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Abstract. The symmetric difference metric has been useful in comparing phylogenetic trees derived from
DNA sequence data. The main result shown here is that the frequency of pairs of binary trees a given distance
apart is described by a limiting Poisson distribution, with ¢™!/% ~ 88 percent of all pairs maximally distant.
Asymptotic bounds on the distribution are derived, and the asymptotic mean and variance of the normalized
metric on the class of all phylogenetic trees is also calculated. The results rely on simple combinatorial constructions
and analytic properties of appropriate generating functions.
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Introduction. The symmetric difference metric defined on phylogenetic trees is a
special case of symmetric difference metrics on sets studied in [ 9], [12]. The tree metric
has been useful in testing evolutionary hypotheses and in examining the methods used
to build evolutionary trees [11]. An optimally efficient algorithm has been developed by
Day [ 4] to compute the metric, and its distribution among pairs of small trees is described
in [3] and [ 8].

This paper extends those results to obtain bounds on the distribution of pairs of
arbitrarily-large binary trees a given distance apart. As a result, the asymptotic distribution
is shown to be Poisson, which answers a conjecture in [ 8]. The distribution of the
normalized metric on the full class of phylogenetic trees is also examined. In particular,
the asymptotic mean of the normalized metric is derived, and confirms a second conjecture
in [ 8].

A description of the distribution in the binary case is also given in terms of a gen-
erating polynomial, the coefficients of which can be computed directly from the tree.
Some consequences of this representation are given. The properties of the metric on
binary trees make it useful for hypothesis testing involving trees derived from homologous
DNA sequences, as in [10]. The resulting trees may be expected to be similar and it is
useful to have a metric for which most trees are far apart.

DEFINITIONS. Let L be a set of n = 2 labels. A phylogenetic tree on L is a tree with
n vertices of degree one, each labeled with a distinct element from L, and with the
remaining (internal) vertices of degree at least three, and unlabeled. For such a tree, the
n edges incident with a pendant vertex are called pendant edges, and the remaining edges
are internal .

Two phylogenetic trees on L are considered equivalent if there is a graph isomorphism
between them that preserves the labeling on the pendant vertices. More generally, if two
phylogenetic trees are graph isomorphic with their labelings suppressed, we say they are
topologically equivalent .

As in [8], let PT(n,f) denote the set of phylogenetic trees with n pendant
vertices and f internal edges on the label set {1,---, n}. For n = 3, let PT(n) =
U{PT(n,f);0=f=n-3},and BPT(n) = PT(n, n — 3), the set of binary phylo-
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genetic trees, for which each internal vertex has degree three. The following result is from

[5, p. 29].
LEMMA 1. The size of PT(n, f) is determined recursively as follows:
|PT(n,f)| =(n+f=2)|PT(n—Lf— )| +(f+ D |PT(n—1,1)|, nz4,

|PT(3,0)| =1, |PT(3,/)|=0, f>0.

For n = 3, Lemma 1 gives |BPT(n)| = (2n—5)!""'=1.3.5 --- (2n — 5). For con-
venience, we let b(n) = (2n — 5)!! and p(n) = |PT(n)]|.

The symmetric difference metric d, which Bourque [ 2], and Robinson and Foulds
[13] applied to phylogenetic trees, is defined on PT(n), and so on BPT(n), as follows:
For T € PT(n), deletion of an internal edge e induces a two-set partition w (7, e) of
{1, -+, n} corresponding to the labels on the two connected components of T with e
deleted. For T, € PT(ny, f1), T, € PT(n,, f3), and w(Ty, ¢)) = n(T,, e;) we call e, e,
an equivalent pair of edges. If T,, T, have exactly m equivalent pairs of edges then
d(T,, T,) = fi + f2 — 2m. In particular for T,, T, € BPT(n),

d(T,,T,)=2(n—3—m).
For T € PT(n) we recall from [ 8] the generating polynomials
P(T)=P(T,x)= 2 pm(T)x", () =Q(T,x)= 2 gn(T)x™

mz0 mz0

where p,.(T) (respectively, ¢,,(T)) is the number of trees in PT(n) (respectively,
BPT(n)) at distance m from 7.

