WILD TRIANGLES IN 3-CONNECTED MATROIDS

JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE

ABSTRACT. Let {a,b,c} be a triangle in a 3-connected matroid M. In
this paper, we describe the structure of M relative to {a, b, c} when, for
all t in {a, b, c}, either M\t is not 3-connected, or M\t has a 3-separation
that is not equivalent to one induced by M.

1. INTRODUCTION

In this paper, we consider an extension of Tutte’s Triangle Lemma but,
rather than focus on a particular connectivity notion, we consider a more
general question. Given a triangle T in a 3-connected matroid M, when is it
impossible to delete an element from T without either losing 3-connectivity
or creating nmew unwanted 3-separations? The main result of this paper
answers this question by describing the structure of the matroid relative
to such a triangle. The consequences of this theorem include the triangle
theorems for internally 4-connected matroids [3, Theorem 6.1] and for k-
coherent matroids [4]. Indeed, the proof of the latter uses the result of this
paper. Moreover, the latter forms part of the connectivity theory that leads
to a proof of Kahn’s Conjecture [5] for 4-connected matroids [4].

Let M be a matroid with ground set E and rank function r. The con-
nectivity function Apr of M is defined on all subsets X of E by Ay (X) =
r(X)+r(E—X)—r(M). A subset X or a partition (X,FE — X) of E is
k-separating if Apr(X) < k — 1. A k-separating partition (X, F — X) is a
k-separation if | X|,|E — X| > k. A k-separating set X, or a k-separating
partition (X, E—X), or a k-separation (X, E— X) is ezact if \p(X) = k—1.

A set X in a matroid M is fully closed if it is closed in both M and
M*, that is, cI(X) = X and cI"(X) = X. The full closure of X, denoted
fcl(X), is the intersection of all fully closed sets that contain X. Two exactly
3-separating partitions (Ay, By) and (As, Bs) of M are equivalent, written
(A1, B1) = (Ag, Ba), if fcl(A;) = fcl(Az) and fcl(By) = fcl(Ba). If fcl(A;) or
fcl(B1) is E(M), then (A1, By) is sequential.

Let e be an element of a matroid M such that both M and M\e are
3-connected. A 3-separation (X,Y") of M\e is well blocked by e if, for all
exactly 3-separating partitions (X', Y”) equivalent to (X,Y), neither (X' U
e,Y') nor (X',Y' Ue) is exactly 3-separating in M. An element f of M
exposes a 3-separation (U, V) if (U,V) is a 3-separation of M\ f that is
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well blocked by f. Although (U,V) is actually a 3-separation of M\ f, we
often say that f exposes a 3-separation (U, V') in M. Evidently, if e exposes
an exactly 3-separating partition (FE4,Es), then e exposes all exactly 3-
separating partitions (E}, ES) that are equivalent to (Eq, Es).

A triangle T of a 3-connected matroid M is wild if, for all ¢ in T, either
M\t is not 3-connected, or M\t is 3-connected and t exposes a 3-separation
in M. The task of this paper is to characterize wild triangles.

We begin with some examples. An ordered partition (P, Ps, ..., P,) of
the ground set of a 3-connected matroid M is a flower [7, 8] if Aps(P;) =2 =
A (P U Piyq) for all 4 in {1,2,...,n}, where all subscripts are interpreted
modulo n. A quad is a 4-element set in M that is both a circuit and a
cocircuit. In particular, a quad is 3-separating. In describing these examples,
we shall use some technical language for flowers, which is recalled from [7]
in Section 2. In the matroid M illustrated in Figure 1, M\a, b, ¢ has a tight
swirl-like flower (Py, Ps,...,Ps). Moreover, a € cl(P; U Py) Ncl(Ps U Py U
Ps U Fg), and b and ¢ are symmetrically placed. Other wild triangles can
be obtained by modifying this situation. For example, the underlying flower
(P, Py,. .., Ps) need not be swirl-like, but may be spike-like or a copaddle
(but never a paddle). Moreover, one can replace certain elements of the
flower (P1, Py, ..., Ps) by series classes, but only in a controlled way. A wild
triangle of one of the types described above is a standard wild triangle. A
precise definition is given in Section 2.

FIGURE 1. A standard wild triangle {a,b, c}.

Via a A — Y exchange, we can obtain another type of wild triangle. Let
T be a standard wild triangle of the matroid M, and let M’ be the matroid
obtained by performing a A —Y exchange on the triangle T and then taking
the dual. Then the triangle corresponding to T in M’ is wild. We call such
a wild triangle costandard. An illustration is given in Figure 2.

Let M be a matroid with a non-sequential 3-separation (X,Y’). Then
X is a trident in M if | X| =7, say X = {a,b,c,t,s,u,v}, and {a,b,c} is
a triangle, while {t, s, u,b}, {t,u,v,c}, and {t,s,v,a} are quads exposed in
M\a, M\b, M\c, respectively (see Figure 3). Evidently, the triangle {a, b, c}
is wild but is neither standard nor costandard.
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E(M) —{a,b,c,s,t,u,v}

FIGURE 3. A trident.

In a 3-connected matroid M, if F is a fan with at least four elements and
T is an internal triangle in F', that is, one containing neither end of F', then
T is another type of wild triangle. At last, we can state our main theorem.

Theorem 1.1. Let T be a wild triangle of a 3-connected matroid M with
at least twelve elements. Then T is a standard or costandard wild triangle,
a triangle in a trident of M, or an internal triangle of a fan of M.

Let M be a 3-connected matroid. If M has no 3-separations (X,Y) with
| X|,|Y| > 4, then M is internally 4-connected; M is sequentially 4-connected
if it has no non-sequential 3-separations. It is easily seen that no matroid
with at least 12 elements and a wild triangle is internally 4-connected, so
an immediate consequence of Theorem 1.1 is the following result, which
establishes the substantial part of [3, Theorem 6.1].

Corollary 1.2. Let T be a triangle of an internally 4-connected matroid
M where |E(M)| > 12. Then there is an element t in T such that M\t is
sequentially 4-connected.

The next section presents some basic preliminaries. In Section 3, we give
precise definitions of the types of wild triangles. Then we state Theorem 3.1,
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a strengthening of Theorem 1.1, along with Corollary 3.2, which gives more
detailed information about the structure around a wild triangle. Section 4
proves an extension of Tutte’s Triangle Lemma thereby splitting the proof
of Theorem 1.1 into two cases and settling the first. The rest of the paper
is devoted to settling the second. Section 5 begins the proof of this second
case, and Section 6 gives an overview of the rest of the proof, dividing it
into six cases, (A)-(F). Section 7 shows that, in each of cases (A)-(D), the
triangle {a, b, c} is in a trident in M. In Section 8, we consider case (F) and
show that, by performing a A — Y exchange on M and dualizing, we can
reduce to the subcase of case (E) in which we have symmetry between a, b,
and c. In Section 9, we show that, when case (E) occurs, either one of cases
(A)-(D) occurs, or we are in the subcase of (E) in which we have symmetry
between a, b, and c¢. That section also completes the proofs of Theorems 1.1
and 3.1. Finally, Section 10 proves Corollary 3.2.

2. PRELIMINARIES

Our terminology will follow Oxley [6] except that the simplification and
cosimplification of a matroid N will be denoted by si(N) and co(NN), respec-
tively. We write € c1®)(Y) to mean that = € cl(Y) or z € cI*(Y). The set
{1,2,...,n} will be denoted by [n].

Let X be an exactly 3-separating set in a matroid M. If there is an
ordering (x1,x2,...,2,) of X such that {x1,x9,...,2;} is 3-separating for
all 4 in [n], then X is sequential. An exactly 3-separating partition (X,Y)
of M is sequential if X or Y is a sequential 3-separating set.

The connectivity function Ap; of a matroid M has many attractive prop-
erties. In particular, A\py = Ap=. Moreover, Ay (X) = Ay (E — X).
We often abbreviate Ap; as A.  This function is submodular, that is,
AX)+AY) > AMXNY)+ AMXUY) for all XY C E(M). The next
two lemmas are consequences of this. We make frequent use of the first and
write by uncrossing to mean “by an application of Lemma 2.1.”

Lemma 2.1. Let M be a 3-connected matroid, and let X and Y be 3-
separating subsets of E(M).

(i) If | X NY| > 2, then X UY is 3-separating.
(ii) If |[E(M) — (X UY)| > 2, then X NY is 3-separating.

Lemma 2.2. Let M be a 2-connected matroid, and let X and Y be subsets
of E(M) with A(X) =2 and \(Y') = 1. If neither X NY nor E — (X UY)
is empty, then A(X NY)=1or A(XUY) =1.

The connectivity function is also monotone under taking minors.
Lemma 2.3. Let X be a set in a matroid M. If N is a minor of M, then
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Let A be a triangle {a,b,c} of a matroid M and take a copy of M (Ky)
having A as a triangle and {da’, ¥, ¢’} as the complementary triad, where €’ is
the element of M (K4) that is not in a triangle with e. Let Pa(M(Ky4), M)
be the generalized parallel connection of M(K,) and M. We write AM
for PA(M(Ky4), M)\A and say that AM is obtained from M by a A —Y
exchange on A. Note that AM has ground set (E(M)—{a,b,c})u{a’, b, }.
It is common to relabel a’, V', and ¢’ as a, b, and ¢ so that M and AM have the
same ground set, and we do this in the next section. But, in Section 8, when
we are proving various properties of AM, we keep the original labelling.

A subset S a 3-connected matroid M is a fan in M if
S| > 3 and there is an ordering (s1,s2,...,8,) of S such that
{s1,s2,53},{s2,53,84},...,{Sn—2,8n—1, S} alternate between triangles and
triads beginning with either. We call (s1, s2,...,S,) a fan ordering of S. If
n > 4, then s; and s,,, which are the only elements of S that are not in both
a triangle and a triad contained in S, are the ends of the fan. The remaining
elements of S are the internal elements of the fan. An internal triangle of
S is a triangle all of whose elements are internal elements of S.

Let (Py, Ps,...,P,) be a flower ® in a 3-connected matroid M. The sets
P, P, ..., P, are the petals of ®. Each has at least two elements. It is shown
in [7, Theorem 4.1] that every flower in a 3-connected matroid is either an
anemone or a daisy. In the first case, all unions of petals are 3-separating;
in the second, a union of petals is 3-separating if and only if the petals are
consecutive in the cyclic ordering (Py, Pa, ..., P,).

Let ®; and ®5 be flowers in a matroid M. A natural quasi ordering on
the set of flowers of M is obtained by setting ®; < ®5 if every non-sequen-
tial 3-separation displayed by ®; is equivalent to one displayed by ®o. If
® < &y and Py <X Py, then ¢ and Py are equivalent flowers. Such flowers
display, up to equivalence of 3-separations, exactly the same non-sequential
3-separations of M. Let ® be a flower of M. The order of ® is the minimum
number of petals in a flower equivalent to ®. An element e of M is loose in
® if e € fcl(P;) — P; for some petal P; of ®; otherwise e is tight. A petal P,
is loose if all its elements are loose; and P; is tight otherwise.

The classes of anemones and daisies can be further refined using the fol-
lowing concept. For sets X and Y in a matroid M, the local connectivity
M(X,Y) between X and Y is given by N(X,Y) =7(X) +r(Y) —r(XUY).

Let (Py, Pa,...,P,) be a flower ® with n > 3. If ® is an anemone, then
M(P;, Pj) takes a fixed value & in {0, 1,2} for all distinct 4,5 € [n]. We call
® a paddle if k =2, a copaddle if k =0, and a spike-like flower if K =1 and
n > 4. Similarly, if ® is a daisy, then M(P;, P;) = 1 for all consecutive i and
J. We say ® is swirl-like if n > 4 and M(F;, P;) = 0 for all non-consecutive ¢
and j; and ® is Vdmos-like if n = 4 and {N(P1, Ps),N(Ps, Py)} = {0,1}.

If (Pi, P, Ps) is a flower ® and M(P;, P;) = 1 for all distinct ¢ and j,
we call ® ambiguous if it has no loose elements, spike-like if there is an
element in cl(Py)Ncl(Pe) Nel(Ps) or cl*(Py)Nel*(Py)Nel*(Ps), and swirl-like



6 JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE

otherwise. Every flower with at least three petals is of one of these six types:
a paddle, a copaddle, spike-like, swirl-like, Vamos-like, or ambiguous [7].

We conclude this section with seven connectivity lemmas. We have omit-
ted the more routine of the proofs.

Lemma 2.4. Let M be a 3-connected matroid. If f exposes a 3-
separation (U, V) in M, then (U,V) is non-sequential. In particular,
|U|,|V| > 4. Moreover, if |V| =4, then V is a quad of M\ f.

Proof. It (U,V) is sequential, then, without loss of generality, (U,V) =
(U’,{v1,v2}), an exactly 3-separating partition of M\f. Since (U’ U
fy{v1,v2}) is an exactly 3-separating partition of M, we deduce that (U, V)
is not well blocked by f, so f does not expose (U, V).

Now suppose that |V| = 4. Since U does not span V in M or M*,
we have r(V),r*(V) > 3. As r(V) +r*(V) — |V| = 2, we deduce that
r(V) =r*(V) =3. If V contains a triangle, then V is sequential. Hence V/
is a circuit. By duality, we conclude that V is a quad. O

Lemma 2.5. Let (X,Y) be an exactly 3-separating partition of a 3-
connected matroid M. Suppose |X| >3 and x € X. Then
(i) z € dd"(X —z), that is, v € (X —z) or z € cI*(X — z); and
(il) (X — 2, Y Ux) is exactly 3-separating if and only if x is in exactly
one of cl(X —z)Ncl(Y) and cI*(X —z) Ncl*(Y).

Lemma 2.6. For a matroid M, let (X,Y) be a k-separation of M\T and
{Tx, Ty} be a partition of T into possibly empty sets. If Tx C cl(X) and
Ty Ccl(Y), then (X UTx,Y UTy) is a k-separation of M.

