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Abstract A classical result, fundamental to evolutionary biology, states that an
edge-weighted tree 7 with leaf set X, positive edge weights, and no vertices of
degree 2 can be uniquely reconstructed from the leaf-to-leaf distances between any
two elements of X. In biology, X corresponds to a set of taxa (e.g. extant species),
the tree T describes their phylogenetic relationships, the edges correspond to earlier
species evolving for a time until splitting in two or more species by some speciation/
bifurcation event, and their length corresponds to the genetic change accumulating over
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that time in such a species. In this paper, we investigate which subsets of ()2() suffice
to determine (‘lasso’) the tree T from the leaf-to-leaf distances induced by that tree.
The question is particularly topical since reliable estimates of genetic distance—even
(if not in particular) by modern mass-sequencing methods—are, in general, available
only for certain combinations of taxa.

Keywords Phylogenetic tree - Tree metric - Tree reconstruction - Lasso (for a tree) -
Cord (of a lasso)

Mathematics Subject Classification (2000) 05CO05 - 92D15

1 Introduction

A metric D on a finite set X is said to be a ‘tree metric’ if there is a finite tree with
leaf set X and non-negative edge weights so that, for all x, y € X, D(x, y) is the
path distance in the tree between x and y. It is well known that not every metric is
a tree metric. However, when a metric D is a tree metric, the tree (together with its
edge weights) that provides a representation of D is—up to canonical isomorphism—
unique if we also insist that the tree is an ‘edge-weighted X-tree’, i.e., that it has no
vertices of degree 2 and that all of its interior edges have strictly positive edge weights.
However, not all of the ('g ') pairs of distances are required in order to reconstruct the

underlying tree. Thus, it seems of some interest to investigate which subsets of ()2()
suffice to determine (‘lasso’) the tree. In this first of a series of papers, we expound
various aspects of this problem, present some relevant definitions, and collect some
basic facts.

Our work is partly motivated by the widespread use of distance-based methods
for reconstructing phylogenetic trees in evolutionary biology (Felsenstein 2004). A
further reason is that asking similar questions for induced subtrees rather than for
‘sparse’ sets of distances gave rise to a rather appealing theory dealing with ‘sparse’
collections of induced subtrees that suffice to ‘define’ an X-tree (see e.g. Bocker et al.
1999; Dress et al. 2011b).

Provided one has access to all distances, and these are known to be sufficiently close
to the distances induced by some (as yet unknown) tree, then that tree, together with
its edge weighting, can be computed—with some degree of confidence—from those
distances in polynomial time (for example, by using Neighbor-Joining, Atteson 1999).
However, much of the data being generated—even by modern genomic methods—
have patchy taxon coverage (Philippe et al. 2004) whereby only certain pairs of taxa
have a known (or, at least, sufficiently reliable) distance. This raises interesting math-
ematical questions (besides the obvious statistical and algorithmic ones) concerning
tree reconstruction from such incomplete data some of which we will address here.

More specifically, in this first of a series of papers, we want to explore the basic
properties of ‘edge-weight’, ‘topological’, and ‘strong lassos’—being primarily inter-
ested in the uniqueness question: Given the restriction of a tree metric D to some
subset L of ()2(), how much can we learn about the tree representing D from that

restriction? In particular, we ask which subsets £ of (}2() provide enough ‘coverage’
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Fig.1 Theset L4 =

a c
{{a, b}, {c, d}, {a, c}, {b, d}}
lassos the shape of the X4-tree
T4 while £4 U {{a, d}} and u v
L4 U {{b, c}} are strong lassos
for Ty (see text for details)
b d

in order to fully determine an edge-weighted X-tree or, at least, its shape, or—given
its shape—its edge lengths in terms of just the distances it induces between the pairs
of taxa collected in L. Or, put differently, how much ‘missing data’ (pairs of taxa x, y
for which D(x, y) is not known) can we allow and still be guaranteed to recover them
from those distances that we can observe.

2 Some basic definitions and facts
2.1 Trees and tree metrics

Consider any finite tree 7 = (V, E) with vertex set V, leaf set X C V, and edge set
E C (%) together with an edge weighting—i.e., a map w in the set @ = Qr := RE,
that assigns a non-negative length w(e) to every edge e € E. Any such pair (7, w)
induces a distance function:

X
Dy, = D,y : ’

) = Roo: {x, y} = Do(x, ) =0y (Er(xly)) (1)
where E7(u|v) denotes, for any two vertices u, v € V, the set of edges in E that
‘separate’ u and v in T (and, thus, together make up the path from u to v in 7') and
w4 (F) denotes, for any non-empty subset F of E, the sum >, w(e).

For example, in Fig. 1, we have Er(alc) = {{a,u}, {u, v}, {v, c}} and, thus,
D, (a,c) = 3 for the binary tree T := Ty with leaf set X4 := {a, b, ¢, d} and an
interior edge that separates the leaves a, b from the leaves ¢, d provided unit edge
length has been assigned to all edges of that tree.

While D, is clearly a (pseudo-)metric on X (and a proper metric if—but not neces-
sarily only if—uw is strictly positive), not every metric on X can be represented in this
way: The condition for an arbitrary metric D on X to have a phylogenetic represen-
tation, that is, to be representable in the form D = D,, for some finite edge-weighted
tree (T, w) with leaf set X, is that D satisfies the well-known four-point condition
which states that, for all a, b, c,d € X, the larger two of the three distance sums
D(a,b)+D(c,d), D(a,c)+D(b,d), D(a,d)+ D(b, c) coincide or, equivalently, if

D(ab|cd) := max {D(a,c) + D(b,d), D(a,d) + D(b,c)} — D(a,b) — D(c, d)
(2

is non-negative for all a, b, ¢, d € X.
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Such a metric D is said to be a tree metric, and any finite tree T = (V, E) as above
for which some w € Q7 with D = D,, exists will be dubbed a D-tree. Furthermore,
such a tree T will be said to be a proper D-tree if T has no vertices of degree 2 and
it has a proper edge weighting w with D = D), i.e., a map w € Qr that is strictly
positive on all interior edges of 7.

Clearly, given any tree metric D, many non-equivalent D-trees T with edge weigh-
tings w can exist such that D = D,, holds, since adding zero-length edges and/or
subdividing any edge of a D-tree by degree 2 vertices yields further D-trees. However,
it has been well known since the 1960s (see, for instance, Barthélemy and Guéoche
1991; Semple and Steel 2003 and the references therein) that there is ‘essentially’ only
one proper D-tree T for any tree metric D and, given 7', only one edge weighting
w € Qr for which D = D,, holds. This was actually one of the starting points of what
currently is called phylogenetic combinatorics.

More specifically, recall that, given a finite set X of cardinality at least 3 (the set
X typically represents the collection of ‘taxa’ under consideration—e.g. some extant
species), a finite tree T = (V, E) with vertex set V, leaf set X € V, and edge set
E C (‘2/) having no vertices of degree 2 is said to be a phylogenetic X-tree or (in the
context of this paper) more briefly an X-tree and that an X-tree for which every interior
vertex has degree 3 is said to be a binary X-tree. With these definitions in hand, the
following relationships are well-known and easily established.

(i) |E| <2|X|— 3 holds for every X-tree T = (V, E); and
(i) |E| = 2|X| — 3 holds if and only if T is a binary X-tree

Recall also that two X-trees T = (V, E) and T’ = (V’, E’) are said to be (topo-
logically) equivalent (written T =~ T’) if there exists a (necessarily unique) graph
isomorphism ¢ : T = T’ that respects X, i.e., a bijection ¢ : V = V'’ with E' =
{{o(u), e(v)} : {u, v} € E} and ¢(x) = x for all x € X, and that T’ is defined to be
a refinement of T (written T < T') if—up to equivalence—T can be obtained from
T’ by collapsing edges in T’ (see Semple and Steel 2003). Furthermore, two edge-
weighted X-trees (T, w), (T’, o') are said to be isometric (written (T, ®) = (T', o))
if there exists a graph isomorphism ¢ : T = T’ as above that respects not only X,
but also the edge lengths, i.e., also w({u, v)}) = o' ({@(u), ¢(v)}) holds for all edges
{u,v) € E of T. For example, denoting the ‘all-one map’ on a set A by 14, two
X-trees T = (V, E) and T’ = (V'E’) are equivalent if and only if the corresponding
edge-weighted X-trees (T, 1£) and (7', 1£") are isometric.

The basic result referred to above then states that, given any two X-trees T, T’ with
proper edge weightings w € Q7 and o’ € Q7v, one has

D, =Dy < (T,w)=(T' o) 3)
and, therefore, also
D,=D,y — w=0o 4)

for any fixed X-tree T = (V, E) and all v, " € Q7.
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‘Lassoing’ a phylogenetic tree I 81

What we will be concerned with here is that, given (T, w) and (T’, ') as above,
we do not even always need the associated metrics D,, and D,y to coincide on all pairs
{x,y} e ()2() to conclude

— that T’ must be equivalent to (or at least a refinement of) T,
— that (T, ) and (T’, ') must be isometric, or
— that w = @ mustholdincase T = T'.

Indeed, if T and T are two Xy-trees, and w and ' are proper edge weightings of T
and 7', respectively, then

(i) T and T’ must be equivalent whenever the two metrics D := D, and D’ :=
D,y coincide on the four pairs {a, b}, {c, d}, {a, ¢}, and {b, d}, and D(a, b) +
D(c,d) < D(a, c) + D(b, d) holds (in which case, both must be equivalent to
the tree depicted in Fig. 1);

(i) (T, w) and (T’, ') must be isometric or, equivalently, D and D’ must coincide
if these two maps coincide, in addition, on just one of the remaining two pairs
{a,d} or {b, c}.

