CLONAL CORES AND FLEXIPATHS IN MATROIDS
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ABSTRACT. A partitioned matroid (M, {X1, X2,...,Xn}) consists of a
matroid M and a partition {X1, Xa,..., Xy} of its ground set. As such
structures arise frequently in structural matroid theory, this paper in-
troduces a general technique for analyzing those special properties of
partitioned matroids that depend solely on the values of the connectiv-
ities A(X;), the local connectivities M(UjesX;, Ukek Xk, ), and the dual
local connectivities M*(Une g Xh,UgecXg). In particular, we consider
those partitioned matroids in which each X; is an independent, coin-
dependent set of clones of cardinality A(X;). Calling such partitioned
matroids clonal-core matroids, we show that special results of the above
type for partitioned matroids can be verified in general by proving them
just for clonal-core matroids. Aiming at the long-term goal of finding
the unavoidable minors of 4-connected matroids, we illustrate this tech-
nique by studying 4-paths. These are sequences (L, P1, P, ..., Pn, R) of
sets that partition the ground set of a matroid so that the union of any
proper initial segment of parts is 4-separating. Viewing the ends L and
R as fixed, we call such a partition a 4-flexipath if (L, Q1, Q2, ..., Qn, R)
is a 4-path for all permutations (Q1,Q2,...,Qn) of (P1,Pa,...,Pn). A
straightforward simplification enables us to focus on (4, ¢)-flexipaths for
some ¢ in {1, 2,3}, that is, those 4-flexipaths for which A(Q;) = ¢ and
AQ: UQj) > c for all distinct ¢ and j. Our main result for 4-paths is
that the only non-trivial case that arises here is when ¢ = 2. In that
case, there are essentially only two possible dual pairs of (4, ¢)-flexipaths
when n > 5.

1. INTRODUCTION

We are currently involved in a project whose goal is to extend the results
of [7] to find the unavoidable minors of 4-connected matroids. While progress
on this project has been steady, it is definitely “work in progress” and it
would be unwise at this stage to make claims about its outcomes. Having
said that, work on the project has motivated us to solve problems that
we believe are of independent interest and this is the second paper that
has arisen in that way. The first paper was motivated by the problem of
deciding which version of 4-connectivity is the most appropriate for our
study of unavoidable minors. This is an issue as there are a number of
versions of 4-connectivity for matroids in the literature. In [3], we solve a
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problem on tangles in matroids. We argue that the results of [3] justify the
use of so-called weak 4-connectivity as the most natural notion to use in our
project.

In this paper, we describe a general technique for simplifying arguments
in structural matroid theory and use that technique to understand a specific
structural situation that arises in our search for unavoidable minors. We
begin by giving an overview of the technique for simplifying arguments.

Recall that if X and Y are disjoint subsets of a matroid M, then the lo-
cal connectivity M(X,Y) between X and Y in M is given by M(X,Y) =
r(X) +rY) —r(X UY). The connectivity A(X) of X is defined by
AMX) = N(X,E(M) — X). Most researchers in structural matroid theory
will be aware of the following trick. If a theorem for matroids can be for-
mulated in terms of connectivity and local connectivity between members
of an associated partition of the matroid, then, to prove the theorem, it suf-
fices to prove it for the lowest rank examples satisfying the hypotheses. The
proof for such examples is often intuitively clear, and uses straightforward
rank arguments. That is not the proof that eventually appears in a research
paper. One has to convert the intuitively clear argument to one that applies
in full generality. The conversion process is routine, but clarity is lost and
the result is far from aesthetically pleasing.

In Section we give conditions that guarantee that the technique of
proving the result in a restricted domain suffices to prove the result in full
generality. Specifically, we proceed as follows. In a matroid M, the elements
of a subset A of E(M) are clones if every permutation of E(M) that fixes
each element of E(M)— A is an automorphism of M. Now let M be a matroid
and let {X1, Xs,..., X,,} be a partition X of E(M). We call the pair (M, X)
a partitioned matroid. If a partitioned matroid has the additional property
that each member X; of X is a clonal set of size A\(Xj;), then we say that
(M, X) is a clonal-core matroid. In essence, Corollary says that, if a
conjecture can be stated in terms of connectivity, local connectivity and
duals of local connectivity of sets that respect the partition of a partitioned
matroid, then, to prove the conjecture in full generality, it suffices to prove
it for the restricted class of clonal-core matroids.

Application of this technique would enable one to make considerable sim-
plifications of arguments that appear in the literature. The analysis of
the different types of structures that arise when one considers crossing 3-
separations in 3-connected matroids given in [12] is a clear example. We
were motivated to make explicit the technique described above by a partic-
ular problem that arose in our work on unavoidable minors of 4-connected
matroids. For this problem, being able to reduce to clonal cores proved to
be genuinely helpful. We now turn to a discussion of this problem and its
resolution.

In essence, the strategy for finding unavoidable minors of 4-connected
matroids is to use extremal techniques to gradually refine the structure of
the matroid until we are finally left with the unavoidable minors themselves.
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At an intermediate stage, one arrives at a matroid with an ordered partition
(L, Py, Py, ..., Py, R) of its ground set into many parts where this parti-
tion induces a nested sequence of 4-separations. In general, permuting the
members of (P, P,...,P,) destroys this property, but not always. Un-
derstanding the structures that arise when the property of being a nested
sequence of 4-separations is preserved under arbitrary such permutations
plays a role in our search for unavoidable minors. That is the analysis that
we undertake in the latter part of this paper. We note that the analysis
is not dissimilar to those given for flowers in matroids, see, for example,
[T, &2, (5, 6, [T, (12, (13, [14).

Before we can describe our results, we need some definitions. Our notation
and terminology will follow [10]. For a positive integer n, we write [n] for
{1,2,...,n}. Let M be a matroid on a set F. Rewriting its connectivity
function, Aps, introduced above, we see that Ays(A) = r(A)+r(E—A)—r(M)
for all subsets A of E(M). If X and Y are disjoint subsets of E, then
K(X,Y)=min{\y(Z2): XCZCE-Y}.

In the definitions that follow, we focus on the specific cases relevant
to this paper. A path of 4-separations in M is an ordered partition
(L, P, Py,...,P,,R) of E(M) such that

(i) k(L,R) =3, and
(ii) Ay(LUPLUP,U---UP;) =3 foralliin {0,1,...,n}.

For such a path P of 4-separations, the members of P are steps, and L and

R are end steps while Py, P», ..., P, are internal steps.
The path P is a 4-flexipath if (L, Q1,Q2,...,Qn, R) is also a path of 4-
separations whenever (Q1,Q2,...,Q,) is a permutation of (Py, Pa, ..., P,).

For a positive integer ¢, the 4-flexipath P is a (4, ¢)-flexipath if A\ps(P;) = ¢
for all 7 in [n}, and Aps(P; U Pj) > ¢ for all distinct 4, j in [n]. Imposing these
two additional constraints on 4-flexipaths simplifies the analysis. Moreover,
descriptions of all 4-flexipaths follow straightfowardly from those for (4, c)-
flexipaths by noting that if (L, Q1,Q2, ..., Qn, R) is a 4-flexipath Q, then so
is (L,Q1,Q2,...,Qi-1,Qi+1,Qit2,...Qn,Q; U R). In this transformation,
we say that ); has been absorbed into the right end of Q.

We show in Lemma that, when ¢ > 3, a (4, ¢)-flexipath has at most
two internal steps. The case when ¢ = 1 is also straightforward. If we add
the additional constraint that M is 3-connected, then all internal steps are
singletons and these singletons are either in the closure or coclosure of both
L and R. The full description of (4, 1)-flexipaths follows routinely from these
observations and is given in Corollary

This brings us to (4, 2)-flexipaths, the most interesting case. Recall that
the local connectivity between disjoint sets X and Y in a matroid M is given
by My(X,Y) =N(X,Y) =r(X)+rY) —r(XUY). We write M*(X,Y)
for Mys+(X,Y) and call this the local coconnectivity between X and Y in M.
Let Q be the (4,2)-flexipath (L, Q1,Q2,...,Qn, R).