Lemma 2.7. Let e be an element of a matroid M and X be a subset of
EM)—e. If \(X) =k and A(XUe) < k—1, thene € cl(X) and e € cl"(X).

Proof. We have k = r(X)+7r*(X)—|X|and k—1 > r(X Ue)+r*(X Ue) —
|X Ue|. Hence r(X Ue)+r*(X Ue) — |X| < k =r(X)+r*(X) — |X], so
r(XUe) =r(X) and r*(XUe) = r*(X). Thuse € cl(X) and e € cI*(X). O

Lemma 2.8. Let {a,b,c} be a triangle of a matroid M and suppose that
M and M\a are 3-connected. Let (A1, A2) be a 3-separation of M\a that is
exposed by a. Then

(i) neither Ay nor Az contains {b,c}; and

(ii) if be Ay, then b € CIM\a(Al - b)

Proof. It {b,c} C Aj, then a € cl(A;), so (A1 Ue, Ay) is a 3-separation of
M; a contradiction. Hence, by symmetry, (i) holds. Now suppose that
b€ A;. By Lemma 2.4, [A],[A2] > 4. Assume b & clppo(A1 —b). Then
r(A; —b) + (A2 Ub) < r(A;) + r(Ag). Since |47 — b| > 3, it follows
that (A; — b, A2 U D) is a 3-separating partition equivalent to (Aj, A2). But
a € cl(A3 Ub) so (A1, Az) is not well blocked by a. O

Lemma 2.9. Let Q be a quad in a 3-connected matroid M. If e € Q), then
si(M/e) is 3-connected.
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Lemma 2.10. Let (Py, Py, P3) be a flower ® in a 3-connected matroid M.
If ® has a loose petal, then the petals can be relabelled so that (P U Py, Pg) =2
(P17 P2 U P3)

Proof. As @ is loose, we may assume that P, C fcl(P;)Ufcl(Ps). Then there
is an ordering x1,x2,..., %y, of fcl(P;) — P, such that Py U {z1,x9,...,z;}
is 3-separating for all ¢ in [m].

Suppose that fcl(P;) = E(M). Then we may reorder the sequence so that
Tym—1 and x, are both in P, or are both in P3. Then, by repeatedly applying
Lemma 2.1, we can reorder the sequence so, that for some t and some {j, k}
equal to {2,3}, we have P; = {z1,22,...,2:} and Py = {@141, Te12, ..., T }-
Thus (P, U Pj, P,) = (P, Pj U P;) and the lemma holds.

We may now assume that fcl(Py) # E(M). By symmetry, fcl(Ps) #
E(M). By Lemma 2.1 again, we can reorder xi,zg,...,ZT; so that
{x1,29,...,2¢} and {z¢41,X¢42, ..., Ty} are contained in Py and Ps, respec-
tively. Similarly, there is an ordering y1,yo, ..., y, of fcl(P3) — P3 such that
PsU{y1,y2,.-.,yi} is 3-separating for all i in [n]. Moreover, as above, we may
assume, for some s, that {y1,y2,...,ys} and {ys4+1,¥Ys+2,.-.,Yn} are con-
tained in P» and P, respectively. Then, for all j < s, Lemma 2.1 implies that
the intersection of PsU{y1,42,...,y;} and P3U(P,—fcl(Py)) is 3-separating,
so we can reorder the elements of {y1,y2,...,ys} so that P, — fcl(P) =
{y1,Y2, .-, yu}- Then, in the sequence Pj,x1, %2, ..., T¢, Yu, Yu—1,---,Y1, 3,
every initial subsequence is 3-separating. Moreover, as P C fcl(P;)Ufcl(Ps),
we have P, = {331,33‘2, s Tt Yus Yu—15 - - - ayl}' Hence (Pl U P27 P3) =
(Pl, Py U Pg) U

The following is an immediate corollary of the last lemma.

Corollary 2.11. Let ® be a 3-petal flower in a 3-connected matroid. If ®
has a loose petal, then there is an ordering (Py, Py, P3) of the petals such
that Py is contained in both fcl(Py) and fcl(Ps).

3. WILD TRIANGLES

In this section, we give precise definitions of the types of wild triangles. We
then state a strengthening of Theorem 1.1 that gives additional information
about the structure of a matroid M around a wild triangle. Finally, we state
three corollaries that give still more details of this structure.

Let {a,b,c} be a triangle of a 3-connected matroid M. Then {a,b,c}
is a standard wild triangle if there is a partition P = (P, Ps,..., FPs) of
E(M) —{a,b, c} such that |P;| > 2 for all i and the following hold:

(i) M\a, M\b, and M\c are 3-connected, M\a,b,c is connected, and
co(M\a, b, c) is 3-connected.
(ii) (PLUPyUa,PsUPLUb, PsUPsUc) is a flower in M.
(iii) (PLUP3sUP,Ub, PsUPsUPUc), (PLUPsUPsUc, PLUP,UP3Ua),
and (PsUP,UP,Ua, P3UP;U PsUb) are 3-separations exposed in
M by a,b, and c, respectively.
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A partition P satisfying these conditions is a partition associated to {a, b, c}.
Such a partition need not be unique, even up to equivalence.

Let A be a triangle {a,b,c} of a 3-connected matroid M and let AM
denote the matroid obtained by performing a A — Y exchange on A. We
assume that the ground sets of M and AM are equal by labelling the latter
in the natural way. Then A is a costandard wild triangle in M if A is a
standard wild triangle in (AM)*. Let P = (P, P», ..., Ps) be a partition of
E(M) —{a,b,c}. Then P is associated to the costandard wild triangle A in
M if P is associated to the standard wild triangle A in (AM)*.

Let R be a 3-separating set {a,b, ¢, s,t,u,v} in a 3-connected matroid M,
where {a, b, c} is a triangle. Then R is a trident with wild triangle {a, b, c} if
{t,s,u,b}, {t,u,v,c}, and {¢,s,v,a} are exposed quads in M\a, M\b, and
M \c, respectively. These quads need not be the only 3-separations exposed
by a,b, or ¢ (see Section 7). Observe that (M/t)|(R —t) = M(Ky).

Theorem 3.1. Let {a,b,c} be a wild triangle in a 3-connected matroid M,
where |E(M)| # 11, and suppose that {a,b,c} is not an internal triangle
of a fan of M. Then M\a, M\b, and M\c are 3-connected. Moreover,
if (A1, A2),(B1,Bs), and (C1,C3) are 3-separations exposed by a,b, and c,
respectively, with a € Bo N Cy, b € Co N Ay, and ¢ € Ay N By, then exactly
one of the following holds:
(i) {a,b,c} is a wild triangle in a trident;
(i1) {a,b,c} is a standard wild triangle and (A, As),(B1,Bs), and
(C1,C9) can be replaced by equivalent 3-separations such that
(a) (AQQBQ, C1NA1, BoNCy, A1NB1, CoNAs, BlﬂCl) 18 a partition
associated to {a,b,c};
(b) every 2-element cocircuit of M\a,b,c meets exactly two of
AN By, BoNCq, and CoN Ay and
(C) m (A2 NBy,C1NA1,ByNCy, A1 NB,CoN Ay, B1 N 01), every
union of consecutive sets is exactly 3-separating in M\a,b,c;
(iii) {a,b,c} is a costandard wild triangle; more particularly, if M’ is the
matroid that is obtained from M by performing a A—Y exchange on
{a,b,c} in M and then taking the dual of the result, then M’ is 3-
connected and ((Az—c)Ub, (A1 —b)Uc), ((B2—a)Uc, (B1—c)Ua), and
((Co—b)Ua, (C1 —a)Ub) are 3-separations in M' exposed by a,b, and
¢, respectively. Moreover, (ii) holds when (M, Ay, Aa, By, Ba, Cy, Co)
is replaced by (M',(As —c)Ub, (A1 —b)Uec, (By —a)Ue, (B —¢) U
a,(Cy —b)Ua, (Cy —a)UD).

The next corollary gives a more detailed description of the structure
associated with a standard wild triangle. The detailed structure of co-
standard wild triangles can be obtained straightforwardly from this. Let
(P, Py,...,P,) be apartition P of a set E and let A be a subset of E. Then
the partition of Z induced by P is the partition (PLNZ, P,NZ,...,P,NZ).

Corollary 3.2. Let {a,b,c} be a standard wild triangle of a 3-connected
matroid M with an associated partition P. Let N = co(M\a,b,c) and let Q
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Ry
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Sa

FIGURE 4. Inequivalent 3-separations are exposed by each
of a and b.

be the partition (Q1,Q2,...,Q¢) of E(N) induced by P. Then Q is a tight
flower in N that is swirl-like, spike-like, or a copaddle. Moreover:

(i) If Q is swirl-like, then the non-trivial series classes of M\a,b, c have
size exactly 2 and there are at most three such series pairs. An
element of E(N) corresponding to a series pair of M\a,b,c is in
one of cI*(Q2) N cl*(Q3), cI*(Q4) Ncl*(Q5), or cI"(Qs) N cl*(Q1).

(il) If Q is spike-like, then there is at most one non-trivial series class
in M\a,b,c. This non-trivial series class has size at most 3 and the
element of E(N) corresponding to it is the unique element that is in
cl*(Q;) for all i in {1,2,...,6}.

(iii) If Q is a copaddle, then all non-trivial series classes have size at
most 3. Elements of E(N) corresponding to such series classes are
in c1*(Q;) for all i in {1,2,...,6}.

From the last result, the reader may be tempted to think that, up to
equivalence, all 3-separations exposed by a,b, or ¢ can be seen from the
flower Q. The diagram in Figure 4 indicates that this is not the case.

Let {a,b,c} be a wild triangle in a 3-connected matroid M. Evidently
M\a is or is not 3-connected. In the former case, by Bixby’s Lemma [1],
co(M\a,b) or si(M\a/b) is 3-connected. The final result of this section
indicates precisely how to distinguish the different types of wild triangles.

Corollary 3.3. Let {a,b,c} be a wild triangle in a 3-connected matroid M.
Then {a,b,c} is an internal triangle of a fan if and only if M\a is not
3-connected. Moreover, when M\a is 3-connected,
(i) {a,b,c} is in a trident if and only if both co(M\a,b) and si(M\a/b)
are 3-connected;
(ii) {a,b,c} is a standard wild triangle if and only if co(M\a,b) is 3-
connected but si(M\a/b) is not; and
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(iii) {a,b,c} is a costandard wild triangle if and only if si(M\a/b) is 3-
connected but co(M\a,b) is not.

4. AN EXTENSION OF TUTTE’S TRIANGLE LEMMA

The main theorem of the paper notes that one way in which a wild triangle
can occur in a 3-connected matroid is as an internal triangle of a fan. In
this section, we identify precisely when such wild triangles arise.

The next result is Tutte’s Triangle Lemma [10], an important tool in
matroid structure theory that is used, for example, in the proofs of Tutte’s
Wheels-and-Whirls Theorem [10] and Seymour’s Splitter Theorem [9].

Lemma 4.1. Let {a,b,c} be a triangle in a 3-connected matroid M. Suppose
that M\b is not 3-connected, that no fan of M has b as an internal element,
and that |E(M)| > 4. Then both M\a and M\c are 3-connected.

The next theorem, the main result of this section, is an obvious strength-
ening of the last lemma. As such, it is of independent interest. Moreover,
it has, as a straightforward consequence, Corollary 4.3, which splits wild
triangles into two types and completely describes the first type.

Theorem 4.2. Let {a,b,c} be a triangle in a 3-connected matroid M. Sup-
pose that M\b is not 3-connected, that no fan of M has b as an internal
element, and that |E(M)| > 4. Then both M\a and M\c are 3-connected
and neither a nor c exposes a 3-separation in M.

Proof. By Tutte’s Triangle Lemma, M\a and M\c are 3-connected. Let
(A, C) be a 2-separation of M\b. As M is 3-connected, {a, c} is not contained
in A or C, so we may assume a € A and ¢ € C'. Observe that

4.2.1. |A],|C] > 2.

If |A| = 2, then A is a series pair in M\b so AU b is a triad of M. It
follows that {a,b,c} is contained in a fan of M with at least four elements;
a contradiction. Hence |A| > 2, and (4.2.1) follows by symmetry.

4.2.2. a € cl(A—a) and c € cl(C — ¢).

If a € cl(A — a), then (A — a,C Ua) is a 2-separation of M\b with
{a,c} € C'Ua. This contradiction and symmetry imply (4.2.2).

4.2.3. \My\o(A—a) =2 and \ypo(C) = 2.

We have A\pnp(A4) = 1 and a € cl(A — a), s0 Ayp\pa(A —a) = 1. Hence
Ama(A—a) < 2. But [A—a| > 2 and M\a is 3-connected, so A\yp\o(A—a) =
2. A similar, but easier, argument gives that Ayp\,(C) = 2, so (4.2.3) holds.

Now assume that a exposes a 3-separation (R, ). Then, without loss of
generality, b € G and ¢ € R. Next we show that

4.24. (A—a)NG#0D#(A—a)NR.
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If (A—a)NG =10, then A—a C R so, by (4.2.2), a € cl(R) contradicting
the fact that a exposes (R, G). By symmetry, we conclude that (4.2.4) holds.

4.2.5. (C—c)NR#0.

If not, then C' — ¢ C G so, by (4.2.2), ¢ € cl(G). Also b € G. Hence
a € cl(G); a contradiction. Thus (4.2.5) holds.

4.2.6. \yn,(GNA) <2

We have A\yp\o(G) = 2 and A\ypo(A—a) = 2. Also, |[E—(GU(A—a))| > 2
so, by uncrossing, Ayp\o(G N (A —a)) <2 and (4.2.6) follows.

4.2.7. A\ypo(CNR) = 2.

Since A\ppo(R) = 2 = Apo(C), and [(E —a) — (C U R)| > 2 so, by
uncrossing, Ayp\o(C N R) < 2. But [CN R[> 2,50 \ypo(CNR) =2.