Thus, for T € PT(n, f), Q(T, x) has degree n + f — 3 and is an even or odd poly-
nomial of parity equal to the numerical parity of its degree. For 7' € PT(n), s 2 0 let
q(s, T) denote the number of binary trees having s equivalent edge pairs with T,
and let g(s, n) be the average value of b(n) 'q(s, T) over BPT(n). Thus, q(s, n) =
b(n)™? Z7<BPT(n) q(s, T) is the probability that two trees randomly chosen from
BPT(n) have exactly s equivalent pairs of edges.

The main result (Theorem 3) shows that g(s) = lim, - ., g(s, n) has a Poisson
distribution in s with mean . Consequently, the probability that two randomly chosen
trees are a maximal distance apart tends asymptotically to e~'/%, answering a question
raised in [ 8].

We begin by noting that for T € PT (n), P(T) and Q(T) do not depend on the
labeling of T, but only on its topology. We shall frequently write these and other tree-
valued functions that are invariant under topological equivalence without specifying the
labeling of the tree. With this in mind from [ 8], we now state the following theorem.

THEOREM 1. Let e be an internal edge of T € PT (n). Let T/ e be the tree formed
by contracting e, and let T\, T, be the maximal subtrees of T with e as a pendant
edge. Then

P(T)=xP(T/e)+(1 —x*)P(T)P(T),

O(T)=xQ(T/e)+(1 —x*) QTN QO(T3).

We now give a constructive description of Q( T, x). Let T € PT (n, f) and let E be
a set of internal edges of 7. For each edge e € E cut e in half and place new pendant
vertices on each of the two “ends” of e. In this way E defines a collection of trees T},
having n; pendant vertices, fori =1, ---, | E| + 1 (with T}, = T, if E = ). Clearly,
Zisis|E|+1 i =n+ 2| E|. Let ®(E) be the sequence (n;, - - - , ng| +1), taken in some
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order, and let (®(E)) = Il sis £ +1 b(n). Define r(s, T) to be the sum of (2(E))
over all sets of internal edges E, with | E| = s. Finally, let
R(T)=R(T,x)= 2 r(s,T)x*,  q(T)=q(T,x)= 2 q(s,T)x*
sz0 sz0
(so that g(T, x) = x"=3N2Q(T, x~1/?)).

LEMMA 2. For T € PT (n), T, € PT (n, 0), we have the following:

(a) ¢(T,x)=R(T,x—1);

(b) In the notation of Theorem 1,

(i) R(T) = R(T/e) + xR(T)R(T>),
(ii) g(T) = q(T/e) + (x — DNq(T1)q(T>);

(¢) R(T,0)=R(T,, x)=b(n).

Proof. (a) Let T € BPT (n) and let E be a set of s internal edges of 7. Under the
above construction, for each edge ¢ € E, new pendant vertices v;, v, are attached to the
ends of a bisection of e.

For i = 1, 2, label v; with the set of labels of those pendant vertices of 7 that are no
longer joined by a path to v; when e is cut. Each tree T; (i = 1, - -+ , s + 1) defined by
E, thus has a natural label set L; for its pendant vertices, so that T; € BPT(L;). This
process is illustrated for s = 2 in Fig. 1 by the tree Jg with two distinguished edges.

Now, let B(T, E) be the set of trees in BPT(n) equivalent to 7 on FE and possibly
other internal edges. We construct a bijection F from B(T, E) to [1; BPT(L;). Given
T'e B(T, E), performing the above edge splitting and labeling procedure on 7"’ produces
the label sets L, -+, Ls+,, and hence an element of F(T') € I, BPT(L)).

The inverse of F, takes (T, - -+, Ts+1) € I1; BPT(L;) and identifies all pairs of
pendant vertices v,, v, labeled with sets 4;, 4, such that 4, U 4, = L, the identified
vertices then being suppressed to give a tree in B(T, E). Now, |L;| = n; implies
|BPT(L;)| = b(n;), so that the bijection gives |B(T, E)| = (®(E)). By the principle
of inclusion and exclusion [6] r(T, x — 1) is then the (ordinary) generating function
for the number of binary trees equivalent to 7 on an exact number of internal edges,

thus we establish (a).
1
>—‘(3,4,5,6)
/ 2

(1,2) {4,5,6)
6 3
\ 5

1,2,3
Je { )

(a) (b)

FiG. 1
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Part (b)(i) can be proved directly, or from Theorem 1 by noting Q(T, x) =
x""3*/ R(T, x~2 — 1). Part (b)(ii) follows from (a), while part (c) follows from the
definition of R(T, x).