The flexipath Q is spike-reminiscent if all of the following hold:
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FIGURE 1. (i) A rank-7 matroid with a spike-reminiscent
flexipath (L, Q1,Q2,RQ3,Q4, R). (ii) A rank-7 matroid with
a paddle-reminiscent flexipath (L, Q1, Q2, @3, Q4, R).

(i) N(L,R) =1 and M*(L, R) = 2;

(i) N(Qi,Q;) =1 and M*(Q;, Q;) = 0 for all distinct ¢ and j in [n]; and
(iii) M(Qs, L) =1N(Qi, R) =1 =1*(Qi, L) = M*(Qi, R) for all i in [n].
The flexipath Q is paddle-reminiscent if all of the following hold:

(i) (L, R) =2 and M*(L,R) = 1;

(i) M(Qi,Q;) =0 and M*(Q;,Q;) = 1 for all distinct ¢ and j in [n]; and
(iii) N(Qi, L) =M(Q4, R) =1 =1"(Qi, L) = MN*(Qy, R) for all 7 in [n].
Illustrations of spike-reminiscent and paddle-reminiscent flexipaths are

shown in Figure [I[i) and (ii), respectively.

The flexipath Q is squashed if all of the following hold:

(i) N(L,R) = 3 and M*(L, R) = 0;

(ii) M(Q4,Q;) =1 and M*(Q;, Q;) = 0 for all distinct ¢ and j in [n]; and
(111) H(QZ,L) = H(QZ,R) = 2, and ﬂ*(QZ,L) = |_|*(QZ,R) = 0 for all ¢

in [n].
The flexipath Q is stretched if all of the following hold:

(i) N(L,R) =0 and M*(L, R) = 3;

(i) M(Qi,Q;) =0 and M*(Q;, Q;) = 1 for all distinct ¢ and j in [n]; and
(iii) M(Qi, L) = N(Q4, R) = 0, and M*(Q;, L) = M(Q;, R) = 2 for all i

in [n].
In Q, the step Q; is specially placed if either M(L, R) = 2 and M(L, Q;) =

2 =MN(R,Q;), or ™*(L,R) = 2 and M*(L,Q;) = 2 = M*(R,Q;). Figure

illustrates a rank-7 matroid in which {a, b} is a specially placed step of the

first type. In Lemma we show that any (4, 2)-flexipath has at most one
specially placed step.

The next theorem follows from Theorem the main result of the
paper.
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FIGURE 2. A rank-7 matroid in which {a,b} is a specially
placed step in the flexipath (L, Q1,Q2, {a, b}, Q3, Q4, R).

Theorem 1.1. Let Q be a (4,2)-flexipath with at least five internal steps.
When Q has no specially placed steps, let Q' be Q; otherwise let Q' be
obtained from Q by absorbing its specially placed step into its right end.
Then Q' is spike-reminiscent, paddle-reminiscent, squashed or stretched.

In fact, Q is spike-reminiscent in M if and only if Q is paddle reminiscent
in M*, and Q is stretched in M if and only if Q is squashed in M*. It
follows that, after any specially placed step is absorbed, there are at least
four remaining internal steps and, up to duality, there are only two outcomes
for (4,2)-flexipaths. A variety of other outcomes appear for (4, 2)-flexipaths
with two or three internal steps. While these outcomes are less interesting,
it turns out to be useful to understand them for our work on unavoidable
minors, so we give a full description of them in Theorem [5.15

2. PRELIMINARIES

For a matroid M, it is well known that Ay (X) = r(X) +r*(X) — | X| for
all subsets X of E(M). Hence Ap« = Apr. When the underlying matroid
is clear, we may abbreviate A\y; as A. The following basic facts about the
connectivity and local connectivity functions of a matroid will be used fre-
quently throughout the paper. The first two appear as Lemmas 2.6 and 2.4
of [12] and are easily verified by rewriting everything in terms of ranks of
sets in M. The third follows straightforwardly from the first.

Lemma 2.1. For subsets X and Y of the ground set of a matroid M,
AXUY)=XMX)+XY)-N(X,Y) —N"(X,Y).

In the next lemma, (ii) follows from (i) by taking D to be empty.
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Lemma 2.2. In a matroid M, let A,B,C, and D be disjoint subsets of
E(M). Then

(i) NM(AUB,CUD)+N(A,B)+1(C,D) =n(AUC,BUD)+1M(A,C)+

n(B, D).

(ii) N(AUB,C)+1(A,B) =N(AUC,B) +1M(A4,C).
Lemma 2.3. Let (L,Q1,Q2,...,Qn, R) be a 4-flexipath. For distinct i and
j in [n],

MQi U Q) > ANQi).

Proof. Since we have a 4-flexipath, A(LUQ;UQ;) = 3 = A(LUQ);). Thus, by
Lemma /\(LUQZ'UQ]') = )\(L>+)\(QiUQj)—|_|(L, QiUQj)—l_l*(L, QZ‘UQ]'),
and AM(L U Q;) = ML) + M(Q:) — (L, Q;) — M*(L, Q;). The lemma follows
because the functions M and M* are monotonic. O

7

3. THE CLONAL CORE OF A MATROID

The purpose of this section is to develop a versatile tool for dealing
with connectivities and local connectivities of sets in a matroid. In par-
ticular, we shall define the clonal core of a matroid M whose ground set
has a partition (Z1,Z2,...,Zy,). This clonal core (]\/4\, (Zv, Zay ... Zy))
will replace each Z; by an independent, coindependent set Z of clones
of size \(Z;). We shall show that )\]\A/[(Z) = Ay (Z;) for all i in [n]
and that, more gfnerally, for all disjoint subsets I and J of [n], we have
My7(UierZi, Ujes Z;) = NMu(Uier Zi, Uje s Z;).

We begin with a well-known concept. For a matroid M, let X and Y be
subsets of E(M). We call {X,Y} a modular pair if

’I”M(X) + T‘M(Y) = TM(X N Y) + TM(X @] Y)
A collection F of subsets of E(M) is a modular cut of M if it satisfies the
following conditions.
(i) fX CY C E(M)and X € F, then Y € F.
(ii) If X, Y € F and (X,Y) is a modular pair, then X NY € F.
(ili) Y € F and X CY with 7(X) =r(Y), then X € F.
In [I0], a modular cut in a matroid M is defined to be a set F of flats of

M obeying (i) and (ii). The definition just given extends that definition to
arbitrary collections of subsets of E(M). The next result is [9, Lemma 6.3].

Lemma 3.1. Let M be a matroid and (R, S) be a partition of E(M). Let
F be the set of subsets X of E(M) for which Ay x(R—X) = 0. Then F is
a modular cut of M.

This lemma is the basis of the proof of the following result.

Theorem 3.2. Let M be a matroid and (Z,A) be a partition of E(M).
Suppose Ayi(Z) > 0. Let M' be the single-element extension of M by the
element e corresponding to the modular cut {F C E(M) : A\py/p(Z—F) = 0}.
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Then e is a non-loop element of clyy (Z)Nclpr (A) and ryp (XU{e}) = rar(X)
if and only if X is in the modular cut.

We say that the matroid M’ constructed from M in the last theorem has
been obtained by freely adding e into the guts of (Z, A). We have symmetry
between Z and A in the definition, but for our purposes it helps to focus
on one side. Thus we will also say that M’ has been obtained from M
by freely adding e into the guts of Z. We may repeat the operation. Let
{e1,e2,...,es} be a set disjoint from F(M). Let My = M. For i > 1,
inductively define M; to be the matroid that is obtained from M;_1 by freely
adding e; into the guts of Z. Let F;_1 be the modular cut that generates
M; from M;_1. It follows from Lemma below that Mj is well defined in
that the matroid My does not depend on the order in which the elements of
{e1,e2,...,es} are added. We say that Mj is the matroid obtained by freely
adding {e1,ea,...,es} into the guts of Z.

In the next sequence of lemmas, we shall develop some properties of the
matroids obtained by extending freely into the guts of a partition. Through-
out, we shall assume that Ay (Z) = t.

Lemma 3.3. If I' € F;, then F' € F; for all j > > 0.