4.2.8. CNG#0.

Assume C C R. Since b ¢ cl(A), we have b & clyn,(A —a), so b €
cl"ana(C). Hence b € cl*jp\,(R). Thus, in M\a, we have (R,G) = (R U
b,G —b). But {b,c} C RUD, so a € cl(RUDb). Hence a does not expose
(R,G). This contradiction establishes (4.2.8).

4.2.9. |CNG| > 2.

Assume that CNG = {g}. If C — g spans g, then (R,G) = (RUg,G — g).
By Lemma 2.4, |G — g| > 3 so (RUg,G — g) is a 3-separation of M\a that
is exposed by a. Replacing (R,G) by (RU g,G — g) gives a contradiction
to (4.2.8). Hence g & cl(C — g), so g € cI*(AUDb). But b € cl*(A), so
g € clI*(A). Hence g € cl"jp\,(A) and so (AU g,C — g) is a 2-separation of
M\b with a € AUg and ¢ € C — g. Replacing (A,C) by (AUg,C — g) gives
a contradiction to (4.2.8). Hence (4.2.9) holds.

4.2.10. \p.(ANR) < 2.

We have Ayp\o(A —a) = 2 = \ypo(R) and [(E —a) — (AN R)[ > 2 by
(4.2.9) so, by uncrossing, Ayp\o((A —a) N R) < 2, that is, Aypa(ANR) < 2.

4.2.11. [ANR|>1or|ANG| > 1.

Suppose that |[ANR| =1 = |[ANG|. Then |A| = 3. Let ANR =
{z}. Then r(A) + r(C) = r(M\b) +1 = r(M) + 1. But a € cl(4 — a)
and so (A — a) + r(C) = r(M\a) + 1. Hence, as M\a is 3-connected,
r((A—a)Ub)+r(C)=r(M\a)+ 2, so (A—a)Ub is an independent triad
of M\a. Thus z € cI"ypq(((A —a)Ub) —z). But (A—-a)Ub) -2 C G,
so (R,G) 2 (R—x,GUx). As (R— z,GUz) is a 3-separation of M\a
exposed by a, we can replace (R, G) by (R—z,GUx) to get a contradiction
to (4.2.4). Thus (4.2.11) holds.

4.2.12. [ANG|#1+#|ANR)|.
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Let {X,Y} = {R,G} and assume that AN X = {z}. Then, by (4.2.11),
[ANY| > 2. Ifxz € cl(ANY), then, as a € cl(A — a), we deduce that
a € cl(Y), a contradiction. Thus x € cl(ANY).

Now A—a and Y are 3-separating in M\a and, since |[CNR|, |CNG| > 2,
the union (A — a) UY avoids at least two elements of M\a. Hence, by
uncrossing, (A — a) NY, which equals ANY, is 3-separating in M\a. As
(ANY)Uz = A — a, a 3-separating set in M\a, we deduce that = €
chana(ANY) or z € cl*pp(ANY). The first possibility was eliminated
above. Thus x € cl*yp,(ANY) C cl*ppo(Y). Hence (X,Y) = (X —x,YUz).
Replacing (X,Y) by (X —z,Y Uz), we get a contradiction to (4.2.4) since
(X —z)N (A —a) =0. We conclude that (4.2.12) holds.

By (4.2.4) and (4.2.12), we have |AN R| > 2 and |[AN G| > 2. Hence, by
(4.2.6) and (4.2.10), Ayp\o(ANR) = 2 = A\ppo(ANG). Since A\ypo(A—a) = 2,
we have Ayp\,(C Ub) = 2. Moreover, by uncrossing, A\yn,((CNG)Ub) = 2.
Thus (ANR,CNR,(CNG)Ub, ANG) is a flower ® in M\a. Since b & cl(C),
we have b & clypo(C), 80 b € cl*jpo(A—a). Hence b € cl* o ((ANR)U(AN
G))—[(ANR)U(ANG)]. Thus, by [7, Lemma 5.5(i)], b € cI*yp o(ANG). Hence
® is equivalent to (ANR,CNR,CNG, (ANG)UD). Now a € cl(A—a) and so
¢ € cl((A—a)ub), that is, c € cl((ANR)U(ANG)Ub)—[(ANR)U(ANG)UD].
Hence, by [7, Lemma 5.5(i)] again, ¢ € cl(AN R). Thus {a,c} C cl(A), so
becl(A) and (AUD,C) is a 2-separation of M; a contradiction. O

Corollary 4.3. Let {a,b,c} be a wild triangle in a 3-connected matroid M.
Then either

(i) none of M\a, M\b, and M\c is 3-connected, and M has a fan in
which {a,b,c} is an internal triangle; or

(ii) all of M\a, M\b, and M\c are 3-connected, and each of a,b, and c
exposes a 3-separation of M.

Proof. 1f all of M\a, M\b, and M\c are 3-connected, then (ii) holds. Hence
we may assume that M\b is not 3-connected. Then, by Theorem 4.2, M
has a fan having b as an internal element. Thus b is in a triad T*. Now
M 2 Us4 so, by orthogonality, we may assume that 7% = {b,c,d} where
d # a. Then {a,b,c,d} is a fan of M. Hence M\c is not 3-connected. If
M\a is not 3-connected, then, by Lemma 4.1, a is an internal element of a
fan of M. Thus a is in a triad of M and (z,a,b,c,d) is a fan ordering of a
fan in M. In this case, (i) holds.

We may now assume that M\a is 3-connected. We shall show that a does
not expose a 3-separation of M. Suppose that M has a 3-separation (R, Q)
that is exposed by a. Then |R|,|G| > 4 and, by Lemma 2.8(i), we may
assume that b € R and ¢ € G. Without loss of generality, d € R. Then
R 2 {b,d} so c € cI"jpo(R). Hence (RUc, G —c) is an exactly 3-separating
partition of M\a that is equivalent to (R, G). But {b,c¢} C RU¢, so (R, Q)
is not well blocked by a; a contradiction. O
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5. TOWARDS THE MAIN RESULT

The proof of the main result is long and essentially occupies the rest of
the paper. In view of Corollary 4.3, we can make the following assumptions:

e M is a 3-connected matroid having {a, b, c} as a triangle;
e all of M\a, M\b, and M\c are 3-connected; and
e a,b, and c expose 3-separations in M.

These assumptions will remain in effect for the rest of the paper.

We shall take A, B, and C to be arbitrary 3-separations,
(A1, Ay),(B1, By), and (C1,C3), in M exposed by a, b, and ¢, respectively,
with a € BoNC1,b € C3N Ay, and ¢ € As N By. The symmetries revealed
here are summarized in Table 1. These symmetries will be constantly ex-
ploited. This section contains a number of observations about how the sets
Ay, As, By, Bs,Cy, and Cs interact. This leads into the following section,
which contains an overview of the logic of the proof of the main result.

a b c
Bg CQ A2
Cl Al Bl

TABLE 1. Location of the elements of {a,b, c}.

By Lemma 2.4, we have
5.0.1. |A1|,|As|,|Bil, |B2l, |C1], |Ca2| > 4.
Next we show that

5.0.2. a € cl(By —a)Ncl(Cy —a),b € cl(Cy —b)Ncl(A; —b),c € cl(Ag —
c)Nel(By —c).

By symmetry, it suffices to prove that a € cl(By —a). Assume not. Then
a & clypp(B2 — a) so, by duality, a € cI*yp\,(B1). Hence (B Ua, By — a) =
(B1,B2). But {a,c} € Bj Ua, so (By,Bz) is not well blocked by b; a
contradiction. Thus (5.0.2) holds.

5.0.3. Ay N By #0.
Since b € cl(A; —b), if Ay N By =0, then b € cl(Bs), a contradiction.
5.0.4. ’Al N Bﬂ > 2.

Suppose A1 N By = {z}. If z € cl(A2 N By), then = € cl(As). Hence
(A1, Ag) = (A1 — z, Ay U ) and replacing (A1, A2) by (A1 — 2z, Ay Ux) gives
a contradiction to (5.0.3). Thus z ¢ cl(As N By), that is, = & cl(By — z).
Hence (B; —z, BoUx) is a 3-separation of M\b that is equivalent to (By, B3).
Replacing (By, B2) by (B — x, By U x) gives a contradiction to (5.0.3).

By symmetry, we deduce
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5.0.5. |A; N By, |B; NCyl,|C; N Ai| > 2 for each i in {1,2}.
5.0.6. If X C {a,b,c}, then
)‘M\X(Al N Bl) = )\M(Al N Bl) = 2.

Since r(M) = r(M\a,b,c), it suffices to show that Ayp\qp.(A1 N B1) =
Av (A1 N By) = 2. By (5.0.2), we have ¢ € cl(As — ¢) and a € cl(By — a).
Moreover, {a,c} spans b. Thus (A2 U By) — {a,c} spans {a,b,c} and so
Aai\abe(A1 N Br) = Ay (A1 N By). Hence A\yp x (A1 N Br) = Ay (A N By).

As a € cl(By—a), we have A\yp\ o (B2 —a) = Ayp\p(B2) = 2. By symmetry,
Aan\ap(A1—=0) = 2. But Ay = E—{a,b} — (A1 —b), 50 Ayp\qp(A2) = 2. Now,
from the last paragraph, Ayp\qp(A1 N B1) = Aapp(A1 N Br). Since M\b is
3-connected, it follows by (5.0.5) that Appqp(A1 N B1) > 2. By symmetry,
)‘M\a(A2 N By) = )‘M\ab(AQ N By) > 2. Hence

2+2 < Apnap(A1 N B1) + Appap(A2 N Ba)
= Anap(A1 N B1) + Apap(E — {a, b} — (A2 N By))
(A1 = b) N B1) + Apap((A1 — b) U By)
(A1 =b) + Anap(Bi)

= AM\ab

IN

AM\a,b

= 242

Thus equality holds throughout, so Ayp\a4(A1 N Br) = 2 and (5.0.6) holds.
By symmetry with (5.0.6), we have the following.

5.0.7. Suppose X C {a,b,c}. If J and K are distinct members of {A, B,C'}
and i € {1,2}, then )\M\X(Jz N Kz) = )\M(Jz N Kz) = 2.

5.0.8. Ay (A2N B1) = Apna(A2N B1) = Ay\p(A2 N B1) = Aypyap(A2 N Br);
A (B2 N C1) = Ayp\p(B2 N C1) = Ay (B2 N Ch) = Apppe(B2 N Ch);
A (CanNAp) = )\M\C(CQ NA) = )\M\Q(CQ NA) = )\M\C@(CQ N Aj).
Since a € cl(Bs — a) and b € cl(A; — b), the first line holds; the second
and third lines hold by symmetry.

5.0.9. |(A2 ﬂBl) —C| >1, |(B2 ﬂC’l) — a| > 1, and |(02 ﬂAl) — b| > 1.

Suppose that AoN By = {c}. Then, since Ayp\o(A2N Ba) =2 = A\ppo(A2),
we have (A1, As) = (A1 Uc, Ag —¢) in M\a. But {b,c} C A;Uc, so (A1, A2)
is not exposed by a; a contradiction. We conclude that (5.0.9) holds.

5.0.10. None of A1 N By, B1 NCy, and C1 N As is empty.

Suppose A1 N By = 0. As b € cl(A; —b) = cl(A; N By), we deduce that
b € cl(By). This contradiction establishes that (5.0.9) holds.

5.0.11. /\M(AgﬂBl) € {2,3} and )\M\a’b(AlﬂBg) S {1,2},’ if/\M(AgﬂBl) =
3, then )‘M\a,b(Al N Bg) = 1.

Since b € cl(A; — b), we deduce that Ayp\qp(A2) = Apypa(A2) = 2. By
symmetry, App\ap(B1) = 2. Thus App g (A2 N B1) + Appap(A2 U Br) < 4.
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Since [(E — {a,b} — (A2 U By))| = [A1 N Ba| > 1, we have App\qp(A2 U
B1) > 1, 50 Ayp\ap(A2 N By) < 3. But a € cl(By —a) and b € cl(4; - b),
SO )\M(Ag N Bl) = )‘M\a,b(A2 N Bl) < 3. By (509), )\M(AQ N Bl) > 2.
Hence )\M(Ag N Bl) € {2, 3} Since )\M\QJ)(AQ @] Bl) = )‘M\a,b(Al N Bg), we
deduce that Ayp\q5(A1 N B2) € {1,2}. Moreover, if Ay(Az N By) = 3, then
Aan\a,p(A1 N Ba) = 1. We conclude that (5.0.11) holds.

6. OVERVIEW

This section gives an overview of the logic of the argument to follow. The
division of cases is based on the cardinality and connectivity of the sets
A1 N By and Ap N B;. By (5.0.10) and (5.0.9), we know that |[A; N By > 1
and |A2 N By > 2. Moreover, by (5.0.11), Appap(A1 N B2) € {1,2}. The
argument will distinguish the following six cases:

(A) [AiNBy =1;

) [A2 N By =2;

) Awnap(A1 N By) =2 and [Ay N By| = 3;

) Anap(A1 N B2) =1 and [A; N By| = 2;

(E) Aap\ap(A1 N By) =2 and |43 N By| > 4; and
(F) AMnap(A1 N B2) =1 and [A; N By| > 3.

(B
(C
(D

In case (A), Lemma 7.3 identifies three types of special structures that can
arise after possibly replacing (Aj, As), (B1, B2), and (C,C3) by equivalent
3-separations. We call these structures pretridents of type I, II, and III. From
a pretrident of type I, we immediately obtain a trident in M. In case (B), we
show in Lemma 7.4 that |B; NCy| =1 or |C; N Ag| = 1 so, by symmetry, we
have reduced to case (A) and again we find that {a,b,c} is in a pretrident.
In case (C), we show, in Lemma 7.5, that either |E(M)| = 11, or we can
reduce to case (B) and hence to case (A). In case (D), Lemma 7.7 shows
that |E(M)| = 11 or we can reduce to an earlier case. In case (E), which
we shall treat last, we show that either a symmetric case to case (C) occurs,
or the two sets of symmetric conditions to (E) also hold and outcome (ii) of
Theorem 3.1 arises. Finally, in case (F), we show, in Lemma 8.4, that case
(E) and its symmetric counterparts hold in the matroid M’ that is obtained
from M by performing a A —Y exchange in M on the triangle {a, b, ¢} and
then taking the dual of the result. Thus outcome (iii) of Theorem 3.1 arises.