Example 1. For Jg in Fig. 1(a), we have

R(Js, x) = b(6) + (2b(3)b(5) + b(4)?)x + 3b(3)%b(4)x> + b(3)*x>
=105 + 39x + 9x2 + x3,

q(Js, x) = R(T,x — 1) = 74 + 24x + 6x2 + x°,

0Js, x) =1 + 6x* + 24x* + 74x5.

Example?2. Let T€ PT(n,f). Then q(s, T) =0, for s > f, and q(f, T) = I[1:6(9;),
where (9;, - -, dr41) is the degree sequence of the internal vertices of 7.

DEFINITION. For n 2 2a > 4, let T,(a) € PT(n) be a tree obtained by attaching
pairs of pendant vertices to “a” pendant vertices of a (star) tree T € PT(n — a, 0). The
resulting tree is unique up to topology so that g(s, T,(a)) is well defined. We call such
trees binary semistars. The tree Jg, in Fig. 1(a), with its central edge contracted,
isa Tg(2).

To calculate g(s, T,(a)), let F be the set of internal edges of T,(a), so that
| F| = a, and for E < F, ®(E) consists of | E| copies of three and one copy of n — | E|,
giving (®(E)) = b(n — | E|). Thus, r(s + i, T) = °Cs+pb(n — s — i), and so by
Lemma 2,

4(s, TW(@) = T (—1)\C*DCC s ybn—s = i)
iz0

Rearranging terms, we obtain Lemma 3.

LEMMA 3. ¢(s, Tn(a)) = °C; Zizo (—1).@"9C .b(n — s — i).

DEFINITIONS. For T € PT(n), n> 4, eis a binary edge of T if e is an internal edge
adjacent to a pair of adjacent pendant edges. For T € PT(n), let a(T) be the number of
binary edges of T'.

For T € PT(n), n > 4, if e is a nonbinary internal edge of 7", we say the contracted
tree T'/e is a o-reduction of T. Equivalently it is a contraction for which the maximal
subtrees T, T, both have at least four pendant vertices.

LEMMA 4. For T€ PT(n,f),n> 4, a(T) = a, T can be successively s-reduced to
a T,(a)inf— a steps.

Proof. If T' € PT(n)is not a binary semistar, 7" has a subtree topologically equivalent
to either Js in Fig. 1(a), or to Js with a contracted noncentral internal edge. Since these
trees are o-reducible, 7" is also. By induction, 7 can thus be reduced to a binary semistar
T,(a). Since the internal edges that survive under all possible o-reductions are precisely
the binary edges, we have a(T) = a, the number of binary edges of T}, (a). Finally since
each o-reduction eliminates one internal edge, f — a steps are required.

Now for positive integers ¢, s, let f(x) be a positive, real-valued function de-
fined on integers greater than or equal to s, with the property that ¢ < x < y implies
(X)) =f(x— 1) f(y+ 1). Thus, for positive integers N, k, with N = kt, induction
on N for each k gives

max[ M fG):Sxi=Nxz t] = SO (N = (k — 1)1).

I1=sisk i

Taking ¢ 2 3, f(x) = b(x), we have, for x = y, b(x)b(y) = (2x — 5)b(x — b(y) =
(2y = 5)b(x — 1)b(y) = b(x — 1)b(y + 1), so that b(x) satisfies the above property.



Downloaded 03/28/19 to 132.181.2.66. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DISTRIBUTION OF A TREE METRIC 545

This gives the following lemma.
LEMMA 5. For positive integers t Z 3, N, k;

max[ II b(x):Zxi=N,x;2 t] = b(t)* = '"bB(N — (k — 1)1).