Proof. We argue by induction on j — ¢ noting that the result is immediate
if 7 —4 = 0. Assume the result holds for j —¢ < n and let j —i = n. Then
FeFj1. Thus Ay, yp(Z—F) =0and ry; (FU{e;}) = ra;, (F). Hence
ej is a loop of M;/F. Thus Ay, /p(Z — F) =0, so I € F;. We conclude, by
induction, that the lemma holds. O

Lemma 3.4. The elements ey, eo,...,€es are clones in Ms.

Proof. We argue by induction on s showing first that e; and es are clones
in My. Assume that this fails. Then there is a subset S of F(M) such that

(i) e € clar, (S) but ez & clp, (5); or
(ii) eq € clar, (S) but eg & clar, (5).

In the first case, as S C E(My) and e; € clpg,(S), we deduce that e; €
clar, (S). Thus S € Fy. By Lemma S € Fj. But this implies that
e2 € cly,(S), a contradiction. In case (ii), S € Fi, so Ay, 9(Z — S) = 0.
Thus Z — S is a union of components of M; /S that avoids e, so it is a union
of components of (M;/S)\e1, that is, of My/S. Thus A\pp/9(Z — S) = 0,
so e1 € clpy, (S). Hence e; € clpy, (S), a contradiction. We conclude that e;
and ey are clones in M.

Now assume that ej,eo,...,es_1 are clones in M;_;. By what we have
just shown, es and es;_1 are clones in M. Say es; and e, are not clones in
M for some u < s — 2. Then there is a subset V' of E(M;) — {ey,es} such
that

(1) ey € clp, (V) but es & clp, (V); or
(i) es € clp, (V') but ey & clps, (V).
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In the first case, e, € clp, (V) but es € V, so e, € clpr, (V). As e, and
es—1 are clones in Ms_1, we deduce that es_1 € cly, (V). Hence es_; €
cla, (V). As es—q and eg are clones in Mj, it follows that es € clyy, (V), a
contradiction. In the second case, es—1 € clyy, (V). Ases & V, it follows that
es—1 € clpyr, (V). Hence e, € clps, (V) and e, € clpr, (V), a contradiction.
We conclude that e, es,...,es are clones in My and the lemma follows by
induction. O

Lemma 3.5. A\, (Z) =t.

Proof. Since A € Fy, we see that e; € cly, (A), so e1 € cly,(4). As

e1,e9,...,es are clones in M, we see that {e1,ea,...,es} € cly, (A). Thus
)\MS(Z):/\M(Z):t. O
Lemma 3.6. 7, ({e1,e2,...,e5}) <t

Proof. As Z € Fy, we see that e; € cly,(Z), so {e1,ea,...,es} C cly, (2).
By submodularity,
ra,({e1,e2,...,es}) < ru(AU{er, e, ..., es})
+ra, (ZU{er,ea,...,es}) —r(Ms)
= rvm(A)+ru(Z) —r(M) =t
O

Lemma 3.7. For all u <t, the set {e1,ea,...,e,} is independent in Ms.

Proof. Let X; = {e1,e,...,¢e;}. It suffices to prove that e;11 & cly,,, (X;)
when i 4+ 1 < s < t. Assume the contrary. Then X; € F;. Thus
0 = 7ray/x,(Z2) +ragx, (A) — r(M;/ X;)
= TMZ-(Z U XZ) + T'Mi(A U Xl) — T‘(Ml) —TM; (Xz)
= v (Z)+rm(A) —r(M) —rar (Xs)
Hence t = Ay (Z) = rar,(X;) < i < u <t, a contradiction. O
Lemma 3.8. If X C A and clpy, (X)N{e1,e2,...,es} # 0, thenN(X, Z) = t.

Proof. Because e, es,...,es are clones in Mg, we may assume that e; €
clar, (X). Hence e € clpy, (X). As Fo is the modular cut that generates M;
from M, it follows that X € Fy. Thus
0 = ryyx(A—X)+ryx(Z)—r(M/X)
= ry(A)+ru(ZUX) —r(M) —ry(X)
= (TM(A)+TM(Z)—T(M))—(TM(Z)-FTM(X)—T’M(ZUX))

We deduce that ¢t = A\ (Z) =Ny (Z, X). O
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The case that is of most interest to us is the case when s = ¢t. The next
result captures some key properties in this case. We state the full set of
hypotheses.

Theorem 3.9. Let M be a matroid and (Z, A) be a partition of its ground
set for which Ap(Z) =t > 0. Let M, denote the matroid obtained by freely
adding the set {ey1,ea,..., e} into the guts of Z. Then {ey,ea,... e} is an
independent set of clones in My. Moreover clpy, (A) Ny, (Z) contains and
is spanned by {e1,e2,...,e}.

Proof. By Lemmas and {e1,e2,...,e} is a rank-t set of clones
in My. As e € cly,(Z2) Nely, (AU {e1,e2,...,ei—1}) for all i, we see
that e; € cly,(Z) Ncla,(A). Hence clpy,(Z2) = clu(Z) U {e1,ea,... et}
and cly, (A) = cly(A) U{er,e2,...,er}. Thus r(cly,(Z2)) = rv(Z) and
r(clar, (A)) = rar(A). Since {e1,ea,... e} C clar,(Z) Nelp, (A), we deduce
that

t < rag(cla, (A)Nela, (2))
M ((clar(A) Nely (Z2)) U {61, €2,... ,Ct})
(clas(A) N ely (2))
(clar(A)) + rar(cly(Z2)) — (M)
— ra(A) +rai(Z) — (M)
= u(2) =t

I
<

IN
-
g

|
<
g
—~~ I~

Hence {ej,ea,..., e} is, indeed, a basis for M;|(clar, (A) Nclag, (Z)). O

For the next five results, we remain under the hypotheses of Theorem
Let {e1,e2,...,e;} = G. Then the ground set of the matroid M; constructed
in the last theorem is the disjoint union of Z, A, and G.

Lemma 3.10. Let X C A. Then 1y 7(X) = raq(X), that is,
TMt(X @) Z) - TMt(Z) = TMt(X @) G) — TMt(G).

Proof. By Theorem G spans cly, (Z) Nclp, (A). Since Ay (Z2) =t =
7, (G), we deduce that Ay, (Z) = 0. Thus

M,/G\Z = My/G/Z = (My)Z))G = (My/Z)\G

where the last step holds because G C cly,(Z). Hence 7y, 6\ 2z(X)
g, 2\G(X), that is, 777 (X) = 76 (X).

o

Lemma 3.11. Let X and Y be disjoint subsets of A. Then

(1) HM(X7Y) = |_lMt\Z(AXVa Y); and
(i) My (XU Z)Y) =Ny, \z(XUG,Y).
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Proof. Part (i) is immediate since M is a restriction of M;. For (ii), we have

Mu(XUZY) = ryXUZ2)+ryY)—ry(XUZUY)

= (ru(XUZ)—ry(2)+ruY)
—(rM(XUZUY) —ry(2))

= (TMt(X U G) — TMt(G)) + M, (Y)
—(ry,( XUGUY) —rp, (GQ))

= TMt(X UG) +TMt(Y) — TMt(X U GUY)

= My,(XUG,)Y)

= ﬂMt\Z(XUG,Y)

where the third step follows from two applications of Lemma [3.10 O

Corollary 3.12. Suppose FF C A. Then F U Z is a flat of M if and only if
FUG is a flat of Mi\Z.

Proof. Take e in A — F. By Lemma B.11{ii), Mar(F U Z, {e}) = My z(F U
G,{e}). Thus e € cly(F U Z) if and only if e € clyg,\ z(F UG). The result
follows. O

Lemma 3.13. Let X and Y be disjoint subsets of A. Then

(1) |_rkM(‘XV?)/) = l_l*M \Z(Xa Y); G/fld
(i) My (X Uz Y)=r1, \Z(X UG,Y).