Pretridents of type II and III appear in neither of Theorems 1.1 and 3.1.
The next section starts by describing the structure of M around {a,b, c}
relative to the 3-separations with which we begin, only allowing replacement
of these 3-separations by equivalent ones. Then Lemma 7.9 shows that, when
{a,b,c} is in a pretrident of type II or III, we can find a pretrident of type
I containing {a, b, ¢} by altering the choice of 3-separations exposed by a, b,
and c to ones that need not be equivalent to those with which we began.
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7. TRIDENTS

In this section, we begin the treatment of the six cases noted in the pre-
ceding section. Specifically, we deal with cases (A)-(D) here. We begin with
an elementary lemma. Recall that the assumptions noted at the outset of
Section 5 are still in effect and that A, B, and C are arbitrary 3-separations,
(A1, As), (B1, Bs), and (C1,C3), exposed by a, b, and ¢, respectively, with
a€ BNC,be CanN Ay, and ¢ € Ay N By.

Lemma 7.1. If |A; N By N Cy| > 2, then
A (A2 N By N C2) =2 = Ayp\pe(A2 N B1 N Cy).

Proof. By (5.0.7), 2 = App\p(A2 N C2). Since Aypp(B1) = 2, we have, by
uncrossing, that Ayp\,(A2 N By N Cz) = 2. Hence Ay (A2 N By NCy) = 2
as b € cl(4; — b). Since a € By, we have ¢ € cl((A; — b) U By). Hence
)\M\b7c(A2 NB1NCy) =2. U

The next lemma begins the treatment of case (A).

Lemma 7.2. Suppose that |A1 N By| =1 and A1 N By C Cy. Then
’AlﬂBlﬂCﬂ = ‘AlﬁBlﬂC2’ = ‘AgﬁBlﬂCﬂ = 1.

Proof. Let AiNBaNCy = {ri2}. Since |A1NCY| > 2, we have |A1NB1NCy| >
1. Suppose that |[A;NB1NCY| > 2. By (5.0.7) that A;NCy and A;NB; are 3-
separating in M and so in M\b. Their intersection has at least two elements,
so their union is 3-separating in M\b. Hence Ayp\,((A1NB1)Ur12) = 2. Thus,
by Lemma 2.5, ri9 € clg\?\b(Al N By). Hence (B, B2) = (B Urie, By —r12)
in M\b. But b € cl(4; —b) and A; —b C By Urys so (By, Bg) is not exposed
by b. Thus ’Al NBN 01’ =1,say AiNB NCy = {7’11}.

Now |A;| > 4, so |A1 N By N Cs| > 1. Suppose |41 N By N Cq| > 2. By
(5.0.7), Aan\e(A1 N By) = 2 and so, by Lemma 2.5, r11 € clg;)\c(Al NB1NCy).
Thus (01,02) = (01 —7r11,Cy U 7‘11) in M\C and |A1 N (Cl — 7‘11)| =1;a
contradiction to (5.0.5). Hence |[A1NB1NCy| =1, say AiNB1NCL = {g11}

Next we show that |As N By N Cy| = 1. We have |B; N Cyi| > 2, so
|A2 N By N C1| > 1. Assume that |4 N By N C1| > 2. We have A\yp,(A2) =
2 = Mpo(B1 N C1). Thus, by uncrossing, A\yp (A2 N Br N Cp) = 2. Since
)\M((AQ NBi N Cl) U 7’11) =2= )\M\a((AQ NB N Cl) U 7’11), we have ri1 €

Cl(*) (AgﬂBlﬁcl) S0 111 € Cl(*) (AQ) Hence (Al, Ag) = (A1 —T11, AQUT‘H)

M\a M\a
in M\a. But, replacing (A1, A2) by (A1 —r11, A2 Urq1) gives a contradiction
to (5.0.5) since |(A; —r11) N By = 1. Thus [As N By NCyL| = 1. O

Lemma 7.3. Suppose that |A1 N By| = 1. Then, after
(i) the possible replacement of (A1, As), (B1, B2), and (C1,C3) by equiv-
alent 3-separations;
(ii) @ possible relabelling of (A1, As,a,B1,B2,b,C1,Co,¢c) by
(327 B17 bv A27 Alv a, 027 Clv C); and
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(iii) a possible rotation of the labels on the triples (A1, As,a), (B1, Ba,b),
and (C1,Cs,¢);
the following hold:
(a) ‘Al NB; N Cl‘ = ’Al NB; N 02‘ = ’AQ NBN Cl‘ =1; and
(b) A; is a quad of M\a and Ay Ua is a cocircuit of M.
In addition,
(I) |A2 NBiN 02| =0 and Ay N By C Cy; or
(H) |A2 NBiN 02| =0 and /\M(AQ N BN 02) =2= AM\[LC(AQ N 01) =
)\M(AQ N By N Cl); or
(I11) )\M(AQ NByNCy) =2= )\M\a,c(AZ NnCy) = )\M(AQ N ByNCy) and
A (A2 N By N C2) =2 = Ay o(B1 N Ca).

0 ()

T

FIGURE 5. The three types of pretrident.

The situations corresponding to (I), (II), and (III) are shown in Figure 5.
Each of the parts of the diagram should be interpreted as basically a Venn
diagram. The elements of C'; correspond to black points while those in C5
are shaded gray. Regions that are shaded indicate the presence of at least
two elements. The placement of a and b is to indicate that their deletion
from M exposes the 3-separations (A1, As) and (B, Bg).
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To achieve outcomes (I)-(III) of Lemma 7.3, we allow equivalence moves
and relabelling as described in (i)-(iii) of the lemma. When we can manipu-
late A, B, and C in this way so that (I), (II), or (III) in Figure 5 occurs, we
shall say that (a,b,c, A, B, C) is a pretrident of type I, type II, or type III,
respectively, or that {a, b, c} occurs in a pretrident with respect to A, B, and
C. We observe that, when {a, b, c} occurs in a pretrident of type I, each of
Ay, B, and C has exactly four elements and so, by Lemma 2.4, these sets
are quads of M\a, M\b, and M ¢, respectively. Thus A; U By UC] is a tri-
dent in M containing {a, b, c}. In fact, Lemma 7.9 shows that, when {a, b, ¢}
occurs in any of the three types of pretridents, {r11, 712,721, 911, a,b,c} is a
trident in M, where elements are labelled as in Figure 5.

Proof of Lemma 7.3. Without loss of generality, we may assume that A; N
By C . Thus By N Cs = Ay N By N Cy. Moreover, by Lemma 7.2,

’AlﬂBlﬂCﬂ:‘AlmBlﬂC2’:‘A20B1QC1’:1’

We denote the elements of these three sets by r11, g11, and ro1, respectively.
Let A1 N Bo N Cy = {r12}. Since |A;1| = 4, by Lemma 2.4, we must have
that Ay is a quad of M\a. As b € Ay, it follows by orthogonality with the
triangle {a, b, c} that A; Ua is a cocircuit of M.

Since |By N Cq| > 2, we have |As N By N Cy] > 2. Suppose that |As N

By N C1’ =1,say AoNByNCy = {7‘22} . Then rog € CIS\Z)\C(AQ N By N CQ)
Thus, by replacing (Cy, Cy) by (C1—1r22, C2Urgs), an equivalent 3-separating
partition of M\c, we reduce to the case when |As N By N Cy| = 0. Thus we
may assume that either

(i) ‘Ag N By N Cl‘ =0; or

(ii) ‘Ag N By N Cl‘ > 2.
In case (i), Aar(A2NB2NC1) > 2. Now, by (5.0.11), Appa,c(A2NC1) € {1,2}.
Moreover, )\M(AgﬁBgﬂcl) = )\M\a’c(AgﬂBgﬂcl). If AM\G’C(AQQBQQCH) >
A\a,e(C1 N Az), then, by Lemma 2.7, 191 € cl(A2 N Bo N Cy). Thus we can
replace (B, B2) by the equivalent 3-separating partition (B — ro1, BoUrgg)
to get a contradiction to (5.0.5). Thus, in case (ii), Apf(A2 N By N Cy) = 2
and App\q,c(C1 N Az) = 2. Hence our two cases become:

(i) ‘Ag N By N Cl‘ =0; or

(ii) ‘Ag N By N Cl‘ > 2 and )\M(AQ N By N Cl) =2= )‘M\a,c(cl N Ag)

Now consider |Ay N By|. If this is 2, then case (I) or (II) holds depending
on which of (i) and (ii) holds. If [A2NB;| = 3, then AoNB1NCs = {g21}, say.
Since both BoNCs and (BaNCa)Uger = AaNCy are exactly 3-separating set
in M\b, we deduce that go; € CIE\Z)\b(BgﬂCQ). Thus, after replacing (By, B2)
by the equivalent 3-separation (By — go1, B2 U g21), we have reduced to the
case when |A2 N By| = 2. Again case (I) or (II) holds.
We may now assume that |As N By| > 4, so |[As N By N Cy] > 2. Then,

by a symmetric argument to that given in the penultimate paragraph, we
deduce that Ay (A2NB1NC2) =2 = App\p(B1NCo). If case (i) occurs, then
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|C1 N Ay| = 1. By rotating the labels on the triples (A;, As,a), (B, B2, b),
and (C1, Cy, ¢), we obtain that case (I) or case (II) holds. If case (ii) occurs,
then we have that case (IIT) holds. O

Next we show if (B) arises, then a symmetric relabelling gives (A).

Lemma 7.4. If |As N By| = 2, then either
(i) ‘AlﬂBlﬁCﬂ = ‘AlﬁBlﬁCQ‘ = ’AQﬂBlﬂCl’ = ‘BlﬂCQ‘ =1
and |Ay N By N Cy| = 0; or
(ii) ‘AQﬂBQﬁCl’ = ‘AQQBQQCQ‘ = ‘AgﬁBlﬂCQ‘ = ’ClﬁAQ‘ =1
and ’AQ NBN 01’ =0.
In each case, (a,b,c, A, B, C) is a pretrident.

Proof. Suppose (A; N By) —c¢ C C4, say (A2 N By) — ¢ = {re1}. Since
|B1NCy| > 2, we have |41 N By NCy| > 1. If |A; N By NCy| > 2, then, since
BiNCy and A; N By are exactly 3-separating in M\a, so too is their union.

Hence 791 € Clg\t[)\a(Al N B1), so rg; € CIS\Z)\G(Al). Replacing (A, A2) by the
equivalent 3-separating partition (Ay U rgy, As — ra1) gives a contradiction
to (509) Hence ‘Al NBiN Cl‘ =1,say AANB NCy = {7‘11}.

If |Ay N By NCy| > 2, then, as Ay N By is exactly 3-separating in M\¢, it
follows that r1; € dg\j[)\c(Al N By NCs). Thus (C1,C) = (C1 —r11,CaUr11)
in M\c. But |[B; N (C1 —r11)| = 1 so we have contradicted (5.0.5). Hence
|A1 NBiN 02| = 1. Thus |Bl N 02| = 1. Hence if (A2 N Bl) — ¢ C (1, then
(i) holds. By symmetry, if (A2 N By) — ¢ C Co, then (ii) holds.

In cases (i) and (ii), we have |By N Cy| = 1 and |C7 N Az] = 1, respec-
tively. These are symmetric to the case |A; N Bg| = 1 so, by Lemma 7.3,
(a,b,c, A, B, C) is a pretrident. O

The next lemma treats case (C).

Lemma 7.5. If Ayp\o5(A1 N Ba) =2 and |A2 N By| = 3, then

(i) A2 N By is a triangle; and
(i) either |[E(M)| =11, or (a,b,c, A, B, C) is a pretrident.

Proof. By (5.0.11), Aps(A2 N By) = 2. Since Ay N By has three elements, it
is a triangle or a triad of M. The triangle {a,b,c} implies that Ay N By is
not a triad, so it is a triangle. Since ¢ ¢ cl(C1) U cl(Cs), we deduce that
‘Ag NnNBiN 01’ =1= ‘Ag NnNBiN Cg’ Let Ao,N B NCy = {ggl}. Since
‘Ag N Cg‘ > 2, we have ’AQ N By N Cg‘ > 1. Assume ’AQ N By N Cg‘ > 2.
Then, as Ap(Az N By) = 2 and A\jy(Ag N Cy) = 2, it follows by uncrossing
that A\pys((A2 N By) U ga1) = 2. Hence go1 € CIE\Z)(AQ N Bsy). As Ao N By is a
triangle, it follows that go1 € cl(As N Bg) C cl(Bg). Thus (By, By) = (By —
921, B2Ugo1) in M\c. Replacing (B1, B2) by (B1— g21, BoUga1), we get that
|A2N(By —g21)| = 2. Hence, by Lemma 7.4, (a,b,c, A, B, C) is a pretrident.
We may now assume that |[As N Ba N Cy| =1, say Ao N BaNCy = {ga2}-
Since |Ay N By| > 2, we have |A; N By N C1| > 1. Assume |Ay N By N
Cil > 2. Now Ayp\o(A2 N Bz) = 2 = Ajyp\o(Cr). Thus, by uncrossing,
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)\M\C(AQ N By N Cl) = 2. Hence go9 € Clg\?\c(Ag N By N Cl) - CIE\Z)\C(C&)
Hence (Cl,Cg) = (Cl U g92,Co — 922) in M\C. But ’(CQ — 922) N Ag‘ =1;a
contradiction to (5.0.5). Hence |42 N Ba N Cy| = 1.