2.2 Lassos

To deal with such matters, we define, given a subset £ of ()2() two edge weighted

. L .
X-trees (T, w) and (T', @) to be L-isometric (written (T, w) = (T', @')) if D|; =
D'|z holds for D := D, and D’ := D,,. Then, given an X-tree T, it seems of some
interest to study those subsets £ of (}2() that have one of the following properties:

. . . . L
(L-i) @ = o’ holds for all proper edge weightings w, " of T with (T, w) = (T, o');
(L-ii) T ~ T’ holds for any X-tree T’ for which there exist proper edge weightings
. L
w of T and o’ of T" with (T, w) = (T', ');
(L-ii") T < T’ holds for any X-tree T’ for which there exist proper edge weightings
L
w of T and o’ of T’ with (T, w) = (T', ');
(L-iii) (T, w) = (T', ') holds, for every given proper edge weighting w of T, for
C - . L
any X-tree T’ and any proper edge weighting o’ of T’ with (T, w) = (T, o').
To this end, given an X-tree T, we define a subset £ of ()2( ) to be:

(i) an edge-weight lasso for T (or to lasso the edge weights of T) if (L-1) holds;
(i1) a topological lasso for T (or to lasso the shape of T) if (L-ii) holds;
(ii") a weak lasso for T (or to corall T) if (L-ii’) holds; and
(iii) a strong lasso for T (or just to lasso T) whenever (L-iii) holds.

As we deal here with ‘lassos’, any 2-subset ¢ = {x, y} € (}2() of X will also be
called a cord, often written more briefly as ¢ = xy; also, we refer to the cords in a
lasso L as the cords ‘in’ L.

Using this terminology, we can rephrase the example discussed at the end of Sect. 2.1
as follows: The four cords ab, cd, ac and bd form a topological lasso L4 for the tree
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82 A. W. M. Dress et al.

Ty depicted in Fig. 1, and adding either the cord ad or bc yields a strong lasso for that
tree.

Clearly, a subset £ is an edge-weight lasso for an X-tree 7 = (V, E) if and only
if D = D’ holds for any two tree metrics D, D’ defined on X with D|, = D’|¢
for which T is simultaneously a proper D- and a proper D’-tree: Indeed, if w
and ' are proper edge weightings of T with D = D,, and D' = Dy, we have

L
“Dip=D'|p & (T,w) = (T,w')” and “D = D' <= w = «'” and, therefore,

“D|g = D'|p = D = D" if and only if “(T, w) £ (T,0)=w=0".

Similarly, £ is a topological (or a weak) lasso for T if and only if every X-tree T’
for which there exist tree metrics D and D’ with D|z = D’| such that T is a proper
D-tree and 7" is a proper D’-tree is equivalent to (or a refinement of) 7. And L is a
strong lasso for T if and only if D = D’ holds for any two tree metrics D, D’ defined
on X with D|,z = D’| for which T is a proper D-tree and, hence, if and only if it is
both, an edge-weight lasso and a topological lasso for 7.

In particular, if there exists a pair w, o of edge weightings of T with D, |2 = Doy |,
such that w is a proper and ' is not a proper edge weighting of 7', then £ is neither a
topological lasso for 7' nor for the X -tree that results by ‘collapsing’ any of the interior
edges e of T with o' (e) = 0.

2.3 Some further conventions, definitions, notations, and well-known facts

We end this section by listing some simple conventions, definitions, and well-known
facts (see, e.g., Semple and Steel 2003) that will be used throughout.

2.3.1 Firstly, we will assume throughout that X is a finite set of cardinality n > 3 and
we put | J £ := (J . ¢ for any non-empty subset £ C (}2() We will refer to a subset

L of ()2() as being ‘connected’, ‘disconnected’ or ‘bipartite’ etc. whenever the graph
I'(£) := (X, L) is connected, disconnected, or bipartite and so on, and a connected
component of I'(L) will also be called a connected component of L.

2.3.2 For every edge f of atree T = (V, E), we denote by 6y € Qr the map
defined by

1, ife=f;
0, otherwise.

Sf:E—>R:er—>83,f:=[ (@)

And for every leaf a of a tree T with at least 2 vertices, we denote by e, = eaT the
unique edge of T containing a and by v, the other (in case |V | > 3 necessarily interior)
vertex of T contained in ¢,.

2.3.3 Two distinct leaves, a and b, in a tree T with v, = v, will be said to form a

T-cherry, and they will be said to form a T-proper cherry if, in addition, v, (= vp) has
degree 3; for example, the two pairs a, b and ¢, d form proper cherries in the tree 7y
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(va) (T|X’7W|X’)

Fig. 2 For X' :={a,c,d, e} C Xs ={a,b,c,d, e}, the X'-tree on the right is obtained from the Xs-tree
Ts on the left by restricting its leaf set to X’. The associated induced edge weighting w1 is also indicated

depicted in Fig. 1. A caterpillar tree is a binary X-tree that has exactly two proper
cherries (see, for example the tree T in Fig. 4, or the tree in Fig. 7).

2.3.4 The median of three vertices u, v, and w of a tree T = (V, E) is the unique
vertex in V that is simultaneously contained in the three paths connecting any two of
u, v, and w in T, and will be denoted by med7 (u, v, w). For example, the vertex u in
Fig. 1 is the median of the three leaves a, b, c.

Given an X-tree T = (V, E) and any subset X’ of X, the restriction of T to X’
(i.e., the tree with vertex set medr (X') := {medr(x, y,z) : x,y,z € X'} and edge
set the set of all pairs {u, v} € (medg(x/)) for which medy (u, v, x) € {u, v} holds for
all x € X’) will be denoted by Ty, and its vertex and edge sets by V|x/ and E|x-,
respectively. And, given any edge weighting w of T', the induced edge weighting of T”,
i.e., the edge weighting that maps any edge {u, v} € E|x’ onto the sum w, (ET(u|v)),
will also be denoted by w|x’. These concepts are illustrated in Fig. 2 for the caterpillar
tree T5 with leaf set X5 := {a, b, c, d, e} and the two cherries a, b and d, e depicted
in Fig. 2 on the left.

It is well known and easily seen that T'|x is a (binary) X’-tree for every (binary)
X-tree T and every subset X’ of X of cardinality at least 3.

2.3.5 An X-splitis a ‘split’ or ‘bipartition’ of X into two disjoint non-empty subsets.
A quartet is a bipartition of a 4-set into two disjoint subsets of cardinality 2. In case
a,a’, b, b are any 4 distinct elements, the quartet {{a, a'l,{b, b }} is also denoted, for
short, by aa’||bb’ while ala’|b|b’ stands for the partition of {a, a’, b, b’} into the four
one-element sets {a}, {a’}, {b}, {b'}.

A quartet tree is a binary tree T with exactly four leaves—and, therefore, exactly
two cherries. We will also say that such a tree T is a quartet tree of type aa’||bb’ if
its two cherries are formed by the leaves a, @’ and b, V', i.e., {a, d’, b, b’} is the 4-set
that forms the leaf set of 7', and T has a (necessarily interior and necessarily unique)
edge that separates a, a’ from b, b’ (so, as stated in Fig. 1, the tree T4 depicted in that
figure is a quartet tree of type ab||cd). In addition, a tree T with exactly four leaves
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84 A. W. M. Dress et al.

a,a’, b, b’ will be said to be a tree of type al|a’|b|b’ if it is non-binary, so that any tree
T with leaf set {a, a’, b, '} is either a tree of type ala’|b|b’ or a quartet tree of type
aad'|\bb’, ab||a’b’, or ab’||a’b.

Further, an X-tree T is said to display a quartet xx’||yy’ (or, respectively, the parti-
tion x|x"|y|y") if {x, x’, y, y'} isa4-subset of X and T'|(x ' y,,/} is a quartet tree of type
xx'||lyy’ (or, respectively, a tree of type x|x'|y|y’). By abuse of notation, T will also
be said to display xx’|yy’ if it either displays xx’|yy’ or x|x|y|y” or, equivalently,
neither xy|lx’y" nor xy’||x’y. The collection of all quartets displayed by T will be
denoted by Q(T).

Recall also that, given any five distinct elements x, x’, y, y', y” € X, T displays
xx'||lyy” (or xx’|yy”, respectively) if it displays xx’|| yy’ and xx'||y’y” (or xx’|yy" and
xx’|y’y") (Colonius and Schulze 1981). In addition, given any proper edge weighting
wof T, T displays

— xx'||yy’ if and only if D, (xx’|yy’) > 0 holds,’

— x[x'lyly" if and only if D, (x,y) + Do(x',y") = Du(x,y") + Do(x',y) =
Dy (x, x") + Dy(y, y') holds; and

— xx'|yy’if and only if Dy, (x, y) + Dy,(x’, ¥") = Dy (x, y") + Dy (x’, y) holds.

Furthermore (see for instance Chapter 7 in Dress et al. 2011b), one has
min { Dy, (xx'|yy"), Doy (xx'1y'y")} < Dy (xx"|yy") (6)

for all x, x’, y, y’, y” as above whenever T displays xx’|yy’ and xx’|y’y”.
In consequence,

Do (xx'|yz) = Do(xx]y'2) (N

holds for all x, x’, y, ',z € X with D, (xx’|yy") > Dy(xx'|yz) and, given any six
elements x, x’, y, y/, and z, 7/, one has

Dy (xx'|yz) = Do (xx'y'z) = Dy (xx'|yz) = Dy (xx"|y'z") (8)
whenever D, (xx'|yy"), Dy(xx|2Z') > Dy (xx'|yz) holds.

