(X)<I, which gives the required result. §

.2 mmar

Cavender's model is at the same time simple yet powerful, being based on
assumptions of independence. These reduce much of the theory in section
seven to the analysis of the partition frequencies s. Cavender's model
guarantees that these partition frequencies characterize not only the edge
weights on a tree (lemma 6.13 (3)) but also the tree itself (lemma 6.13 (4),
theorem 6.9), allowing for the consistent recovery of trees from the
sequence data they generate. Indeed not all of the s vector is necessary to
characterize the tree (theorem 6.14). It would be interesting to know just
how much of s characterizes T and/or its edge weights. For example one
might consider just the partitions induced by deleting edges of T.



§7: Conslistency

"Nothing general is known about what the conditions for consistency (of
parsimony) might be..." J. Felsenstein 1988.

7.1 Intr ion

Many of the methods used to build phylogenetic trees are based on the
principle of parsimony. One version of this principle, sometimes called
Wagner parsimony, is to fit data to that tree (or trees) requiring the

fewest number of mutations on its edges. Another version, sometimes
called compatibility, or the "clique method", is that data should be fitted

to the tree(s) having the largest number of sites which fit the tree with at
most one edge change (i.e. without duplications). A major motivation for
these principles is the belief that changes (mutations) at DNA sites are
rare, so that only changes that are absolutely necessary to explain the
variation in the data should be allowed. Underlying this belief of rare
events is the inherent assumption of a probability model, which we take
to be Cavender's model. In this case, Felsenstein [1978 (2)] has shown that
with four taxa Wagner parsimony and compatibility are not always
consistent. Consistency is the desirable statistical property that as the
number of DNA sites sampled tends to infinity, the probability that the
chosen tree (derived from data generated under Cavender's model) is the
underlying tree that produced the data, tends to 1.

Felsenstein's example requires an interplay of short and long edges to
achieve inconsistency. We first exploit the essentials of why his
counterexample works to show that two general classes of tree-building
methods will fail to be consistent in general on four taxa. Then
concentrating on parsimony, and extending the analysis to trees on n taxa,
we show that even if all edges are the same length consistency can fail.
In the process we show that Wagner parsimony can fail to be consistent
under conditions where compatibility will be consistent. It is shown that
imposing a molecular clock does not improve matters, extending work by
Hendy and Penny [1988].

A second major result in this section is the establishing of sufficient
conditions for the consistency of compatibility on all trees. The
corresponding question for Wagner parsimony is also considered, though it
appears more difficult.

We begin by making precise what we mean by a method for choosing trees,
and then derive some general results before concentrating on parsimony.
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Sslection Procsduras

7.2 Definition
A selection procedure ¢, is a function, ¢: A(n,c) —)23PT(”), where A,(n,c)

is as defined in 4.9.

7.3 Remark

Certain statistical selection procedures (for example the one described by
Cavender, [1978]) may not select a tree (corresponding to the empty set
option) if the data significantly rejects all trees, suggesting that the

model itself is in error. At the other extreme all trees may be selected if

there is insufficient data to reject any tree.
Convergence and Consistaney

7.4 Definiti
Let X(c) be a sequence space of length ¢ stochastically generated by (Tg,p).

A selection procedure § converges to TeBPT(n) on (Tg,p) if
limg_,oP(P(X(c)) = {T}: To,p) = 1.
A selection procedure ¢§ is consistent on (Tg,p) if ¢ converges to Tg.

A selection procedure is always consistent if it is consistent on (T,p) for
all TeBPT(n) and all p¢(0,0.5)2M-3.

7.5 Remark An alternative definition of consistency, (implicitly
suggested in [Felsenstein, 1978 (2)]) is P(lim,_, $(X(c) = {To}: To,p) = 1.

This says that with probability 1, there exists a natural number ¢y such
that if X(c) are the partition frequencies for the initial segment of length
c of a collection of infinitely-long, aligned sequences, randomly generated

under Cavender's model, then ¢(X(c)) = {T}, for all c>cg.



Thus the selection procedure is guaranteed to eventually converge to the
true tree and remain so from that point on. While the results in this
section will work under either definition, we will take consistency to be

the former version since under the latter version only the existence ¢y can
be proved using probabilistic arguments--never a bound for it. However
the former version allows the assignment of lower bounds on relevant
probabilities for any fixed length of sequence, given (Tq,p). This is

illustrated in section eight.

7.6 Definition

(1): A selection procedure is linear if to each partition ¢ and to each tree
TeBPT(n), a real-valued weight W(5,T) is assigned such that:

(a): for any two trees T,#T5,, there exists a ceQ(n) with W(c,T,)#W(o,T,),

(b): the trees selected are those that minimize ZOW(O,T)XO.

(2): A selection procedure is central if it depends only on ¢, and those

partitions ¢ with 2 < |0| < n-2.

Z.7_Examples : (Compatibility and Wagner Parsimony)

Wagner parsimony and compatibility are both linear, and the former
procedure is also central in the above sense. For Wagner parsimony
W(o,T) = w(o,T) (the number of steps required to fit o to T, as in section

five), while for compatibility, W(o,T) = -1 if 0 is induced by deleting an

edge of T, and W(o,T) = 0 otherwise. Note that if we index Q(n) to obtain a

vector W(T), then for compatibility <W(T;),W(T)> = 2n-3-4(T1.T2)/, where

d is the symmetric difference metric from section two. Among other
major methods of tree reconstruction, those using dissimilarity are

sometimes linear.
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For example in selecting a tree in BPT(4), one approach, based on the four
point condition (see Bandelt and Dress [1986] for a description of this
property) is to choose T= (ij)(kl) if

d(i,j)+d(i,k) = min{d(x,y)+d(z,w): {x,y,z,w}={1,2,3,4}}.

Since § is linearly related to X (example 4.5), this procedure is linear.
Statistically-based methods such as maximum likelihood (Felsentein,

[1973]) are generally neither linear nor central.

7.8 Theor

For data stochastically generated by (T,p), any linear procedure
converges to that tree T (if any) which strictly minimizes
ZOW(O,T)S(O; To,p). Such a tree exists except on an algebraic set of

values for p.

Proof: First suppose at least two trees T,,T, minimize

2gW(0.T)s(0: Tgp). Let Ay = W(T,Ty)-W(0.T,). By part (a) of the

definition, 9\010 for some ¢. Now by theorem 6.15, 207‘05(0‘ Tap)=0

only on an algebraic set for p. Otherwise we may suppose

W(o,T)s(o; Tg,p) is strictly minimized by a tree T\. For Te BPT(n), and
g 0 Y y |

any vector v indexed over Q(n), let Z(T,T,v) = ZO(W(O’.T)-W(O,T,))VO, 50

that T, is selected precisely if 2(T,T,X)>0 for all T=T,.

Now P(Z(T,T,X)>0; Tg,p) = P(Z(T, T\, X/c) 2 0; Tq.p)

> P(| 2(T, T, X/c) -2(T,T,,8)| < Z(T.T.8): Tg.p),

where 8 = s(Tq.p).

Since Z(T,T,,s(T¢.p))>0, and E[ 2(T,T,X/c)] = 2(T,T,.s) lemma 6.2 (3b) gives

1M o> 0P (Z(T,T1.X)>0) =1. The result now follows from lemma 6.2 (1). §



7.9 Theorem
If a selection procedure is either linear or central it cannot be always

consistent, even on four taxa.

Proof: For the tree T as in fig. 7.1 set py=p3=c, Pp=P4=Ps =B, With x2=8(1-8)
50 that s1,=5;3. Interchange pendant vertices 2 and 3 on T, leaving all the
edges and their weights unchanged, to obtain a weighted tree T', with central
partition probabilities s'15, $'j3, $'14. S1234° the same as those for T. Thus
for a central procedure ¢,

P(P(X) = {T) T.p) = P(P(X)={T); T",p) < 1-P(P(X)=(T"}; T"p).

In particular P(Q(X) = {T}; T,p) and P(P(X)={T'}: T'.p) cannot both tend to 1 as

¢ tends to infinity. Thus ¢ cannot be always consistent.
1 3

P3
Ps

Figure 7.1

Suppose now there is a linear selection procedure ¢ which is always
consistent.

Let 8(T1,T5,0) = W(T,.0)-W(T,,0). Then by theorem 7.8,

M o5 0oP (X g X g 8(T1.T2.0)<0: Typ) = 0 if 3 55(5)8(T,T2,6)>0

For i=1,...4, let Ty = (12)(34) and T, = (13)(24). Assign weight p to the edge
of T;, and T, incident with the pendant vertex labelled i, and assign weight ¢

on all the other edges, giving a edge weight vector p(i).



If o denotes the partition induced by the colouring {{i}, L4-{i}}, then

2 58(0: Tp(8(T1,T2,0) = 8(T1,T2.0()p + OCe).

By choosing € sufficiently small, the consistency condition for T, requires
that §(T,,T,,0(i))<0. Repeating the argument for T, gives §(T,,T,o(i))<C.
But 8(T,,T1,o(i)) = =8(T.T5.0(i)), hence §(T,T,.0(i))=0 for i=1,2,3,4.

Taking p = €], we have 3 ;5(0: T.p)8(T1,T2.0) = 8(T,,T,,.00) + O(e), and by a
similar argument, §(T,,T,,0g) = 0. It follows that any consistent linear
method is central contradicting the first part of the theorem. Hence there

cannot be a consistent linear selection procedure on n>4 taxa. §

The next result shows that if a selection procedure is always consistent
on four taxa it can be turned into a selection procedure which is always

consistent in general. We apply this result shortly.

Z.10 Lemma
Suppose a selection procedure ¢ is always consistent on four taxa. For n24

taxa define
P*(X) = <USe[n]4‘p(X[SD>' where <Q> is given in definition 3.10, and X[S] is

the aggregate of X relative to S.

Then ¢* is always consistent on n taxa.

Proof:
By proposition 3.11, <USE[n]4T[S]> = {T}, so that

P(P*(X(c)) = (T}) 2 P(Ng¢[n, P(XISI(C) = TIS: TISLPIS]) which tends to | as

c->o0 by lemma 6.2 (1) and the consistency of ¢, as required. §
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Z.11 Remark
While linear selection procedures are in general inconsistent there exist
selection procedures which are always consistent and which are quadratic

in the sense that the procedure chooses that tree T minimizing
2 gW(o. Xy + 201'02W(01,02,T)x01x02 for suitable weights W(o,T),

W(04,0,,T). Such procedures arise from the quadratic invariants described
in section six. An explicit example of a quadratic selection procedure is
"closest tree" (Hendy [1988]. For a proof that it is quadratic in the above

sense see Hendy [1989]).
Consistent recovery of tress from dissimilarities

One problem which arises from attempts to consistently infer phylogenies
from dissimilarities is that frequently the number of sites, ¢, which could
have changed is unknown. Indeed even the number ¢* which actually
changed may also be unknown, since the dissimilarity matrix gives only
bounds on c¢*, as illustrated in example 4.5. We now show that using just
the dissimilarity matrix, and without knowledge of c or ¢*, and
furthermore without assuming a molecular clock, there exist procedures
for consistently recovering trees. This is not entirely obvious in view of
the loss of information involved in converting sequences to

dissimilarities, as described in section four.

By lemma 7.10 it suffices to consider only trees with four taxa.
Consider the truncated vectors X” and s™(T,p) defined by X = [X", xdo]‘,

s = [s™(T,p). s(co)]t. write the dissimilarity matrix as a vector §, so that c*

and 8§ determine X* as in example 4.5.
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Given §, let I(8) = ma"ij{gij}- For each tree T on the four taxa, assign edge

weights p(T) and a value ¥=%(8, T) for c*, with 1(§)<¥<21(8) so that for the

associated partition frequencies X™ = X*~(8,3(T)) we minimize
A(T) = ||[R™ o = (l—sU(T,p(T))"s"(T,p(T))H. Finally let ¢ be the procedure

which selects that tree (or trees) that minimizes A(T).

7.12 Theorem

¢ always converges to the underlying tree T as 1(8)—ee.

Proof: First note that 1(§)-> precisely if c*->co,

Let s7=5"(Tq,pg) and sq = s(Tgi To,Pg)-

Let €o = min{||(1-50)7's™ = B(1-5o(T.p)) " 's™(T p)||: T=Tq, pe(0,0.5)5, BeR).
By theorem 6.14, €5>0. Let E; = E,(c*) be the event that -

X7/ ax - (1-50) 187 < €0/ 4, let E5 = Ex(c*) be the event that A(T) < €0/,
and let E3=E3(c*), E4=E4(c*) be respectively the events that

A(T,A(T) 2 €0/ 4, for the other two trees Ty, TeBPT(4).