By the symmetry between Ay N By and A N By, we deduce that |4 N
Bin Cl‘ =1= ‘Al NnBiN CQ‘ Now )‘M\a,b(Al N Bg) = 2. Thus, either
|A1 N By| =2 and so |[E(M)| =11, or |A; N By| > 2. Since we have assumed
that |E(M)| # 11, we deduce that |A; N By| > 2. Thus, without loss of
generality, |A1 ﬂBgﬂ02| > 2. Thus )\M(Al mBQOCQ) >2= /\M((A1 NByN
C3)Ug2). Hence, by Lemma 2.5 or 2.7, we have gos € cl(*)(Al NByNCy), so
g22 € CIS\Z)\G(AlﬁBgﬂCQ) - CIS\Z)\G(Al)' Hence (Al,Ag) = (Al Ugao, Ag—ggg)
in M\a. But [(Az — g22) N Ba| = 1, contradicting (5.0.5). O

In combination with the last lemma, the next lemma guarantees that,
when case (E) arises but none of cases (A)-(C) arise, we can assume that
we have symmetry between (A;, As), (B1, B2), and (Cy,Ca).

Lemma 7.6. If Ayp\o (A1 N B2) = 2 and [Ag 0 By| > 3, then Ayppo(B1 N
Cg) =2 and )‘M\c,a(cl N Ag) = 2.

Proof. By symmetry, it suffices to prove the first equation. By (5.0.11), we
may assume that Aypp(B1 N C2) = 1. We have 2 = A\yp\(B1) and ¢ €
cl(B1—¢), 50 2 = App\p(B1—¢) = App\p,e(B1 —¢). Since Ay q5(A1N B2) = 2,
by (5.0.11) we have Aypq5(A2 N B1) = 2. Then, since a € cl(Bz — a) and
be Cl(Al - b), we have )\M(AQ N Bl) = 2.

Now |Ay N By| > 3. Thus ¢ € ™ ((43 N By) — ¢). But {a,b,c} is a
triangle, so ¢ & cl*((A2 N By1) — ¢). Hence ¢ € cl((A2 N By) — ¢). Thus
Ane((A2 N By) —¢) = 2, 80 Apppe((A2 N By) — ¢) = 2 since b € cl(Ay —b).

Since ¢ € cl((A2 N By) — ¢) but ¢ € cl(Cy) U cl(Cy), we deduce that both
BiNCyNAs and B;NCyNAs are nonempty. Since /\M\b,c(Bl NCs) =1 and
Aa\b,e((A2NB1)—c) = 2, we have, by Lemma 2.2, that Ay, (B1NC2NAg) =
Lor Ayppe(((A2 N By) —¢) U (Br NCy)) = 1. But the latter implies that
Anp((A2 N B1) U (B1 N C2)) = 1; a contradiction since M\b is 3-connected.
Thus App\p,e(B1 N C2 N Ag) = 1 s0, by Lemma 7.1, [B; N Cy N Ag| = 1. Let
BiNCyNAy; = {ggl}.

Since |Ay N By| > 3, we have |As N By N Cy| > 2. Since Ay (A3 N By) =2
and Ay (B1 N Ch) = 2, it follows by uncrossing that Ay (A N By NCyL) = 2
and hence )\M\C(Ag N By NCy) = 2. Thus, by Lemma 2.5, go1 € 1t (A2 N

M\c
BN Ch), so go1 € ClS\Z)\c(Cl) Therefore (Cl,Cg) = (C1Ugo1,Co — go1) in
M\c. But c € cl(Cy U g21); a contradiction. O

The next lemma treats case (D).

Lemma 7.7. If Ayp\ (A1 N Ba) =1 and |A; N Ba| = 2, then |[E(M)| = 11
or (a,b,c, A, B, C) is a pretrident.
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Proof. Assume that |E(M)| # 11 and that (a,b,c, A,B,C) is not a pre-
trident. Suppose that A; N By € C1. We have Ayp (A1 N B2) = 1
and b € cl(Cy —b). Hence A\ypq(A1 N Bz) = 1; a contradiction. Thus
‘AlﬂBgﬂC2’ > 1. By symmetry, ‘AlﬁBgﬁCﬂ > 1. Hence ‘AlﬁBgﬁCﬂ =
1= ‘Al N By N Cl‘, say AyNByNCy = {7’12} and Ay NByNCy = {912}.

If |Ay N By NCy| > 2, then, as Ay N By and By N C; are both exactly
3-separating in M\b, so is their intersection. Since (A; N By N Cp) Uy is
also exactly 3-separating in M\b, we deduce that r19 € clg\j[)\b(Al NBNCY).
Hence (B, Ba) = (B1 U2, By — 112). But |41 N (B2 — r12)| = 1 and so, by
Lemma 7.3, (a,b,c, A,B, C) is a pretrident; a contradiction. Hence we may
assume that |A;NB1NCy| < 1. Since |A1NCy| > 2, we get |[A;NB1NCY| = 1.
By symmetry, |[As N Bo N Co| =1. Let Ay N By NCy = {r1}.

As |A1 ﬂBl| > 2, we have |A1 N By ﬂ02| >1.If |A1 N By ﬂ02| > 2, then
r11 € CIE\Z)\C(Al N BN 02) SO (01,02) = (01 —r11,Co U 7‘11). Since |A1 N
(C1—711)| = 1, we have a contradiction to (5.0.5). Hence |[A1NB1NCy| =1
and, by symmetry, [As N By N Cy| = 1.

As |As N Oy, |B1 N Cy| > 2, we deduce that [A2 N By NCs| > 1 and |As N
B; N Cy| > 1. If equality holds in both, then |E(M)| = 11; a contradiction.
Hence we may assume that |As N By N Cy| > 2. Then, by Lemma 7.1,
/\M\b7c(A2ﬁBlﬂ02) = 2. Now |B2n01| > 2. Suppose that AM\b,c(BlﬁCb) =
2. If |By N Cy| = 3, then, by Lemma 7.5, |E(M)| = 11 or (a,b,c, A,B,C)
is a pretrident; a contradiction. Hence |By N Cy| > 3 and, by Lemma 7.6,
An\ap(A1 N Bg) = 2; a contradiction. We may now assume that Appp, . (B1N
Cg) = 1. Then )\M\b’c((AQ NBiN CQ) Ugll) =1 where A;NB1NCy = {gll}.
By Lemma 2.7, g11 € ClM\b7c(A2ﬂBlﬂCQ). Hence (Al,Ag) = (Al —g11, AU
g11)- But |(A1 — g11) N By| = 1, a contradiction to (5.0.5). O

The next result summarizes the lemmas to date in this section. It notes
that when any of cases (A)-(D) occurs, by replacing (A1, As), (B1, Bs), and
(C1, C2) by equivalent 3-separations and performing a symmetric relabelling,
we get one of the three outcomes shown in Figure 5.

Corollary 7.8. Let {a,b,c} be a triangle in a 3-connected matroid M , where
|E(M)| # 11. Suppose that all of M\a, M\b, and M\c are 3-connected and
that (A1, As), (B1,Bs), and (C1,C2) are 3-separations exposed by a,b, and
¢, respectively, with a € BoNC1,b € CoN Ay, and c € As N By. If

(A) |A1 N B2| =1, or

(B) |A2 N B1| =2, or

(C) /\M\a,b(Al N Bg) =2 and |A2 N Bl| =3, or

(D) Aanap(A1 N B2) =1 and |A1 N By| = 2,
then {a,b,c} is in a pretrident with respect to (A1, As), (B1,Bs2), and
(C1,C3).

We show next that, when (a,b,c, A,B,C) is a pretrident, there are
potentially different 3-separations B and C exposed by b and ¢ so that
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(a,b,c, A, B, C) is a pretrident of type I, hence {a, b, c} is in a trident. When
we choose B and C so By and C) are quads of M\b and M\c¢, we have no
guarantee that these new 3-separations are equivalent to the original ones.

Lemma 7.9. Suppose that |A1 N Bs| =1 and Ay N By C Cy. Then Ay is a
quad of M\a. Moreover, there are 3-separations (B, Bs) and (Cy,Cy) that
are exposed by b and c, respectively, such that By and Cy are quads in M\b
and M\c. In particular, A; U Bl U él 1 a trident in M.

Proof. From Lemma 7.3, A; is a quad of M\a and (a,b,c,A,B,C) is a
pretrident of type I, II, or III. If this pretrident has type I, then the lemma
holds with (B;, Bs) = (By, By), and (Cy,Cy) = (Cy,Cy). Thus assume that
(a,b,c, A, B, C) is a pretrident of type II or III. We shall maintain the same
labelling of elements as before (see Figure 5).

To complete the proof of the lemma, we shall show that

(i) {r11,712,721,0} is a quad of M\c and ({ri1,712,721,0},E — ¢ —
{r11,712,721,a}) is exposed by ¢; and

(i) {r11,721,911,¢} is a quad of M\b and ({ri1,721,911,¢}, £ — b —
{711,721, 911,¢}) is exposed by b.

First observe that Ayn\.((A1 U B1) —¢) = 2 = Ay (C1). Hence, by
uncrossing, A\yn(C1N(A1UB1)) = 2, that is, {r11, 712,721, a} is 3-separating
in M\c. We show next that {ri1,7r12,721,a} is a circuit of M. Assume
not. Then it contains a triangle. But a & cl(A;), so {ri1,r12,a} is not a
triangle. If {ri1,721,a} is a triangle, then {a,c} C cl(B1), so b € cl(B;); a
contradiction. If {r12,791,a} is a triangle, then (B, Bg) = (By — ro1, Ba U
ro1). But [(B1 — re1) N Ci| = 1; a contradiction to (5.0.5). Finally, if
{7‘11,7‘12,7‘21} is a triangle, then (Bl, Bg) = (Bl U rig, By — 7’12). But A1 N
(Bg—r12) = 0; a contradiction to (5.0.10). Hence {rq1, 712,721, a} is a circuit.

Next we show that {ri1,712,721,a} is a cocircuit of M\c. Assume not.
Then this set contains a triad of M\c. If {ri1,ri2,721} is a triad of M\c,
then, by orthogonality, it is a triad of M and hence of M\b. Thus (B, By) &
(B1 Urig, By —112). As Ay N (B2 — r12) = 0, we contradict (5.0.10). If
{r11,7m12,a} is a triad of M\c, then, by orthogonality, {rii,r12,a,c} is a
cocircuit of M, so {ri1,m2,c} is a triad of M\a. Then (A, As) = (4; U
¢, As—c). But a € cl(41Uc); a contradiction. If {r11,7r21,a} is a triad of M\¢,
then {711,721, c} is a triad of M\a. Thus (4, A2) = (A1 —7r11, A2Ur11). But
|(A1 —r11) N By| = 1, contradicting (5.0.5). Finally, if {ri2,721,a} is a triad
of M\c, then {ry2,r21,c} is a triad of M\a, so (A1, A2) = (A1 —112, A2Ur12)
and we get a contradiction since (A; — r12) N By = 0. Thus {ri1,712,791,a}
is a cocircuit of M\¢, so {ry1,7r12,721,a,c} is a cocircuit of M.

We show next that ({r11,r12,791,a}, E—c—{r11,712,721,a}) is exposed by
c. First observe that ¢ & cl(F — ¢ — {r11,7r12,791, a}) since {ry1,r12,791, a, ¢}
is a cocircuit of M. Because E — ¢ — {ry1,712,721,a} is fully closed in M\c,
we need only consider the full closure of {ryy,ri2,791,a} in M\c. Since
{7“11,7“12,7“21,&} g 01, it follows that fClM\C({T‘H,TjQ,’I"Ql,a}) g fClM\C(Cl).
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Now ¢ ¢ cl(fclyp . (C1)) so ¢ & cl(felpp ({711,712, 721, a}). We conclude that
(1) holds. Let é = (él,CA'Q) = ({T’ll,Tlg,T‘gl,a},E — C — {7"11,7"{2,7"21,(1}).

If (a,b,¢,A,B,C) is a pretrident of type II, then, since C is exposed
by ¢, we see that (a,b,c, A,B,C) is a pretrident of type I. Finally, let
(a,b,c, A,B,C) be a pretrident of type III. Then, by redrawing the fig-
ure, we see that (¢, a,b,C, A,B) is a pretrident of type IL. After this move,
{r11,721,911,¢} is in a symmetric position to that of {riy,ri2,791,a} be-
fore the move. Thus (i) holds. In particular, letting B = (B, By) =
({r11,721, 911, ¢}, E — b —{r11,r21, 911, c}), we have that B is a 3-separation
exposed by b. Thus (c,a, b,C,A,E) is a pretrident of type I. Redrawing
again, we find that (a,b,c, A, B, C) is a pretrident of type I. O

8. A DELTA-WYE EXCHANGE

In this section, we show that if case (F') occurs in M, then, after perform-
ing a A — Y exchange and taking the dual of the result, we get a matroid
in which case (E) and the two sets of symmetric conditions occur.

Lemma 8.1. Assume that |[E(M)| # 11, that (a,b,c, A,B,C) is not a
pretrident, and that Aypqp(A1 N B2) = 1. Then

(i) ‘AgﬁBlfz?), ’BgﬁCl‘E& ‘CQﬂAl’E?);
(ii) /\M\b,c(Bl NCy) =1= /\M\c,a(cl N As); and
(iii) |A1ﬂBQ|23, |Blﬂ02| >3, |01OA2|23.

Proof. Part (i) follows from Lemma 7.4; part (ii) follows using part (i), sym-
metry, and Lemmas 7.5 and 7.6; and part (iii) follows from (ii) by Lemma 7.7
and symmetry. O

The next two lemmas introduce the matroid M’ that appears in outcome
(iii) of Theorem 3.1 and then prove that M’ satisfies the conditions imposed
on M at the start of Section 5.

