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T when the prior distribution on T is exponential. We show that posterior estimates of T
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1. Introduction

Consider the following problem: Long ago there was some (unknown) binary sequence of length k, and each position
(site) in the sequence was independently subjected to two independent and identical 2-state symmetric Markov processes
for arandom time T /2 (T large) resulting in two derived sequences of length k that we observe today. Suppose we count the
number M of positions where the two observed sequences are in different states (the ‘Hamming’ or ‘mismatch’ distance).
On the basis of M we wish to estimate T, perhaps as a posterior given some prior distribution on this random variable.

This problem is a special case of a problem arising in molecular systematics, in which one has two present-day DNA
sequences that have evolved from some common ancestral sequence that we cannot observe, and we wish to estimate how
long ago the two sequences diverged [1]. Although DNA sequences involve sequences of four states (A, C, G, T), these four
states are sometimes combined in pairs to form two states (purines and pyrimidines). The use of a process on just two
states helps us to simplify the calculations that follow, though we expect similar results to hold for a fully symmetric 4-state
process (the ‘Jukes—Cantor’ model).

Although the problem as stated seems to involve three sequences (the ancestral and two observed sequences) the
reversibility of this particular Markov processes ensures that the problem is identical to the following problem, involving
just one sequence. We have k coins, initially all heads up. Each coin is subjected independently to the same 2-state symmetric
Markov process for time T and we count the number M of tails. We wish to use k to estimate the posterior distribution of T.

The maximum likelihood (ML) estimate Tof T hasa simple, and well-known form:
A 1
T = —3 log (1 — 2M/k)

as can be verified by selecting the value of T to maximize the likelihood function p’}" (1 —pr)*M, where pr = %(1 —e 2
is the probability of observing a tail on any given coin after time T.
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Notice that it is entirely possible that T is undefined (if the term inside the logarithm is negative), but if it is defined then
the largest value T can possibly take, due to the fact that M is an integer less than k/2, is: fmax = % log(k), which occurs
when k is odd and M = (k — 1) /2 (for related observations, see [2]). Thus if T is very large, ML will either give an undefined
estimate or it will be ‘small’ (of order log(k)). In this paper we ask whether Bayesian methods can do any better, given that
they are not based on taking logarithms of quantities that can be undefined. We show that essentially the same % log(k)
upper bound applies for an exponential prioron T.

More precisely we show that under an exponential prior ¥ with shape parameter i > 0, the posterior probability that
T exceeds (% + €) log(k) converges to 0 as k grows for any data. This, in turn, implies that the expected posterior value of

T grows no faster than % log(k). We then show a matching order log(k) lower bound on posterior estimates of T when the
true value of T is infinity, again assuming an exponential prior on T.

The use of the exponential prior is motivated by the use of this distribution as a prior on branch lengths in
phylogenetics [3]—thus we wish to consider how long sequences might need to be in order to detect long time-scales.
In this short note we only consider two sequences, but in future work it would be interesting to derive more general results.

2. Bounds on posterior estimates of T for any data

Theorem 1. For an exponential prior on T, and for all c > 1 we have:
c
p [T > = loglek] =0

uniformly for all binary strings D, of length k.

Proof. Let M = M(D) denote the number of mismatches in the data D (i.e. the number of positions where the two sequences
take different values) and for any o > 0 let

f,(m) :=Ple™?T <o|M=m].
We first show that for smooth prior on T, f, (m) is monotone increasing in m. To see this, first note that:
Jo (1 =x)™(1 + x)*"dp(x)
Jo (@ =2m(1+ 0k mdp(x)

fa (m) =
where x = e %", and where p(x) denotes the distribution on x inherited from that on T. Now, set A(x) := }—jri and
-2
C:= ( fol AX)™(1 + x)kdp (x)) ,and observe that the conditions of the Leibniz integral rule allow us to differentiate under
the integral sign in the numerator and denominator of f, (m) as follows.