2.3.6 Next, given any two non-empty subsets A and B of X, an X-tree T is said to
display A||B (or A|B, respectively), if A and B are disjoint and T displays aa’||bb’
(or aa’|bb’, respectively) for any two distinct elements a,a’ € A and b, b’ € B or,
equivalently, if this holds for some fixeda € Aand b € Bandalla’ € A — {a} and
b’ € B — {b}.

If T displays A||B and AU B = X holds, the pair A, B will also be called a T-split,
and a non-trivial T-split if, in addition, |A[, |B| > 2 holds. Similarly, if T displays
A|B and A U B = X holds, the pair A, B will also be referred to as a virtual T -split,
and a non-trivial virtual T -split if, in addition, |A|, | B| > 2 holds.

I Recall that Dy (ab|cd)=max {D(a,c)+D(b,d), D(a,d)+D(b,c)}—D(a, b)—D(c,d) for D=D,,.
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Notice that if T displays both A||B and A’|B’ (or A||B and A’|B’ or A|B and
A’|| B’) then one of the four intersections ANA’, ANB’, BN A’,and BN B’ is empty.
Any two X-splits that satisfy this last property are said to be compatible, otherwise
they are incompatible.

Further, given—in addition—any edge weighting w of T', we put

Dy, (A|B) :=min {D,(aa'|bb’) :a,a’ € A, b,b" € B}

so that T displays A| B if and only if D, (A|B) > 0 holds for one or, equivalently,
for every proper edge weighting @ of T—note that this notation is consistent with
our previous notation as, in view of the triangle inequality, we have D, (aa’|bb’) =
D,({a,a'}|{b, b'}) forall a,a’, b, b in X.

Clearly, two leaves a,a’ € X form a proper T-cherry if and only if the pair
{a,a’}, X—{a, a’} forms a T -split or, equivalently, if and only if T displays {a, a'}|| X —
{a, a'}; and they form just a T-cherry if and only if the pair {a, a'}, X — {a, a’} forms
a virtual T-split or, equivalently, if and only if T displays {a, a’}| X — {a, a’}. So, both
trees depicted in Fig. 2 display the quartet ac||de; and the pair {a, b, c}, {d, e} forms
a Ts-split.

2.3.7 Itis also well known that an X-tree T displays A || B for two disjoint non-empty
subsets A and B of X if and only if there exists some edge e € E with e € ET(al|b)
foralla € A and b € B and, hence, if and only if there exists a T-split A*, B* of X
with A € A* and B C B*. Furthermore, if A, B is a T-split, there is exactly one edge
e =eyp € E withe € Er(a|b) foralla € A and b € B. And associating, to each
T-split A, B, the edge e p defines a canonical one-to-one correspondence between
the collection S(T') of all T-splits and the edge set E of T as well as between the
collection S,;; (T') of all non-trivial T -splits and the set of all interior edges of T'.

Furthermore, given any bipartition S” of X into two disjoint and non-empty subsets
A’, B of X and any X-tree T, the following assertions are equivalent:

— the pair A’, B’ forms a virtual T-split;

- 8" =1{A’, B} is compatible with every T-split S € S(T);

— there exists an X-tree T’ with S(T’) = S(T) U {S’} such that collapsing the edge
e in T’ yields—up to canonical isomorphism—the tree 7.

And putting A(albx) := {a’ € X : a' = aorad||bx € Q(T)} for any three
distinct elements a, b, x € X, the pair A(a|bx), X — A(a|bx) always forms a T -split
and the pair A(albx) U A(blax), X — (A(a|bx) U A(blax)) forms a virtual T -split.
Furthermore, there exist, for every T-split S = A|B with |B| > 1, two distinct ele-
ments b, x € B such that S coincides with the pair A(a|bx), X — A(a|bx) for one
or, equivalently, for every a € A. Also, given any element x’ € X — {a, b, x} with
ab||xx’ € Q(T), one has a’ € A(a|bx) for some a’ € X — {a, b, x} if and only if
one has D, (aa’|xx") > Dy (ablxx’) for some or, equivalently, for every proper edge
weighting @ of T. In particular, given any bipartition S of X into two disjoint and
non-empty subsets A, B of X, some a € A and two distinct elements x, x" € B, the
pair A, B forms a T-split if and only if one has D, (aa’|xx") > D (ab|xx") for all
a’ € Aand b € B (see Fig. 3).
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86 A. W. M. Dress et al.

(aa’|wa’)

e
AN
30w

(a) (b)

Fig. 3 a When A, B forms a T-split and x, x’ € B, then D, (aa’|xx’) > Dg(ab|xx") holds for all
a,a’ € Aand b € B.bIf A, B does not form a T -split, there exists, for alla € A and x,x" € B, some
a’ € Aand b € B with Dy, (ad’|xx") < D, (ab|xx’) (see text for details)

2.3.8 Finally, it is also well known (see e.g. Semple and Steel 2003) that, given two
X-trees T and T, one has

T>~T < QN =9(T) < ST)=8T") = Su((T) =8,(T)
or, more generally,

T=<T < QI CAUT) < S(T) S ST = Su(T) S Su(T).

3 Contents and outlook

Our series of papers devoted to a rather detailed study of edge-weight, topological,
weak, and strong lassos is organized as follows: In the next section (Sect. 4), we
will present some elementary properties and some instructive examples of lasso sets.
In Sect. 5, we will present and apply some results that are helpful for investigating
lassos in a recursive fashion. In Sect. 6, we will introduce and discuss a useful con-
cept for recognizing strong lassos—the concept of ‘L-shellability’,—and, finally, we
will study two particular types of lassos called e-covers and t-covers, respectively, in
Sect. 7—Ilassos that show up naturally in our context and have, to some extent, already
been recognized in previous work (cf. Barthélemy and Guéoche 1991; Chaiken et al.
1983) as exhibiting some particularly attractive and useful properties.

In particular, for any bipartition A, B of X, the set L = A v B :=
{{a, b} : a € A, b € B} is a topological lasso for an X-tree T if and only if A v B
is a t-cover of T if and only if A, B is incompatible with every non-trivial virtual
T -split (Theorem 8).
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In a subsequent paper Dress et al. (201 1a), we will discuss various classes of exam-
ples and ‘counter-examples’. In particular, we will present a full characterization of
topological lassos for X-trees with at most two interior vertices, we will show that
every t-cover of such an X-tree T is a weak lasso for 7 provided both of its two
interior vertices have degree at least 4, and we will classify all edge-weight and all
topological lassos for X-trees with at most five leaves. That paper will also show, in
particular, that all edge-weight lassos for such a tree are strong lassos and that there
are minimal topological lassos for every binary X-tree (V, E) with exactly five leaves
(there is ‘essentially’ only one such tree) that have cardinality |E| = 7 while most
such lassos are bipartite and have cardinality 6. And, using our recursive approach,
we will draw some consequences that are of general interest for lassos for arbitrary
X-trees.

In addition, noting that the minimal edge-weight lassos for an X-tree 7 form
the set of bases of a certain matroid with point set ()2() denoted by M(T'), we will
study this matroid in yet another paper. In particular, we will show that T is deter-
mined, up to equivalence, by M(T), i.e., “T ~ T’ <= M(T) = M(T"’)” holds for
any two X-trees T, T'. We will also show that

(i) abinary X-tree T is a caterpillar tree if and only if the matroid M((T') is a binary
matroid,

(i) a subset L of ()2() is a strong lasso for some X-tree T if and only if it is a
non-bipartite topological lasso for T—more generally, the co-rank of some
connected subset £ of (}2() in M((T") that is a weak lasso for T' never exceeds 1,
and it coincides with 1 if and only if £ is bipartite which can happen for 7 only
if every T-cherry is a proper T -cherry, and

(iii) the edge set £ of a complete bipartite graph with vertex set X is a topological
lasso if and only if £ has co-rank 1 in M(T).

We will not deal here with the corresponding ‘existence question’: Given a subset
L of ()2( ) and some map D : £ — X, when does D extend to a tree metric on X ? The
computational complexity of this existence question has been settled, as it is nothing
but the ‘Matrix Completion to Additive’ problem that—not unexpectedly—was shown
to be NP-complete (Farach et al. 1995, Theorem 6), and algorithmic approaches to
special instances of this problem have already been explored in Guénoche and Leclerc
(2001), Guénoche et al. (2004), and Willson (2004).

Also, our focus here is on the mathematical, rather than the algorithmic, aspects
of the uniqueness question, as the mathematical structure underlying that question
appears to be intricate enough already compared with the case settled long ago in
which all distances are known. As such, it seems to deserve especially dedicated
attention.

4 Some basic properties and some instructive examples of lassos

Assume throughout this section that 7 = (V, E) is an X-tree and that £ is a subset of
(5)- Recall that we will often write xy as a shorthand for {x, y}.

We begin by noting that edge-weight lassos can be characterized in terms of the
linear forms their cords induce on the real vector space RE:
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Theorem 1 The set L is an edge-weight lasso for T if and only if X = | L and there
is no non-zero map wo € RE such that the linear maps

AL RESR: 0w wy (E = X
y " : + (E7(x|y)) (= Dwp(x,y)) (xy€ ) 9)

vanish on wq for all xy € L.
In particular, |L| > | E| must hold for every edge-weight lasso L for T, and |L| =
| E| must hold for every minimal edge-weight lasso L for T.