1sisk i
Example 3. For T€ PT(n,f),n2 3,520, q(s, T) =/ C,b(n — s), so that
lim b(n) 'q(s, T) = 27%/s\

Proof of Example 3. By Lemma 2(a), q(s, T) < Ziz0 “*7C,q(s + i, T) =
r(s, T). From Example 2 we may assume s < f < n — 3, so that for a set E of s internal
edges of T, if ®(E) = (ny, *+* , ny41), then Z; m; = n + 2s 2 3(s + 1) Z min { n;}.s.
Thus, we can apply Lemma 5 with t=3, N=n+2s, k=s+ 1, to obtain
(®(E)) = b(3)'b(n — s) = b(n — s), and since there are / C possible choices
for E, r(s, T) £/ C,.b(n — s), which completes the proof.

THEOREM 2. For T€ PT(n),s20,n> 4,

b(n)~'q(s, T) = b(n)~'q(s, T,(a)) + &(s, T),

where a = a(T), |6(s, T)| <3(s+ 1)/2(2n — 7).
Proof. If n = 5, T'is a binary semistar and the theorem holds, then suppose 7 = 6.
By Lemmas 2(a) and 2(b),

(1) q(s,T)=q(s, T/e) + 2 4, T)gB, T)— 2 q(e, TY)q(B, T2).
at+f=s5-1 a+ B =35

Now if T'/e is a o-reduction of T, each of the two summation terms in (1) does not

exceed (s + 1)b(4)b(n — 2) (since for T € PT(m), q(s, T) = b(m), and for n = 6,

Lemma 5 applies with k = 2, t = 4, N = n + 2). Thus, by Lemma 4, b(n) !q(s, T) =

b(n) 'q(s, T,(a)) + 6(s, T); a = a(T), where

|6(s, T)| = (s+ 1)(n—3 — a)b(4)b(n — 2)/b(n)
=3(s+ 1)(n—3—-a)/(2n—-5)2n—17)
<3(s+1)/2(2n—17).

LEMMA 6. Let
m(a) = | {T€BPT(n):a(T)=a}l,

n>4,and T,(x) = 2, n.(a)x% t,(5) = D*(T,(x)) | x=1, where D denotes differentiation
with respect to x. Then, t,(s) = 27°b(n — s)n!/(n — 2s)\.

Proof. Given a set of labels L, let w,(L, k) be the collection of all sets of k disjoint
sets of size two drawn from L, and let my(n, k) = mp({1,---, n}, k). For S €
m(n, k), let A(S) < BPT(n) be the set of binary trees for which any pair of pendant
vertices labeled by a pair from S have adjacent edges. If A(n, k) = Zserynp) | A(S)],
and A4,(x) = Z; A(n, k)x’, then by the principle of inclusion and exclusion [6]
T,(x) = A,(x— 1), giving 1,(s) = s'4(n, s).

Let V(n, s) = {(T,S): T€ A(S), S€ny(n, s)}, and let

W(n,k)={(T,G,H): TeBPT(n—ys),Geny(H,s),H= {1, -+ ,n},|H|=2s}.

Then A(n, s) = | V(n, s)|, and we construct a bijection F from V(n, s) to W(n, s) as
follows. Given (T, S) € V(n, s),let H(S) = U {X: X€ S}, sothat | H(S)| = 2s, and
S € m(H(S), ).
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Let T(.S) be the tree obtained by deleting each pair of pendant vertices (and their
pendant edges) with labels x,, x, in S, and relabeling the exposed internal vertex by
min {x,, X, } . Relabeling T(S) again by { 1, - - - , n — 5 } so as to preserve the order of
labels gives a tree T'(S) € BPT(n — s5). Let F(T, S) = (T'(S), S, H(S)). Then F
has the following inverse (and hence is a bijection). Given (T, G, H) € W(n, s), if
G={{xi,n}, s {Xs Vs }} 1t L(G)= {1, -+~ ,n} —U;{max {x;,y;}}.Given T €
BPT(n — s), relabel the pendant vertices of T with L(G) so as to preserve the order of
the labels. Then, for i = 1, -- -, s, join new pendant vertices labeled x;, and y; to the
pendant vertex of T labeled min {x;,y;}, and we obtain a tree T’ € A(G). Thus,
F7'((T, G, H))=(T, G).

Summarizing, we have t,(s)=s'4(n,s)=s!|V(n,s)| =s!|W(n,s)|. But
|W(n,s)| =b(n—s)| m(2s,5)|"C 1, and |m2(2s, 5) | = (25)!/s!12°[1], which proves
the lemma.