Lemma 8.2. Let A be the triangle {a,b,c} of M and consider a copy of
M(Ky) that has A as a triangle and has {a’,V',c'} as the complementary
triad, where €' is the element of M(Ky,) that is not in a triangle with e. Let
AM = PaA(M(Ky4), M)\A, that is, AM is obtained from M by a A —Y
exchange on A. Then

(i) AM is 3-connected;

(ii) for all {z,y,z} = {a,b,c}, the matroid AM/x" can be obtained from

M\x by relabelling y and z by 2’ and y’, respectively; and
(ili) each of AM/a', AM/V, and AM/c is 3-connected.

Proof. We know that each of M\a, M\b, and M\c is 3-connected. Hence
M\a,b is connected and, by considering circuits, it is straightforward to
check that AM is connected. Suppose AM has a 2-separation (X1, Xo2).
Without loss of generality, we may assume that {a’,b'} C X3. If {d’,¥', '} C
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X1, then we can add A to X7 without raising the rank, so we get a 2-
separation of Pa(M(Ky4),M); a contradiction. Thus we may assume that
d € Xy. But ¢ € cl*apm(X1). Hence, provided |Xs3| > 2, we get that
(X1Ud, Xo — () is a 2-separation of AM and {d’,b',c} C X; U, so we
have a contradiction, as above. Hence we may assume that |Xs| > 2. In
that case, Xy is a series pair {¢/, 2} in Pa(M(Ky), M)\{a,b,c}. The triangle
{d’, ¥, c} implies that {¢/,z} is also a cocircuit of Pa(M(Ky), M)\{a,b}. Tt
follows, by orthogonality, that {¢/,z,a,b} is a cocircuit of Pa(M(Ky), M).
Thus {z,a,b} is a triad of M; a contradiction since {a, b, c} is not in a fan
with four or more elements. Hence AM is 3-connected. Evidently, AM/da’
can be obtained from M\a by relabelling b and ¢ by ¢ and b'. Thus AM/d
is 3-connected and, by symmetry, (ii) and (iii) hold. O

Under the relabelling described in (ii) of the last lemma, the 3-separations
(A1, A), (B1, Bs), and (C1,C3) of M\a, M\b, and M\c map to the 3-
separations ((A; —b) U, (Ag —c)UV),((By —c¢)Ud,(By —a)UC(), and
(Cy —a)Ub,(Cy —b)Ud) of AM/a', AMJV, and AM/c, respectively.
These 3-separations are also 3-separations of the dual matroids. We shall de-
note these 3-separations by (A4}, A,), (By, B}), and (C},C%). The following
table summarizes the inclusions we have.

a b
B G A4
Cy Ay By

TABLE 2. Location of the elements of {da’,¥’,'}.

We write M’ for (AM)*. To obtain the matroid M’ in (iii) of Theorem 3.1,
we need to relabel a’,b', and ¢ as a,b, and c¢. However, for clarity in the
remaining proofs in this section, we shall not do this relabelling yet.

Lemma 8.3. Each of M', M'\a', M'\V, and M'\c is 3-connected. More-
over, (A}, AY), (B}, B,), and (C1,C%) are 3-separations in M’ that are ex-
posed by a’, V', and c, respectively.

Proof. The first sentence is an immediate consequence of the last lemma.
Now suppose that (A7, Ay) = (A7, A3) in M"\a' and that (A} Ud', A7) is an
exactly 3-separating partition of M’, for some {7,j} = {1,2}. Then (A}, 4))
and (A, AY) are equivalent exactly 3-separating partitions of (M’)*/a’, that
is, of AM/a’; and (A} Ud’, AY) is an exactly 3-separating partition of AM.
Recall that AM/a’ is M\a with b and ¢ relabelled as ¢ and ¥, respectively.
Hence M\a has an exactly 3-separating partition (X;, X;) that is equivalent
to (A, A;) and corresponds to (A, A7) under this relabelling. Since a ¢
cl(X;) U cl(X;), it follows that neither X; nor X; contains {b,c}. It follows
that one of b" and ¢’ is in A4 and the other is in A7.
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By (5.0.1), [A}] > 3. Now AM\(A] Ud’) contains exactly one of ¥’ and ¢/
so this element is a coloop of AM\ (A} Ua'). Thus (A7 Ud" U{V,c'}, A} —
{t/,c'}) is an exactly 3-separating partition of AM and so (A7 U{¥',c'}, A7 —
{V/,'}) is an exactly 3-separating partition of AM/a’. But the last exactly
3-separating partition is equivalent to (A7, A7) as [A] U{V',c'}| = |A]| + 1,
so we have reduced to the case in which {, ¢’} C A, which we have already
eliminated. We conclude that the 3-separation (Af, A}) of M'\d' is, indeed,
exposed by a’ and the rest of the lemma follows by symmetry. O

Lemma 8.4. Assume that |E(M)| # 11, that (a,b,c,A,B,C) is not a
pretrident, and that Ayp\q (A1 N B2) = 1. Then

(1) )‘M’\a’,c’(A/l N Cé) =2 and ‘Aé N CH 2 4,’
(i) App,or (BY N AS) =2 and |By N AY| > 4; and

Proof. First observe that A,NCY| = (A2NCq)UY and AJNCY) = (A1NCs)—b.
Since, by Lemma 8.1, |Cy N A1] > 3 and |C7 N As| > 3, we deduce that
|ALNCY| > 4 and |A] NCY| > 2. Similarly, |[B,N A} > 4 and |C4N BY| > 4.

Now assume none of (i)—(iii) holds. As M\a is 3-connected and A; N Bo
is a non-minimal 3-separation of M\a,b, it follows by Bixby’s Lemma (see
[1] or [6, Proposition 8.4.6]) that M\a/b is 3-connected up to parallel pairs.
Hence (M\a/b)* is 3-connected up to series pairs. But AM/d’, ¢ is M\a/b
with ¢ relabelled as &’. Thus M'\d’, ¢ is 3-connected up to series pairs.

Now )‘M’\c’(cé) = )‘AM/C’((CQ - b) @] CL/) = )\M\C(C2) = 2. Likewise,
Avna (A1) = 2. Thus, since |C5] > 4 and M'\d', " is 3-connected up to
series pairs, 2 < Ay g, (Cy — a’) < 250 Ay 0 (Cy — @) = 2. Similarly,
)‘M’\a’,c’(A?l B C/) =2

By the submodularity of the connectivity function,

4 > )‘M’\a’,c’((A& - C,) U (Cé - a/)) + AM’\a’,c’(All N Cé))

504 > Ay o (A5 NCT) + Ao, (A1 NCy). As M'\d', ¢ is 3-connected up
to series pairs and |A]NCy| > 2, we deduce that either Ay o (A1NCY) = 2,
or A} N CY is a series pair of M'\d’, . In the first case, since |4, NCY| > 4,
we have that (i) holds; a contradiction. Thus |A] N CY| = 2.

By Lemma 8.1 and symmetry, since neither (ii) nor (iii) holds, each of
|B; N A4] and |C] N B4| is 2. Hence each of |A; N Cyl, |By N Asl, and
|C1 N Byl is 3. But |41 N By| > 3 so, by symmetry, we may assume that
|[A1 N Bo N Cy > 2. Since b € Cy, it follows that 41 N By € Cy. Now
|B1 N Cs| > 3, s0 |[ByNCyN Azl > 3. Since As N By also contains ¢, we
deduce that |As N By| > 4, contradicting the fact that |Ay N By| = 3.

We conclude that at least one of (i), (ii), and (iii) holds. But, by applying
Lemma 7.6 to M’, we conclude that all of (i), (ii), and (iii) hold. O

To end this section, we prove three lemmas that will be used in the proof
of Corollary 3.3. We also note that a trident in M yields a trident in M’.
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Lemma 8.5. Let {a,b,c} be a wild triangle that is in a trident in a 3-
connected matroid M. Then both co(M\a,b) and si(M\a/b) are 3-connected.

Proof. We know that M\a has a quad @ containing b. By applying
Lemma 2.9 to M\a, we deduce that si(M\a/b) is 3-connected. Now @
is also a quad of (M\a)*, that is, of M*/a. By applying Lemma 2.9 to the
last matroid, we deduce that si(M*/a/b) is 3-connected. Thus (co(M\a,b))*
and hence co(M\a,b) is 3-connected. O

Lemma 8.6. Let {a,b,c} be a standard wild triangle in a 3-connected ma-
troid M. Then

(i) si(M\a/b) is not 3-connected; and

(ii) co(M\a,b) is 3-connected.

Proof. Let (P1, Py, ..., Ps) be a partition associated to {a,b,c}. Then (P; U
PQUCL,PgUP4Ub,P5UP6UC) is a flower. Thus (PgUP4Ub,P5UP6UP1 @]
Py U {a,c}) is a 3-separation of M. Moreover, b € cl(Ps U Py) Ncl(Ps U Ps U
PUPU {CL,C}) and ‘Pg’, ‘P4‘ > 2. Thus (Pg UPy, BUPsUPLUPU C)
is a vertical 2-separation of M/b\a unless rps(Ps U Py Ub) = 2. But, in the
exceptional case, b € cl(P3), so (P, U Ps U PsUc, P, UPy,U P3Ua) is not
exposed by b; a contradiction. Thus si(M\a/b) is not 3-connected. As M\a
is 3-connected, Bixby’s Lemma implies that co(M\a,b) is 3-connected. [J

Lemma 8.7. Let {a,b,c} be a costandard wild triangle in a 3-connected
matroid M. Then

(i) co(M\a,b) is not 3-connected; and

(ii) si(M\a/b) is 3-connected.

Proof. Retaining the labelling we have been using in this section for AM, we
have that {a’, ¥, ¢’} is a standard wild triangle of (AM)*. By Lemma 8.6 and
symmetry, si((AM)*/\V') is not 3-connected. Thus co(AM\c /) is not
3-connected. But AM\c' /¥ is M\a,b with ¢ relabelled as a’, so co(M\a,b)
is not 3-connected. Also, by Bixby’s Lemma, si(M\a/b) is 3-connected. [J

Lemma 8.8. If {a,b,c} is a wild triangle that is in a trident R in a 3-
connected matroid M, then (R — {a,b,c}) U{d’,V/, '} is a trident in M'.

Proof. Let R = {a,b,c,s,t,u,v} where {t,s,u,b},{t,u,v,c}, and {¢,s,v,a}
are exposed quads in M\a, M\b, and M\c, respectively. Then one eas-
ily checks that {t,s,u,a’,d},{t,u,v,a’,b'}, and {t,s,v,b', '} are circuits of
AM; and {t,s,u,c'},{t,u,v,d’'}, and {t,s,v,b'} are cocircuits of AM. The
result follows since M’ is (AM)*. O

9. THE TARGET

In this section, we treat case (E). We begin by noting the following im-
mediate consequence of Lemmas 7.5 and 7.6.

Corollary 9.1. If Aypap(A1 N B2) =2 and |A2 N By| > 3, then either
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(i) |[E(M)| =11 or (a,b,c, A, B, C) is a pretrident; or
(ii) /\M\b,c(Bl NCy) =2 and |Ba N Cy| > 3, and /\M\c,a(cl NAy) =2
and |02 N A1| > 3.

In view of this, many lemmas in this section will assume not only that
(E) occurs but also that the symmetric conditions listed in (ii) above hold.

Lemma 9.2. If Ayp\q (A1 N Ba) =2 and [A2 N By| > 2, then
(i) cecl((A2 N By) —¢) and ¢ € c1*((A2 N By) — ¢); and
(ii) |A2 NBiN 01| >0 and |A2 N B; ﬂ02| > 0.

Proof. By (5.0.11), since App\o(A1 N Ba) = 2, we have Ay (A2NBy) = 2. As
|A2NB;| > 2 and ¢ € AyN By, Lemma 2.5 implies that ¢ € cl®)((A3NB;)—c).
But {a,b,c} is a triangle of M so, by orthogonality, ¢ & cl*((As N By) — ¢).
Hence ¢ € cl((A2NB1) —c). Thus (i) holds. As ¢ & cl(Cy)Ucl(Cy), it follows
that (A2 N By) —c € C1, and (A2 N By) — ¢ € Ca, so (ii) holds. O

The next lemma draws heavily on results from [7].

Lemma 9.3. Let P be a 2-element petal of a tight flower ® of order at least
three in a 3-connected matroid N. Let (R,G) be a 3-separation of N with
|R|, |G| > 4. If both RN P and GNP are non-empty, then ® has order three,
and the union of P with one of the other petals is a quad.

Proof. Let & = (P, P,,...,P,) and P, = P. Because ® has order at least
three, all the petals of ® are tight. Each element of P is tight since P must
contain at least one tight element but, by [7, Lemma 5.8], P cannot contain
exactly one tight element. Let Po N R = {ro} and P, NG = {g2}.

Suppose that [P, NG| > 2 and |(PsUP;U---UP,) N R| > 2. Then
ro U (PsUPyU---UP,), which is the union of the 3-separating sets P U
PyU---UP, and RN (P, UP3U---UP,), is also 3-separating. Hence
ro € fcl(P3sUP,U---UP,) so, by [7, Lemma 5.9], r is loose, a contradiction.
Thus |[PING| < 1lor [(PsUP,U---UP,)NR| < 1. By symmetry, |[PiNR| <1
or (PsUPyU---UP,)NG| < 1. Because |G| > 4 and |[RN P, |GNP| =1,
at most one of [Py, NG| <1and [(PsUPyU---UP,) NG| <1 holds. By
the symmetry between R and G, we deduce that either |P; NG| < 1 and
|PINR| < 1; or |[(PsUP,U- - -UP,)NG| < 1 and |(P3sUPyU- - -UP,)NR| < 1. By
reflective symmetry in ®, we also have that either |[PsNG| < 1 and |PsNR| <
1; or |(P4UP5U' . -UPnUPl)ﬂG| <1 and |(P4UP5U' . 'UPnUpl)ﬁR| <1
Since |R|, |G| > 4, it follows that n = 3 and |P;| or |P3]| is 2.