Finally let Es = Es(c*) be the event that A(Tg) < min {A(T ), A(T,)}, that is,

that 9> selects To. We wish to show liMex_ 5 ,P(Es(c*)) =1.

Since ¢* lies between 1(8) and 2.1(8), as shown in example in 4.5, we have
E\CE,. Also E,NEsNE, CEs s that EyNE3NE4CEs. Thus

P(Eg) = P(E,NE3NE,). ™)

For i =34 let E;’ be the complement of E;. Thus E3’ is the event that
||><“/3(T‘) - (1-so(Tup(T 1™ (Tp(TY)|| < €0/ 4. But this implies

X7/ ox = 8'(1=so(T1p(T) '8~ (Tp(T I < €0¥(T/ , o where :=3(Ty

and this is <50/2 since c*>1(8) (example 4.5) and ¥(T,) is chosen <2.1(8).
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Then by the triangle inequality for Euclidean distance, and the definition of
€9, We see that E)NE3’ requires

NC-s50) 187~ 8"(1-54(T,p)) 8™ (TPl < 360/4, which cannot occur by
definition of €g. Thus E/NEs' =8, and similarly EyNE3’ = ¢, so that

E\NE3NE,4 = E;.Combining this with (¥) we have

P(Es) 2 P(E). ()

But by lemma 6.2 (3c) X™ has a multinomial distribution with parameters c*,

and s7/(1-5g).  Thus M x_s oo P(IX"/ ox - (I-so)'ls"H <€) =1for all €>0, by
lemma 6.2 (3b). In particular, taking =€ we have 1im x_5 ,P(E\(c*)) = 1, so

that, by (**), 1imx_5.P(Es(c*)) =1, as required. §

Consistency of Parsimony and Compatibility.

We now establish conditions for the consistency of Wagner parsimony and

compatibility.

7.13 Definition

Let e be an edge of T¢BPT(n). Then e partitions the labels of the endpoints
of T into two sets, L,(e), Lo{(e), corresponding to the two component
subtrees of T-e.

Then for ceQ(n), © isinduced by e, if T € {L(e),L.(e)}. We let QI(T) (resp.
QP(T)) be the set of ceQ(n) induced by an internal (resp. pendant) edge of

T, and Q(T) = QUTIUQP(T)U{T ¢}, the "treelike” partitions of T.
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14 Lem
Under Cavender's model, for sequence data stochastically generated on
(To,P)eWBT(n),

(1): compatibility converges to a tree TeBPT(n) if T strictly maximizes

ZOEQ(T)S(O; To.p).

(2): Wagner parsimony converges to a tree TeBPT(n) if T strictly minimizes

ZOEQ(n)W(GvT)S(O; TO:p)-

(3): In both cases such a tree T exists except for an algebraic set of

weights for p.

Proof: This lemma follows immediately from theorem 7.8. §

7.15 Example

For T = (12)(34) with edge weights as given in fig. 7.1, the condition for
consistency of both types of parsimony given by theorem 7.14 is

si2 > max{s;3, s14}, which translates by theorem 5.28 into:

(W W3W 4) (WWrtW3W4)
ws < min{{®iW2 4 /(w|w3+wzw4)' /(w]w4+w2w3)}' where

wi:"QDi-

Thus, for any assignment of edge weights to the pendant edges, Wagner
parsimony and compatibility are consistent if the central edge weight is not
too small. Setting p;=p3=c. Pp=p4=Ps=§ the requirement becomes «2<8(1-8)
as given by Felsenstein [1978 (2)]. §

We now show that Wagner parsimony fails even in the case where all edges

have equal length, by generalizing Felsenstein's example which achieved
inconsistency by separating two long edges and two short edges by a short

internal edge. We replace the long edges by a large tree, whose edges have
the same length as the previous short edges.
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7.16 Definitions:

(1): For Z € {{A}, {B}, {A,B}}, and TeBPT(n), let V(T,Z) be the set of colourings

of the pendant vertices of T in which Z is the set of possible colourings of

the root in any minimal colouring of T.

(2): Let T(k) be a rooted binary tree with ok endpoints and a root (of degree
2), defined recursively by taking T(1) to be two edges each incident with a
root vertex and T(j) for j>1 to be the tree obtained by joining the roots of
two copies of T(j-1) to a new root by two new edges, as shown in fig. 7.2
(refer to following page). The labelling of the pendant vertices of T(k) is

arbitrary and unimportant in what follows.

2

— 3

4

T(k) ’ K
Figure 7.2

7.17 Remark
For k > 5, there are colourings in V(T(k),{A}) in which the majority of
endpoints are coloured B. Indeed if we let f(k) be the minimum number of

endpoints of T(k) that are coloured A over all XeV(T(k).{A}), we have:

7.18 Theorem f(k) = f(k-1) + f(k-2); f(0) = 1, f(1) = 2.
Thus f(k) is the (k+1)-th Fibonacci number, Fy , 1, and so for each €>0 there

is a k, and a X eV(T(k),{A}) for which the proportion of endpoints of T(k)

coloured A by X is <¢.
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Proot: Let g(k) be the minimum number of endpoints of T(k) that are
coloured A over all XeV(T(k),{AB}). We prove the following two
statements simultaneous!y by induction on k:

(0: glk) = (k-1

(2): f(k) = T(k-1) + (k=2); 7(0) =1, (1) = 2.

The results hold for k<2 so suppose both results are true for k<m-1, m=3,
Firstly let X, e V(T(m),{A,B}) realize g(m). By Fitch's algorithm (refer 5.18
(2)), the two trees T(m-1) whose roots are joined to the root of T(m) must
have colourings X, X2 both in V(T(m-1), {AB}) or with one in V(T(m-1),(A})
and the other in V(T(m-1){B}). In the first case, g(m) = 2g(m-1). By the
induction hypothesis on (1), we have g(m-1) = f(m-2), and by the induction
hypothesis on (2) we have that f(m-1) is the m-th Fibonacci number, so that
f(m-1)<2f(m-2). Combining these gives, for case one, g{m) > f(m-1).

In the second case, we can suppose X, realizes f(m-1) and that X, assigns
colour B to every pendant vertex so that g(m) = f(m-1).

Thus the second case achieves a lower value for g{m), and hence

establishes the induction step for (1) that g(m) = f(m-1).

we now establish the induction step for (2). Let ¥, e V(T(m-1),{A)}) realize
f(m=1), X,€ V(T(m=-2),{A}) realize f(m~2). Assign colour B to all the
pendant vertices of one copy of T(m=-2), colour another copy of T(m-2) by
X2, join their roots to a third root to obtain a colouring for T(m-1) in
V(T(m-1),{A,B}). Then join this tree to another copy of T(m-1) coloured by
X4, and again join their roots to obtain a colouring X of T(m), which by
Fitch's algorithm is in V(T(m){A}). In this way,

f(m) < f(m-1) + f(m~2). )
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Conversly, let X realize V(T(m),{A}). By Fitch's algorithm, the induced
colourings X, X2 of the two copies of T(m-1) joined to the root of T(m)
are either both in V((m-1),{A}) or one is in V({(m-1),{A}) and the other is in
V(T(m-1).{AB}).

In the first case, f(m) > 2f(m-1), which combined with the previous
inequality, (*) gives f(m-1)<f(m-2), a contradiction, since by the inductive
hypothesis on (2), f(m-1) and f(m-2) are respectively the m-th and (m-1)-th
Fibonacci numbers, so that f(m-1) > f(m-2).

In the second case we have:

f(m) = f(m-1) + glm=-1), and since g(m-1) = f(m-2), by the inductive hypothesis

on (1), the result follows. §

7.19 Definition

Let RWT(n) denote the set of weighted rooted binary trees on label set
{1,....,n}. For TERWT(n), let S(T), (resp. D(T), E(T)) denote the probability

that a colouring of the pendant vertices of T lies in V(T,{A}) (resp. V(T,{B}),
V(T,{A,B}), where A is the actual colour of the root of T. Thus, for

example, S(T) is the probability that the endpoints of T are coloured so

that all minimal extensions of that colouring to the vertices of T will

assign the root its actual colour, A. Note that S(T) + D(T) + E(T) = 1.

Given T eRWT(n,), T,eRWT(n,), let T{*T»(p1,p2) € RWT(n;+n,) be obtained by
joining the roots of T; and T, to a new root, and assigning edge

probabilities p;, p, respectively to the new edges.

7.20 lemma .

For T = Ty*To(pipp): qj=1-pj. $;=S(T}), D;=D(T), E; =E(T}) for i=1,2:
S(T) = (q;Sy + P25, * PaD2) + E(qQpS; + paDy) + Ep(qiSy + piDy)
D(T) = (P51 + D (P2S, * Q2D2) + E(pP2S, + q2D2) *+ Eo(qiDy + piSy)
E(T) = EEp + (51D + D15,)(q40z2 + pip2) + (D102 + $152)(P1q2 * P2qy).
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Proof: The four possible actual states, -- (A,A), (A.B), (B,A), (B,B) -- of
the roots of T,,T,, have probability 492, qiP2. P1d2. PiP2 respectively. The
results now follow from 5.18 (2), by considering when Fitch's algorithm
will assign the root of T the set {A}, {B} or {A B} in terms of the

corresponding set assigned to the roots of Tyand T,. §

.21 lar
(1): S(T) > D(T).
(2): E(T)<0.5.

Proof:
S(T)-D(T) = (4192-P1P2)(S1S2-DDy) + E{(q2-P2)(S2-D3) + Ex(a;=p1)(S4=Dy), and (1)
follows immediately by induction, since q;2p,, 4,2p,.

(2) can be established by standard analytic optimization. §

7.22 Theorem Assign edge weight p to all the edges of T(k).
Let S(k) = S(T(k)), D(k) = D(T(k)), E(k) = E(T(k)). Then

(1):it p 2 /g, limy o, () = limy_,o,D(K) = limy_, o E(k) = V3
(2):ifp< g,

S = My _posSK) = (1262 4 o0

d = limy_, .D(k) = (1'2"'\/(A)/(1—2p))/2

e = limy_, E(k) = 2x

where x = p/(1 -op) @nd A = (1 - 6x)(1- 2x).

Proof: From lemma 7.20 we have:

S(k+1) = (S(K)q + D(IP)(S(k)q+D(k)p+2E(k))
D(k+1) = (S(kIp+D(k)Q)(S(KIp + D(KIq+ 2E(k))
E(k+1) = E2(k) + 2(S(k)q + D(K)p)(S(KIp + D(K)Q).
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Let s, (resp. d,e) denote the limit of S(k) (resp. D(k),E(k)) as k->o. The real
numbers s,d,e then satisfy:

(1):'s = (sq + dp)(sq+dp+2e)

(2): d = (sp+dq)(sp + dg+ 2e)

(3): e =e2+ 2(sq+ dp)(sp + dq).

We show that the only solutions to these equations are those given in the

theorem. From (1) and (2) we have:

26 = %/(5qsgp)(54"9P) = U(gpqq) ~ (spraQ). @

Let Q = (sq+dp)(sp+dq). Then the second equality in (4) gives:

(s2-0%)p/ = (s-a)(1-2p), which is (s-a)X((5*DP/-(1-2p)) = 0.

Thus either s = d or (s+d) = (“ZD)Q/D. In the first case, we have from (4),

2e = 1-s. Since s+d+e=1 we have s=d=e=1/3.

In case (s+d) = ("ZD)Q/D, let u = s+d, so that (3) becomes

e = (1-u) = (1-u)? + 2Q, which is u2 - u = -2Q. Replacing Q by "P/(;_5y, we
have u(u-(1- 2P/(1-2p))) = 0. But u=0 by corollary 7.21(2). Thus, letting
X:D/(I—Zp)' we have s+d = 1-2% = ("ZD)Q/D. Let a = (sp+dq), b = (sq+dp), so
that a+b=s+d, ab = Q. Thus we have: a+b = 1-2x, ab = P/, —2D2/x2.

Solving the associated quadratic equation (for a and b) and noting that a=b
by 7.21 (1), then solving for s and d gives:

5= (-2l (B o))/ d= (2d By o/,

and so e=1-s-d =2x.

Now for p>1/8, A<0, so the only solution to (1), (2) and (3) is s=d:e=1/3.