Remark 1. An argument in [ 7] shows that

nl(n—4)!/(n—2a)lal(a—2)2% "% for2=<a=[n/2],
@) = [0 otherwise.
The proof relies on a recurrence for 7, (a) which can be written
Tu(x)=(n—4+nx— x)T,-1(x) + 2(x — x?)d/dxT,_ (x).

An inductive argument based on this result gives an alternative proof of Lemma 6.
THEOREM 3. For n > 4, s 2 0, qg(s, n) = y(s, n) + 6,(s), where Y(s, n) =

(n!/b(n)?2%s!) Z; b(n — s — i)*/(=2)'il(n — 25 — 2i)!, |8,(s)| <3(s+ 1)/2(2n — 7).
Proof.

g(s,n)=bn)? ¥ q(s,T)

T € BPT (n)
= b(n)‘z{ > q(s, T,,(a))n,,(a)] + 8,(s) by Theorem 2.
By Lemma 3,

> q(s, Ty(a))m(a) = X [“Cs > (—1)".‘“‘”C,--b(n—s—i)}nn(a)

az0 az0 20
=2 [ > “C, e~ "Cm,,(a)](—l)"b(n —s—1i).
iz0tlazo0
Now, Zuz0%Cs “™9C ma(a) = t,(s + i)/s'i!, so that
b(n)2 X q(s, Ta(@))na(a) = (s T (=1itu(s + i)b(n — s — i)/b(n)?!

iz0
= Y(s,n) by Lemma 6, as required.
COROLLARY 1. ¢(s) = lim, ., g(s, n) = e™'/8/ 8%\,
Proof. The proof is obtained by Theorem 3, observing that
lim b(n— x)*n!/b(n)*(n—2x)! =4 and lim §,(s) = 0.

COROLLARY 2. Ifv(n) is the expected distance between two trees in BPT(n), and
a*(n) is the variance, then we have the following:
(a) lim,~ o, (21— 6) — v(n) = 0.25;
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(b) lim, - ,, ¢%(n) = 0.5.
Proof. (a)v(n) = Z; q(s, n)(2n — 6 — 2s); thus,

(2n = 6) — v(n) = (2n — 6)(1 ~ 3 s, n)) +23 sq(s,n) =2 S sq(s, n),

since 2 g(s, n) = 1, and lim,,. ., 2, sq(s, n) = 2, sq(s) = }, by Corollary 1.
(b)
a?(n)= 3 q(s,n)((2n—6—2s)— v(n))>

=((2n—=6)—v(n))* 2 q(s,n)—4(2n—6—v(n)) > sq(s,n)
+4 3> 5%q(s,n).

Letting n = oo, using (a) and noting that > s2g(s) = 0.125 + (0.125)2, we obtain the
result.

Remark 2. Using a different type of counting argument it can be shown that
q(0, n) is monotone increasing in 7, for n = 3. Table 4 of [ 8], which gives g(s, n) for
4 = n = 16, further suggests that for each s > 0, ¢g(s, n) is monotone decreasing in 7.

Having found the asymptotic average value over BPT(n) of b(n)'q(s, T), we now
calculate its asymptotic range.

THEOREM 4.
i b B T 1, s =0,
n me mz n,?li%PT(m) { (m)"ats, )} - 3_1/4/438!, s> 0,
e, s=0,
lim inf {b(m)~'q(s, T)} =
n— oo mz nT e BPT(m) 0, s> 0.

Proof. For s = 0, (1) gives ¢(0, T) = ¢(0, T,(a)), which together with Lemma 3
and Theorem 2 gives g(0, T) 2 1 — a(T)/(2n — 5) + 6(0, T).