Proof If (T,w) = £ (T, @) would hold for two distinct proper edge weightings
o, € Qr, we would have AT (wo) = 0 for all xy € L for the map wp := w — &'.

And if, conversely, Ax), (wo) = 0 holds, for all xy € L, for some non-zero map

wp € RE, adding a sufficiently small multiple of wy to any proper edge weighting

of T would yield a proper edge weighting ' # w of T with (T, w) = (T w'). The
last claim follows by applying some basic linear algebra to the bilinear pairing

(] REXRESR: (p, ) = (plo)r : ZP(X)’))x ().
xyel

O

We will say that an edge-weight (or a strong) lasso £ for T is tight if the number of
cords in £ coincides with the number | E| of edges of T or, equivalently, if the bilinear
map ‘(---|---)7’ defines a proper non-degenerate pairing between RZ and RE | ie.,
it identifies each of these two vector spaces with the dual of the other.

We now show that £ is connected if £ is a topological lasso for 7', and that it is
‘strongly non-bipartite’—i.e., every connected component of the graph I"'(£) is not
bipartite—if £ is an edge-weight lasso for 7'

Theorem 2 (i) Ifn > 4 holds and L is a topological lasso for T, then L must be
connected.
(ii) If L is an edge-weight lasso for T, then L must be strongly non-bipartite.
(iii) In particular, L must be connected and non-bipartite if L is a strong lasso for T.

Proof (i) Suppose there exists a bipartition of X into two non-empty disjoint subsets
A and B such that £ contains no cord of the form ab witha € A and b € B. Consider
any proper edge weighting w of T, the two trees T'|4 and T'| 3 obtained by restricting
T to A and B, respectively, and the associated edge weightings w|4 and w|p of T|4
and T'|g. Obviously, we can always form an X-tree T’ with a proper edge weighting
o' such that T’ is not equivalent to T while T|4 = T’|4 and T|g = T'|p as well as

w|a = &'|4 and w|gp = &'| g and, therefore, also (T, w) é (T, @’) holds, for example
by ‘fusing’ T'|4 and T'|p via any appropriately chosen bridge.
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(ii) Suppose that £ contains a connected component that is bipartite relative to some
bipartition of its vertex set Y into the two subsets YT and Y. Then, the set £ can
never be an edge-weight lasso for T' as, given any proper edge weighting of 7" with
positive weights on all pendant edges, one can always add some small constant 7 to the
weights of all pendant edges containing a leaf from ¥ and subtract the same amount
from the weights of all pendant edges containing a leaf from Y~ without changing the
distances between any two leaves x, x € X with xx’ € L.

(iii) The last assertion is a trivial consequence of the first two assertions. O

Definition Given any cord ¢ = xx’ € L, let T'(L,¢) = (X —«c, LY denote the
sub-graph of I'(£) = (X, £) with vertex set X — ¢ and edge set

LO:={yyel:yyTX—c xx'|lyy € Q(T), and xy,x'y eLorxy, x'yeL).

£

Clearly, given an edge-weighted X-tree (7', ') with (T, w) = (T’, '), one has

Dy (xx'|yy") = Dy (xx|yy") (10)

for any two distinct elements y, y’ € X — ¢ with yy’ € £9 as if, say, xy, x'y’ € £
holds, one has D, (x,y) + D, (x',y") = Dy(x,y) + Dy(x',y) > Dy(x,x) +
Dy(y,¥) = Dy (x,x") + Dy (y, ¥). We claim:

Theorem 3 Consider a subset L of ()2() with X = |J L and a cord ¢ = xx' € L, and
assume that T is an X-tree. Assume further that the restriction I'(L, ¢)|a4 of T'(L, ¢)
to any subset A of X — ¢ for which A, X — A is a virtual T-split is connected, that
w is a proper edge weighting of T, and that T’ is another X -tree with a proper edge

weighting ' such that (T, w) é (T', &) holds. Then, D, (xx'|yy") = Dy (xx'|yy’)
must hold for any two distinct elements y, y' € X — ¢ with xx'|yy" € Q(T).

In particular, the subset L of ()2() must be a topological lasso for T if the two ele-
ments x, x' in ¢ form a proper T-cherry and T'(L, ¢)| s is connected for any subset A
of X — ¢ for which A, X — A is a virtual T -split.

Proof Consider two distinct elements y, y' € X — ¢ with xx’||yy’ € Q(T). To show
that D, (xx'|yy") = D,/ (xx'|yy’) holds, we will use induction relative to the cardinal-
ity of the union A of the two disjoint and non-empty subsets A(y|y’x) and A(y’|yx) for
which, according to 2.3.7, the split A, X — A is a virtual 7 -split implying that, in view
of our assumptions, the restriction I'(L, ¢)|4 of ['(L, ¢) to A C X — c is connected.
If |A| = 2 holds, this implies that yy’ € £(© and, therefore, also D, (xx|yy’) =
Dy (xx'|yy") must hold.

Otherwise, our induction hypothesis implies that Dy, (xx'|ya) = Dy (xx'|ya)
holds for alla € X — {x,x’, y, y'} with ya||xy’ € Q(T), and that D, (xx'|y'a’) =
D,y (xx'|y'a’)holds foralla’ € X —{x, x’, y, y'} with y'a’||xy € Q(T). Furthermore,
our assumption that I" (L, ¢)| 4 is connected now implies that there must exist some cord
aa’ € L9 and, therefore, D,,(xx'|aa’) = D, (xx'|aa’) witha € A(y|y'x) and a’ €
A(Y'|yx).So,ourclaimholdsincasea = yanda’ = y'.If, say,a # y anda’ = y’ holds,
our induction hypothesis implies D,y (xx'|ya) = Dy, (xx'|ya) > Dy(xx'|ay’) =
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D, (xx'|ay’) and, therefore, D, (xx'|yy’) = Dy(xx'|ay’) = Dy (xx'|ay’) = D,
(xx’|yy") in view of (7). And if a # y and @’ # ' holds, our induction
hypothesis implies Dy (xx'|ya) = Dy, (xx'|ya) > Dy,(xx'|aa’) = D, (xx'|aa’) and
Dy (xx'|y'a") = Dy,(xx'|y'a’) > D,(xx'|laa’) = D, (xx'|aa’) and, therefore,
D,(xx'|yy") = Dy(xx'laa’) = D, (xx'|aa’) = D, (xx'|yy’) in view of (8), as
claimed.

In particular, if the two elements x, x’ in ¢ form a proper T-cherry, they must also
form one in 7', and a bipartition A, B of X with, say, x € B forms a non-trivial
T-split if and only if B contains also x” and D, (xx’|aa’) > D (xx'|ab) or, equiv-
alently, D,y (xx'|aa’) > Dy (xx'|ab) holds for all a,a’ € A and b € B, that is, if
and only if A, B forms a non-trivial 7’-split. So, T =~ T’ must clearly hold in this
case in view of the last remark in 2.3.7. Remarkably, requiring only that I"(L, ¢)|4 is
connected in case A, X — A is a T-split, does not even imply that £ is a weak lasso
for T. O

To conclude this section, we now discuss two instructive examples: We have seen
above that there exist topological lassos for X-trees (e.g., the tree T4) that are not edge-
weight lassos. To show that, conversely, there exist edge-weight lassos for X-trees that
are not topological lassos, consider the ‘star tree’

T* = (V*:= X U{x}, E* := {{x,x} : x € X})

with leaf set X and exactly one ‘central’ vertex ‘x’ of degree n > 3 adjacent to all
leaves of T*. While it is obvious that any subset of ()2(), even the empty set, is a topo-
logical lasso for the star tree 7" in case n = 3, there is only one topological lasso
in case n > 4, viz., the set ()2() Indeed, if w is, e.g., the ‘all-one’ map 1£° and if
some cord ab € ()2() is not contained in a subset £ of ()2(), we may “extract” the two
leaves in that cord to form a proper cherry that is attached to a vertex v of degree 3
that in turn is attached to the central vertex * of 7* and adjust the edge length accord-
ingly by putting, say, o' ({a, v}) = o' ({b, v}) = &' ({v, *}) = 0.5 and o’ ({x, x}) = 1
for all x € X — {a, b} to obtain an X-tree T’ with an edge weighting ' for which

(T*, w) é (T’, @) holds. So, no proper subset of ()2( ) can be a topological lasso—and,
hence, even less a strong lasso—for 7*.

In contrast, it is easy to see that a subset £ of ()2() with X = (J £ is an edge-weight
lasso for T* if and only if it is strongly non-bipartite implying that—in accordance with
Theorem 1—any edge-weight lasso for 7* contains at least n cords and that all minimal
edge-weight lassos for T* are tight, i.e., they contain exactly n cords: Indeed, it fol-
lows from Theorem 2 (ii) that any edge-weight lasso for any X-tree must be strongly
non-bipartite. And, conversely, if a subset £ of ()2() is strongly non-bipartite, there
exists, for every x € X, some sequence xo := X, X[, X2 ..., X2k, X2k+1 := X,k > 0,
consisting of elements from X such that x;x;+; € £ holds for alli = O, ..., 2k%.