For p<]/8, there are two possible solutions so consider §(k) = S(k)-D(k).
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Then writing p = (]'E)/s, €>0, and using p+q=1 and S(k)*D(k)+E(k)=1, it is
easily checked that 8(k+1) = (1=2p)(1+E(K))8 (k) = (3+26)(I*ECDIB(K) 4.
NOW if 1imy_s o E(K) =1/3, we have 84D ¢ > (162€/5) <€/ = 14 €/2 ror
infinitely many k, which implies lim,_ ,,8(k) = , a contradiction, since

8(k)<S(k)<I. This eliminates solution (s,d,e) = ('/3, '/3_ ]/3), as required. §

The previous theorem is applied shortly to study the consistency of Wagner
parsimony. First we derive analogous results which are required for

analysing the consistency of compatibility.

7.23 Definition
For TeERWT(n), let Q(T) denote the probability that the endpoints of T are all
the same colour as the root, and P(T), the probability that they are all the

opposite colour to the root. We now present the analogue of lemma 7.20.

7.24 Lemma
ForT= Ty*Tz(Dth): qi=l-pi, Oi=O(Ti), Si:S(Ti)' for i=1,2:

Q(T) = (qQ; + PiP1(q2Q2+P2P2)
P(T) = (p1Qy + Q1P )(P2Q2+A2P>).

Proof: Considering the four possible states of the roots of T,T, gives

the lemma immediately. §

7.25 Corollary
(1): P(T) < Q(T)
(2): Q(T) < min{Q(T7), Q(T>,).
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Proof: (1) follows by induction, using lemma 7.24; (2) follows from (1). §

7.2 heor
Assign edge weight p to all the edges of T(k), and let
Q(k) = Q(T(K)), P(k) = P(T(k)) and (k) = P(k)/o(k). Then

T = limy_, T () ={1, itp 2/,

(O - 4(7‘2'4))/2, ifp <1/4, where A = (2p2-4p+1),p2_

Proof: By lemma 7.24,
vty = PR o ppaen2 =PI/ (e where
q=1-p. Letd(t)= (D+qt)2/(q+pt)2, and since $(1) = 1, we can let

X = min (t>0: x = #(). Then (x-N(x2-Ax+1) = 0, where X = (2P?=4p*1); y
Now the discriminant of the quadratic factor is A = A2-4 = (A=2)(A+2)

which is negative if and only if A<2, and this occurs precisely when p>'/4.

Thus the only real solution for x when p>‘/4 is %=1. For p =]/4, the cubic

equation becomes (%-1)3=0, which again has the unique solution x=1. For

D<'/4. and hence A>2, the only solution for x < 1is % = (7‘_J(7‘2_4))/2.

Now &'(t) > 0 on [0 %] (since g>p), so that &(t) is monotone increasing and
continuous on [0,%], % is the only fixed point of ¢(t) in this interval, and it is
easily checked z(1)<x, so that by an elementary argument, z(k) = (T (k-1))

converges to x, as required. §



131

7.27 Definition

Let T,(k)eBPT(zk‘“‘I +2) consist of two copies of T(k), whose roots are
identified to v, and v4 of the tree T = (V1v2)(v3v4). Assign labels 1 and 3 to
v, and v3 respectively, and label the rest of T (k) arbitrarily.

Forp= [p,.pz,p3,p4]t, let T (k,p)eWBT(n) be T,(k) with edge weight p4 on ali
the edges of the two copies of T(k) and the other edge weights as shown in

fig. 7.3. Fori=1,2,3 let wi=(1-2p;). Let Tz(k)eBPT(Zk*"| +2) be the tree

obtained from T (k) by performing a nearest neighbour interchange so as to

join the two copies of T(k).
Vo Va4
Py P4
P3
T=(12)(34)
P, P2
A2 V3

Vi T4(K) V3 v T,(K) w

Figure 7.3

7.28 Theorem

Under Cavender's model, for data derived from T;(k,p),

(1): Wagner parsimony favours T,(k) over T;(k) précisely if

w3(w 2+ w22)(52(k)+D2(k)) ~ 2w 1w (52(k)-D?2(k)) + 2w3(w22-w2)5(k)D(K)>0.
(2): Compatibility favours T,(k) over T,(k) precisely if .
w3(w 2+ w2)(Q2(K)+P2(K)) - 2wwo(Q%(K)-P2(Kk)) + 2w3(w,2-w2)A(KIP(K)>0.
[where S(k), D(k), Q(k), P(k) are as in thecrems 7.22 and 7.26, with p = p4]
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Proof: (1): Denote the state of the v, by A, and let B be the other colour.
For geQ(n) let A 5 = w(T(k),0)-w(T,(k),0), and let X, and X4 be the induced
colouring of the two copies of T(k) attached to v,,v4 respectively. Fitch's

algorithm (5.18(2)) gives precisely two cases for which A 5 =0.

Case One: If X2,X4 €V(T(k),(B}) and v is coloured A, then A 4= 1. Denote
the set of such ¢ as Q,.
Case Two: T Xpe V(T(k),{A)) and X4eV(T(k).(B)), vs is coloured B, then

Ag = ~l.Denote the set of such ¢ as Q,.

Now the probability of case one arising on T(k.p) is,

S2(k)sy3 + D2(k)s1234 *+ S(KID(K)(S123 + S134). Where s 5= s(Tg: T.p), with
T = (viva)(vzvy) and p given in fig. 7.3,

The probability of case two arising from T,(k,p) is,

S2(k)syp *+ D2(K)s14 + S(KIDK)(S1+S124).

Then letting Z(k) = ZceQ(n))\de/c' we have

ElZ()] = S 5eq(n)Pas(o) = ZO«EQIS(O')— ZOEQZS(O).
= 52(k)sy3 + D(K)sip34 *+ S(KID(K)(S123+5134)
= (S2(k)syp + D2(Kk)s14 + S(KID(KI(S1*S124)).
= stu(k), where
u(k) = [-5(K)DK), ~S2(k), S2(k), SKID(K), -D2(K), =S(K)D(K), SKID(K), D2(K)1!
and s! = [5,,512,5/3.523.514.5124.5134.51234)-
Now, letting w; = (1-2p;), and using the notation (and ordering of Q(4) and

[41%) of example 6.10 we have

t

F=l1, 0o, W23, WWIW3, WWLW3, W2W3, WiWs, WZwW,2]' and

r=Hls.
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Now since s :'/BHr. where H =‘[(-l)“jn>< | ]o,>< (as in theorem 5.28) we have
EL2()] = /gstu(k) = rHlu(k). and it is easily checked that

Hlu(k) = 20, D2(K)-S2(K), (S(K)*D(K))2, 0, 0, (S(K)~-D(k))2, D2(K)-S2(k), 01t

giving:

E[Z(k)] = 0.25(w3(w 2+ w52)(S2(k)+D2(k)) - 2w w»(S2(k)-D2(k)) +
2w3(w22-w2)Sk)D(K)).

The result now follows from lemma 7.14.

. - X _ X =X _X
(2) Let Z*(k) = zGEQ(T,(k)) O/C ZGEQ(Tz(k)) O/C = OI/C OZ/C Sag,
where o, = {1,V,}, with V, the labels on the copy of T(k) whose root is
identified with v,, and o, = {1,3}. Since E[2*(k)] = s(T}) - s(T5), the result

now follows by a similar argument to part (1), and from lemma 7.14. §

7.29 Coroliary

(1): Wagner parsimony is inconsistent on T (k,p) if

p <P (g2(4yp2010)

Thus Wagner parsimony is inconsistent on T{(2,p)ewBT(10) for
p>p=0.39076, and on T,(k,p) for p>p,=0.116413, and k sufficiently large
(dependent on p).

(2): Compatibility is inconsistent on T,(k,p) if

P2(k
> <P payeq2y
Thus compatibility is inconsistent on T,(2,p) for p>p3=0.436154, and on

Ti(k.p) for p>p4%0.245122, and k sufficiently large (dependent on p).

[Note that S(k), D(k), P(k) and Q(k) are all functions of p, which explains the
reversal in the direction of the inequality on p between the theoretical

condition and the consequent numerical condition for inconsistency.]
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Proof: Setting pi=p. for i=l,...4, so that w; = (1-2p) = w (say), the
expression in the statement of theorem 7.28 for Wagner parsimony
becomes w(2w2(S2(k)+D2(k))-2w(S2(k)-D2(k))) which is positive precisely if
w>(52(k)_02(k))/(52(k)+D2(k))' or equivalently, D<D2(k)/(52(k)+D2(k))'
For compatibility, the analogous requirement is
D<P2(k)/(02(k)+P2(k)) = ]/(I+’t(k)-2)' (where T(k) is defined in theorem 7.26).
Now for any real-valued function, f defined on positive integers, (in
particular f(k) = E[2()], and E[Z*0L/ Qo 9), if Timy 5 oK) >0, then for some
integer kg we also have f(kq) >0. Thus the values p, and p4 are obtained by
solving the equations p = d2/(52+d2), and p = 1/(],,.5—2), resp., where s,d are
given by theorem 7.22, and t is given by theorem 7.26. Then p,, and p3 are
obtained by solving p = D(2)2/(52(2)+Dz(2)) andp = P2(2)/(02(2)+P2(2))‘ with

S(2), D(2), P(2) and Q(2) given (in terms of p) by lemmas 7.20 and 7.24. §

7:30 Remark An example of a T((2,p) is given in fig. 7.4. For p>0.4, (resp.

p>0.25) Wagner parsimony (resp. compatibility) will be inconsistent.

2 10 1 3
9
1
2
4
'\T/l 8
<p
t/l \, 7
10 S
3
s] 8 7 6
6
4 5 T4(2,p) T,(2)

Figure 7.4



Sufficient Conditions

In view of the above results it is natural to ask whether parsimony
methods will sometimes fail for equal edge weights below those
prescribed in corollary 7.29. We show that in the case of compatibity this
is not so--indeed if the edge weights are "sufficiently small and
sufficiently equal” (in a sense to be made precise) compatibility is
consistent.

7.31 Lemma
For any TeWBT(n), and CCE(T), if p(C) = T, then

s(0; T.p) 2 (0 0: T.p) T, (Pel(1-pg)).

Proof: We use induction on|C|. If|C|= 0, the result holds, so suppose it
holds for all C with|C|=k-120, and let | C|=k, C'=C-{e} for eeC, and

suppose p(C’) = o'. If e=[v,,v,], consider the conditional probabilities,
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x=P(a | X(v)=zX(v)i Tp), B=P(c | X(v)=X(v2): T.p), where X(v,)e(A B} is the

colour of v,, i=1,2, (where, by convention, A denotes the colour of the
pendant vertex of T labelled 1).
Then s(o: T.p) = poox*(1-pg) B, s(575 T,p) = (1-pgloc+py 8.

Thus, since (I—pe)2 > pg2. we have s(0: T,p) 2 s(0": T,p)py/(1-py).

Applying the inductive hypothesis we see that the result holds for |C|=Kk,

as required. §

7 Definition

For real numbers A>0 and L>1, and integer n22, let B(n,\,L) be the set of
trees TeWBT(n) whose edge lengths are ail £ A and whose set of ratios of
edge lengths is bounded above by L.

Let BLL) = uyB(nAL), and B(d) = v B(AL).



136

7.33 Theorem 4

For C >1, choose 0< Ag<1 so that

(1): cﬂd@fzc?xow—c <0, (2): 2Chg(1+CAg) < 1, (3): C 21/(1-%0)'
[Such a choice is possible since for C>1 fixed, the inequalities all become
strict as A tends to zero.]

Suppose (T,p)eB(A), L <Ay. Then

(1): if o=0q, s(0; T,p) < s(Cg; T,p)CA,

(2): it w(o,T)>1, s(0; T,p) < s(Tg; T.p).2C2 A2(1+Ch).

Proof:

(1): We first note that by the first condition on Ag, and A<Ag we have:

1+C2\ < 1+C20g < C-C2%(-C42\¢3 < C, thus

(a): +C2x < C.

We prove the theorem by induction on | T|, the number of pendant vertices
of T. For |T|=2, if 020, then s(c: T,p) = p, where p is the edge weight on
the unique edge of T, while s(dg: T.,p) = (I-p). Now by condition (3),
Cko/(]+c)\0) 2Xg2A2p, giving p £ (1-p)CA, as required.

Suppose the results holds for all trees with | T| <k, where k23, and suppose

TeB(A), | T|=k.