[ fy 2™+ 04dpR)
am \ [13.0m(1 + x)kdp(x)

9
%fa(m) =
o 1
= C/ A(X)'"log(/\(X))U+X)"dp(><)/ AX)™(1 + x)*dp(x)
0 0
o 1
-C [ AX)™(1 4+ x)kdp(x) f A()™ log(A(x))(1 + x)*dp(x)
0 0

o 1
=c/A@Wmauma+mwmwfxuwa+mwmm
0 o

o 1
C / AX)™(1 4 x)*dp(x) / A()™ log(A(x))(1 + x)*dp(x)
0 o

v

o 1
cmyua»/ M@W1+mwmw/‘MwW1+mwmm
0 o

o 1

CmyMo»/ M@W1+mmmm/1MMW1+wmmm
0 o

=0,

thereby establishing the claim that f,, (m) is monotone increasing in m. Consequently, it suffices to prove Theorem 1 in the
case when M (D) = k(i.e.amismatch occurs at all sites). Now, for an exponential distribution with shape parameter » > 0:

fﬁoﬁogk(l _ e—2t)ke—1//tdt
2
[oo(1— e 2)ke=vidr

c
P [T > 3 log kM = l<] =
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2t gives:

Substituting x = e~
fé‘ic(l — x)kx¥ /2" 1dx
fol(l — x)kx¥/2-1dx
—c k¢ -
%X‘///z(] _ X)k |l(<) +% fof Xl///Zk(l _X)k 1dx

2 1,2 rl _
JX]MZ(‘I _X)k |o +E fO Xw/Zk(l —X)k Tdx

C
IP’[T > = logkIM = k] -

K21 — k) 4[5 xV2k(1 - x)*dx
fol x¥/2k(1 — x)k—1dx '

Since ¢ > 1, we have (1 — k=) — 1as k — oo. Breaking up the above sum, we obtain:

k=2 (1 — kO)k kv /2
<
fol xV/2k(1 — x)k—1dx fol xV/2k(1 — x)k—1dx
k—cv/2

= 1

Jip XV k(1 — 0k 1dx
k—C]/f/Z

= 1

k=072 [, k(1 — )k 1dx
k_C'WZ

O kV2(1 = 1/k)k
41O = o(1);
(where the last inequality uses (1 — 1/k)* > 1/4 for k > 1) and

IA

fok_c xV2k(1 — x)*dx _ féc_c xV2k(1 — x)k1dx
fol xV2k(1 —x)k=1dx fkl_c xV/2k(1 — x)k=1dx
_ ke [ k(1 = 0k Tdx
T kev/? fkl,c k(1 — x)k=1dx
1— (1 _ k—C)k

= ————=o(.

Thus limy_, o P[T > % log k|Di] = 0, where the convergence is uniform over all possible data-sets D;. O

Corollary 2. Under an exponential prior with shape parameter s, and given ¢ > 1, the following inequality holds uniformly over
all possible data Dy, (thus irrespective of the “true” value of T that was involved in generating the data):

E[T|Dy] < % logk + o(1).

Proof.

E[T|Dy] = / P[T > t|Dy]dt
0

§ logk 00
< / P[T > t|Dy]dt +/ P[T > t|D;]dt
0 5 logk
00

c
< —logk+/ P[T > t|Dy]dt.
2 5 logk

It remains to show that the last term in the above inequality converges to 0. We have:

/ P[T > t|Dy]dt < / P[T > t|M(Dy) = k]dt
%

[

log k 5 logk
logk [*°

/
P [T > S logkM(Dy) = k} dc’
2 ). 2
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/!