Thus, if w, @’ are any two edge weightings of T* with (T*, w) é (T*, @), the sum
S (=D Dy xig1) = 2Eo(—D (@(ex) + wlex,,)) = 20(e) must coin-
cide with the sum Zizio(_l)i Dy (xi, xi+1) = 2w/ (ey) implying that w and o’ must
coincide on all edges of 7*.
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Fig. 4 The binary )
{a,b,c,a’, b, '}-tree Tg for
which Lg as defined in (11) is an

edge-weight, but not a \

topological lasso

b c

It follows in particular that, in contrast to Assertion (i) in Theorem 2, £ can be
disconnected if £ is merely an edge-weight lasso for a (non-binary) X-tree. An exam-
ple is provided by the star tree with the leaf set X¢ := {a, b, c,d, e, f} and the set
L= (5 U (477 which, consisting of two disjoint triangles, is clearly strongly
non-bipartite. However, we will see shortly (Corollary 3) that £ must be connected
whenever L is an edge-weight lasso for a binary X-tree.

Finally, we show that there exist edge-weight lassos also for binary X-trees that are
not topological lassos: Consider the set X; := {a, b, c,a’, b’, ¢}, the binary X(-tree
Te depicted in Fig. 4, and the subset

Lo = ({a, ]2?, C}) U ({aa l;/, C/}) U {aa/’ I CC/} (a1

of (ng) L is an edge-weight lasso for Tg, since we can determine, for any proper
edge weighting w of T, the values of D(x, y) for the metric D := D,, for the six

‘missing’ cords xy in ()gé) — L starting from the D-values of the cords in L. For
example, we have D(a,b’) = D(a,c) + D(,b’) — D(b, ¢), from which we can
compute D(b,a’) as D(b,a’) = D(a,a’) + D(b,b’) — D(a, b’). By symmetry, we
can also compute D(c, a’) directly from the data and, then, D(a, ¢’) which, finally,
allows us to also compute D(b, ¢’) = D(b,a’) + D(a,c’) — D(a, a’) and D(c, b") =
D(c,a’) + D(a,b’) — D(a,a).

However, the example in Fig. 5 shows that L does not lasso the shape of T and,
s0, is not a strong lasso for Tg.

5 Towards a recursive analysis of lasso sets

In this section, we will establish a result that can be used to analyse lassos recur-
sively: Given an X-tree T = (V, E), we define a non-empty subset U of V to be
a T-core if the induced subgraph Ty := (U, Ey :={e € E : ¢ C U}) of T with
vertex set U is connected (and, hence, a tree) and the degree degTU (v) of any vertex
v in Ty is either 1 or coincides with the degree degy (v) of v in T'. Clearly, putting
E,=El':={ee E:vee}and N, = NI := U,c, e for every vertex v of T, N, is
a T-core for every v € V, and so is |J,o;; No for every subset U of V for which Ty
is connected.

It is also obvious that 7y must be an Xy -tree for Xy :={y e U : degTU (y) =1}
for every T-core U C V as Xy is the leaf set of Ty.
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Fig. 5 Although Lg is an edge-weight lasso for Tg, it fails to be a strong lasso since both of the two
edge-weighted trees depicted above induce the same distances on all cords in Lg

Further, let xyy denote, for any leaf x € X of T and any T-core U C V, the gate
of x in U, i.e., the unique vertex in U that is closest to x. Note that Xy must coincide
with the set gatey (X) := {xy : x € X} of all gates of the elements of X in U.

Finally, for any subset £ of (3 ), let £y denote the set consisting of all pairs of
distinct elements y, y’ in X for which there exists a cord xx” € £ with xy = y and
x;, = y'. Then, the following holds:

Theorem 4 Given an X-tree T = (V, E), a T-core U C V, and a subset L that
is a weak, an edge-weight, a topological, or a strong lasso for T. Then, the set Ly
is, respectively, a weak, an edge-weight, a topological, or a strong lasso for Ty. In
particular, the graph T'(Ly) = (Xy, Ly) must be strongly non-bipartite for every
T-core U C 'V whenever L is an edge-weight lasso for T.

Proof Indeed, this is a direct consequence of the following simple observation: Given
any Xy-tree T’ = (U’, F') with U' NV = Xy, the graph T* with vertex set V* :=
(V—=U)U U’ and edge set E* := (E — Ey) U F’ obtained by replacing the interior

vertices and edges of Ty in T by those of T’ is a well-defined X-tree. Furthermore,
one has

Er, (xulyv) € Er(x|y), Er(xulyu) € Er=(x]y),
and
Er(x|ly) — Er,(xulyu) = ET(xulyy) — Er=(x|y),
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forall x, y € X. So, restricting any edge weighting w of T to the edges of Ty induces
an edge weighting wy of Ty, and extending any edge weighting ' of T’ to an edge
weighting * of T* by putting w*(e) := w(e) forevery e € ENE* = E — Ey yields

. . L . .
pairs of edge-weighted X- and Xy -trees such that (T*, w*) = (T, w) if and only if
L
(T, ) 'Z (Ty, wv). o

This theorem has a simple, yet useful consequence. To describe it, we define the
following graph.

Definition Given a non-empty subset £ of ()2(), an X-tree T, and a vertex v of T, let
G (L, v) denote the graph with vertex set E, and edge set £ ,, consisting of all pairs

{e, e} € (b;“) for which some cord xy in £ with e, ¢’ € E7(x|y) exists.

Given any interior vertex v € V, we can apply Theorem 4 to the T-core U := N,
which, together with our results on star trees, yields:

Corollary 1 Given any interior vertex v € V and any edge-weight lasso L for T, the
graph G (L, v) is strongly non-bipartite and is therefore the complete graph with vertex
set Ey if degy (v) = 3. It is also the complete graph with vertex set E,, independently
of the degree of v when L is a topological lasso for T.

It follows that a necessary condition for a subset £ of ()2() to lasso the edge weights
or the shape of an X-tree T is that the graph G (L, v) is strongly non-bipartite or the
complete graph with vertex set E,, respectively, for every interior vertex v of 7.

5.1 The case of a proper cherry a, b

Let us now suppose that a, b is a proper T -cherry for some X-tree T = (V, E) and
let e;p € E denote the unique interior edge of T that is adjacent to v := v, = vp SO
that £, = {eq, ep, eqp} holds. Note that the set U = U, := V — {a, b} obtained by
deleting the two leaves a, b in the vertex set V of T is a T-core, and that the leaf set Xy
of the associated tree Ty with vertex set U coincides with the set (X — {a, b}) U {v}.
Note also that e, is the unique pendant edge e,,TU of Ty containing its leaf v, and that
v=ay =by,Ey = E —{e4,ep},and |Ey| = |E| — 2 holds.

We pause to introduce some further terminology. Given any non-empty subset £ of
()2(), put L .= p — {ab} and, given in addition any two distinct elements x, y € X,
put

5 |1 ifxy el
el *= 10, otherwise.

Further, let X (x, £) denote the set
X(x,L):={ye X :xyel}
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If wy denotes the restriction of an edge weighting w € Q7 to Ey, the linear maps
A7, introduced above (Eq. 9) satisfy:

A (@) = wleq) + AlU(wy) and AL (@) = w(ep) + Al (w1) (12)

forall x € X — {a, b}, and )Lzy(a)) = )\g’ (wy) for every cord xy € (Xf{z"’b}). We also
have

Ly = (ﬁm (X _i"’b})) U {{x, V)i x € X(a, £) UX(b,LZ“b)}

and, therefore, also
Lyl = L] = 8aber — X (a, L") N X (b, L)] (13)
for every subset £ of ()2( ) Thus, if £ is a tight edge-weight lasso for 7', we must have

L] = |E| = |Ey|+2
<Lyl +2=I|L] = Saper — X (@, L) N X (b, L*)| +2
=L+ 1= X LN X®b, £ < L]+ 1

because (i) Ly must be an edge-weight lasso for Ty according to Theorem 4 and (ii)
ab € L must hold in this case.

In consequence, the induced edge-weight lasso L for Ty is tight if and only if there
exists some (necessarily unique!) leaf x € X — {a, b} with xa, xb € L. Otherwise,
X(a, L) N X (b, £?) = ¢ must hold and Ly has cardinality |Ey| + 1 in which
case there must exist—up to scaling—exactly one non-zero map py : (XZU)—>R with
support in Ly and

D Ul Y =0.

xwye(*)

Furthermore, we must have o = > _yx(, faypu(x,v) # 0 and B :=
er X (b, Laby PU (x, v) # 0 for every such non-zero map py : Indeed, put

pu (xu,yu), ifxy e L;

Pl y) = [o, ifxy e (¥) - £

and note that p is a non-zero map with support in £. Note also that—as Ly is, by
assumption, the disjoint union of{{v, x}:x € X(a, E“b)} , {{v, x}:x e X(b, L:“b)},
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and Ly N (Xf{;”b})—also

PO IERDPEN

wve()
= > wenilen+ X e (e + o)
xye(x—(za,h)) xex(a’ﬁah)
+ X e (M o) + o)
xeX (b, L)
= D oo, MY () +a wled) + B wlep)
()

must hold for every map w € RY. However, noting that nye vy pu(x,y) k){fv’ van-
2
ishes by our choice of py, we must (with §,,, as defined by Eq. (5)) also have

0= Z PU (-x» y) )")7%] (seab)

xye(")
= D> v+ D pulxv)
x€eX(a,Lab) xeX (b,Lab)

So, @ = 0 would imply that also 8 = 0 must hold and, therefore, also

> o panil@= D pux )iy =0

xve(3) xye(’y)

for every map w € RE, which is impossible if £ is a tight lasso for 7.
This yields a good part of the following result.