Proof. Suppose X’ € {X, X UG}. Then

ﬂh\z(X/aY) = Ma\z)-(X,Y)

= Myyz(X,Y)
ragp1z2(X) +rarzyz(Y) = ragpy2(XUY)

= rp(X'UZ)+ry:(YUZ)
—ra (X' UY UZ) — 1o (2)

= r(M\(X"UZ))+r(M\(Y UZ))
—r(M\(X'UY UZ)) —r(M\Z). (3.1)

Thus, recalling that F(M,) is the disjoint union of Z, A, and G, we have

Mupz(XsY) = (A= XJUG) +ra, (A =-Y)UG)
=7 (A= (X UY))UG) =7, (AU G)
= (A= X)U2Z)+ru((A-Y)U2)

(A= (XUY)UZ) =g (AUZ)  (3.2)

where the last step follows by four applications of Lemma
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For X" in {X, X U Z}, we have
M (X7 Y) = ra(X") + (V) = g (XU Y)
= X" +rEM)-X")Y+|Y|+r(E(M)-Y)—|X"UY|
—r(E(M) — (X" UY)) —r(M). (3.3)
Thus
My (X, Y)=r(A-X)UZ2)+r(A-Y)UZ)—r((A—(XUY))UZ)—r(M).
Therefore, by ,
My (X,Y) =My 2(X,Y),
that is, (i) holds.
Now, by ,
MyXUZY)=r(A-X)+r(A-Y)UZ)—r(A— (XUY))—r(AU 2).
Moreover, by ,
Mz(XUGY) = ry(A—X)+ry,(A-Y)UG)
—ry(A—(XUY)) —ry,(AUG)
= u(A-X)+ru((A-Y)U2)
—ry(A—(XUY))—ry(AU Z)
by two applications of Lemma We conclude that M},(X U Z)Y) =
My z(X UG,Y), that is (ii) holds. O
Lemma 3.14. In M\ Z, the set G is an independent, coindependent set of
clones of cardinality Ay (Z), and A\ z(G) = A (Z).
Proof. By Theorem[3.9] G is an independent set of clones in M; of cardinality
A (Z). Now
T}k\/[t\Z(G) = 7"J\z[g*/Z(G)
= ru;(GUZ) —ryp(2)
= |GUZ|+ 7y, (A) — (M)
(2] + ra, (AU G) — r(My))
= |G|
where the last step holds because A spans G in M;. Thus G is coindependent
in M;\Z. Finally,

Anz(G) = Tanz(G) + 730 2(G) — |G

= |G|

= Au(Z2)
where the second step follows because G is independent and coindependent
in M\Z. O

We now consider freely adding different elements into the guts of disjoint
sets in a matroid.
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Lemma 3.15. Let M be a matroid and suppose A C E(M). Let My be
the matroid that is obtained from M by freely adding a into the guts of A.
IfY C E(M), then M,y/Y is obtained from M/Y by freely adding a into
the guts of A —Y.

Proof. Say X C E(M) —Y. Then a € clM<a)/y(X) if and only if a €
cly,, (X UY). From the definition of M, Theorem implies that the
latter holds if and only if Ay;/(xuy) (A — (X UY)) = 0, that is, if and only if
)‘(M/Y)/X((A - Y) - X) = 0. But )‘(M/Y)/X(<A - Y) - X) =0 if and only
if X is in the modular cut that corresponds to freely adding a into the guts
of A-Y in M/Y. O

Lemma 3.16. Let M be a matroid, let A and B be disjoint subsets of
E(M) and let {a,b} be disjoint from E(M). Let M, be the matroid that is
obtained from M by freely adding a into the guts of A; let My, be obtained
from M by freely adding b into the guts of B; let Mgy be the matroid that
is obtained from M,y by freely adding b into the guts of B; and let My,
be the matroid that zs obtained from My, by freely adding a into the guts of
A. Then M) = M<b><a>-

Proof. Clearly M) \b = Mgy and My \a = . Next we show that
3.16.1. My, \a— y and My, \b—

Suppose X CEM ) We prove that b€ clM< ) b)\a( ) if and only if b€
clar, (X). Since Mgy @y \a, b = M) \b, this will prove that M,y \a = M.

Say b € cly, p\a(X ) Then b € clMu ,(X). Hence Ay, >/X(B X) =0.
But M/X = M<a>/X\a, SO )‘M/X(B — X) =0. Thus b € C]M ( ).

Assume that b € clar, (X). Then Ay x (B —X) = 0. Since a € cly,, (A)
and A C E(M)— B, we have a € clM<a>/X((E(M) — B)—X). It follows that
AM /x(B —X)=0. Hence b € clM  (X). Thus Eholds.

Assume that M qy @) # Mp) and that amongst all counterexamples to
the lemma, |E(M )\ 1s mlmmal Then there is a set Z that is independent
in one of M<a b and M (ay, say the second, and is a circuit in the other,
M@y By (3 , {a,b} C Z. This implies that neither a nor b is a loop
of M< )(b) OT Of M< b)(a)- Hence )\M(A) )\M( ) > 0.

Let Z' = Z — {a,b} and suppose Z' # (). In this case, it follows from
Lemmathat the triple (M/Z', Miqy)/Z', Mpy(ay/Z") also gives a coun-
terexample to the theorem contradlctlng the mmlmahty of |[E(M)|. Hence
Z ={a,b}.

Let C = E(M) — (AU B). Since {a,b} is a circuit in Mgy, we have
b € cly,, ({a}). This means that {a} is in the modular cut that generates
M 4y @y from M gy. Since M,y py is obtained from M,y by freely adding b into
the guts of B, we have Ay, /o(B) = 0. We have observed that Ay (B) > 0.
We deduce that (AU C,B) is a 2-separation in M, so M, is a parallel
connection with basepoint a of matroids with ground sets A U C U a and
BUa. Hence a € cly,, (AUC) and a € cly,, (B).
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Since Mpy(ay\b = M4y, we have that a € cla, (AU C) and that a €
My 0 (B). As My is obtained from M by freely adding b into the guts of
B, and AUC = E(M)— B, we have that b € cly,, (B) and b € cly,, (AUC).
But M)(a is an extension of My,. It follows that b € cla, (B) and
be ClM(b)(a) (AuC).

Now Mary, (., (AU C,B) =1 and {a,b} C cla, , (AU C) Nl (B).
Hence {a, b} is dependent in M (b)(a)» contradicting the assumption that this
set is independent in M) (q)- ([

Lemma 3.17. Let {X;, Xo,..., X} be a collection of disjoint sets in a
matroid M and let {Y1,Ya2,...,Y,} be a collection of disjoint sets each of
which is disjoint from E(M). Let ¢ be a permutation of [n]. Let Mgy = M,
and, for each i in [n], let My be the matroid that is obtained from My;_1)
by freely adding the elements of Y; into the guls of X;. Let My = Mgy(,.
Then the following hold.

(i) If 1 is also a permutation of [n], then My = M.

(ii) If i € [n], then My is obtained from My\Y; by freely adding the

elements of Y; into the guts of X;.

Proof. Part (i) follows from Lemma and a routine induction. We omit
the details. For (ii), choose a permutation 1 such that (i) = n. O

The clonal core of a partitioned matroid. When M is a matroid on a
set F, and X is a partition { X1, Xo, ..., X,,} of E, recall that the pair (M, X)
is a partitioned matroid. The partitioned matroid (N, {Y1,Y2,...,Y,}) is
isomorphic to the partitioned matroid (M, {X1, Xs,...,X,}) if there is a
bijection ¢ : E(M) — E(N) such that r;(X) = ry(p(X)) for all subsets
X of E(M), and ¢(X;) =Y; for all 7 in [n].

We now describe a construction that builds an associated partitioned
matroid (]\//.7 , V) from the partitioned matroid (M, X).

(i) Let Y be a collection {Y7,Y2,...,Y,} of disjoint sets each disjoint
from E such that |Y;| = Ay (X;) for each i in [n].

(ii) Let My = M and, for each ¢ in [n], let M; be the matroid obtained
from M;_1 by freely adding the elements of Y; into the guts of X; in
M.

(iii) Let M = M,\E.

It follows from Lemma that the partitioned matroid (]\/4\ , V) does
not depend on the ordering of the members of X'. We say that (]\/4\ V)
is the clonal core of (M,X). Note that there is no assumption here that
A(X;) > 0. When A(X;) = 0, we have that ¥; = (). In particular, if some X;
is a separator of M, then the clonal core of M is obtained from the clonal
core of M\ X; by adding an empty set Y; to ).