Suppose that |P;| = 2. Then P; U P, is 3-separating in N having exactly
four elements. If P; U P, properly contains a circuit or a cocircuit, then P;
or P is not tight. Hence P; U P, is a quad. O

Lemma 9.4. Assume that App\q5(A1NB2) = Ap\pe(B1NC2) = Appe,a(C1N
Ag) =2 and |A2NBy|, |BaNCyl,|CaNAy| > 3. Then (Cy,Ca) can be replaced
by an equivalent 3-separating partition exposed by ¢ such that

AANBNC=0=A4NByNCy.
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Proof. First observe that, by (5.0.11), Ap(A2 N B;) = 2. Now, by
Lemma 9.2, As N B; N Ci and A; N By N Cy are non-empty. Suppose that
AsNBINCL = {7‘21}. Then |(A2ﬂBl) —C| > 3 and /\M\C((AgﬂBl) —C) =2,

SO 191 € Clg\t[)\c(Ag NnBiN Cg) Hence (Cl —1r91,Cy U 7’21) = (Cl,CQ). But
¢ € cl((A2 N By N Cs) Uryy) C cl(Cq U ryp) contradicting the fact that ¢
exposes (C1,Cs). Thus
‘Ag N B ﬂCﬂ > 2.
A symmetric argument to that just given establishes that
|A2 NBiN 02| > 2.
We now prove an observation that simplifies the argument to follow.

9.4.1. If |A1 NBiN 02| =1, then |A1 NBiN Cl| =1.

Assume that |[A; N By NCy| > 2 and let AN B NCy = {g11}. As

A\e(A1 N Br) = 2, we deduce that g1 € CIS\Z)\C((Al N B1) — g11) so we can
replace (C1,C5) by the equivalent (Cq U g11,C2 — g11). After this is done,
Ay N By C C;. But, by Lemma 9.2 and symmetry, b € cl((A; N Cy) — b).
Hence b € cl(Bs); a contradiction. Thus (9.4.1) holds.

Most of the rest of the proof of the lemma will be occupied with proving

the following assertion from which the lemma will follow straightforwardly.

9.4.2. (C1,C%) can be replaced by an equivalent 3-separation in which Aj N
B1NC1 =0 and Ay N By N Cy is unchanged.

Suppose not and assume that A;NB1NCy = {r11}. If |[AyNB1NCy| > 2,
then r11 € CIS\Z)\C((Al N By) — r11) and we can replace (C1,C3) by (Cy —
r11,C2Ur11) to obtain that Ay By NCy = . Since this change has no effect
on AsNByNCy, we have a contradiction. Hence if |[A;NB;NCy| = 1, then we
may assume that |[A;NB;NCs| = 1. On the other hand, if |A;NB1NCy| > 2,
then, by (9.4.1) and the consequence of Lemma 9.2 that A; N By NCy is non-
empty, we deduce that |[A; N By N Cs| > 2. We show next that

9.4.3. ’Al N By ﬂCﬂ > 2 and ‘Ag N By ﬂCQ’ > 2.

From above, we know that if (9.4.3) fails, then we may assume that |A; N
BlﬂCﬂ =1= ’AlﬂBlﬁCQ‘, SO ’AlﬂBﬂ = 2.

Consider the flower (Bg, A1 N By, Ay N By) in M\b. We show next that
this flower, ®;, is tight. Assume not. The petal By is not loose otherwise
By C fcly\,(B1) and (By, B) is sequential; a contradiction. It follows by
Corollary 2.11 that either 4 N B; C fclM\b(Bg), or fclM\b(A1 N B;) D
Ao N By. The first case does not arise otherwise (B, By) can be replaced by
an equivalent 3-separating partition in which |A; N B;| < 2; a contradiction.
In the second case, as |A; N Bi| = 2, we deduce that B; is sequential; a
contradiction. We conclude that ®; is indeed a tight flower. Therefore, by
Lemma 9.3, |A2 N By| = 2 or |By| = 2. Neither of these holds, and this
contradiction completes the proof that (9.4.3) holds.
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To complete the proof of (9.4.2), we shall apply Lemma 8.2 of [7] to the
flower @}, using the 3-separation (B1NCy, E—b—(B1NCY)) as (R, G) of that
lemma. By that lemma, there is a flower ®; that refines ®;, and displays
(Bl NCy,E—b— (Bl N 01)), namely (Bg, AANBNCy,AiNBNCL, AN
BiNCy, (Ag N Bl) — 01) Let Z = (E — b) — (Ag ﬂBl). Then a € By C Z.
Since A; — b C Z, we deduce that b € cl(Z). Hence {a,b} C cl(Z), so
c € cl(Z). By applying [7, Lemma 5.5(ii)] to ®;, we deduce that ¢ € cl(Bs)
orc € cl(A1NBNCL). But a € By. If ¢ € cl(Bz), then b € cl(Bs); a
contradiction. Hence ¢ € cl(41 N By N CY), so ¢ € cl(C1); a contradiction.

We conclude that (9.4.2) holds. By a symmetric argument, we can modify
(C1,C3) again to get AyNByNCy = () while maintaining A;NBNCy = 0. O

The next lemma completes the treatment of case (E) by showing that
when (E) and the two sets of symmetric conditions hold, {a,b,c} is a stan-
dard wild triangle in M and (Ag NBy,C1NA1, BoNCy, A1NB1,CoNAs, B1N
() is an associated partition.

Lemma 9.5. Assume that Ayp\q5(A1NB2) = Ap\pe(B1NC2) = Appe,a(C1N
Ag) = 2 and ’AQ N Bl’,‘BQ N Cl’,‘CQ N A1’ >3. IfAANB NCy, = 0=
Ay N By N Cy, then

(i) (A2 N By,BaNCy,CoN Ay) is a flower in M;

(ii) M\a,b,c is connected, co(M\a,b,c) is 3-connected, and every 2-
element cocircuit of M\a,b, c meets exactly two of Ao N B, BaNCY,
and Cy N A1; and

(iii) (Ag NBy,C1NA,BsNCy, AyNB1,CoNAs, B1 N Cl) partitions the
ground set of M\a,b,c and every union of consecutive sets is exactly
3-separating in M\a,b,c.

Proof. Since App\a,5(A1NB2) = 2, by (5.0.11), Apr(A2N B1) = 2. By symme-
try, )\M(Bg ﬁCl) = )\M(Cg ﬁAl) = 2. Hence (Ag NB1,BoNCq, Co ﬁAl) isa
flower ¥ in M. Certainly (A2N By, C1N A1, BoNCo, AyNB1,CoNAy, B1NCY)
partitions E(M\a,b,c). Moreover, by (5.0.6) and (5.0.7), all six of the sets
in the partition are exactly 3-separating in M\a,b,c. The unions of the
first and second sets and of the second and third sets are By N C7 and
A1 N By. Both of the last two sets are exactly 3-separating in M\a,b,c
since \yy(BoNCp) =2 = AM\a7b7C(B2 N Cy) and AM\a,b(Al NBy) =2 =
Ad\ab,e(A1NB2). By symmetry, we deduce that the union of every two con-
secutive sets in the distinguished partition is exactly 3-separating. The union
of the first three sets is By — a, which is exactly 3-separating in M\a, b, c.
Using symmetry and complements gives that every union of consecutive sets
in the distinguished partition is exactly 3-separating.

9.5.1. M\a,b,c is connected.

Since each of M\a, M\b, and M\c is 3-connected, each of M\a,b, M\b,c
and M\c, a is connected. Suppose that (X,Y) is a 1-separation in M\a, b, c
and consider the flower ¥ of M. If X D (A1 N Cy) — b, then (X Ub,Y)
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is a l-separation of M\a,c; a contradiction. Thus, for every 1-separation
(X,Y) of M\a,b,c, each of X and Y meets every petal of ¥. Now each such
petal has at least four elements. Without loss of generality, X N (A; N Cy)
has at least two elements. Since this set is contained in A; N Cy, we have
)\M\a,b,c(X NAINCy) = Ay (X NANCy) > 2. Now

2 = Anabe(X) + Anape((A1NC2) —b)

An\abe(X NAL N Ca) + Appyap,e(X U ((A1 N C2) — b))

2+ Anape(X U (A1 NC2) = b)).

Hence )\M\a,b,c(X U((A1NC3)—b)) =0,s0 (XU((A1NC3)—b),Y —((A1N
Cy) — b)) is a 1-separation of M\a,b,c in which Y — ((A; N Cy) — b) avoids

some petal of U; a contradiction. Thus (9.5.1) holds.
Now let (X,Y) be a 2-separation of M\a,b,c. We show next that:

9.5.2. If X D (A1 OCQ) — b, then |YﬂA2ﬂBl| =1= |YﬂBgﬂ01| S0
V| =2.

>
>

Suppose that X O (A; N Cy) —b. Then (X Ub,Y) is a 2-separation of
M\a,c. As M\a and M \c are 3-connected, neither X nor Y contains (Ba N
Cr)—aor (A2NB1)—c. Now App\q,o(XUb) = 1 and A\pp\g,c((B2NCh)—a) = 2.
Thus, by the submodularity of the connectivity function,

3 2 MnacXUbU((B2NC1) —a)) + Anag, (X Ub)N((B2NCr) —a))
/\M\c(X UbU (B2NCY)) + /\M\a(X N By NCY)
= )\M\C(Y NA2NBy) + )‘M\a(X N By N Cy).

Since both M\c and M\a are 3-connected and both Y N A2 N By and X N
By N C7 are nonempty, we deduce that

|YﬂA2ﬂBl| =1or |XﬂB2m01| =1.
By symmetry,

’YﬂBgﬁCl‘ =1or ‘XﬂAgﬂBl‘ = 1.
Since both |[(A2 N B1)N(X UY)| and |(B2NCy) N (X UY)| exceed two, we
deduce that either [Y N A2 NBi|=1=|Y NByNCy|,or [ X NA2NBy| =
1 =|XNByNC1|. In the first case, the required result holds so assume that

the second case occurs letting x be the unique element of Bo N C7; N X. We
have, by submodularity, that

3 = )‘M\a,b,c(X) + )‘M\a,b,c(E - {av b> C} - (B2 N Ol))

> Anape(X — @) + Anap (B —{a,b,c} — (B2NCr)) Ux)
= MnapeX —2) + Apa((BaNCp) — 2 —a)
> )\M\a,b,c(X - l‘) + 2,

where the last inequality holds because |(Bs N Cy) — x — a] > 2. Hence
A\ape(X —x) < 1. But X — x spans b and Y U x spans a. Therefore
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((X —2)Ub,YUzxUa) is a 1-separation of M\c. This contradiction completes
the proof of (9.5.2).
Next we establish the following;:

9.5.3. If | X| > |Y|, then either

(i) Y] =2 and Y meets exactly two of Ay N Cq, By N Ay, and Cy N By;
or
(i1) Y| =3 and Y meets each of A1 N Cy, By N Ag, and Cy N Bs.

If|Y|=2and Y C A;NCy, then (X U{a,c},Y) is a 2-separation of M\b;
a contradiction. It follows by symmetry that if |Y'| = 2, then (i) holds. Now
suppose that |Y| > 3 but (ii) does not hold. Then, by (9.5.2), both X and
Y meet each of A1 N Cy, By N As, and C1 N Bo.

Since (ii) fails, we may assume, by symmetry, that |X N By N Cy| > 2.
Now App\ap,e(X) =1 and Appgp.c((B2NCh) —a) = 2. Thus, by Lemma 2.2,
/\M\a,b,c(X NByNCy) =1, or AM\a,b,c(X U((BaNCy)—a)) =1. In each
case, we have a new 2-separation of M\a, b, ¢ to which we can apply one of
the symmetric versions of (9.5.2). In the first case, because |E — {a,b,c} —
(X NByNCh)| > 3, we get an immediate contradiction to (9.5.2). In the
second case, (9.5.2) implies that Y contains exactly one element of each of
AN By and CoNAy. Hence | X N AN By| > 2 so, by a symmetric argument
to that just given, we get that Y contains exactly one element of each of
By N Cy and Cy N Ap. Thus (ii) holds; a contradiction. Hence (9.5.3) holds.

By (9.5.3), to complete the proof of the lemma, we need to show that if
|Y| = 3, then Y is a series class of M\a, b, c. Let Y = {y1, 42, y3} and suppose
that Y is not a series class of M\a, b, c. Since rapqp,e(Y) 4737450 (Y)— Y| =
1, it follows that Y is a triangle of M. Moreover, Y contains a unique
cocircuit of M\a,b,c. Without loss of generality, we may assume that this
cocircuit is either Y or {y;,y2}. We may also assume that y; € Cy N Ba,
y2 € A1NCo, and y3 € B1 N Ay. We now think in terms of the familiar Venn
diagram involving Aj, Az, B1, and Bs. Without loss of generality, y3 € Cs.

We show next that

9.5.4. y; € A1 N Bs.

We have A\ypop.o(Y) =1 and Appgpc(A2 —¢) = 1. Thus, by Lemma 2.2,
either Appap.c(Y N (A2 —¢)) =1, or Aypape(Y U (A2 —¢)) = 1. In the first
case, since Y N (Ay — ¢) is y3 or {y1,y3}, we deduce that y; € A; N By or
{y1,y3} is a cocircuit of M\a, b, c. But the last possibility does not arise so,
in the first case, y1 € A1 N Ba. In the second case, Ayp\gp (41 —0—Y) = 1.
Since YU (A2 —c) D (A2NBy)—c, by (9.5.2) and symmetry, |[A; —b—Y| = 2.
But |A1N Bs|,|A1 N By| > 2. Hence, again, y; € A1N Bsy. Thus (9.5.4) holds.