Case One: Suppose w(c,T) =1.
If ¢ is induced by an internal edge e of T, let T, T,,Tx.T4 be the four pendant
subtrees of T having endpoints incident with e, as in fig. 7.5(a) (refer to

following page).
For i=1...4, let s;(resp. d;) be the probability that the original endpoints of
Ti are all the same colour, (resp. the opposite colour) to the new endpoint

incident with e.
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(a) (b)

Figure 7.5

Then s(o: T.p) = pgoex+(1-pg) 8, where
x= (51525354*(11(1203(14), 8= (515203d4+d|023354). so that

s(0: T,p) < §15,5354(Pg + C“)\‘}c; 2(1-p,)C2A2), by the induction hypothesis.

Now s(0gi T.p) = (1-py)ex+p, 8, and s(Tg: T.p) is maximized when p,= 0,
(lemma 6.13 (1)), so that s(Tg: T.p) < 5535354. Then p, <A gives

s(0: T.p) < s(og: T.PXA + C4n4 + 2C2A2) < s(og: T,p)CA, since
1+C9NME+ 2C2N 2 C.

Similarly, if o is induced by a pendant edge e, represent T as in fig. 7.5(b).
For i=1,2 let s; (resp. d;) be the probability that the original endpoints of T;

are all the same colour, (resp. the opposite colour) to the new endpoint

incident with e. Then

$(0: T.p) = Pusi52 + (1-Pg)did2 < 518(A+C2A2) < s(Tgi TPICA, by ().
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Case Two: w(o,T) >1.
For o with w(o,T) = k22, there exists by Menger's theorem (refer Harary
[1969]) two disjoint paths between differently coloured endpoints of T so

that we canrepresent T as in fig. 7.6.
For i=1...4, let 0{(2), ze{a,b}, denote the colouring induced by ¢ on the
pendant subtrees Ti with its distinguished pendant vertex (circled in fig. 7.6)

coloured z. Let o5(x,y) denote the colouring of the central tree Tg with its

two distinguished endpoints coloured x,y.
For i:=1,....4, let 1;(x) = s(o: Ty, pj). and fs(x.y) = s(Ts: Ts,pj), where pj is the
restriction of p to the edges of T;.

Thus s(o: T,p) = 1(a)f,(a)f3(a)f 4(a)f5(a,a) + 1(b)M,(b)f3(a)f 4(a)fs(b.a) +
f,(a)fz(a)f3(b)f4(b)f5(a.b) + f1(D)f2(b)f3(D)f4(b)f5(b,b)

Ty T,

\ J
~~ ~N~

T3 Ta

Figure 7.6
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Now for any assignment of .y, at least one of w(c,Ty), and w(T,,T,) is 21,
and at least one of w(o3,T3).w(04,T4) is 21. Furthermore, if x=y,

w(os(x,y),Ts)21. By induction

s(0: T.p) < 515535455(C2A2 + CIN3+C3A3+C2A2), where s; is the probability
that the endpoints of T; are all the same colour. Furthermore s(Tgi T.p) =
5159535455, thus s(a; T,p) < s(og: T,p)2(C2A2+C3A3) < s(og: T.PICA,

since CA+C2A2< Chg(1+Chg) </,

(2): This follows by induction on | T| by using part (1) and repeating the
argument used above to establish case two of part (1), since in the last step

of this proof we have s(c: T,p) < s(0g: T.p)2C2A2(1+CA). §

7.34 Theorem

For all L>1 there exists Ay>0, such that compatibility is consistent on

B(LL) for all A < Aq.

Proof: By lemma 7.14, compatability is consistent for data generated by

the Cavender model on tree (Tq,p) precisely if T=Tq strictly maximizes
ZOEQ(T)S(G; To.P). This is clearly equivalent to saying T=Ty strictly
maximizes ZOEQO(T)S(O: To.p), where Qo(T) = Q(T)-{cg}).
Choose Ag>0, C>1 so that:
(: L1 > 2020 g(1+Chg). (2): CH4N3+2C2N*1-C<0, (3): 2CAg(1+CAg)S],
. |
(4):C= /(]_'}\0).
Then if p = max{py: e€E(Tq)}, pSho, we have
(a): if 0eQq(Ty), (Qq defined as in this proof above) then lemma 7.31 gives

(0 Tp) 2 8(Tgi Ta.PIPe/(1-pg) 2 Pps(Tgi Te.p) = (P/)s(cgi To.p).
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(b): if G is not in Qo(Ty), so that w(c,T4)>1, then by theorem 7.33, (with A=p),
we have s(0: Tg,p) < s(Tg: To.p). 2C2p2(1+Cp).

Let Somin = min{s(c: T.p): ceQy(Tydl, slmax = max(s(a; T,p): 0eQ(n)-Q(Ty)}
The condition L™ > 2C20¢(1+CXhg) implies L~1> 2¢c2p(1+Cp) since P<Xg, SO

that eliminating s(cg; To.p) from (a) and (b), we have

Somin > S‘max. Thus EOEQO(TO)S(O; To,D) - ZOEQQ(T)S(O; TQ,D)

= ZOEQO(TO)—QO(T)S(G‘ ToP) - ZOEQO(T)-QO(TO)S(C‘: To.P),
2 ks% 1 in"ks' max = K(8%nin~8'may) Where

k= |Qo(T)-Qo(Te)| = | Q0(Te)-Qo(T)| (since |Q(T)|=|Q0(Tg)|= 2n-3).
Now if T=Ty we have k=1 so that

ZerO(TO)S(G; ToP) >ZOEQ0(T)3(OI To.P), as required. §

7.35 Example ForL=1, taking C =2.18, Ay = 0.12, it is easily checked
that conditions (1) to (4) in the previous theorem are satisfied. Thus if the
edge weights are all equal and less than 0.12, compatibility is consistent
on all trees. In particular, by corollary 7.29 (1) there are weighted trees
(such as T;(k,p) for 0.117 < p < 0.12, and k sufficiently large) on which

compatibility is consistent but Wagner parsimony is not.
A considerably weaker result for Wagner parsimony is the following:

7.36 Theorem
For all n and for all L, there exists a Ag, for which Wagner parsimony is

consistent on B(n,Aq,L).
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Proof: By theorem 7.33 (2), and lemma 7.31, given n and L we can choose
Ao SO that if (T,p)eB(n.Aq.L) then ’

min[S(O: To,p)i GEQ'(To)} >ZOEQ(n)_Q(T)W(O,T0)S(O( To,p),

since w(o, T)>1if geQ(n)-Q(T). Then ZOW(O.TO)S(G; Tap) <

ZOEQ[(TQ)S(O: TQ,D) + ZOGQP(TQ)S(O; T[]-D) + min{S(G; To,p)l GEQ'(T)) (*)

Now if TzTg, then w(c,T)21 for all geQI(Tg) and w(o,T)=2 for at least one

0€Ql(To). while w(o.T) = 1 for G€QP(Tq). Thus 2 eq(n)W(0.T)s(0: To.p) 2
zer[(TO)S(O: To.p) + min{s(c: Tg,p):0€QI(Ty)} + ZceQP(To)S(o; Top) >
zCSeQ(n)W(<5~To)‘3(<5: Ta.p). by (*).

Thus 2 geq(n)W(0.T)s(0: Top) > 2 5eq(n)W(S.T)s(Ts Tg,p) for all T=Tg so

that Wagner parsimony is consistent on (T,p) by lemma 7.14, as required. §

7.37 Remark

In view of the previous two theorems it is tempting to ask whether Wagner
parsimony is consistent on B( A,L) for sufficiently small A = A(L).

One approach might be to show that any colouring of a given weight on a
tree in B{ A,L) is more probable than any other colouring of greater weight
on that tree for A = A(L) sufficiently small, thus generalizing the result for
colourings of weight one. However, the next theorem gives a
counterexample to this suggestion, and sheds more detail on the subtle

relationship between weight of colourings and their probability.

7.38 Theorem

Even for L=1, there are no constants §,1,k > 0 for which the following
statement holds for all (T,p)eB(A):

"w(o,T)<w(c',T)+k implies s(c; T,p) = 8s(c’; T,p)."
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defined by the colourings: (A,AB,B,A,ABB.A A,

. and (AA A,
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f: Consider the two partitions 0,0, of the caterpillar tree, Jon+ 2k

[2k

timesl,B,A,B,AB,A,...B,A), respectively as in fig. 7.7 where in all cases

{xx} = {AB). Then w(o.Jon.ok) = N*k-1, while w(Ca.Jon.p) = N

Let J2n+2k* denote the tree obtained from J2n+2k by deleting pendant

vertex labelled 2n+2k and its associated pendant edge e and distinguishing

the vertex v incident with e.

—

A)

2n+2k

! \ / 00

/ \ l(B) LA) l(A) \ 2n+2k-1
B8
(A) ® 4 5 6 (x)

1 (&) 2n+2k
\ / )
/I l ‘( ) l(A) \ 2 2]

A (A) B )
( ) 2k+1 2k+2 (")
L@
\ . Ly ot
)\ o / I l l \ .- I ) oy
2 B) @) (W (A oy
W 3( ) 4 6 2n+2k-1
)
. \ . MO
J3,02 / l .. l oo o (x.)oz—
2 @ @ ) Y@ (x)
) 3(A) 2k 2k+1 2k+2 2k+3 2n+2k-1

Figu .. 7.7
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For G, as before, let 0," (resp. 6,”) denote the colouring of v and the

pendant vertices of Jon+2k™ in which the pendant vertices are coloured as

in J2n+2k under oy, and v is assigned the same colour (resp. the opposite

colour) as the pendant vertex labelled 2n+2k-1. For g5, define o, and o,”

analogously. These definitions are also illustrated in fig. 7.7.

Assign edge change probability p to ali the edges of Jop, o, and let s,(n),
(resp. ¢4(n)) denote probability of the colouring o,* (resp. ¢,”) on the
weighted tree (Jopn. o *.Pj). Define s,(n).da(n) for o, similarly. Then a
straightforward probability argument gives:

[5,(n+1), dy(n+ DIt = Clsy(n)., dy(m)]!

[so(n+1), dz(rwl)]t = D2[s,(n), dz(n)]t. where

C =[(pa3+p2q®) (q9+pq?) = pq? q(D3+q3)]
(p3q+p2q?) (p3q+p2q?) p2q p2q

D =[pq q? so that D2 =[pq? pq?
pq p? p2q p(p3+q3)| with q=1-p.

C and D? have characteristic equations: x2-pax-p2q2(«~pq) = 0 and
%2-p(x+q2)x-p2q2(pq-«) = 0, respectively, where «=p3+q3. For i=12, let
A2\, denote the eigenvalues of C, and let A,">A,” denote the eigenvalues
of D2. Then

Ar® = 0.5(pqxy/ (p2q2+4p2q2(ex-pq))),

Ap* = 0.5(p(x*q?) 1y (p2(ox+q?)2+4p2q%(pq-ox))).

It is easily checked that for 0<p<0.5, and i=1.2, A{*=X;", so that C and D?

are similar to diagonal matrices.
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Thus for i=1,2,

5i(n) = a;(A; )N+ b3 and

di(n) = ¢j(A;)N + d;(A; M, with a;.bj.c;.d; independent of n (but with
a,,05,C5,d; depend on k). Now

s(01i JopneorPl) = si(n=1)(a2p+p2q) + dy(n-1)(q3+p3), while

(62 JpneopP)) = s2(n-1)(a2p+p2q) + dp(n-1)(q2p+p2q), where q =1-p.

Thus s(0: JopapiP) = a7 (A7 + b (AN
5(02: J2n+2k.Dj) = 3'2(>\2+)n + DZ'(>‘2‘)n'

for new constants ai'.Di‘, so that

s(o1: Jon+2k.PI) ‘
~ (3173 )Ny, )" since AT

s(0 3 Jon+2k.PJ)

Now A" (q + ¥/ (q2+49%(x-pq)))

A" (ox+@2+4 ((x+q2)2+4q2(pq-)))

so that limpy_s.ghy" /A" = ('*JS)/ZI the “golden ratio”. Thus we can

certainly choose pg>0 so that for all p<pyg, >\,*/>\2*>l. (in fact we can take

Po = 0.5, though this is not necessary for the proof).

Thus as n=>, 5(F; ook PI/S(T2i Jonsoy. Pi) => =, even though

W(OJoneok) = W(O2.don. o) *+ (k-1), as required. §

7.39 Remark We now offer an intuitive explanation for the motto
"heavier colourings can be more probable, even on trees with equal edge

weights," which was formally demonstrated above.
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Recall that s(o; T.pj) = Z{CQE(T):D(C):o}D|C|(]_D)'E(T)I_|C‘ -

(1-p) [E(D| Zxsw(o. 1) {CCE(M):p(C) = o,|C| =K} €k, where € = P/(1-p) S0

that O<e<l.

