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Abstract

We derive the transition structure of a Markovian lumping of Kingman’s n-coalescent |[Kin82]. Lumping a Markov chain is meant in the sense of [KS60,
def. 6.3.1]. The lumped Markov process, referred as the unlabeled n-coalescent, is a continuous-time Markov chain on the set of all integer partitions of
the sample size n. We derive the backward-transition, forward-transition, state-specific, and sequence-specific probabilities of this chain. We show that the
likelihood of any given site-frequency-spectrum (SFS), a commonly used statistics in genome scans, from a locus free of intra-locus recombination, can be
directly obtained by integrating conditional realizations of the unlabeled n-coalescent. We develop a controlled Markov chain for importance sampling such
integrals from an augmented unlabeled n-coalescent forward in time. We apply the methods to population-genetic data to conduct demographic inference
at the empirical resolution of the site-frequency-spectra. We also extend a family of classical hypothesis tests of standard neutrality at a non-recombining
locus based on any statistics of the SF'S to a more powerful version that conditions on the topological information contained in the SEFS. We formalize a
oraph of coalescent experiments to set a decision-theoretic stage for population genetic inference across different empirical resolutions.
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n-Coalescent Probability Models
Kingman’s Labeled n-Coalescent |Kin82| with parameter § = 4N (scaled mutation rate) is an approximation of the Wright-Fisher (W-F) Model.
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Kingman’s Unlabeled n-Coalescent with parameter 6 = 4 Np (scaled mutation rate) is an approximation of a Lumped Wright-Fisher (W-F) Model.

e The Unlabeled n-Coalescent is the continuous time Markov chain {F T(t)}t€R+ on [F;, the set of

integer partitions of n, If,, := Uyleg >, [SS09] whose rate matrix @ = q(f;|f;) for any two states
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Likelihood of a Site Frequency Spectrum

Let ¢t € T, be a given coalescent tree, ¢ be its c-sequence, f = F (c) be its
f-sequence, t 1= (t9,t3,tn) € (0,00)" ! be its epoch times and let
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be its lineage lengths subtending 1,2,...,n — 1 leaves, the total tree-size, and
relative lineage lengths respectively.
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with initial state f; = (0,0,...,1) and final absorbing state f,, = (n,0,...,0).
Controlled Lumped Coalescent Proposal Chain over Cf ,(z®)

For a given SFS z € X7 and X®(2) = 2® € {0,1}" !, consider the dis-
crete time Markov chain {F L55@(!6)} keln], over the state space of ordered pairs
(fir, zir) € IF%@ C F, x {0,131 with the initial state given by (f1,z®) =
((0,0,...,1),2%), the transition probabilities obtained by a controlled reweigh-
ing of the the transition probabilities of {F+(k)} keln], over Fyp as follows:
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Let ﬁ,f@ be the set of sequential realizations of the first component of
the ordered pairs of states visited by {F " (k)} keln],» L€
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Then F2° = CF ,(2®).
SFS Proposal by an z®-controlled unlabeled n-coalescent

1: input:
1. scaled mutation rate ¢ of the locus

2. observed z% (note that sample size n = |®| + 1)

2: output: an SFS sample x such that the underlying f-sequence f € CF ,(z®)
3. generate an f-sequence f under {F La@(/f)}ke[n] .
4o draw t ~ T = (1o, T3, ..., T) ~ @i, (;) e_@)ti, or as desired
5. 1 =t"-f, where f = F(f)
6: draw z from Poisson-Multinomial distribution e~ (¢y0,)* 7= I/ T =]
7. return: x
SFS-based Estimator of ¢7 = 0™ and ¢3 (exp. growth rate)
n 0P ¢1 (91, P2)
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101 23 |11 64 | 17 10| 66 95 | {0.091,0.14,0.30}

An n-Coalescent Experiments Graph
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This allows for theory of approximate sufficiency [Cam64| over a partially-odered family

5 5 5 5 of statistical n-coalescent experiments whose hidden space is given by a corresponding
=~ S %36013 = (8070 (50, Pas) j graph of lumped n-coalescent Markov chains [SS09].
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