As 11 and yo are in Ay, we can move y3 from Ay N By into A1 N By
maintaining the fact that A; N By N Cy = () but changing |42 N By NY]| to
0. This gives a contradiction to (9.5.3) provided we are still in case (E),
that is, provided this move maintains the fact that |A2 N By| = 4. Thus
suppose that, before the move, |(A3 N By) — y3| = 3. Then, by Lemma 7.5,
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(A3 N By) — ys3 is a triangle. Since A\pj(A; U Bg) = A\y(A; U By U ys) and
y3 € cl(A471), we deduce that y3 € cl((A2 N By) — y3). Therefore Ao N By is a
4-point line containing c. Since C'; or Cy must contain at least two elements
of this line, C7 or Cy spans c; a contradiction. O

We are now ready to complete the proofs of Theorems 3.1 and 1.1 and of
Corollary 3.3. It should be noted here that the proof that we give for the
first of these results also proves the variant of that result in which outcome
(i) is replaced by the outcome that (a,b,c, A,B,C) is a pretrident in M.
The reason for our interest in this alternative statement is that it indicates
what can be said about the structure around the wild triangle {a, b, ¢} when
we begin with a certain collection of 3-separations exposed by a,b, and c
and only allow ourselves to move to equivalent 3-separations.

Proof of Theorem 3.1. By Corollary 4.3, M\a, M\b, and M\c are 3-
connected. In Corollary 7.8, we showed that if one of cases (A)-(D) arises,
then (a,b,c, A,B,C) is a pretrident in M. Corollary 9.1 gives that when
case (E) occurs, either (a,b,c, A,B,C) is a pretrident, or we have symme-
try between (Ay, A3), (B1, Bz2), and (C1,C2). In the latter case, Lemma 9.5
gives that outcome (ii) of the theorem holds. If case (F) occurs and
(a,b,c,A,B,C) is not a pretrident, then, by Lemma 8.4, case (E) and the
symmetric conditions hold in M’. Hence outcome (iii) of the theorem arises.
Next, we note that, from Lemma 7.9, if (a,b,c, A,B,C) is a pretrident,
then {a, b, c} is in a trident in M, so outcome (i) of the theorem occurs.
We now know that {a,b,c} is in a trident, {a,b,c} is a standard wild
triangle, or {a, b, ¢} is a costandard wild triangle. By combining Lemmas 8.5,
8.6, and 8.7, we obtain that these three possibilities are mutually exclusive.
We conclude that exactly one of outcomes (i)-(iii) of the theorem occurs. O

Proof of Theorem 1.1. This theorem follows immediately by combining
Corollary 4.3 with Theorem 3.1. O

Proof of Corollary 3.3. By Corollary 4.3, {a,b, c} is an internal triangle of a
fan if and only if M\a is not 3-connected. If M\a is 3-connected, then the
result follows by combining Theorem 3.1 with Lemmas 8.5, 8.6, and 8.7. [J

10. FINISHING OFF

In this section we prove Corollary 3.2 relying heavily on [7]. We begin
with four lemmas on flowers, omitting the straightforward proof of the first.

Lemma 10.1. Let (P, P, ..., P,) be a flower ® in a 3-connected matroid
M, where n > 3, and let © be an element of Pi. Let M’ be obtained by
adding a nonempty set X of elements in parallel to x. Assume that there is
a partition (Xo, X3,...,Xy) of X, where some subsets may be empty, such
that each union of consecutive pairs in the partition (Py, P,UXo, ..., P,UX},)
of E(M') is 3-separating. Then the following hold.

(i) If X; # 0, then x € cl(P;) for all i in [n].
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(ii) @ is not a copaddle.

(iii) If ® is swirl-like, then, up to relabelling, X = Xy and x is a loose
element in cl(Py) N cl(Pz).

(iv) If ® is spike-like, then x is the unique element of M that is in cl(FP;)
for all i in [n].

(v) If ® is a paddle, then x € cl(FP;) for all i in [n].

Lemma 10.2. Let ® be a tight flower (Py, Py, P3, Py) of a 3-connected ma-
troid M. Then there is a tight flower (Q1,Q2,Q3,Q4) equivalent to ® such

that Q1 U Q3, Q2, and Q2 U Q3 are fully closed.

Proof. Begin by considering the flower ® = (P[,P}, P}, P;) = (P —
fcl(Py), fcl(Py), Ps—fcl(Ps), Py —fcl(Ps)). By [7, Corollary 5.12 and Theorem
6.5], ®' is a tight flower equivalent to and therefore of the same type as ®.
By [7, Lemma 5.9], fcl(P] U Py) — (P{ U Py) C (fcl(Py) — Py) U (fcl(Py) — Py).
But Pj is fully closed, so fcl(P{ U Pj) — (P U P}) C (fcl(P]) — P{). Using
this fact and symmetry, we deduce by [7, Theorems 6.1 and 7.1] that if @’
is Vamos-like or is an anemone, all loose elements of ®’ are contained in P,
so @' is the required flower (Q1,Q2,Q3,Q4). If @’ is swirl-like, then, by [7,
Theorem 7.4], the elements in fcl(P]) — (P} U Pj) and fcl(P5) — (P U PY)
form disjoint subsets of Pj. By moving these subsets of P; into P| and Pj,
respectively, we obtain the required flower (Q1, Q2, @3, Q4). O

Lemma 10.3. Let ® be a tight flower (Py, Py, P3, Py) of a 3-connected ma-
troid M and let U be a partition (Q1,Q2,Q3, Q4) of E(M) where Q1UQ2 and
Q2 U Q3 are 3-separating sets equivalent to Py U Py and Py, U Py, respectively.
Then W is a tight flower equivalent to ®.

Proof. By Lemma 10.2, there is a tight flower (Py, Py, P, P;) equivalent to
® such that P/ U P and P, U P are fully closed. Thus

Q1UQ2UQ3 C fel(Q1UQ2)Ufel(Q2UQ3)
= fCl(Pl U P2) U fCl(P2 U Pg)
= fcl(P] U Py) Ufcl(PyU Pj)
= P{UP,UPj

Since |Pj| > 2, we see that |Q4] > 2. Now Q3 U Q4 and Q4 U @1, as
the complements of Q1 U Q2 and Q2 U @3, are also 3-separating and are
equivalent to P3 U Py and P, U P;. Hence, by a symmetric argument to the
above, we deduce that |Qs| > 2 and, similarly, |Q1[, |Q3] > 2. It now follows
by uncrossing that ¥ is a flower.

By Lemma 10.2 again, there is a flower (Q}, Q5, Q%, Q) equivalent to ¥
such that Q] U Q% and Q) U QY% are fully closed. This means that Q) U Q5 =
P/ UPj and Q) U Q4 = Py U Pj. Hence (Q},Q5, Q%, Q) = (P|, Py, P§, P}).
Thus ¥ is equivalent to ®. O

The last lemma proves the base case of the following more general result.
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Lemma 10.4. Let ® be a tight flower (P, Pa,...,P) in a 3-connected
matroid M, let U be a partition of (Q1,Q2,...,Qk) of E(M), and let t
be an integer with 2 < t < k — 2. Assume that, for all j in [k], the set
Qjr1UQj2U---UQj 4y is an exactly 3-separating set equivalent to Pji1 U
Pj oU---UPjy. Then ¥ is a flower equivalent to ®.

Proof. Let C(t) be the specified condition on the sets Qj4+1UQj+2U- - -UQj1+.
Evidently, if C(s) holds, then so does C(k — s). Now suppose that C(s)
holds for some s with 2 < s < k — 2. By [7, Lemma 5.9], the flower
(Pi,PaU---UPs, Py, PsioU--- U Py) is tight. By applying Lemma 10.3
to this flower and the partition (Q1,Q2U -+ U Qs, Qst1,Qs+2 U -+ U Qr),
we deduce that Q2 U --- U Q; is an exactly 3-separating set equivalent to
P, U---UP,. Hence, by symmetry, if C(s) holds, then so does C(s — 1).
Since C(t) holds, we deduce that C(s) holds for all s in {2,3,...,k — 2}.
Since C'(2) holds, VU is a flower.

Consider the flowers @, (Py, Py, Py, PyU- - -UPy), (Q1, Q2, Q3, Q4U- - -UQy),
and V. By Lemma 10.3, the second and third are equivalent. Moreover, if
one is an anemone, they all are. Assume ® is a daisy. Then so is ¥. As
C(s) holds for all s in {2,3,...,k — 2}, it follows that ¥ is equivalent to ®.

Finally, suppose ® is an anemone. Then the tight flower
(P17P37P27P47P57 s aPk) and the partition (Q17 Q37 Q27 Q47 Q57 s an)
obey C(2) and so obey C(s) for all s in {2,3,...,k — 2}. As every per-
mutation of (1,2,...,k) can be obtained as a product of transpositions, it
follows that the anemones ® and W are equivalent. O

Proof of Corollary 3.2. By the definition of an associated partition, P is as-
sociated with 3-separations (A}, A,), (B1, B}), and (C1, C%) exposed by a, b,
and c. By Theorem 3.1, there are equivalent exposed 3-separations (47, Az),
(B1, B2), and (C4, C2) that satisfy (a)-(c) of part (ii) of that theorem. Recall
that N = co(M\a, b, ¢) and that Q is the partition (Q1,Q2,...,Qs) of E(N)
induced by P. Let (Ry, Ra, ..., Rg) be the partition R of E(N) induced by
(Ag NBy,CiNA,ByNCy,Ai N B1,CoN Ay, B1 N Cl)

10.4.1. R is a tight flower in N.

From Theorem 3.1(ii)(c), all unions of consecutive sets of (Ay N Ba, C1 N
A1, By N Cy, A1 N By, CyN Ay, By NCY) are 3-separating in M\a, b, c. Hence
all unions of consecutive sets of R are 3-separating in N as, by Lemma 2.3,
the connectivity of a set cannot increase in a minor. To show that R is a
tight flower in N, it suffices, by symmetry, to show that R; is tight where
we recall that Ry = (A2 N By) N E(N).

Assume Rj is loose in R. Then R; is loose in the flower (Ry, Re U Rg U
R4 U Rs5, Rg). Thus, by Corollary 2.11,

(i) Ry C fely(Rg);
(ii) Re C fely(Ry); or
(iii) RoUR3UR4URs C fClN(Rl) N fClN(RG).
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In case (iii), R, C fClN(RG URiURyU R3), SO (R5, Rg U Ry U Ry U R3, R4)
is loose. By Corollary 2.11 again, Ry C fcl(Rs), or Rs C fcl(Ry), or Rg U
R1 U Ry U R3 C fcly(Rs5). The first two possibilities are symmetric to (i)
and (ii). The third possibility implies that fcly(Ry) 2 fely(Rs) 2 Rg, so
(ii) holds. Because (i) and (ii) are symmetric, it suffices to prove that (i)
does not hold.

In M\a, as Ay N By, A1 N Cq, and their union are 3-separating, (As N
By, Ay N Cy, By UCy) is a flower. We show next that this flower is tight. If
not, then, by Lemma 2.10 and symmetry, either By U Cy C felyp (A2 N Ba),
or Ag N By C felyp o (A1 N Cy). In the first case, A2 N By C felpp (A2 N Ba),
so the elements of A; N By can be moved from Bj into By to make As N By
empty, contradicting (5.0.9). In the second case, we can move the elements
of A2 N By into A; to reduce Ay N By to an empty set, contradicting (5.0.5).
Thus (A2 N By, Ay N Cq, By UCY) is, indeed, a tight flower in M\a.

Since As N By contains at least two tight elements of this flower, to com-
plete the proof that (i) does not hold, it suffices to show that if x is such
an element, then z ¢ fcly(Rg). Evidently, z ¢ fclypq(B1 U Ca). Since ¢ €
cl(B1—c) and b € cl(C2—b), we deduce that x & fclyp qp,((B1UC2) —{b, c}).
By Theorem 3.1(ii)(b), fclpp a,p,c((B1 U Ca) — {b, c}) contains all non-trivial
series classes of M\a,b,c, so fclypqpc((B1 U C2) — {b,c}) contains all the
elements of M\a,b,c that are removed to obtain N. Hence x € E(N).
Moreover, as R3 U Ry U R5 U Rg = [(B1 U C2) — {b,c}] N E(N), it follows
that « ¢ fcly(Rs U Ry U --- U Rg). In particular, z ¢ fcly(Rg). Thus
Ry & fely(Rg), so (i) does not hold. We conclude that 10.4.1 holds.

Next we consider the type of R. First suppose N = M\a,b,c. If R is a
paddle, then so is (AQQBQ, (ClﬁAl)U(BgﬂCQ), A1NBy, (CQﬂAg)U(Blﬂcl)).
Now (CoNA2)U(B1NCY) = (A2NB1) —¢, and ¢ is in the closure of both this
set and its complement in E(M\a,b,c). As R is a paddle, ¢ € cl(A; N By)
so {b,c} C cl(A;) and a € cl(A1); a contradiction. Thus R is not a paddle,
so R is swirl-like, spike-like, or a copaddle, and (i)—(iii) hold for R.

Now suppose that N # M\a, b, c. Then, by combining Theorem 3.1(ii)(b)
with the dual of Lemma 10.1, it is straightforward to show that R is not a
paddle and that it satisfies (i)—(iii) of the corollary.

10.4.2. The partition (Q2 U Q3 U Q4,Q5 U Qs U Q1) of E(N) induced by
(A}, AY) is a 3-separation equivalent to (Ra U Rs U Ry, R5 U Rg U Ry).

To see this, consider the definition of equivalence. By that, there is a
sequence (S1,S9,...,S;) of sets in M\a with A1 = S; and S, = A} such
that, for all 7 in {2,3,...,k}, we have A\yp\o(S;) = 2 and [S; — S; 1| = 1.
FEach member of the corresponding sequence in N is certainly 3-separating,
and, after ignoring possible equal members of this sequence, we obtain a
sequence of 3-separating sets in /N that guarantees the truth of 10.4.2.

Using 10.4.2 and complements, we deduce from Lemma 10.4 that Q is a
tight flower equivalent to R. Because R satisfies (i)—(iii) of the corollary,
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assertions in the first sentences of (i)—(iii) hold for Q. The assertions in
second sentences follow by applying the dual of Lemma 10.1 to Q. [
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