Regard s(0) = s(c: T,p)) as a polynomial in ¢, ordered in increasing powers
of €. Then although w(c,T)>w(0,,T), (so that s(5,) begins with higher
powers of € than s(o5)), if the first nonzero coefficients of s(o,) are
relatively much larger than those of s(g,) then we may still have
s(o)>s(o,) for suitable € (though clear!y for T fixed, as € tends to zero, we

will force s(o,)<s(T,)).

Thus w(o,,T)>w(S,,T) and s(5,,T)>s(0,,T) suggests many more ways to fit
o, to T with = w(c,,T) edge changes than to fit G, to T with the same or a

lesser number of edge changes. For example, take 0, 0z and T = Joy .9y @S

in the previous theorem, and consider just the first non-zero coefficients

ky, ko of s(ay), s(S,), respectively. For i=1,2 choose CigE(T) so that D(Ci) =
oj, (where p is defined in 5.2). Then it is easily checked that C;, has no

weakly-connecting trees and so by theorem 5.9, C; is strictly minimal, so

that k,=1.

Now the weakly-connecting trees of C, consist of the n+k-2 pairs of
adjacent internal vertices of T which are both adjacent to pendant vertices
of the same colour. Thus the weakly-connecting forests of T consist of
all collections of weakly-connecting trees,‘no two of which are adjacent
to a common vertex. Since the n+k-2 weakly-connecting trees are arranged
in a line, the number of weakly-connecting forests is precisely the number
of ways of selecting a subset of n+k-2 ordered objects so that no two are

consecutive,
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But this is enumerated in example 2.2.23 of Goulden and Jackson [1983,

p.43], in terms of {0,1} sequences, as the (n+k-1)-th Fibonacci number,
Fr+k-1 Thus, by theorem 5.9 (3), ky = F .-y, (compared with k,=1) so that as

n grows the first nonzero coefficient of s(g;) greatly exceeds the

corresponding coefficient of 5(c5). §

A4 nj r

Wagner parsimony is consistent on B(\) for A sufficiently small.

Consistaney under a melacular clock

Hendy and Penny [1988] give an example is of a tree {a T,(2)) with edge

weights arbitrarily small and subject to a molecular clock for which

Wagner parsimony and compatibility are inconsistent. The authors observe
that for this to happen one edge length must be asymptotically

proportional to the square of the length of another edge, as both edge
lengths tend to zero. To find a "best possible" condition under which we
might hope for parsimony and compatibility to be consistent under a
molecular clock we might try and rule this out.

In fact we will see that even assuming a molecular clock, inconsistency
can occur even in the "best possible" condition that does not in itself
constrain the set of possible trees. Specifically suppose the Cavender
model is subject to a molecular clock. The first attempt at a "best
possible constraint" on the edge lengths might be to assume that they are
all equal. However unlike the clock-free case, this assumption constrains
the tree topology and a fortiori constrains the number of taxa to be a
power of two.

Similar topological constraints follow from supposing that the edge length
ratios are bounded above by a constant which is independent of the number
of taxa. On the other hand, if the ratio of the edge lengths of rooted trees
with n pendant vertices is bounded above by some function K(n), there are
no constraints on the possible trees, precisely if K(n) > n-1. This suggests
the following definition.
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7.41 Definition

Call a rooted binary tree with n pendant vertices balanced if

(1): it has additive edge lengths--i.e. the length of all the paths from the
root to pendant vertices are the same (this is the height of the tree).

(2): the ratio of the edge lengths is bounded above by n-1.

Let BE(}) be the set of balanced (rooted) trees, with edge lengths bounded

above by A, and let BH(A) be the set of balanced (rooted) trees of height A.

Then for the counterexample by Hendy and Penny [1988], if the tree T,(2)is

balanced, consistency is regained for sufficiently small edge lengths, or
sufficiently small height. We now show that for any given bound on the
edge lengths or the height there are always trees for which both types of
parsimony fail to be consistent.

7.42 Theorem

(1): For all A, Wagner parsimony and compatibility are inconsistent on some
trees in BE(}).

(2): For all &, Wagner parsimony and compatibility are inconsistent on some

trees in BH(A).

Proof: Let RT(k,\) be the tree obtained by rooting T,(k) (definition 7.27)

at the midpoint of its central edge, and assigning length (as in 6.4 (4)) X to
all the edges except the two pendant edges incident with the central edge

k+1

which are assigned length A(k+1). Then since RT(k,A) has 2°"'+2 pendant

vertices, RT(k,\) is balanced for all k1.

(1): Regarding the tree as unrooted, and using the notation of theorem 7.28,

we have for Wagner parsimony,

4E[2()] = w3(w 2+ w,2)(52(k)+D2(K)) - 2w ;wx(52(k)-D2(k)) +
2w3(w2-w2)S(k)DK).
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As in the proof of corollary 7.29 it suffices to show
limy > E[2(K)]1>0 since then E[Z(kq)]>0 for some integer kq.
Now wme 2N, wyze 4N, = g~ 22 (kD)

s W 50O that limy _s o,w,=0.

Thus, letting s = limk_>w5(k), d= Iimk_>°°D(k),
liMy o5 0o 4E[Z(K)] = 2w,3(s2+d2-2wysd) >2w3(s-d)?20, and the result follows

by theorem 7.28.

For compatibility, again using the notation of theorems 7.28, and 7.26

limk_>m4E[z*(k)]/Qz(k) = 2w3(1+T2-2w,4T) > (1-7)2 2 0, and the result

follows by theorem 7.28.

(2): We have ukRT1(k,>‘/(k+2)) C BH(A\). For TeRT,(k?‘/(k,,z)),
wy = 0" 2N K2) (2o AN/(Ke2) = o= 2A(K* 1)/ (K 2)

Thus Hmk_>w(1)] = ‘limk_>°°<o3 =1, Hmk_>°o(.02 = 2_2)\.

For Wagner parsimony we have

liMy -5 o E[Z(K)] = (1ve™4R)(52+02) - 207 4P (s2-d2) + 25d(e™4M-1)

= (5-d)? + (3d2+2sd-s2)e 4N,

Now if the second term in this sum is strictly positive we have
Iimk_>wE[Z(k)]>0, as required. If the second term is <0 we have
4E[2(k)] = (s-d)? + (3d2+2sd-s2) = 4d2 >0, by theorem 7.22, as required.
For compatibility, limk_>w4E[z*(k)]/Qz(k) = (1-7)2 + (3”62\‘2'[,‘-1)2_4)‘ which
by a similar argument is strictly positive, since >0 by theorem 7.26. §
7.43 Remarks

(1): The previous theorem shows that imposing a molecular clock in no way
restores consistency for parsimony-based methods. Indeed comparing

theorems 7.42 and 7.34, a molecular clock is more problematic for the
consistency of compatibility than the assumption of equal edge weights.



(2): From example 7.35, compatibility can be consistent under conditions
which lead to the inconsistency of Wagner parsimony. It is not known
whether the converse can occur, or whether compatibility is consistent for
sets of edge lengths of greater Lebesgue measure than Wagner parsimony.
It is worth noting that because compatibility uses fewer partitions to
evaluate each tree than Wagner parsimony, the former method may be less
robust (i.e. more sensitive to errors) when applied to relatively short
sequences.

(3): The above results hold an important message for taxonomists -- while
compatibility may be consistent for a particular set of taxa, the method is
not necessarily consistent on a subset of those taxa. Equivalently,
although compatibility may fail to be consistent for a collection of taxa, if
that set is expanded to a larger set of taxa, consistency may be regained,
so that if compatibility selects tree T, the phylogeny of the original set S
of taxa can be consistently recovered as T[S]. This approach would succeed
if the larger set of taxa is chosen so that all edges of the underlying tree
have (approximately) equal (and small) edge weights, though knowing
which additional taxa to choose to achieve this goal is clearly a problem.
We illustrate this relativity of consistency by the following example.

7.44 Example
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Consider the rooted binary tree T(k+2) € RWT(2K*2) with edge lengths of A

on each edge, except for the two edges incident with the root, which are

assigned edge length 7‘/2, as illustrated on the following page in fig. 7.8(a)

(where the shaded subtrees are copies of T(k)). Thus the edge lengths of

T(k+2) are subject to a molecular clock, while if T*(k+2) denotes the

weighted binary tree obtained from T(k+2) by suppressing the root, T*(k+2)

has equal edge lengths of A on each edge.

Select a subset S = {5,,5,,53.53.55.5g) Of (1....2K* 2} of size 6 as indicated in

fig 7.8(a). Then the tree T*(k+1)[S] has induced edge lengths as indicated in

fig. 7.8(b). In the notation of definition 7.27, T*(k+2)[S] is a T,(1,p) where

P = (P.P2.P3P4). Dy = P3 = 0.5(1~w), pp = 0.5(1-wk* N, Pg = 0.5(1-wk), with

w = e 2M, Then in the notation of theorem 7.28, P(1) = p42=0.25(1-wk)2,

and Q(1) = (1-p4)2=0.25(1+wK)2, wFws=w, ©=wk* !
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Thus, by theorem 7.28, the condition for compatibility to be consistent on
TiLp) s F(kw) = w(w?+w 2K 2)((1-wK) 4+ (1+wK)4) 20K 2((1+wk)4-(1-wk)4) +
20(w2K* 2= 2)(1-wk)2(1+wk)2 >0.
2k

Letting y = w<", we have f(k,w) = 4w2y.(Sw-4-y(4-2w-wy)).

Since Iimk_>wmk = 0, we see that if @>0.8, (that is if p, = 0.5(1-e"22) < 0.1)
we can choose k so that f(k,w)>0, implying that compatibility will be

inconsistent for the taxa set S. But this range for w contains the range for

which we have estabished that compatibility will be consistent on the

weighted parent tree (T*(k+2), pij).

T*(k+2)(S]

(a) (b)

84 S3

“
/

Sy Sy

(D)

(c)

Figure 7.8
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In particular taking k = 7, and A=0.05 (so that w=0.9048) we have:
(a): p<0.1 (so that compatibility is consistent on T*(k+2),p,j) and
(b): 1(7,w)>0 (so that compatibility is not consistent on on the weighted

subtree induced by S).

Thus for sequence data derived under Cavender's model from the tree T(9)
on 512 endpoints (!) with an expected number of 0.1 state changes on each
edge, compatibility will consistently recover the original phylogeny of the

512 taxa, but consistency fails with some of the subsets of the taxa.

Examples of this phenomena using considerably less taxa are possible if
edge lengths on the parent tree are not required to satisfy a molecular
clock. Indeed for the caterpillar tree J;» on 12 taxa, with weight p on each
edge, and S = {s,,5,,53,54) as shown in fig. 7.8(c), the weighted subtree T[S]
induced by S has edge weights as shown in fig. 7.8(d), where

p* = 0.5(1-(1-2p)3). Then by Felsenstein's criterion (refer to example 7.15),
compatibility will Tail to be consistent on T[S]if (p*)2>p(i-p). Takingp =0.1

(so that compatibility is consistent on T) this condition is satisfied. §

7.45 Summary In this section we have derived some necessary and
sufficient conditions for selection procedures to be consistent under
Cavender's model. Necessary conditions have been given both for general
classes of procedures (theorem 7.9) and for parsimony and compatibility
(theorems 7.28 and 7.42). We see that for both methods consistency can
fail in conditions that might be expected to be most favourable for
consistency (i.e. equal edge weights or a molecular clock). Basically both
methods fail because they undercount the true amount of change which is
likely to occur on the tree. Regarding sufficient conditions, we showed
that (without assuming a molecular clock) phylogenies can be consistently
recovered from dissimilarities (theorem 7.12). Perhaps most importantly
nontrivial sufficient conditions for the consistency of compatibility have
been established (theorem 7.34). The problems involved in extending this
approach to parsimony have been discussed, and clearly there is an
interesting and important open problem in settling conjecture 7.40.



§8: Confidence Intervals

"The question of how to obtain confidence intervals and carry out
Statistical tests is in a relatively primitive state ... but is of greater

practical importance to the molecular evolutionist," J. Felsenstein 1988.

8.1 Introduction

Consistency is certainly a desirable property for a selection procedure, but
by itself, under finite sampling, it is essentially useless for putting
confidence intervals on the trees so constructed. In this section we
consider three questions related to the construction of trees:

(1): Among selection procedures, what sort of confidence intervals, which
converge to the true tree (as c—e) are possible, independent of the
underlying tree (T,p)?