For each positive integer n, choose J, € BPT (n) with a(J,,) = 2. For a given n, any
two such trees are topologically equivalent and are often called caterpillar trees. Then
b(n)'q(0,J,)Z1-2/(2n—5) + 6(0, J,) > 1, as n > oo, and since

b(m) 'q(0, T) = 1

for all T € BPT(m), lim sup {b(m)~'q(0, T)} = 1. A similar argument using J, gives
lim inf { b(m)~'q(0, T) } = 0 for s > 0. To obtain the other two results, consider the
family of binary trees, K, € BPT(2n), obtained by attaching pairs of pendant edges to
every pendant vertex of a caterpillar tree T € J,,. For fixed n the trees obtained are again
topologically equivalent. An example of a K5 is given in Fig. 2. Clearly a(KX,) = n, so
that by Lemma 3 and Theorem 2,

b(2n) 'q(s, Ky) ="Cs X (—1).""9C,.b(2n — i — 5)/b(2n) + 8(s, K,).

iz0
Rearranging, we have

(SH™7 2 EDEN{n(n—1) - (n—s—i+1)

iz0

/(2(2n) = 5) - -+ (2(2n) — 2i — 25 — 3) } + 8(s, K,).
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FiG. 2

Now the bracketed term has s + i factors in the numerator and denominator so
that as n —> oo, the bracketed term approaches 4™°~*. Hence,

lim b(2n)7'q(s, K,) = (4°s)~' > (— l)l/ i!
n—> © iz0 4

e /44551,

Thus,
lim sup { b(m)~'q(s, T)} = e™'/%/ 455,
lim inf { b(m)'q(0, T) } < e™"/%.

We now show a = lim inf { b(m)~'q(0, T)} = e~'/* and by a similar argument, the
other inequality for lim sup can be derived, thus establishing the theorem. Let T; €
BPT(n;)be asequence withlim; . ., b(n;)"'q(0, T;) = . Thensince a( T;)/n;is bounded,
it has a convergent subsequence a(T;))/ni). Let v = lim;_. o, a(T;;)/ni¢;. Since
T;; is a subsequence of T}, lim;—. ,, b(n;)"'q(0, T;;) = a. A calculation similar to
the above result on b(2n)'q(s, K,) shows a = e™/2. But for any T € BPT(n), a(T) <
n/2,sothat ¥y < . Thus a = e '/*, as required.

We now consider the distribution of the symmetric difference metric on PT(n).
The normalized distance between two trees T, T' € PT(n) is d(T, T') divided by the
maximum possible distance, 2n — 6. Theorem 5 shows that, asymptotically, the nor-
malized distance becomes increasingly peaked about its mean u(#7), which is shown to
be less than one, confirming a conjecture in [ 8]. The symbols O and ~ have their usual
meaning: f(n) ~ g(n) means lim, . ., f(n)/g(n) = 1,and f(n) = O(g(n)) means f(n)/
g(n)isbounded asn = . Let p = 21In2 — 1. Lemma 7 follows from similar results
in [14].

LEMMA 7.

(a) p(n)/nt ~ p'~"n=>'*V(p/ 4w).

(b) p(n)™ (Zrzof | PT(n,f)]) —np~'(1 —In 2) = O(1).

(c) p(n) " (Zrzof (f= )| PT(n,f)]) = n’p2(1 —In 2)> = O(n).

THEOREM 5. Let u(n) and o*(n) denote, respectively, the mean and variance of
the normalized distance between two trees in PT(n). Then, we have the following:

(a) u(n) ~ (1 —1n2)/p =~ .7943;

(b) ¢3(n) = 0(n™).

Proof. A straightforward argument using Lemma 7(a) gives a constant C,
such that:

(2) ifn,mz3, m+mn=n+2, p(n)p(m)/p(n)<cC,/n.
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Let T € PT(n, f) and u(T) = p(n)"'DP(T, x)|x=1, (D = d/dx) be the expected
distance between T and trees in PT(n).
By Theorem 1,

DP(T, x)|x=1= P(T/e, 1) + DP(T/e, x) |x=1 = 2P(Ty, ) P(T3, 1).