Theorem 5 Continuing with the definitions and notations introduced at the start of
Sect. 5.1, a subset L of ()2() is an edge-weight lasso for T if and only if:

(U1) L contains the cord ab;

(U2) Ly is an edge-weight lasso for Ty, and at least one of the following two
assertions (U3-a) or (U3-b) holds:

(U3-a) The two subsets X (a, L) and X (b, L) of X have a non-empty intersec-

tion.
(U3-b) There exists some non-zero map py (XZU)—>R with support in Ly and

Z pu(x, y))\zg =0 aswellas Z pu(x,u) 0.
xyeLly xeX(a, L)
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In particular, a subset L of ()2() is a tight edge-weight lasso for T if and only if it
has cardinality |E|, and (U1), (U2), and either one of the following two assertions
(U3-a’) or (U3-b) holds:

(U3-a') Ly is a tight edge-weight lasso for Ty,

(U3-b') Ly has cardinality |Ey|+1 = |L| — 1 and erx(a’gah) pu(x,u) #0
holds for every non-zero map py (X2U )—>R with support in Ly for which

T,
nyecu pu (x, Y)Ayy = 0 holds.

Proof In view of our observations above applied to any tight lasso for T = (V, E)
contained in £, it suffices to show that a subset £ of ()2() is an edge-weight lasso for
T if (U1), (U2) and at least one of the assertions (U3-a) or (U3-b) hold.

So, assume that, for some map n € RE | one has )L){y(n) = 0 for all cords xy € L.
We have to show that 1(e) = 0 must hold for every edge ¢ € E. To this end, note
first that to establish our claim, it suffices, in view of (12), to show that, if (U1), (U2),
and either (U3-a) or (U3-b) hold, then n(e,) = n(ep) = 0 must hold for every map
n € RE as above.

Yet, if (U3-a) holds (i.e., if xa, xb € L holds for some x € X —{a, b}), the assump-
tion that )\){y(n) = 0 holds for some 1 € RZ and for all cords xy € £ implies that the
following hold:

0= )”;h(n) =n(eq) +nlep),
0=2L.(n) = nles) + 1L (),
0 = Ap () = nlep) + Ap, (1)

This readily implies n(e;) = n(ep) = 0 in this case (since we may add the first
equation to either the second or the third one, and subtract the other one).

Moreover, if (U1) and (U2) hold, if nye(XU) ou (x, y)kfly’ = 0 and also
2

> cexa.ca Pux.u) # 0 holds for some non-zero map py : (*V)—R, and if
A1, () = 0 holds for all xy € L for some map 7 € R¥, we must have

AU () = —n(ey) forall x € X (a, L),
AU (ny) = —n(ep)  forall x € X (b, L),

and

oo X — {a, b)
pu (x, y)Axy (ny) =0 forallxy e .

2

Thus, evaluating the identity nye £y PU (x, y))ngf = 0 on ny and noting that Ly is,
by assumption, the disjoint union of{{v, x}:xeX(a, E“b)}, {{v, x}:xeX(b, L:“b)},
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and Ly N (Xf{;”b}), we get:

0= > —pu@ne)+ D, —puv,xnle)

xeX(a,Lab) xeX(b,Lab)

=—ne) | D, pv@x)|=ne)| D puwx

xeX(a,Lab) xeX (b,Lab)

Furthermore, evaluating the identity Z”e vy PU (x, y)kz;’ = 0 on the map &,
Yela
(Eq. 5) also yields the following:

0= > o= > prx0+ D pu@x)

xeX—{a,b} xeX(a, L) xeX (b,Lab)

and, therefore, the following holds:

0=((er) —nle)) D pul,x).

xeX(a,Lab)

So, our assumption > ¢y, cary pu(x,v) # O implies 0 = n(ep) — n(eq) which,
together with 0 = )»Zb(n) = n(eq) + n(ep), implies that also in this case 0 = n(e,) =
n(ep) must hold, as claimed. O

Our observations imply also that we can construct all the tight edge-weight lassos
of T from the edge-weight lassos £’ of Ty with |£'| < |Ey| + 1 as follows:

Corollary 2 (i) Given any tight edge-weight lasso L' of Ty, there is a canonical
one-to-one correspondence between all tight edge-weight lassos L of T with
Ly = L' and all pairs of subsets A, B of Xy (v, L") with |AN B| = 1.

(ii) Furthermore, given any edge-weight lasso L' of Ty of cardinality |Ey| + 1,
there is a canonical one-to-one correspondence between all tight edge-weight
lassos L of T with Ly = L and all pairs of disjoint subsets A, B of Xy (v, L)
for which )" _ 4 pu(x, v) # 0 holds for one (or, equivalently, every) non-zero
map py - (XZU)—>]R with support in L' for which Y Xy PU (x, y))\;ly’ =0
holds. ’

In both cases, the correspondence is given by associating to each pair A, B, the
set:

xye(

g = (L’/H(X_éa’b}))u{ax:xeAU{b}}U{bx:xeB}.

As a second consequence of Theorem 5, we have the following result already indi-
cated in the remark at the end of Sect. 4.

Corollary 3 If L is an edge-weight lasso for a binary X -tree, then (X, L) is a con-
nected graph.
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6 Shellability

In this section, we introduce a concept that relates to strong lassos and will apply in
particular in the discussion of all edge-weight lassos for X -trees with | X| = 5 and other
examples in Dress et al. (2011a): Given a subset £ of ()2( ) with X = |J £, and an X-tree

T, we say that (3 ) — £ is T-shellable if there exists a labelling of the cords in (}) — £

as, say, aibi, arba, ..., amby, such that, for every u € {1,2, ..., m}, there exists a
pair x,, y, of ‘pivots’ for a, b, i.e., two distinct elements x,,, y, € X — {a,, b,},
for which the tree T'|y, obtained from 7" by restriction to Yy, := {ay, by, Xy, yu}, is

a quartet tree of type a,x, ||y, by, and all cords in (Yz“) except a, b, are contained in
L, =LV {aﬂfbu/ ' ef{l,2,...,n— 1}}. Any such labelling of ()2() — L will also
be called a T'-shelling of ()2() — L, and any subset £ of ()2() for which a T- shelling of
()2() — L exists will also be called an s-lasso for T.

6.1 Example

Consider the caterpillar tree 75 on X5 depicted in Fig. 2. We claim that the set £ :=
{ab, bc, cd, de, ea, ad, ac}, is an s-lasso for Ts: Indeed, labelling the elements in the
cords in ()2() — L = {bd, be, ce} as

ay:=c,by:=e; ap . =b,by:=e; and a3:=b, b3 =d
yields a T5-shelling of ()2() — L because, choosing the elements
X1:=a,y1:=d; xp:=a,y2:=c¢; and x3:=a,y3:=e

as pivots, the quartet trees 75|y, are indeed quartet trees of type a,x, by, for
Yy =A{au, by, x, yut, n=1,2,3, as required, and all cords in (Yz“) except a, b,

are containedin £, = LU{a,/by - ' €{1,2,..., n— 1}} forallu = 1,2, 3. Thus,

listing the cords in (}2() — L ‘anti-lexicographically’ in the order ce, be, bd yields a

Ts-shelling of ()2() — L, implying that £ is an s-lasso for 75 as claimed. O
We now establish the following simple, yet sometimes rather helpful result:

Theorem 6 Every s-lasso L C ()2() for an X-tree T is a strong lasso for T.
Proof Givena T-shellingaby, axbs, ..., anb,, of ()2() — L with corresponding pivots

X1, Y15 X2, Y25 - - -5 Xm» Ym, We can compute, for every proper edge weighting w of T,
the distances Dy, (a,, b,,) forall u € {1, 2, ..., m} recursively, because:

Dw(auv bu) = Dw(ap.s yu.) + Dw(bp.s xu.) - Dw(xp.s yp.)
must hold in view of the fact that, by assumption,

Dy (ay, x,) + Dw(buv yu) < Dy(ay, bu) + Do (xp, yu)

must hold. O
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The converse to Theorem 6 does not hold, that is, there exists an X-tree 7 and a
strong lasso for T that is not an s-lasso for 7', as the following example shows.

6.2 Example

Put X7 :={a, b, c,d, e, f, g}, and let T; denote the binary X7-tree with exactly two
proper cherries a, b and f, g, and the three ‘single’ leaves c, d, e. Assume furthermore
that the corresponding adjacent vertices v., vg4, v, are passed in this order on the path
connecting the cherry a, b with f, g. Then, the bipartite set

L7 :={ab,ad, bc, be,cd, cf,de,dg, ef, fg}

is a topological lasso for 77 since any X7-tree T’ with (77, o) g (T, ) for
some proper edge weightings w € Qr, and ' € Q7 must display the quartets
ab||cd, be||de, cd|ef, and de|| fg which is well known to imply that 77 and 7’ must
be equivalent (see e.g. Bocker et al. 1999 or Dress et al. 2011b). It follows that adding
the cord ag to L7 yields an edge-weight lasso for 77, since the associated 11 x 11
incidence matrix of paths (one for each cord) and edges of 77 has full rank. Thus
L = L7 U {ag} is a strong lasso for 77 which, however, is easily seen not to be an
s-lasso for T as there exists not even any 4-subset ¥ of X7 with |(’2/) NL|>5.

7 Covers of binary X-trees

Recall that, by Corollary 1, a necessary condition for a subset £ of ()2() to lasso the
edge weights (or, respectively, the shape) of a tree T is that, for every interior vertex
v of T, the graph G (L, v) defined above is strongly non-bipartite (or, respectively, a
complete graph). This suggests the following:

Definition A subset £ of (}2() is an e-cover of T if X coincides with | J £ and G(L, v)
is strongly non-bipartite for every interior vertex v of T, and it is called a t-cover of
T if X = |J £ holds and G(L, v) is a complete graph for every interior vertex v of
T—see Fig. 6(i) below for an illustration.