(2): Can these confidence intervals be described efficiently, that is in
polynomial time?

(3): How fast must the data grow as a function of the number of taxa in
order to retain a given level of accuracy in reconstructing the underlying
tree T,?

The construction of confidence intervals in the case of parsimony with
four taxa has been solved by Cavender [1978] and Felsenstein [1985]. In
general however there are problems with these and other methods which
have been proposed for constructing confidence intervals from sequence
data or dissimilarities, as detailed in Felsenstein [1988]. Constructing
confidence intervals using maximum likelihood ratios is also theoretically
difficult for two reasons, as is frequently pointed out by J. Felsenstein
(see for example Felsenstein [1988]). These difficulties are that the
hypotheses being decided between are not nested within each other, and
that likelihood ratio results are asymptotic (in the length of the
seguences).

We begin by answering the first question and show that under Cavender's
model only selection procedures that build (arbitrarily large) sets of trees
can have pre-set confidence intervals, and describe such a procedure. The
desire to always select a single "best tree" is thus incompatible with the
desire 1o be confident that one has always selected the correct tree,
amongst those chosen.
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Ceonfidence Intervals

8.2 Definjtion

A family of selection procedures, ¢, a€(0,1) has convergent confidence
intervals (CCl) if for all a:

(@): Pp(X)CP((X) if < 0.

(b): P(Te9(X); T,p) 21 - o, for all (T,p) ¢ WBT(n), pe(0,0.5)2”'3.

(c): 9, converges (as defined in 7.4).

8.3 Lemma

If {9 @€(0,1)} is a family of CCl selection procedures, then Py is

consistent for each ae(0,1).

Proof: From property (c), there exists a number cg

(dependent on T,p.€ and «):

P(| 9, (X)]|=1: T,p) 2 1-€/3, and P(| 9 ,3(X) | =1 T p)>1-¢/3,

for all for all c>cq. Now if 0<¢/3<ccand |9, (X)]=] ¢, ,3(X)|=1and
TeP,s3(X). then by property (a), P (X) = {T}. Thus for 0<¢/3<«, and c>cq.
PP (X) = (T} T.p) 2 P(TeP /3(X)& | P (X[ =18 ] P, ,3(X)|=1: T.p) = 1-¢

by lemma 6.2 (1), and proeperty (b). Since this holds for all e: O<6/3<o< (for

appropriate choice of cg), lime_54,P(¢, (X) ={T}: T,p) =1, as required. §

While condition (b) succeeds in replacing the asymptotic nature of
consistency by actual probabilities, condition (c) does not give any control
over the size of P(X) for finite values of c. The reason, as shown next, is
that no such control is possible -- in particular there can be no CClI
procedure that always selects exactly one tree.



Indeed even if we were only to apply the procedure if the data was in some
sense "good" enough we still cannot have control on |¢(X)|. This last
consideration amounts to considering conditional probabilities, and

motivates the following definition, (where P(A | B) is the conditional
probability of A given B).

8.4 Definition

Afamily ¢, 0e(0,1) of selection procedures has bounded confidence
intervals (BCI) if

(@): Pp(X)SP (X) if o < of'.

(b): P(TeP,(X); & |9,(X)| <k | E; T,p) 2 h(cun k),

for all (T,p) eWBT(n), pe(0,0.5)2"'3, and some event E (possibly dependent

on nk,a), and some function h with lim ,_,4h(e,n k) = 1 for at least one

positive integer k<b(n).
8.5 Remark: This definition is intended to generalize the particular
example of a BCl procedure satisfying condition (a) and

P(Te9,(X) | [94(X)| =1) 2 1- o. Here E is the event [P (X)| =1. As another

example we might let E be the event that for T¢BPT(n), X5 # 0 iff ceQ(T)).

8.6 Lemma Let F:2%->R*. Then

Zxex (A xeACK,| A<k} FIA) < K2 (A acx A<k} FIA).

Proof: Reversing the order of summation,

2ReX(A: REACX,|A|<k] F(A) =

Z(A: Ack JAJsk} A TFA) < S a: acx ||k} F(A) S
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8.7 Theorem
(1): CCl selection procedures exist.

(2): BCI selection procedures do not exist.

Proof: (1): Define a selection procedure <Po< as follows:

Let s be any function from 2BPT(N o BPT(n) such that s(P)eP for all
PCBPT(n). For each tree TeBPT(n), let

e(T.X) = min(llx/c—s(T,p)H - pel0,0.512"73} and let

(T: e(TX) <1/ r(co}i I this set is =¢
P (X)) =
s({T: e(T.X) = min{e(T* X): T'eBPT(n)}), otherwise.

We show ¢ _ is a CCl. Condition (a) is clearly satisfied.

For (b), if To.pg is the underlying tree, pg € (0,0.5)2N73,

E%/ =s(To.po)lI2] = ¢72El § 5(Xg-cs(T: Tpo)?l =

C_ZZOE[(XO-CS(O; To.Pp)?] = C'ZZOVar[Xd]. Now since X has a
multinomial distribution, by lemma 6.2 (3)(a), Var[X 4] = cs(c)(1-s()). so
that E[[X/ c-s(T p)II2] = (1 - Sgs2(o)/c < /. )

Now P(Toed (X)) 2 P(e(To.X) </ (o))

> P(IX/ o~s(Topoll2<!/ o) = 1= PUR/ c=s(TopallI2>1/ ) 2 1 - &, by Markov's
inequality (lemma 6.2 (2)) establishing condition (b).

For (c), let 8 = min{||s(T.p)-s(Ta.po)ll : pe[O,O.S]2”’3,T2T0}. Then >0 by

lemma 6.13 (4). By Markov's inequality (lemma 6.2 (2)) and (*) we have,

P(||X/C—5(T0,p0)|| 25/2) < 4/820 Now if for.any tree T=Tg, Teq (X)), then
for some p, ||X/C-S(T,D)|| SI/J(Co() and for c>4/820<, the triangle inequality
gives I/ c=s(To.polll 2 3/, Thus lime_5 o PAT=To:Teg, (X)) = 0. It thus

remains to show that [im._5,P(TeeP (X)) =1.
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In view of the definition of ‘ch we need only check that

Mo o5 0oP((T g, X) < min{e(T,X):T=Tg)) =1.

NOW 1im 5 oo PR/ =5(Topo)ll <875) =1, while if %/ -s(Tp)I < 8/,, for any
T=Tg and some p, the triangle inequality, together with the definition of §
gives ||x/c—s(T0,p0)|| 25/2, an event which has probability tending to zero

as c->o00, as required. §

(2): suppose a BCl procedure exists. Given TeBPT(n), let T(e)ewBT(n) have
edge weight € on all internal edges and 0.5-¢ on all pendant edges. We first
note from lemma 6.13 (5) that for any event E, P(E; T(¢€))=0, so that we may

form all conditional probabilites.

Let ECA»(Nn,c), Ezd. Then for any TeBPT(n), lemma 6.13 (6), and the
continuity of P(a: T.p) as a function of p imply that lim _5 oP(E; T(e)) is

positive and independent of T. Thus for any tree T0¢BPT(n), any event E and

any >0 we can choose €>0 so that | P(E: T(e))-P(E: TO(¢))| <s.

NOW 31 ¢gpT(n)P(TEP L (X) & |9 (X)] <k&E; T(€)) <
ZTeBPT(MP(TEP L (X) & [P (X)] <k&E; T(e)) +b(n)8 =
STeBPT(MEATeA, | A| kP(Poc (AGE: TO€)) +D()8 <

KE A Al<kP(9oc (AIEE: TOE))+b(N)S, by lemma 8.6.

= kP(| 9, (X)| <k&E; TOe)) + b(n)8. Now if ¢ has BCI, we have
P(TeP (X) & |9 (X)] <k&E: T(€)) 2 h(oc.nkIP(E: T(€))

2 N(onKIP( |9 (X)) <k&E: T(e))
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Thus 2 1¢gpT(n)P(TEP o (X) & |9 (X)] <k&E: T(e)) 2

(k) Tepp T ()P 1P (KOl <K&E: T(€))

2 h(ec,nJKIB(N)(P(| P (X) | <k8E: TO(e))-8). Combining this with the previous
calculation we have, letting 8 = P(| 9 (X) | <k&E: TO(e)),

kB +b(n)8 2 h(oc,nkD(N)(B-8), giving hocn k)< (KETDIE)/ g oo ot s

->0 (choosing ¢=¢(8)>0 as §->0). Then since 8 does not tend to zero by

lemma 6.13 (5), we have h(e,nk) < k/b(n) for all «, so that ¢ is not BCI. §

We now address the question, raised in the construction of a CCl procedure

in the previous theorem, of how to locate the closest point in s-space.

Approximate metheds

Suppose the edge weights are assumed to be small, so that the product of
any two edge probabilities can be neglected. One way to encapsulate this

notion formally is to regard the edge weights p; as indeterminants and
work with the algebra A over R generated by {pj};, subject to the formal

identities Pip; = 0 for all i,].

Then for any tree T we can solve exactly for the closest point in s-space,
and the "best fit tree" is given by a combinatorial condition similar to that
for compatibility. After presenting this result we show that such

procedures are basically unsound for the foIlowind reason: even on four
taxa, no matter how small the edge weights really are, inconsistency can

still arise using this method.



8.8 Lemma
In the algebra A, Pes if edge e induces &
s(o;Tp) = 1- EeEE(T)pe, if 5=0,

0, otherwise.

Proof: The lemma follows immediately from

s(0: T.P) = Zp(e)=cMeeePe Meer(T)-£(!"Pe)- §

8.9 Theorem

Assume that X satisfies max{X y: 620} < c(n-2)/2(n_1 X

= = 2
Let (M) = L eomy-a(m¥o %2 = Zgeam)-amXo®
(1): For any tree, T, the edge weights p that minimize the distance
||X/C—s(T,p)|| in s-space under A (i.e. with s(0) replaced by its value in A)
are given by:
oy(T X
Pe = A )/c(2n—2) +o(ele,

where o(e) is the partition induced by deletion of e.

(2): The trees in BPT(n) which minimize (over BPT(n)) the minimum

distances given in (1) are precisely those trees T which minimize the

sum (11(T)2/(2n_2) + ao(T) over BPT(n).

(By comparison recall that compatibility choses that tree minimizing o(T)
over BPT(n)).
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Proof: (1): By lemma 8.8, in A,
a/apenx/c—sll2 = -2(Xg(0)~CPQ) * 2(X 54 c(1=-Foeg(T)Pe)). Where o(e) is the
partition corresponding to deletion of the edge e.
. -g||2
The linear system, 3||x/c-sl| /3pg, = 0 for all e€E(T), can be written
(I+Dp = c_‘(x*—(xoo-c)j), where X#* is the vector [Xa(e)]eeE(T)' and J is the

square matrix having | in each position. Since )7 T=1- (2n-2)"1J, the

solution to this linear system is:

Pe = (¢=X 550" (22X 5(0) ZoeE (T)X () c(2n-2)

BUt ¢ = Soep(T)Xa(e) * Ko *T): Thus pg = 1T/ o oy + Xo(e)/ ..

In particular p,>0, and since o (T)<c, pe<(2n-2)_‘ + (l—(n-.\)—')/z <05, as
required for a feasible solution.

Now CH IIX/C‘Sllz/aanpe. = 4c if e=e"; 2¢C if e=e’, sO that the Jacobian of
||></C—55||2 is 2c(J+I) which is positive definite, so the solution for p

minimizes ||X/C-sl|2. completing the proof of (1).

(2): The minimum distance in A is zosQ(n)-Q(T)xoz +
zeeE(T)(XG(e)'CDe)2+ (Xoo- C('_ZesE(T)De))z , which from part (1) is

S sealn)-a(T*s? * (2r\-3)o<1(T)2/(2n_2)2 +°(2(T)/(2n-2)2' giving (2). §

8.10 Corollary

Let 5 be the procedure which selects that tree which has an edge weight

minimizing the Euclidean distance from s to x/c, under A. Then ¢4 is not

consistent, even on four taxa, no matter how small the edge weights might

be. Thus ¢ 4 differs from another linearized procedure, "closest tree”

described by Hendy [1988].
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Proof: In view of the previous theorem, we see that P is a central

procedure, and the result now follows by theorem 7.2. Closest tree, on the

other hand, is consistent by lemma 6.2 (3b). §

8.11 Remarks (1): Although computationally appealing as indicated by
Hendy and Penny [1988], closest tree does not give a family of CCI

procedures in the way Euclidean distance in s-space does in theorem 8.7.