o —I\k k_c/ k—
_ logk | kTR =k + [ xP2k(1 — x)Tdx

5 dc
2 Je Jo XV72k(1 — x)k—1dx

log k oo[
< —

(o

4(k(1—f/)'/f/2) +1-(1- k—c’)k] dc’,
using the same bounds as in the proof of Theorem 1. For the first term of the integral, we have:

logk [ [4(k(1_c’)¢/2)] dc’ = ikﬂ—c)‘/fﬂ =o0(1).
v

2 Je

Finally, substitutingy = k=" and dy = —ylog(k)dc’ in the second term and applying the inequality 1 — (1 —y)* < ky gives:

logk [ , logk [*° d
gf -1 —kMdd = == [ 1-1-yH—
2 J 2 Jo ylogk
1 [k dy
< 5/ 1-a-yHY
0 y

3. Lower bounds for the case where T = oo (Random sequences)

In this section we are concerned with providing bounds on the posterior distribution of T, under an exponential prior ¢
with shape parameter ¥» > 0, in the case when the data are i.i.d. samples from P, the probability distribution on binary
sequences that arises in the limit as T — oo (the “saturated model”) in which each site is a fair coin toss.

Theorem 3. Forall B < 1, there exists a sequence Ey of sets of bit strings of length k such that, as k increases:
o P [Dy € Ex] — 1, and
e forall D, € E,, P[T < g log k|D,] — 0, where the convergence is uniform.

Proof. Let £, := {D € {0, 1}*|M (D) > my}, where

k 1 Ck
my = — - .
k 2 «/l_

Letting ¢, — o0 yields Ps[Ex] — 1 which establishes the first claim in Theorem 3.
Now let 8 € (0, 1/4) and pick € > 0 sufficiently small so that 8(2 + €¢) < 1/2, and let

B
ty = — logk.
k 203

Note that E[M(D)|T = (2 + €)tx] = 5(1 — k™) < (1 — ) = my. We will establish the following inequality:

PIM = m|T = t,]
=m] <
P[M = m|T = 2t]

To establish (1) we first show that for all m > my, the function f,,(t) = P[M(Dy) = m|T = t] is increasing in t for
t € (0, (2 + €)ty). We have:

For all m > my, P[T < ty|M(D) V(e Wk — = @HOViy—T (1)

finl®) = PIM(D) = mIT = £] = (14 7)1 — 7)™,

and so

Ofm (1)
at

me=%  2(k—m)e %

2
O S p

k k k
m > me = 5(1 _ Ckef(logk)/Z) > 5(1 _ 672(2+€)tk) > 5(1 _ e—Zt).
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This establishes our claim regarding the increasing property of f,;(t), and we now use this to establish (1). We have

PIM =m|T < &IPI[T < t] _ PIM=m[T < &]
PIM = m] - PIM = m]

and so, since fy,(t) is increasing in t for t € (0, (2 + €)t,) and m > my, we have:

PIM = m|T = t;]
P[T <&M =m] <
PIM = m]

P[T < &M = m] =

’

- PIM = m|T = t;]
— PM =m|T € [2ty, 2 + e)t,]IP[T € [2t, (2 + €)tx]]
PM = m|T = t]
~ PM = m|T = 2t]
which establishes Inequality (1). Thus, it suffices for the proof of Theorem 3 to show that:

P[T € [2t, 2+ )],

PM = m|T = t;]

im (e72Vi)~1 =0, (2)
k—oo P[M = m|T = 2t;]
since
1. e_zwtk — e_(2+€)1//tk 1
kinc}o e 2Vt -

Setting x; 1= e~ %% = e~Plogk — = (2)is equivalent to:

i v XM At X
(1 — x2)me(1 4 x2)k—me

Substituting my, = ’5‘(1 — %) condition (3) becomes:

+ kByack

1
lim kV# ( =0
k— 00 1+ k—2ﬁ)k/2—c\/7<

Taking logarithms, and using the inequality x > log(1 + x) > x — x?/2 for x > 0, this reduces further to:

lim 8 log(k) + kPovk — (k% — k™ /2)(k/2 — c/k) = —o0.

Since 0 < B < 1/2, the dominant term in the above expression is —kl_zf‘/Z, and thus the limit is indeed —oo, so (3) follows,
as required to complete the proof. O
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