A major reason for the introduction of the clonal core is to enable us to
infer certain connectivity properties of M from the corresponding connec-
tivity properties of M. The proof of the next result, though not deep, is



14 N. BRETTELL, J. OXLEY, C. SEMPLE, AND G. WHITTLE

long and technical. When {W;, Wy, ..., W, } is a family of subsets of a set
S, and J is a non-empty subset of [n], we write W for Ujc;W;; when J is
empty, Wj = (.

Theorem 3.18. Let (M,X) be a partitioned matroid, where X =
{X1,X2,..., X}, and let (]\/4\,))) be the clonal core of (M,X), where
Y ={¥1,Ya,..., Yo} Then |[E(M)] = Ar(X1) + A (Xa) + -+ + Anr(Xn).
Moreover, in (M,Y),

(i) each Y; consists of an independent, coindependent set of clones of
cardinality A\p(X;); and
(ii) for all non-empty disjoint subsets J and K of [n],
(a) Anm(Xg) = Agp(Yy);
(b) |_|M(XJ,XK) = HM(YJ,YK); and
(C) HTM(XJ, XK) = ﬂ%/l\(YJ, YK)

Proof. Let A\y(X;) = t;. Construct the matroid My, from M by freely
adding a t;-element independent set G; of clones to the guts of (X, Xo U
X3U---UX,) as in Theorem Let Ny = M;,\X1. By Lemma the
set (G is an independent, coindependent set of clones in Ny and Ay, (G1) =
Av(X1). Then the ground set of N; has a partition into non-empty sets
G1,X9,X3,...,X,. Moreover, by Lemma for all disjoint subsets J
and K of {2,3,...,n}, we have My (X s, Xg) = My, (X7, Xi) and My (X1 U
XJ,XK) = |_|N1(G1 U XJ,XK). Also, by Lemma ﬂ}k\/[(XJ,XK) =
ﬂ}‘vl (XJ, XK) and H?W(Xl UXy, XK) = |_|}<\71 (Gl UXy, XK)

Assume that N1, No, ..., N; have been defined so that E(N;) is the disjoint
union of Gl, GQ, PN ,Gi, Xi-‘r].v Xi+2, PN ,Xn where

(1) for j <, each Gj is an independent, coindependent set of clones of
N; of cardinality Apr(X;); and

(2) for all disjoint subsets I; and I of {1,2,...,7} and all disjoint subsets
J1 and Jo of{i+1,i+2,...,n},

|_|]\/[(AX]1 UXJl,X[2 UXJ2) = ﬂNi(Gh UXJl,G]2 UXJ2) (3.4)
and
|_|7V[(X[1 UXJl,X[2 UXJ2) = |_|}<VZ_(G[1 UXJl,G[2 UXJ2). (3.5)

To define N;;1 from N, first extend the latter by an independent, coin-
dependent set Gj41 of clones added into the guts of (X;y1, E(NV;) — Xi41)
where |Git1] = Am(Xit1). Let N/ be the resulting extension and let
Ni+1 = N,L/\X1+1 Thus

E(Ni_H):G1UGQU'”UGi+1UXi+2U”'UXn.

By Lemma in N;y1, the set G;11 is independent and coindependent.
Moreover, G;11 is a set of clones of cardinality A, (X;+1). By (3.4), this
cardinality is Apz(Xi41).
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3.18.1. For each t in {1,2,...,i}, the set Gy is an independent, coindepen-
dent set of clones of cardinality Apr(Xy) in Nijq.

To see this, first note that |G¢| = Ap(X¢). Moreover, G is an inde-
pendent, coindependent set of clones in N;. Thus G; is an independent
set in N;1q. Suppose that N;y; has a cyclic flat F' for which there are
elements = and y of G; such that x+ € F and y ¢ F. Because z and
y are clones in N;y1\G,t1, which equals N;\X;;1, the cyclic flat F' con-
tains an element of Gjy1. Thus F contains G;y1. By Corollary [3.12]
(F — Giy1) U X471 is a flat of N; that contains z but not y. Thus z
must be a coloop of N;|((F — G4+1) U X;+1). But z is not a coloop of
N;11|F, so F contains a circuit C' containing x. Then C meets G;11. Let
CNGip1 = {x1,m9,...,25}. Then x; € ClN;(XHl)’ so there is a circuit
Cy such that 1 € C; C X;41 U {x1}. Thus there is a circuit C’ such that
x e C'C(CuCy)—{x1}. Hence C'NG,y1 C {2, x3,...,x5}. By repeatedly
eliminating the elements of C' N G;,1, we obtain the contradiction that z is
in a circuit that is contained in (F' — Gj4+1) U X;+1. We conclude that Gy is
a set of clones in Nj4.

Finally, from Lemma [3.11(ii), An,,,(G¢) = An,(Gt) = |Gy|, so Gy is coin-
dependent in N;y1. Thus[3.18.1| holds.

Now let I; and Iz be disjoint subsets of {1,2,...,i} and let J; and Js be
disjoint subsets of {i + 2,7+ 3,...,n}. Then, by and Lemma we
have

My (Xnun, Xnun) = Ny (G UXy, G, UXy,)
= |_|N¢+1 (Gfl U XJl’ GIQ U XJ2)’
and
|_|M<X11UJ1U{i+1}7 XIQUJQ) = I—]Ni(Gll U XJ1U{i+1}7 GIQ U XJQ)
= |_|N7;+1 (Gllu{i—i-l} UXJl,G]2 UXJ2)~
Likewise, by (3.5) and Lemma
My (Xnon, Xnus,) =My, (Gn U Xy, G, U Xp,)
and
|_|>’]<VI(XI1UJ1U{1'+1}7 XIQUJQ) = I—]}k\le (Gllu{iJrl} U XJl ) GI2 U XJQ)'
The theorem follows by taking Y; = G; for all 7 in [n], noting that we get
from Lemma that M is the matroid IV,, constructed above. O

We recall that a partitioned matroid (N,{Z1,Zs,...,Z,}) is a clonal-
core matroid if, for each ¢ in [n], the set Z; is a set of clones of cardinality
AN (Z;). Observe that, because Z; has cardinality Ay (Z7;), it follows that Z;
is independent. Moreover, Z; is coindependent since Ay (Z;) = An+(Z;).

Lemma 3.19. A partitioned matroid (N, Z) is a clonal-core matroid if and
only if there is a partitioned matroid (M, X) whose clonal core is isomorphic

to (N, Z).
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Proof. If the clonal core of (M, X)) is isomorphic to (N, Z), then, by The-
orem (N, Z) is a clonal-core matroid. Conversely, suppose (N, Z) is
a clonal-core matroid. We shall show that the clonal core of (N, Z) is iso-
morphic to (N, Z). Since (N, Z) is a clonal-core matroid, if Z € Z, then Z
is a set of clones in N of cardinality An(Z). Let Any(Z) = t. We assume
that ¢ > 0 otherwise Z is empty. Let Z = {f1, fo,..., fi} and let N; be
the matroid that is obtained from N by freely adding the set {e1,ea,...,¢e;}
into the guts of Z. By Theorem {e1,€e2,...,e:} is an independent set
of clones of Ny and cly, (E(N) — Z) Ncly,(Z) contains and is spanned by
{e1,€e2,...,¢e}.
We show next that

3.19.1. {ey,ea,... e, f1, fo,..., ft} is a set of clones of Ny.

To see this, it suffices to show that each f; is a clone of e;. Assume that
this fails. Then N; has a cyclic flat F' that contains exactly one of e; and
fi- Suppose that f; € F but e; € F. As ej,ea,...,e; are clones in Ny, we
deduce that F'N{e,ea,...,e;} = 0. Since fi, fa,..., ft are clones in N, it
follows that {fi, fo,..., ft} C F. As ey, eq,...,e; were added to the guts of
{f1, fa, .., fi}, it follows that {e1,ea,...,e:} Ccln,({f1, f2,.--, ft}) CF,a
contradiction.

Now suppose that e; € F but f; ¢ F. Then {ej,ea,...,e;} C F as
e1,e,...,e are clones in Ny. Since {e1,eo, ..., e} spans {f1, fa,..., fi}, we
obtain a contradiction. Hence [3.19.1] holds.