(2): While ¢ 4 is not consistent, it may nevertheless be useful in giving an
initial iteration value p, for numerical methods aimed at finding the value
of p which minimizes the Euclidean distance from X/C to s(T,p). This"

value for p, is given by theorem 8.9 (1).

(3): The restriction on X in theorem 8.9 is very mild, for unless X y<<c for

all =0, there would be no justification for assuming the edge weights

were small, and thereby working in A. §
Exact Solutions: (n=4)

Consider the case of four taxa. If the value of p which minimizes

f(p) = ||x/C-s(T,p)|| lies in (0,0.5)5, p is given by the solution of the
nonlinear system of eight equations in five variables: 3f(P)/ape =0. The

next theorem shows that this system can be reduced to finding the solution
of two equations, each in gne variable, thereby aIIlowing faster numerical
methods. Furthermore we show that if there is a minimum in (0,0.5)5, itis
unique. Of course if the minimum lies on the boundary of [0,0.5]2"'3

further analysis is required.
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8.12 Theorem

If pge(0,0.5)° is a critical point of f(p) = ||X/.- s(T,p)I| then

(1): po can be found by solving two algebraic equations, each in one
variable.
(2): pg is the only critical point of f(p) in (0,0.5)2"-3,

Proof: (1): Using the notation of example 6.10, sincer = Hls and H is

Hadamard, the value of p which minimizes ||X/C*s|| is the same value which

minimizes ||r - r9]|, and hence ||r - r9||2, where r0 = Ht(x/c).

Let ;= (l-2pj) and x = [Ir - r0|12 = 3(r; - r0)2

Then d”/dwj = 2%(ri=ro )ari/awj
= 2ZieK(j) (ry-ro; )ri/o.)j. where K is the matrix in the proof

of lemma 6.11, and K(j)= {i: Kij=l}.

Thus dx/dwj =0 for all jprecisely if ziEK(j) (ri-r9%)rj=0forallj.

Letuj=(rj- rO] )rj . for izl so thatr; =( rUi * /((roi)2-4 uj))/2. Infact the
conditions r;>0, exclude the negative roots. For if u;<0, then the negative
root gives ri<o, while if U;>0, the condition Ui:(ri‘roi)ri and r;>0, implies
ri>r0i, which again requires the positive root. Then since u; = 0, letting K,

be K with the top row deleted, these conditions become K,t u=0. Now
ker K, = {[a.b.-b,~b,b,a,-al': abeR} which together with

ri= (r9+ /((r%)?-4 ui))/2 gives the following conditions on a,b, from

which u and hence r can be derived:
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(@) = (r% + / ((r0)2 + 4a)) -

0.5(r0 + J/((r%)2-42))((r% + / ((r%;)2-4a))) = 0;
gd) = (r% + /((r84)2+4b))(r% + / ((r0%)2+4b))-

(rO3 + V((r03)2-4p))((r% + V ((r%)2?-4b)) = 0.

(2): Since f(t), and g(t) are monotone increasing in t, there exists at most
one solution to the system f(a) = 0, g(b) = 0, establishing the required

uniqueness. §

8.13 Example

Consider X = [X1,X12.X13.X123.X14.X124.X134.X1234]" = [189,58,1,8,5,7,47,1403]!,
taken from the EMBL data bank of nucleotide sequences (Hamm and Cameron
[1986]), and derived from18S RNA ribosomal sequences of length c=1718

for nematode (1), brine shrimp (2), xenopus (3) and mouse (4).

Applying theorem 8.12 for the tree T = (12)(34) we find a=-0.00200,
b=-0.00175, giving a minimum distance in s-space of 0.00214 (approx). §

Efficiency (1)

Two problems arise from using the CCl procedure P described in theorem
8.7. Firstly, as we have seen, approximate solutions are statistically

unsound. Secondly, finding 9, (X) involves a search among all trees in

BPT(n), and so is not efficient.

In fact most of the more widely-used selection prdcedures have been
shown to be NP-complete. These include, parsimony methods (Foulds and
Graham [1982]; Day, Johnson and Sankoff [1986]), as well as compatibility
(Day and Sankoff [1986]) and dissimilarity methods (Day [1987]).
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Of course by theorem 8.7, there is no family { P @€(0,1)} of selection
procedures which is both efficient in constructing 9 «(X), and CCl, because

|94 (X)| = b(n) for  sufficiently small, and b(n} in not bounded above by a

polynomial function of n. We now demonstrate the existence of CCli

families having the property that for every tree T¢BPT(n) it can be

efficiently decided whether Te¢ , (X).

8.14 Definltions Let Q be a quartet spectrum on label set L. The

restriction of Q, denoted (Q) is the set of trees TeBPT(L) with

res
¥(T)NQ = ¢. The gqual of Q, denoted 8§(Q), is the minimal set defined by the
rule: if (xy)(zw)eQ, and (xz)(yw)eQ, then (xw)(yz)es(Q).

Note that for any such Q, (Q),,4"<Q> = ¢, and for any binary tree T,

($(T)) = &, by theorem 3.8 (2), with k=4. Furthermore, clearly,
(Q)0E<8(Q)>, and taking Q = Y(T), so that §(Q) = ¢, and <8(Q)>= BPT(L), we

see that this containment is, in general, strict.

Now given any family of CCl selection procedures ¢, on sequence spaces

on four taxa, consider the following families ¢*_, $** _ defined on
sequence spaces on n taxa. Define g(e,n) = */NCy4, and let

Que= Vsl 1,BPT(S)-Pg (o n)(XISD. Finally, let

P* (X)) = (Q )peg aND P> (X) = <8(Q >, 5O that ¢ (X)C**  (X).

8.15 Theorem

tp*a, and (P“a are CCl selection procedures, and for each TéBPT(n) it can

be efficiently (in n) decided whether Te¢* (X}, §**(X).
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Proof: One can efficiently decide whether Te@x _(X), 9=*_(X), since

Q. canbe efficiently (in n) constructed and one can then efficiently decide
whether or not Te(Q, ) and Te<8(Q_)>.

Regarding CCl properties suppose «;i<cxp, SO that since ¢ is a CCl procedure,
(Pg(cxg.n)(X[SD [ (Pg(“]'n)(X[S]), hence Q, < Q..

Now if ACB then (B),,gC(A), g SO that tP"o(Z(X)QP"O(‘(X). as required.

Now Teg* _(X) precisely if T[S]nBPT(S)-ng(o(‘n)(x[S]) = ¢ for all SelLly.
Now P(T[S]nBPT(S)-(Pg(O(.n)(X[S]) =) 2 P(TIS1eP (o n)(XISD) 2 1-glocn).
Thus by lemma 6.2 (1), P(Ted*_ (X)) 2 1-«, as required.

Convergence follows from the observation that

(Usf[L]BPT(S)'T[SDres= {T). The argument for ¢** is similar. §

Efficiency ():

We now consider the third question of how fast the number of sites must

grow as a function of the taxa, so as to accurately reconstruct phylogenies.

8.16_Definition

Let ¢ be a selection procedure, and let CCu,WBT(n).

We say Yefficiently recovers C if:

(1): For each TeBPT(n) and partition frequencies X it can be efficiently
decided whether Te 9 (X).

(2): There exists a function f: R¥*x N - R* polynomial in n, such that
for all €>0, and all (T,p)eCAWBT(n)

P(P(X(c))={T}; T,p) >1-¢, for all cf(¢,n).
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8.17 Remark

The motivation for calling a selection procedure efficient under these
conditions is as follows. Consider a biologist building phylogenies for
progressively larger sets of species, in the hope that these match the
unknown underlying tree. Suppose a selection procedure, ¢, of order
O(nsct) which efficiently reconstructs the (unknown) class of trees being
sampled is used, and suppose the associated function fis O(nY). Then for
fixed €, the number of steps required to build a tree in BPT(n) which has
probability >1-¢ of being the tree which produced the data, does not grow
exponentially in n (it is O(ns“t”)), and thus the accurate construction of
large trees may be feasible. Since b(n+2) is asymptotically proportional to

ni2™n, it is perhaps surprising that any infinite set of binary trees can be
efficiently recovered. Clearly, u,WBT(n) cannot be efficiently recovered,

by theorem 8.7 (2), though trivially any finite subclass can be.

We now show that the class of balanced trees of height A, BH(}),
(definition 7.41) which contains all rooted trees (with suitable edge
weights) can be efficiently recovered. For convenience we assume a
molecular clock. That is we assume the edge lengths on the underlying
tree are additive as in definition 6.4. The general case (without a clock) is
essentially the same, though the calculations are messy, and tend to
obscure the result. For the remainder of this section recall (from

definition 6.4 (5)) that s(T|q) = $(T,p), for pg = 0.5(1-e'2qe).



8.18 Definition For any vector xe(R"‘)“, indexed over Q(3) ordered as

{1}, {1,2}, {1,3}, {1,2,3,4} and the rooted tree T = (1)(23), let

q = q(x) = [0,,02,0,-9)] € [D,m]3 (where qg = « is formally taken to mean pg, =
0.5) denote the edge lengths on the edges of T, as illustrated in fig. 8.1(a),
which minimize the Euclidean distance A(T,x,q) = ||s(T|q)-X]|.

Let A(T,x) denote this minimum distance.

Q2G4
q2
q4 gy
1 2 3
(a) (b)
Figure 8.1
8.19 Lemma

In the notation of definition 8.18, suppose 1 2 X3 2 %1,%12.%13, 4=q(X) and let

w = [wLw,], where u)i=e_2qi, for i=1,2. Then
O = [XRi23 K2R3 RizmRgl 0T ><1?(x'2+x'3’)/2

Bl1.1, if x1s("12*>‘l3)/2, where B = (3><123'><|'><12‘><13)/3,

Proof:

A simple application of theorem 5.28 gives for s = s(T | qQ)
51: (]*(L)1_2(1)2)/4
512:513:(1—0)')/4 (1

S1234 = (\+w1+2w2)/4_

166
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Let & = AXTXQ). Then A = 3 5,0(3)(Xg -~ $4)? SO that

873w = ~255(x5=55)855/Bw | and for jke(l.2),

%8 /80 puwy, = 25.5(%50/8w )30 /Bw,), since *36/3w Buy = 0. Thus the

Jacobian matrix [azA/anawkljk of A is diagonal with leading entries 1/2,1.
so that any critical points of A are minima.

Solving the system aA/an = 0 for j=1,2 gives the unique solution

Wy = X123 X127 Xi3 W = Xizz Xy

For this to be a feasible solution we require «>q,2q;20, that is 12w,2w,20.
Since 12x;,32%;, by hypothesis, these conditions translate into the given
condition x; = ("12”‘13)/2. If this does not hold then (since there is only one
critical point for A), A is minimized subject to q;=q,, that is w; = W, = W
(say).

Solving the equation BA/aw = 0 gives w = (3"'23"‘1_"12_"13)/3, which lies

between 0 and 1 by hypothesis and so is feasible, as required. §

8.20 Lemma
For T, = (3)(12), with edge lengths q = [4,,92.93]. 93 = 42~q; as in fig. 8.1(b), and
T = (1)(23), let Ay = A(T,s(T4| Q).

Then A, = Q—ZQ|(1-Q—2Q3)/J6

Proot:
Lety; = e~ 29i for i=1,2. Then for s* = s(T,| q) we have

S,* = S|3* = (]_Ul)/4
Syp* = (l*g1-2g2)/4‘

53 = (MU 22)/
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Applying lemma 8.19 with x5 = s 4* we find that x; < (x12*%13)/2 since U2 o,
and X23 2 X.%12.%3. Thus the value for @' which minimizes A(T,s*,q") is given

(in terms of w) by & = BI1,1) where B =(3Ki2s 1 ¥i27%13) /o = Wrr2U2)/

Substituting this value gives A2 = (UI_U2)2/6' as required. §

Consider the following selection procedure, ¢,. For each triple S=f{i,j,k}
choose that rooted binary tree (or trees) T on S which minimizes A(T,X[S]).
If all of the trees so produced are consistent with exactly one rooted tree

T,, then select T,, otherwise select 9.