In the first part of this section, we restrict our attention to covers of binary X-trees.
Clearly, e- and r-covers coincide for such trees—so, we will just call them covers in
this case.

By definition (and Corollary 1), every edge-weight lasso for an X-tree T is an
e-cover of T. The converse, however, does not hold, not even for binary X-trees. For
example, the topological lasso L4 = {ab, ac, bd, cd} for the quartet tree Ty of type
ab||cd depicted in Fig. 1 is clearly a cover for 74, but—in view of |£| < |E|—it does
not lasso the edge weights of 7.

Note also that, if £ is a topological lasso for T', then £ must also be a z-cover of T'.
However, once again, the converse does not hold; for example, the subset

Ly = {ab,ac,a'b',d'c’,bb’, cc'} (14)
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b
i A,

v

@) (i) (iid)

Fig. 6 i The three cords ab, b'c, and ¢’a’ provide a ‘cover of the degree 3 vertex v’. ii The three cords
ax, bx, and a’b’ provide a ‘pointed cover of v’. iii The three cords ab, bc, and ca provide a ‘triplet cover
of v”. It is possible for @ = a’ or b = b’ (in cases i and ii) and also ¢ = ¢’ (in case i) (see text for details)

of L¢ as defined in (11) is a cover for the two non-equivalent binary X¢-trees depicted
in Fig. 5.

More strikingly, L itself is, thus, both an edge-weight lasso and a z-cover for Tg,
yet Lg fails to lasso the shape of this tree.

We now describe two particular types of covers: Given a binary X-tree T = (V, E),
we will say that a subset £ of (}) is a triplet cover of T if, for every interior ver-
tex v € V of T, there exist three distinct leaves a, b, ¢ with ab, ac,bc € L and
v = medr(a, b, ¢) (see Fig. 6(iii) for an illustration of this concept). Note that a
triplet cover of a binary X-tree T can be represented as a collection C of 3-element
subsets of X with | JC = X and with the property that the function that assigns each
triplet to its associated median vertex in 7 maps C surjectively onto the set of interior
vertices of T'. A combinatorial characterization of arbitrary collections C of 3-element
subsets of X with | JC = X for which this function is injective for some binary X -tree
is simply, as described recently in Dress and Steel (2009), that | | J C'| > |C’| 42 holds
for all non-empty subsets C’ of C.

Secondly, given an element x € X, a subset £ of () is called a pointed x-cover of
a binary phylogenetic X-tree 7 if it is a cover of T and there exist, for each interior
vertex v of T, two distinct leaves a, b € X with ax, bx € £ and v = medr (a, b, x)
(see Fig. 6(ii) for an illustration). Moreover, it is called just a pointed cover of T if
there exists some x € X such that £ is a pointed x-cover of T'.

Clearly, every triplet and every pointed cover of T is, in particular, a cover of T.
To present some examples of triplet and pointed covers, recall first that a circular
ordering of (the leaf set X of) an X-tree T is a cyclic permutation o of the elements
in X for which there exists a planar embedding of 7 such that, for every x € X, the
leaf that follows the leaf x when one traverses the leaves of 7" in that embedding in,
say, a clockwise fashion is the leaf o (x). An equivalent characterization is that each
edge of T is covered only twice by the paths connecting the n pairs of leaves in the set
{{x, o0 (x)} : x € X}. For example, there exist planar embeddings of the two X /6—trees
depicted in Fig. 5 such that the permutation (a, b, b, a’, ¢/, ¢) is a circular ordering
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ay a2 Ap—2

ao Ap—1

Fig. 7 A caterpillar tree for which (aq, ay, . . ., ap—n,a,—1) is a circular ordering

for both of them, while the permutation (a, b, a’, ¢/, b’, ¢) is a circular ordering for
Ts (under a different planar embedding), but not for the other X¢-tree depicted in that
figure under any planar embedding (as the three paths connecting the three pairs b and
a',a’ and ¢, and ¢’ and b’ share one edge). For more details on circular orderings, see
Semple and Steel (2003).

Now, let (ag, a1, ..., an—2, a,—1) be a circular ordering for a binary X-tree 7 =
(V, E), and put

L:={apa; :i=1,...,n—1}U{aj—1a; ;i =2,...,n—1}.

Then, |£| = |T| = 2n — 3 holds and L is a triplet as well as a pointed ag-cover of T,
and it is a well-known fact that £ lassos the edge weights of 7' (see Proposition 2.3 of
Barthélemy and Guéoche 1991 or Chaiken et al. 1983 for the case where w(e) = 1
foralle € E).

Further, if T is a caterpillar tree with the two cherries ag, a; and a,_», a,—1 and
(ao,ai, ...,an—2,a,—1) is a circular ordering for T relative to the planar embedding
of T that is indicated in Fig. 7, then the union L of the sets {agx : x € X, x # ap} and
{an—1x : x € X, x # a,—1} is atriplet as well as a pointed ap-cover of T for which
|£| = |E| = 2n — 3 holds.

Theorem 5 implies the following result.

Proposition 1 Every triplet cover L of a binary X-tree T lassos the edge weights
for T. Furthermore, (T, w) = (T', ®") must hold for every proper edge weighting w
of T and every pair (T, ') that consists of an X-tree T' and an edge weighting «'

of T' such that L is also a triplet cover of T' and (T, w) é (T', &) holds.

Proof Choose any T-cherry a, b and note that, with U = U, := V — {a, b} and
all the notations and conventions introduced in the context of Theorem 5, the subset
Ly of (*V) is a triplet cover of Xy whenever £ is a triplet cover of 7. Thus, we
may assume that, by induction, L satisfies our claims for Tyy. Moreover, every triplet
cover L of T must contain the cord ab and there must exist some ¢ € X — {a, b} with
ac,bc € L. So, all the assertions (U1), (U2), and (U3-a) must hold for £, implying
that £ is indeed an edge-weight lasso for 7'.

Furthermore, given any proper edge weighting @ of 7', the pair a, b must form a
T’'-cherry inevery X-tree T’ for which £ is also a triplet cover of T’ and an edge weight-

ing ' of T" with (T, w) = (T’, ) exists. Indeed, it is obvious that, given any triple
a’, b, ¢’ of distinct leaves with a’b’, a’c’, b’'c’ € L, the interior vertex medr (a’, b’, ¢)
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Fig. 8 One of the various a

configurations that can occur for

T if one adds the vertices

v, Y, z to the three vertices v y
a, b, x (see text for details)

is adjacent to ¢’ in T if and only if we have
D,(d'd'|b'¢'y = min(Dy,(a'a’|yz) : v,z € X —{d'};dy,d'z, yz € L),

(note that, by definition (cf. 2), D, (aa|bc) = Dy(a, b) + Dy(a, c) — D, (b, ¢) holds
for all a, b, ¢ € X). Thus, if medy (a’, b', ) is adjacent to @’ for some a’, b, ¢’ € X
as above, this must also be true for the vertex medy(a’, b’, ¢’) in T’, provided that

L . . cp-
(T, w) = (T, &) holds. In particular, the pair a, b must form a T’-cherry if it forms

L L
a T-cherry and (T, w) = (T', @) holds. It follows that (Ty, wy) = (T},, wy,) must
also hold and, by induction, therefore (Ty, wy) = (Tl’], a)}]) also holds, which easily
implies our claim (T, w) = (T’, o). O

Regarding pointed covers, even a stronger result holds:

Theorem 7 If a subset L of ()2() is a pointed cover of a binary X-tree T, then L is an
s-lasso and, hence, a strong lasso for T. More specifically, if L is a pointed x-cover of
T for some x € X, then there exists an “x-shelling” a1by, axba, . .. amby, of ()2() —L,
i.e., a shelling such that, for every u = 1, ..., m, one of the two pivots x,, y, for

aub,, can be chosen to coincide with x.

Proof Clearly, we may assume, without loss of generality, that n > 5 holds. Consider
a (necessarily proper) T-cherry a, b not containing x. As above, we put U = Uy, :=
V — {a, b} and use all the notations and conventions introduced in the context of
Theorem 5.

First note that, if we have any two distinct elements y, z € X — {x, a, b}, the tree
T'|{a,p,x,y) obtained from T by restriction to {a, b, x, y} is always a quartet tree of
type ab|xy. Moreover, the two trees T i x,y,z) and T|jp x, y, 7} obtained from T by
restriction to {a, x, y, z} and {b, x, y, z} are, respectively, quartet trees of type xy|laz
and xy||bz in case the tree Ty |{y,x,y,7} Obtained from Ty by restriction to {v, x, y, z}
is a quartet tree of type xy||vz, and these two trees are, respectively, quartet trees of
type xallyz and xb||yz in case Ty |{v x,y,z} 1S a quartet tree of type xv| yz—see Fig. 8
for an illustration.