By N\{f1, fa,..., ft} = N. By repeating this argument for each
set Z in Z, we deduce that the clonal core of (N, Z) is isomorphic to (N, Z).
Thus the lemma holds. ([l

Theorem [3.18| provides conditions that enable us to say that, if a theorem
on partitioned matroids holds for all clonal-core matroids, then it holds for
all partitioned matroids. The next, somewhat informal, corollary follows
immediately from Theorem Note that a precise formulation would
require an exercise in logic that we would prefer to avoid.

Corollary 3.20. If a statement for partitioned matroids involves only

(i) connectivities of unions of members of the partition,
(ii) local connectivities between disjoint pairs of unions of members of
the partition, and
(iii) local coconnectivites between disjoint pairs of unions of members of
the partition,

then the statement is true for all partitioned matroids if and only if it is true
for all clonal-core matroids.
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4. THE BEHAVIOUR OF (4, ¢)-FLEXIPATHS

When we have a matroid M having a path (L,Q1,Q2,...,Qn, R) of 4-
separations and ¢t < n, we can consider

(LUQiUQ2U---UQj,Qj11,Qjt2, - - -, Qjtts Qijtt+1UQji42U- - -UQrUR),

which is also a path 4-separations, this one having exactly ¢ internal steps.
Moreover, if the original path is a 4-flexipath, so too is the second path.

Now let (L,Q1,Q2,...,Qn, R) be a 4-flexipath in a matroid M. Because
we are dealing with a flexipath, we may use the idea from the previous
paragraph of absorbing internal steps into the end steps to assume that
AMQi) = MQ)j) for all i and j. By Lemma for distinct 7 and j, we
have A(Q; U Q;) > A(Q;). If equality holds here, we may replace @; and
Q; by a new step, Q); UQ;. By repeating this process, we eventually obtain
a (4, c)-flexipath for some ¢ in {1,2,3}, that is, A(Q;) = ¢ for all 4, and
AMQi U Qj) > c for all distinct ¢ and j.

In this section, we shall derive some general properties of a (4, ¢)-flexipath
(L,Q1,Q2,...,Qn, R). We show in Lemma F that we may assume that
¢ < 3 otherwise n < 1. By Theorem |3.18, there is a matroid M hav-
ing cn + 6 elements whose ground set is the disjoint union of the sets
E,@l,ég, . .,Q\n,ﬁ where, for each i in [n], the set @Z is a c-element in-
dependent, coindependent set of clones, and each of L and R consists of a
3-element independent, coindependent set of clones. Moreover, for all sub-
sets I of {1,2,...,n}, we have AAA/[(E UQ;) = 3 and, for all disjoint subsets
I and I of [n],

I_lM(QIp QIQ) == HM\(Q\IU @Ig)
and
Mu(LURUQ, Q) = '_'1\7@ URUQn, Q).

In view of this, as noted in the previous Sectr/o\n, we can infer much about
the matroid M by focusing on its clonal core M. This means that, in many
arguments, we will assume that M is a clonal-core matroid corresponding
to the partition {L,Q1,Q2,...,Qn, R} of E(M).

In the next section, we will focus on (4, 2)-flexipaths. Before doing that,
we develop some general results for (4, ¢)-flexipaths. In all of the results in
this section, (L, Q1,Q2,...,Qn, R) is a (4, ¢)-flexipath in a matroid M. The
main results of this section, Corollary .9 and Theorem determine all
possible (4, 1)-flexipaths and all possible (4, 3)-flexipaths, respectively. Each
of the latter has at most two internal steps.

Lemma 4.1. For alli in [n],

l_l(L7 QZ) + H*(L’ QZ) =Cc= I—](Ra Q’L) + H*(Ra Q’L)
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Proof. By symmetry, it suffices to prove the first equality. Using Lemma [2.1
we have

= 3+c—N(L,Q;) — M (L, Q).

O
Lemma 4.2. For all distinct i and j in [n],
M(Qi, Qj) + M (@i, Q) < c— 1.
Proof. Using Lemma [2.1] we have
c+1<AMQiUEy) = MQi)+AMQy) —M(Qi, Q;) — M (Qi, Q)
c+c—M(Qi, Q) — M (Qs, Qj)-
The result follows immediately. O

In each of the remaining proofs in this section, by relying on Theorem (3.18
we may assume that (M, {L,Q1,Qo,...,Qn, R}) is a clonal-core matroid.

Lemma 4.3. For alli in [n],
N(L, Qi) = N(R, Qi)
Proof. Let (L,Q, R) be a path of 4-separations. Then, by Lemma [2.2(ii),
nL,Q) = NR,Q)+MN(RUQ,L)—N(LUQ,R)
= M(R,Q)+ AL) — A(R)
MR, Q).
In particular, the lemma holds when n = 1.

Assume n > 2. Because we are dealing with a flexipath, we may assume
that ¢ = 1. Then (L,Q1,Q2U--- U@y, U R) is a path of 4-separations, so

ML, Q1) =N(Q1,Q2UQ3U---UQ,UR)>T(Q1,R),

where the inequality follows by the monotonicity of M in each argument. By
SymmetrY? I_l(Ra Ql) > H(QLL) S0 H(L7Q1) = H(R7Q1)' u

Lemma 4.4. Ifn > 2, then M(L,R) +M*(L,R) <5 —c.
Proof. We have, by Lemma, that

A(L,R) + (L, R) = A(L) + A(R) — A(LUR) =3+ 3 — A(LUR).
AsA(LUR)=AQ1UQ2U---UQy) > c+ 1, the lemma follows. O
Lemma 4.5. Ifn > 3, then ¢ < 2.

Proof. Because (L,Q1,Q2,...,Qn, R) is a (4,c)-flexipath, so is (L U

Q1,Q2,...,Qn, R). Thus, by Lemma MLUQ,R)+M (LU, R) <
5 — c. Therefore, by Lemma [£.1] and monotonicity,

¢ = l_l(QlaR) + l_l*(leR) <5- C,

and the lemma follows. O
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Lemma 4.6. If ¢ > 4, thenn < 1.

Proof. Assume n > 2. By Lemma n = 2. By Lemma
0<M(L,R)+ M (L,R) <5 —c<1.

Thus ¢ € {4,5}.

Suppose M(L,Q;) = 3. Since we are operating in the clonal core, this
means that L C cl(Q;). By Lemma [4.3] R C cl(Q;), so LUR C cl(Q;) and
r(LUR) <r(Q;) = c. Thus

6—N(L,R) <ec.
This contradicts Lemma [£4l Thus
(L, Qi) < 2.
By duality, M*(L, Q;) < 2. By Lemma [4.1]
¢ =N(L, Qi) + (L, Qi) < 4,
S0
c =4,
and, for each 7 in {1,2}.
ML, Qi) =2=1"(L,Qs).
We deduce that, for each N in {M, M*} and each ¢ in {1, 2},
rn(LUQ;) =5=ry(RUQ;).
Thus, by the submodularity of ry,
rv(LURUQ;) +ry(Qi) < ry(LUQ;) +rn(RUQ;) = 10.
Hence ry(L U RU ;) < 6. Therefore, by submodularity again,
12> ry(LURUQ,) +rn(LURUQ2) > ry(LUR)+7(N).
Taking each N in {M, M*}, we have
24 > ry(LUR) +r(M) +ry(LUR) +r(M7).
But r(M) +r(M*) =|E(M)| = 14. Thus 10 > rp(LUR) +rpy+ (LU R), so
10> r(L)+r(R)+r*(L) +r"(R) —N(L,R) —N*(L, R).
Hence M(L, R) + M*(L, R) > 2, which contradicts Lemma O

The rest of this section is concerned with determining all possible (4, 1)-
and (4,3)-flexipaths beginning with the former. For such a flexipath,
AQ;) = 1 for each i, so, since M is a clonal-core matroid, we may take

Qi = {ei}.

Lemma 4.7. Let (L,ej,ea,...,e,, R) be a (4,1)-flexipath with N(L, R) =
and n > 1. Suppose M(L,e;) =1 for each i in {1,2,...,t} and N(L,e;)
for each j in {t+1,t+2,...,n}. Then min{t,n —t} = 1.