8.21 Theorem

For Tq¢RBT(n) with edge lenghts g subject to a molecular clock, let § be
the mininum edge length on T, and q the the height of T (i.e. the expected

number of changes from the root to the endpoints). Then

P(O((X) = {Tok: To.a) 2 1 - 9"Caetpps2(1 512

Proof: For each Selnls consider the event E(S) that T=Tg[S] strictly

minimizes A(T, X[S]). Then the event that @, selects T is precisely the
event ”Se[n]3E(S)' Let €(S) =
min{[Is(To(S1]qISN - s(Ty| Il : 4s =[4,,02.92-q;1€[0,e013, T€RBT(S), T;=Tq[S])

By lemma 8.20, €(S) 2 e'2q‘(l-e‘2“3)/\/6 for appropriate values of q;,4,.43
= ,-q; (depending on S). Thus €(S) 2 29'2q8(1—8)/f6, since q;<q,
(-e"b > t-t2/2, (for t>0) and g3 28, and this holds for all Selnls.

Let E,(S) be the event that [|s(To[S1]| qISD) —X[S]/Cn < e'zqs(\—s)/m.
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Since e'zqs(l-a)/‘m < 5(5)/2 we have, by the triangle inequality for
Euclidean distance, that E(S)CE(S) so that P(O5¢n15E(8)) 2 P(Ng 1 Ev(S).

and thus P(nSe[n]3E(3)) > |s zSe[n]3('"P(El(S))' by lemma 6.2 (1). (*)

The complement of E4(S) is precisely the event that

lIs(Tals1] qisD) -XI81/ )12 > e=4952(1-8)2/¢, s0 that by Markov's inequality
(lemma 6.2 (2)), 1= P(E(S)) < (6e99/52;_5)2)

where % = E[||s(Tols]| qs]) -X[S1/ 21

writing s(TolS1] q[S]) @s [sy...54], X[S] @s [X,,...X4] we have
¥ = 615 {%i7CSD?/ 2l = 72 El(%-cs)2] = <725 VarlX,]
Now X has a multinomial distribution with parameters ¢ and s so that

Var[x;] = csj(1-s;), by lemma 6.2 (3a). Thus by proposition 6.5 ((2)
¥ =(1-Fi82)/ = (1 - s(0q: TIS1|2q))/ ¢ = 3/ 4.,
since s(og TIS]| 2q) > ’/4, by lemma 6.3 (2).

Thus ¥'< 3/40 Combining this with (*), gives the result. §

8.22 Corollary

For any A¢R*, ¢, efficiently recovers BH(A) (in the sense of 8.16).

Proot:
For each TeRBT(n), it can certainly be efficiéntlg decided whether Te¢,(X).
we must now construct a function f, as in definition 8.16. Let (T,q)eBH(\).

Since the ratio of the edge lengths of any tree in BH(A)NWBT(n) is bounded

above by n-1, the shortest edge length on such a tree is at [east x/(n_‘).
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By the previous theorem (taking § = )\/n' for convenience, and q = \) we
have P(9,(X(c)) = (Th T.Q 21~ 9n2.”C3.e47‘/2C)\2(1_)\/n)2 so that we can

take f(e,n) = 9n2.nc3.e47‘/2>\5 in definition 8.16, which is polynomial inn (of

degree S), as required. §

8.23 Remarks
(1): Consider a family of trees T(k)e RBT(2k), (definition 7.16) and assign

all edges of T(k) length *,. Then {(T(k), (*,)}): k=1.2,..]CBH(), s0 that ¢,

efficiently recovers this class, yet the probability that there is a partition
with more than than one occurrence tends to zero, by theorem 6.19. This
suggests the usefulness of aggregation-based approaches such as quartet

(and in this case triplet) methods.

(2): The degree of n (namely 5) for the function f constructed in the
previous corollary is due to the coarse nature of ¢,. It is likely that
functions of lower degree in n satisfying definition 8.16, could be
constructed by using a more subtle procedure, which does not require the
structure of all nC3 triples to be known in order to select some tree. The
value of corollary 8.22 lies in demonstrating that polynomial bounded

procedures (in the sense of 8.16) exist even though BPT(n) grows much

faster than any polynomial function.
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A 2@2 ftest: (Melesular cloek)

We have seen that Markov's inequality gives a method for putting
confidence intervals on selected trees by using Euclidean distance in
s-space. One drawback with this approach is that the confidence intervals
are not very tight unless c is large, as Markov's inequality exploits only
the variance of a distribution. In general, if X has a multinomial
distribution, with parameters c, A, there is little one can say about the

distribution of the Euclidean distance || X/C- Al[2. However by lemma 6.2

(4d), a tight distribution exists (approximately) on a centralized variant,

obtained by replacing Zi(xi/c-xi)2 by Zi(xi/c-xi)z(cmi).

8.24 Definitions
For Selnls, $={1,2,3}, T = (1X(23), choose q = [q;,42.42-q;13 as in fig. 8.1 (a) so

as to minimize: X(T,5,X.q) = ZOEQ(Z)(X[S](O)_ cs(o: T D ce(o: T | q)

Let X(T,S.X) be this minimum value.

Let X3 be a chi-square random variable with three degrees of freedom, and
for x>0 choose B(x) so that let P(X3>8(x)) < %/NC3.

Given a set Q of rooted binary trees on sets in [nlz define the restriction

of Q, (Q),4g In the analogous way as for unrooted binary trees trees on

sets in [nl4 (definition 8.14).

Thus (Q),pe = {TERBT(N): T[S1NQ=% for all Selnls}

res
(where for s={i,jk}, T[S1 = (I)(jk). (k) or (K)(.j).

Finally let Q' = USe[n]3(TEBPT(S)‘ X(T7,5.X.9)>B(x)} and define

9 (%) = Q' )yps THus 9 (X) SRBT(n).
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8.25 Lemma

9 o has convergent confidence intervals.

Proof: A straightforward argument similar to theorem 8.15. §

8.26 Theorem

Write [$),512,513.5123] @s [51.52,53.54] and X[S] as [x,x2,%3,x4]. Then the s;

values that give x(T,S,X) are given as follows: LetA = \J[(X22 + X32)/2].

Case 1:If % 2 ¥, x4 2 ¥y, then

- X _ %48 - - (1-s4-s
S ® ]/(X] tXg * 2%): 54774 ]/X|' Sz =837 ( ‘ 4)/2

Case 2: If X < ¥ Xq2¥y,
- 2 2 2
Sy =Sy =53 = B/(|+3B) where B = X4 1[[(X‘ *Xef X3 )/3].

Sg4 = ]'35].

Case 3: |f x4<x;27,

- - a - - a .
Sy = S4= 1/2(a]+82) Sp =S3 = 2/2(a]+32)'

where a; = v (%12+x42), a, =  (%2+%32)

Case 4: If x4<x<Y,

s,=52=s3:s4:'/4.

(Cases other than 1 arise because an edge length required to minimize
x(T,S,X,q) is negative and this is disallowed. Not surprisingly, in these
cases, the resulting x(T,S,X,q) values are large -- the trees are the wrong

way around. This is illustrated in example 8.27.)
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Proof: As inlemma 8.19 we have
s = (]*0)1‘2(.02)/4
Si2 = S13 = (H”‘)/.q m

Si234 = (l+w1+2w2)/4.

. C 2 )
We wish to minimize X = Zi("l /czsi - 2%; +csi) subject to O<w,<w <l
These conditions imply 1254252555320,

We first solve 8X/amj = 0 subject to s>0.

aX/amj = 2ilc- xi2/c25i2)85i/8m1

= - C_Zzi(xi2/si2)asi/8mj, since Z|851/al.l) = 0.

J

3 - : P _ %42 -
Now X/8w2 = 0 precisely if ™ /312 4 /542 =0 (2)

3 _ - %2 _ %2 _ %33 %42 _
and X/aw] = 0 precisely if 1 /5‘2 2 /322 3 /532 + "4 /542 =0. (3)
Now if the s;'s are positive, (1) implies

X154 = %45 (4)

Furthermore, since s,=s3, (1) and (2) give:

KiS2 = 51~/{(x22+x32)/2) (5)
Finally, by (1), s, = {17 S1 ’54)/2 so that letting ¥ = f{(x22+x32)/2}' (4) and (5)

give, s = x'/(x|+x4+225)'
Now for jke{1,2}, 82X/8mj8u>k = c'ZZi(xﬁ/sﬁ)(aSvam] )(asi/awj ),

since azsi/amjawk = 0.
Thus, letting A = (%,2/53)/ g2, the Jacobian matrix for X is

A|+A2+A3+A4 ‘2A]+2A4

_2A|+2A4 4A1+4A4
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. 2
Now for for s >0, the Aj's are positive so that 9 X/8w|2 >0 and detJ >0, so

that J is positive definite, and thus the unique critical point

s* = [5)%,5,%,53%,54%] Of X in the positive s-quadrant corresponds to a
minimum of X.

Now w| =1-4s,, wo =1-25,-25,, and we require 0<w,<w;<l. For s* we have
w<l, and w,<w precisely if s;*2s,* which holds if and only if ¥2%¥, while

0<w, precisely if kK42x;. This gives the result for case 1.

For case 2, if x<¥ and X42x,, then for s*, w>w,20. Since s* is the only
critical point of X in the positive s-quadrant, X is maximized in case 2
(subject to wsw,) on the plane w,=w,. In this case sl=52:s3=(]"°\)/4 and

54:(]*‘3(.0])/4.
3 B e T at PLAt R L _ 3%4°
Then X/aw1 = 16¢cT4 (R TR2TTRS /(]—Lm)? 4 /(]—3(1)])2)
which equals zero when sy=s,=s3= B/(1+3B)' where
= 1 (%2 + %2 + %32) -1
B =g {77 2" T RS/} and s4 =1-3sy. Clearly these s values are all

positive and 82X/ 52,, >0 in the positive s-quadrant, so that the critical
32w,

point corresponds to a minimum, as required.

In case 3, if 82 and x4<%;, a similar argument applies -- in this case X is
minimized subject to w,=0. In case 4, X is minimized subject to the
conditions of cases 2 and 3, but these imply w,=w,=0, which confine the set
of feasible s values to one point.

Example 8.27 For the EMBL data X on four taxa, listed in example 8.13,

let us construct 9 p5(X) by the above procedure.

We require P(X3>B) < 0.00125, so that we can take B = 16.7, (Burington and
May [1970, p.387]). Then we have the following table:
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1

S T, 2T, XIS) TpTs (T, X[S)) (i = 2,3)

{1,2,3} (1)(23) 25  (2)(13), (3)(12) 115.9
(1,24} (1)(24) 17 (2)(14), 4)(12) 105.2
{1,3,4) (1)(34) 04  (3)(14), (4)(13) 336.2
(2,34} (2)(34) 12 (3)(24), (4)(23) 1175

Thus 94 go5(X) = (Q),gg Where Q is the set of all 8 trees in the fourth

column of the above table. Thus 90.005(X) = {T} with T defined in fig. 8.2.

1 2 3 4
1 = nematode, 2 = brine shrimp
T 3 = Xenopus, 4 = mouse
Figure 8.2
8.28 Summary The theme of this section has been the construction of

confidence intervals on phylogenies by constructing such intervals on
subsets of the taxa of size three or four. These smaller cases often have
simple analytic properties (theorem 8.12 and 8.26) and the confidence
intervals generated can then be combined by lemma 6.2 (1) to give
confidence intervals on the parent phylogeny. This lemma is sufficient to
prove the existence of procedures with desirable theoretical properties
(theorem 8.15, lemma 8.25 and corollary 8.22) and its appeal lies in the
absence of any independence assumptions regarding the events involved. A
more subtle approach would be to consider the dependence between these
events arising from the constraints imposed on edge lengths of subtrees by
the requirement that they must all fit together on some parent tree in

their span. More specifically, although a binary tree with n endpoints is
defined by n-3 subtrees of size four (theorem 3.12), and each of these
subtrees has 5 edge lengths, the resulting 5(n-3) edge lengths are subject
to a number of linear constraints since the parent tree has precisely 2n-3
edge lengths (linear combinations of which give the 5(n-3) edge lengths).
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Appandix
a
2 3 4 5 6 7 8 g 10
1.67
1.80
1.86 2.31
1.89 252
1.91 264 297
192 271 322
1.93 275 337 3.63
194 279 348 3.90
1.95 2.81 355 409 429
1.95 283 361 422 457
1.96 285 365 432 478 4.96
1.96 2.86 369 440 494 5.25
1.96 288 372 446 5.07 547 5.62
197 289 374 451 5.17 565 5.92
1.97 289 376 456 5.25 580 6.16 6.29
1.97 290 3.78 459 5.31 5.91 6.35 6.59
1.97 2091 3.79 462 5.37 6.01 6.51 6.84 6.95

Values of ¥(n,a) for 4<n<20.

(Refer to page 86)

Table Two
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