Now assume that £ C ()2() is a pointed x-cover of T for some leaf x € X. It is
obvious that £y is an pointed x-cover of Ty. So, by induction, there must exist a
shelling a1 by, azby, . . ., anby of (X2U) — Ly such that, for every u € {1,2, ..., m},
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there exists some element y, in Xy — {x, ay, b,} for which the tree T |(a, b,,.x,y,)
obtained from Ty by restriction to {a,, b, x, y,} is a quartet tree of type a, x| y,.b,

and all cords in ({””“’b“z’x’y "})

except a, b, are contained in Ly, = Ly U {a, b, :
w € {1,2,...,u — 1}}. So, to produce an x-shelling of ()2() — L, we may first take
all cords in ()2() — L of the form ay with by € £ and use b as their second pivot.
Noting that the tree 7|4 5,x,y} is a quartet tree of type abl|/xy and that all cords in
({“’b’zx’y} ) except for ay, are contained in £, we can take these cords in any order.

Then, we take all cords in ()2() — L of the form by with ay € L in any order

and use a as their second pivot, which works for the same reason. Then, for each
w=12,...,m withv & {ay, b,, y.}, we take the cord a,b, and use y, as its
second pivot. In case y, = v, we take the cord a, b, and use a or b as its second pivot.
In case a;, = v, we take the cord ab,, and use y,, as the second pivot and then add the
cord bb,,, taking a as the second pivot. And finally, in case b, = v, we switch a,, and
b, and, otherwise, proceed as above. Now, a simple inductive argument shows that
this defines an x-shelling of (§) — £ as required. |

Our earlier Example 6.1 illustrates Theorem 7, as {ab, bc, cd, de, ea, ad, ac} is
obviously a pointed a-cover of Ts.

Let us finally return to the general setting of (not necessarily binary) X-trees and
consider subsets L of (}2() that are of the form

L=AVB:={{a,b):ac A beB)

for some X-split A, B. For example (cf. Fig. 1), the topological lasso L4 for Ty is of
this form as it coincides with {a, d} Vv {b, c}.

It follows immediately from our definitions that, given any 2-subset ¢ = {x, x’} of
X with x € A and x’ € B and any subset Y of X — ¢, the restriction I'(L, ¢)|y of the
graph I'(£, ¢) introduced in Sect. 4 is the complete bipartite graph with vertex set ¥
whose edge setis (ANY) Vv (BNY). Thus, it is connected if and only if one has either
|Y| = 1 or neither A NY nor BN Y are empty. And it is also obvious that, whenever
L = AV Bisat-cover of an X-tree T, one must have A N ¢ # ¥ # B N ¢ for every
2-subset ¢ of X whose elements form a T-cherry.

L can therefore only be a f-cover of an X-tree T if there exist no three distinct
leaves a, b, c of T with v, = v, = v.. Thus, Theorem 3 implies the following
characterization of topological lassos £ that are of the form £ = A v B for some
X-split A, B:

Theorem 8 Givenan X-tree T and an X -split A, B of X, the following four assertions
are equivalent:

(i) The subset AV B of ()2() is a topological lasso for T.
(i) AV Bisat-coverof T.
(i) ANc # @ # B Nc holds for every 2-subset ¢ of X whose elements form a
T -cherry.
(iv) The bipartition A, B of X is incompatible with every non-trivial virtual T -split.
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Proof 1t is obvious from the definitions and previously recorded facts that “(i) = (ii)
= (iii)” holds. The implication “(iii) = (iv)” holds because any subset A" of X for
which A’, X — A’ is a non-trivial virtual T'-split must contain two elements that form
a T-cherry.

And “(iv) = (i)” holds in view of Theorem 3: First observe that there exists always
a2-subset ¢ of X whose elements form a proper T -cherry.? Note next that, for any such
2-subset ¢, there must exist x € A and x’ € B with ¢ = {x, x'} (as A, B is supposed
to be incompatible with every non-trivial virtual 7'-split and, hence, in particular with
the T-split ¢, X — ¢), and that (for the same reason) ANY # (J # BN Y must hold for
every subset Y of X — ¢ for which Y, X — Y is a non-trivial virtual T -split implying
that I" (£, ¢)|y must be connected (as required in Theorem 3). m]

8 Remarks and questions

Our results raise further questions concerning the properties of different types of lassos:

Q1. Does there exist a triplet cover of a binary tree that is not a strong lasso?
Q2. Can we characterize those covers of a binary X-tree 7' that are a tight edge-
weight or strong lasso of 7'?

Regarding the second question, two necessary conditions for a cover of a binary
X-tree T of cardinality 2n — 3 to lasso the edge weights of T are as follows:

— For each subset Y of X of cardinality m, the cardinality of £ N ()2, ) cannot exceed
2m — 3 (to avoid over-determination at Y).

— If ab, be, cd,da € L holds for some four leaves a, b, c,d € X, then no edge
of T can separate a, ¢ from b, d (as this would imply that D(a, b) + D(c,d) =
D(b, ¢) + D(d, a) would hold).

It may also be of interest to investigate further the properties of weak lassos. Note
that if 7 is a binary X-tree, then £ is a weak lasso for 7 if and only if £ is a topolog-
ical lasso for T'; however, for non-binary trees, these are quite different concepts. For
example, any subset of ()2( ) (including the empty set) is a weak lasso for the star tree
T* with leaf set X since any X-tree is a resolution of that tree, but it requires all of
()2() to lasso the shape of T*.

X

Finally, we can view a triplet cover as a subset of (2) that contains all the cords
“induced” by a sufficiently large collection of subtrees each of which has three leaves.
Thus, it is mathematically natural, and relevant to phylogenetic analysis (supertree
reconstruction), to study the lasso properties of subsets of ()2() that are induced by
collections of phylogenetic trees with three or more leaves. More precisely, given an

2 To see this, just take any leaf @ of maximal distance to some other arbitrary vertex u. Then, a must be
part of a cherry a, b whose elements a, b must be adjacent to an interior vertex v = v, = vy, that is incident
with only one interior edge (by the maximal distance to # assumption) and with no other pendant edge (by
the condition imposed in (iv)). So, a, b must necessarily be a proper cherry.
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X-tree T and a collection P = {X1, ..., Xi} of subsets of X, let

Lp = LkJ ();l)

i=1

It would be of interest to determine conditions on P in order for Lp to lasso 7',
at least in case T is binary. The quartet case (where all sets in P are 4-subsets of X)
is an obvious candidate for analysis, in view of a range of combinatorial results from
Bocker et al. (1999), Dress and Erdos (2003), Dress et al. (2011b), Griinewald et al.
(2008) and Steel (1992).

Acknowledgments A.D. thanks the CAS and the MPG for financial support; K.T.H. was partially
supported by the Engineering and Physical Sciences Research Council [grant number EP/D068800/1].
Also she would like to thank the Department of Mathematics and Statistics, University of Canterbury,
New Zealand, for hosting her during part of this work. M..S. thanks the Royal Society of NZ under its Mars-
den Fund and James Cook Fellowship scheme. We also thank the two anonymous reviewers for several
helpful suggestions.

References

Atteson K (1999) The performance of neighbor-joining methods of phylogenetic reconstruction. Algorith-
mica 25:251-278

Barthélemy JP, Guéoche A (1991) Trees and proximity representations. Wiley, New York

Bocker S, Dress AWM, Steel M (1999) Patching up X-trees. Ann Combin 3:1-12

Chaiken S, Dewdney AK, Slater PJ (1983) An optimal diagonal tree code. SIAM J Alg Disc Math 4(1):
42-49

Colonius H, Schulze HH (1981) Tree structures for proximity data. Br J Math Stat Psychol 34:167-180

Dress A, Erdos PL (2003) X-trees and weighted quartet systems. Ann Combin 7:155-169

Dress A, Steel M (2009) A Hall-type theorem for triplet set systems based on medians in trees. Appl Math
Lett 22:1789-1792

Dress A, Huber KT, Steel M (201 1a) Lassoing a phylogenetic tree (II). In preparation

Dress A, Huber KT, Koolen J, Moulton V, Spillner A (201 1b) Basic phylogenetic combinatorics. Cambridge
University Press (in press)

Farach M, Kannan S, Warnow T (1995) A robust model for finding optimal evolutionary trees. Algorithmica
13:155-179

Felsenstein J (2004) Inferring phylogenies. Sinauer Associates, Sunderland

Guénoche A, Leclerc B (2001) The triangles method to build X-trees from incomplete distance matrices.
ROADEF’99 (Autrans) RAIRO Oper Res 35(2):283-300

Guénoche A, Leclerc B, Markarenkov V (2004) On the extension a partial metric to a tree metric. Discr
Appl Math 276:229-248

Griinewald S, Huber KT, Moulton V, Semple C (2008) Encoding phylogenetic trees in terms of weighted
quartets. J Math Biol 56:465—477

Philippe H, Snell E, Bapteste E, Lopez P, Holland P, Casane D (2004) Phylogenomics of eukaryotes: impact
of missing data on large alignments. Mol Biol Evol 21:1740-1752

Semple C, Steel M (2003) Phylogenetics. Oxford University Press, Oxford

Steel MA (1992) The complexity of reconstructing trees from qualitative characters and subtrees. J Classif
9:91-116

Willson SJ (2004) Computing rooted supertrees using distances. Bull Math Biol 66(6):1755-1783

@ Springer



	`Lassoing' a phylogenetic tree I: basic properties, shellings, and covers
	Abstract
	1 Introduction
	2 Some basic definitions and facts
	2.1 Trees and tree metrics
	2.2 Lassos
	2.3 Some further conventions, definitions, notations, and well-known facts

	3 Contents and outlook
	4 Some basic properties and some instructive examples of lassos
	5 Towards a recursive analysis of lasso sets
	5.1 The case of a proper cherry a,b

	6 Shellability
	6.1 Example
	6.2 Example

	7 Covers of binary X-trees
	8 Remarks and questions
	Acknowledgments
	References