2
0
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Proof. By Lemmal[d.1] M*(L,e;) = 0 for each i in {1,2,...,¢} and 1(L,e;) =
1 for each j in {t +1,t+2,...,n}. Suppose n —t = 0. Then
3=ANLUeyU---Uey)=r(LUeyU---Uey) +r(R)—1(M) <3+3—4,

a contradiction. Thus n —¢ > 0. By duality, ¢ > 0.

Assume t,n —t > 2. By moving to the clonal core of the (4, 1)-flexipath
(LUep U---Uet_9,et-1,€, €41, €442, €443 U -+ - Ue, UR), we may assume
that t = n —t = 2. Since A({es,e;}) = 2 for i # j, we deduce that
r({ei,ej}) = 2 = r*({es, e5}). As M*(L,e3) = 1 = M*(L,e4), we see that
r*(LU{es,eq}) = r*(L) = 3. It follows by symmetry that

24+ r"(LUR) = r*({es,eq})+r"(LURU{es,es})
< r*(LU{es,es}) +r*(RU{es,ea})
= 343
Thus r*(LU R) < 4, so M*(L, R) > 2. But (L, R) = 2 and, by Lemma [4.4]
M(L,R) + M*(L,R) < 4, so M*(L,R) = 2. This means that we can make
inferences about M* from what we determine about M.
Since M*(L, R) = 2, we see that r*(L U R) = 4. Thus

4=r"(LURU{es,eq}) =|LURU {es,es}| +r({e1,e2}) —r(M),
so r(M) = 6. Dually, r*(M) = 6, so |E(M)| = 12, a contradiction. O

We remind the reader that each of the matroids M that arises in
our lemmas is the clonal-core matroid associated with the (4, c)-flexipath

(L') Ql? Q27 ey QTM R)

Lemma 4.8. Let (L,ey,ea,...,en, R) be a (4,1)-flexipath in a matroid M
with (L, R) = 3. Then r(M) = 3 and M|{e1,ea,...,e,} can be any n-
element simple matroid of rank at most three.

Proof. First we show that
4.8.1. ¢; € cl(L) for all i in [n].

We observe that it suffices to show that M(L,e;) = 1. Assume
that M(L,e;) = 0. Then e; ¢ cl(L). Consider the (4,1)-flexipath
(L,e1,{ea,€3,...,en} U R) rewriting this as (L,e;, R'). As r(L) = 3, we
have 3 > M(L,R') > N(L,R) = 3 so MN(L,R') = 3. Recalling that M is
a clonal-core matroid, we now consider the clonal core of (M {L e1, R’ })
denoting this clonal core by (M {L, ey, R’}) rather than by (M {L a,Rr 19
because L is already an md/ependent coindependent set of clones and e;
is a singleton. Then (L, ey, R') is a (4, 1)-flexipath and ey ¢ clg3(L). But
clgz(L) = clz(L U j%\’), so e; ¢ clm(L U j%\’) This is a contradiction as it
means ej is a coloop of M so Ag({e1}) = 0. Thus @ holds.

By [£.8.1] it follows that r(M ) = 3. Clearly r(M|{e1,e2,...,en}) < 3.
Now, let N be any simple matroid of rank at most three with ground
set {61,62,...,6n} and take My to be a copy of Usg with ground set
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{f17f27"'7f6} where {617627"'aen} N {flaf27--'af6} = @ Thena in the
truncation to rank three of the direct sum of My and N, we see that

({fla f27 f3}7 €1,€2,...,€n, {f47 f5a f6}) is a (47 1)'ﬂeXipath' U

Extending the last two lemmas, we get the following characterization, up
to duality, of the clonal cores of all (4, 1)-flexipaths.
Corollary 4.9. Let (L,eq,es,...,en, R) be a (4,1)-flexipath in a matroid
M with (L, R) > M*(L, R). Then one of the following holds.

(i) (L, R) = 3 and r(M) = 3, while M|{e1,ea,...,en} is any n-
element simple matroid of rank at most three, and {ey, ez, ..., e,} C
cl(L) Necl(R).

(ii) M(L,R) = 2 and r(M) = 4, where n > 2 and, for some relabelling
of {e1,e2,...,en}, the matroid M|{e1,es,...,en_1} is simple and
uniform of rank at most two where {e1,ea,...,en_1} = cl(L)Ncl(R)
and {e,} = cI*(L) Ncl*(R).

Proof. By Lemma N(L,R) + M*(L,R) < 4 provided n > 2. In Lem-

mas(4.7]and[1.8] we treated the cases where M(L, R) € {2,3}. By Lemmas[4.1|
and each e; is in exactly one of cl(L) Ncl(R) and cl*(L) Ncl*(R). Since

M(L, R) > M*(L, R), we see that |c]*(L)Ncl*(R)| < 1. IfN(L, R) = 3, then (i)
holds. If M(L, R) = 2, then r(M) > 4. By Lemma[L.7] |cI"(L) Ncl*(R)| =1
and (ii) holds. O

Lemma 4.10. In a (4, 3)-flexipath with n = 2,
(M(L, R), (L, R)) = (M*(Q1,Q2) + 6 — r(M),M(Q1,Q2) + 6 — r*(M)).

Proof. By duality, it suffices to prove that the first coordinates are equal.
We have

M (Q1,Q2) = 77 (Q1) +7"(Q2) —r*(Q1UQ2)
= 3+3-1r"(Q1UQ2)
= (L) +7(R) - (|Q1U Q2| +r(LUR) —r(M))
= MN(L,R) +r(M) —6.
U
Lemma 4.11. In a (4, 3)-flezipath withn = 2, if (L, Q1) = 2, thenr(M) <
5.
Proof. By Lemma MN(R,Q1) =2, so
444 = r(LUQ)+7r(RUQ)
> (@) +r(LURUQ))
= 3+7r(M)
as (01 is independent and )2 is coindependent. Thus r(M) < 5. ([

Lemma 4.12. In a (4, 3)-flexipath with n = 2, for some N in {M, M*} and
each i in {1,2},
(HN(La Ql)v m?\/(Lz Ql)) = (25 ]-)
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Proof. By Lemma for each N in {M,M*}, we have
M (L, Qi) + My (L, Qi) = 3. If (My(L,Q1),My(L,Q1)) = (2,1) and
(MN(L, Q2),My(L,Q2)) = (1,2), then, by Lemma we see that
(M (R, Q2), My (R, Q2)) = (1,2). Thus
BZAN(LUQl):TN(LUQ1)+TN(RUQ2)—T(N):4+5—T(N),

so 7(N) = 6. As |E(M)| = 12, it follows that »(M) = r*(M) = 6. But,
by Lemma and its dual, r(M) < 5 and r*(M) < 5, a contradiction.
We deduce that (My (L, Q1), My (L, Q1)) = (Mn(L, Q2),My (L, Q2)) and the
lemma follows. U

The next theorem determines, up to duality, the possible clonal cores of
all (4, 3)-flexipaths with at least two internal steps.

Theorem 4.13. Consider a (4,3)-flexipath with n > 2 and N(L,R) >
M*(L, R). Then n =2 and one of the following three possibilities arises:
(1) (I_l(Lv R)’ l_l*(Lv R)) = (27 O) and (H(Qla Q2)v I_I*(Qh QZ)) = (17 1);
(ii) (M(L, R),M*(L, R)) = (1,0) = (M(Q1, Q2),M(Q1, Q2)); or
(111) (I_l(Lv R)7 H*(L’ R)) = (17 1) and (H(QL QZ)? I—]*(Ql, Q2)) = (270)
Proof. By Lemma[4.5 since we are dealing with a (4, 3)-flexipath, n < 2, so
n = 2. By Lemma [4.12] for some N in {M,M*}, we have My (L,Q1) = 2
and Ny (R,Q2) = 2. Thus ry (LU Q1) =4 =ry(RUQ2). Hence
3=ANv(LUQ1)=rn(LUQ)+rNy(RUQ2) —r(N)=4+4—7(N),

so 7(N) = 5. As |[E(N)| = 12, we see that r*(N) = 7. It follows by
Lemma [£.10 that

(l_IN(Lv R): m}k\/(lﬁ R)) = (I_r]k\f(Qly QQ) +1, HN(QI: QQ) - 1)7 (4'1)
SO
M (L, R) + Ny (L, R) = Nn(Q1, Q2) + My (Q1, Q2).
By Lemma An(L, R) + My (L, R) < 2. It follows by that 1 <
An(L,R) <2 and 1 > My (L, R) > 0. As My (L, R) > M}, (L, R), we deduce
that
(Mar(L, R), My (L, R)) € {(2,0),(1,0), (1,1)}.