Hence, u(T) = 1 + u(T/e) — 2p(n))p(ny)/p(n), where T, € PT(n,), T, € PT(n,). By
contracting 7'to 7T, € PT(n, 0), (2) gives

3) w(T)=f+ u(T,) — E(T) where0 < E(T) <2C,f/n.
Averaging u(T) over PT(n), and dividing by (2n — 6) to obtain u(#n), we obtain
4) u(n) = (p(n)™' Zf|PT(n,f)|)+ (u(T,) — e(n))/(2n — 6)

S

with 0 < e(n) < 2C,.
Now the trees at distance f from any T, € PT(n, 0) are precisely those with f internal
edges. Thus,

) wT)=p(m)™" 2 fIPT(n,f)l, w(n)=Q2u(T,)—e(n)/(2n—6).

fzo0

Result (a) now follows by Lemma 7.
The variance o2(n) of the normalized distance is the average value of

((d(T, T"))/(2n~6)— u(n))?
over all pairs T, T' € PT(n). Thus,
aZ(n)=( » szPk(T))/p(n)(zn—6>2—u2(n)

TePT(n) k

©)
=( S DP(T,x)seit 3 DP(T,x)|x=1)/p<n)(2n—6)2—u2(n>.

Te PT(n) T e PT(n)
From Theorem 1,
(7 D?*P(T,x)|x-1=D?*P(T/e,x)|x-1+2DP(T/e,x) |-
—4D((P(Ty,x))P(T,X)) | x=1—2P(Ty,1)P(T3, 1).

Now, p(n) "' D((P(T\, x))P(T;, X)) |x=1 = 2(2n — 8)p(n)p(n2)/p(n) (where T, €
PT(my), T, € PT(n,)) since for T' € PT(m, ), DP(T’, x)|x -, is clearly bounded
above by (m + f— 3)p(m) = (2m — 6)p(m).

Let T € PT(n, f). Dividing (7) by p(n), we obtain p(n)"'D*P(T, x)|x-1 =
p(n)'D*P(T/e, x) | x=1 + 2u(T/e) — e(T), with 0 < &(T) < e(n) = O(1) by (2). Reducing
Tto T,€ PT(n,0), and using (3), we have

p(n)'D*P(T, x)|x=1=p(n) ' D*P(Tp, Xx)|x =
®) +2( > (f'+u(Tn))—sl(T))
0=s/=f-1

with 0 < &/(T) < ¢;(n) = O(n).

Now, D*P(T,, x)|x=1 = Z,f(f — 1)|PT(n, f)|, while the second term in (8) is
f(f— 1)+ 2fu(T,). Averaging (8) over PT(n), we obtain

2p(m)~' Z (= DIPT(n, £)] +2u*(T,) — ex(n)  with ex(n) = O(n).
s
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FIG. 3

Substituting this into (6), and noting that 2 rcprny DP(T, X)|x=1/p(n)(2n — 6)> =
u(n)/(2n — 6), and 2u%(T,)/(2n — 6)? — 0.5u(n) = O(n™") (from (5)), we have
o?(n) = 2(Z,f(f — DIPT(n, £))/(2n — 6)*> — 0.5u%(n) + &3(n), with e3(n) =
O(n™"). The result now follows from part (a) and Lemma 7.

Remark 3. By Chebyshev’s inequality, Theorem 5 shows that for any number k,
the probability two trees in PT(n) have k or less equivalent edges tends to zero as n
becomes large. This is in contrast to the binary case for which most trees are a maximal
distance apart.

For T € BPT(n) an analysis similar to the first part of Theorem 5 can be applied
to v(T)—the expected distance between 7T and trees in BPT(n). Differentiating
Q(T, x) and setting x = 1, we obtain v(T) = v(T/e) + 1 — 2b(n,)b(ny)/b(n). By
induction, v(T) = v(T,) + (n — 3) — 2r(1, T)/b(n), for T, € PT(n, 0).

Now Q(T,,x)=>b(n)x""3 so that v(T,)=n—3. Thus, v(T)/(2n—6)=
1-2r(1, T)/b(n)(2n—6). As in Example 3 r(l,T)=(n—3)b(n—1), giving
vw(T)/(2n—6)=21—1/(2n — 5). In particular, v(T)/(2n —6) > l asn = 0.

Remark 4. The expected distance of binary trees from a given binary tree T €
BPT(n) does not characterize T (up to topological equivalence) in BPT(n). Indeed a
counting argument shows that for all integers k 2 1, there exists a positive integer n and
a set S < BPT(n) of k topologically distinct trees, on which v(T) is constant. For k = 2,
this is realized for n = 11, with the two trees given in Fig. 3. Although v(7’) does not
characterize the topology of T, it is not known whether or not Q( T, x) (equivalently,
R(T, x) by Lemma 2) does.
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