Moreover, by (4.1) again, we get (Mar(Q1,Q2), M}, (@1, Q2)) for each of the
three cases. (]

To provide an example of a matroid satisfying Theorem ii), take a
basis {b1, b2, b3, bs,p} of V(5,R). For each i in {1,2, 3,4}, freely add points
Tii+1s Yii+1, and 2 ;41 to the plane spanned by {b;,b;y1,p} where i + 1 is
calculated modulo 4. Delete {by, ba, b3, by, p}; let

(L,R) = ({z12,y1,2, 21,2}, {734, Y34, 234})
and
(Q1,Q2) = ({72,3,Y2,3, 223}, {741, Y41, 24,1 })-
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Next we give an example of a matroid satisfying Theorem |4.13(i). To
do this, we first construct a polymatroid on the set of subsets of E where
E={L,R,Q1,Q2}. For each member X of 2F, let

0 if | X|=0;
3 if | X|=1;
4 if |X|=2and X # {Q1,Qs};
5 otherwise.

r(X) =

One easily checks that r is increasing and submodular, so r is a polymatroid
on 2F (see, for example, [10, p.406]). The operation of freely adding an ele-
ment to a flat of a matroid extends straightforwardly to freely adding a point
to an element of a polymatroid (see, for example, [10, p.409]). Using this
idea, we freely add three elements to each of L, R, @1, and Q2. We then
restrict the resulting polymatroid to the set of these twelve newly added
points to get a 12-element rank-5 matroid M. Now, within M, let L be
the set of three matroid elements that were freely added to the polymatroid
element L. In the corresponding way, let R, (Q1, and ()2 label the disjoint
3-element subsets of E(M)— L that are associated with the original polyma-
troid elements R, @)1, and )2, respectively. It is routine to check that, in M,
the sequence (L, Q1,Q2, R) is a (4, 3)-flexipath satisfying Theorem i).

Finally, to get a matroid corresponding to Theorem M(iii), we can mod-
ify the example just given by interchanging L with ()1 and interchanging R
with Q2. Thus, in the matroid M described above, we consider the (4, 3)-
ﬂeXipath (Qh L7 R7 QZ)

5. TYPES OF (4,2)-FLEXIPATHS

The purpose of this section is to prove the main result of the paper, The-
orem which describes all possible (4,2)-flexipaths. Let Q be a (4,2)-
flexipath (L, Q1,Q2,...,Qn, R) in a matroid M. In the introduction, we
identified four special types of (4,2)-flexipaths, namely, spike-reminiscent,
paddle-reminiscent, squashed, and stretched. Moreover, we noted that Q is
spike-reminiscent in M if and only if it is paddle-reminiscent in M™*; and Q
is squashed in M if and only if Q is stretched in M*. Each of the remaining
seven types of (4,2)-flexipaths has exactly three internal steps.

The flexipath Q is relazed-spike-reminiscent if all of the following hold:

(i) n=3;
(ii) (L, R) = 0 and M*(L, R) = 2;

(iii) M(Qs, Q;) =1 and M*(Q;, Q;) = 0 for all distinct ¢ and j in [n]; and

(iv) M(Q;, L) =1(Qi, R) =1 =1"(Qi, L) = M*(Q;, R) for all 4 in [n].

The flexipath Q is relazed-paddle-reminiscent if all of the following hold:

(i) n=3;
(ii) N(L, R) = 2 and M*(L, R) = 0;
(iii) M(Qs,Q;) = 0 and M*(Q4, Q;) = 1 for all distinct ¢ and j in [n]; and
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@1

Qs

FIGURE 3. A prism-like flexipath (L, Q1,Q2, @3, R).

(iv) M(Qi, L) =N(Q4, R) =1 =1"(Qy, L) = M*(Q4, R) for all 7 in [n].
Note that Q is relaxed-spike-reminiscent in M if and only if it is relaxed-
paddle-reminiscent in M*.
The flexipath Q is prism-like if all of the following hold:
(i) n=3;
(i) MN(Qs, Q) = M"(Q;,Q;) = 0 for all distinct ¢ and j in [n];
(iii) N(L, R) =M*(L, R) = 0; and
(iv) M(Qi, L) =N(Q4, R) =1 =1"(Qy, L) = M*(Qy, R) for all i in [n].
Observe that Q is prism-like in M if and only if Q is prism-like in M*. A
diagram representing a rank-6 matroid with a prism-like flexipath is shown
in Figure
The flexipath Q is tightened-prism-like if all of the following hold.

(i) n=3;

(i) M(Qi, Qj) =M"(Qi,Q;) = 0 for all distinct ¢ and j in {1,2,3};
(iii) M(L, R) =0 and M*(L, R) = 1; and
(iv) M(Qs, L) = M(Qi,R) = 1 = M*(Qi, L) = M*(Qs,R) for all i

in {1,2,3}.
Note that we have not formally named what Q is in M* when Q is tightened-
prism-like in M.
The flexipath Q is doubly-tightened-prism-like if all of the following hold.

(i) n=3;
(i) M(Q4, Q;) = M*(Q4,Q;) = 0 for all distinct ¢ and j in {1,2,3};
(iii) N(L,R) =1=n* (L R); and
(iv) (Qu L) = NQi,R) = = M(Qi, L) = N*(Qi,R) for all i
in {1,2,3}.

We see that Q is doubly-tightened-prism-like in M if and only if Q is doubly-
tightened-prism-like in M™.
The flexipath Q is Vdmos-inspired if, in either M or M*, all of the fol-
lowing hold.
(i) n=3;
(ii) (L, R) =0 and M*(L, R) = 1;
(iil) M(Qi, L) = N(Q;, R) = 1 = N*(Q;, L) = M*(Q;, R) for all i in
{1,2,3}
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(iv) M*(Qs,Q;) = 0 for all distinct ¢ and j; and
(iv) after a possible permutation of {1,2,3},

H(QlaQZ) =0= l_l(Qla Q3) and M (Q25Q3) =1

Note that, by definition, Q is Vamos-inspired in M if and only if Q is
Vamos-inspired in M*.
The flexipath Q is nasty if all of the following hold.
(i) n=3;
(ii) N(L,R) =1 =1*"(L, R);
(iii) M(Q;, L) = N(Q;,R) = 1 = N*(Q;, L) = M*(Q4, R) for all i in
{1,2,3}; and
(iv) after a possible permutation of {1, 2, 3},

M(Q1,Q2) M (Q1,Q2) 0 o] [o o
MN(Q1,Q3) M(Q1,Q3)| €4 (0 1],]|0 0f,
M(Q2,Q3) M(Q2,Q3) 1 0| |1 0

These three types are called, respectively, mized nasty, plane nasty, and
dual-plane nasty. Clearly, Q is plane-nasty in M if and only if Q is dual-
plane nasty in M*; and Q is mixed nasty in M if and only if Q is mixed
nasty in M*.

We say that Q; is a specially placed step in a (4,2)-flexipath
(L,Q1,Q2,...,Qn, R) in M if either

(S1) N(L,R) =2 and MN(L,Q;) =2 =N(R,Q;); or

(S2) M*(L,R) =2 and M*(L,Q;) =2 =M*(R, Q;).

Evidently, Q; is a specially placed step of type (S2) in M if and only if Q;
is a specially placed step of type (S1) in M*. Specially placed steps are not
particularly problematic for, as we now show, there is at most one of them.
In this and the remaining results in this section, (L, Q1,Q2,...,Qn, R) is a
(4,2)-flexipath Q.

(=i}
_ o O

Lemma 5.1. Q has at most one specially placed step.

Proof. Assume that Q1 and )2 are both specially placed elements of type
(S1). For the rest of the argument, we will again be operating in the clonal
core. There, since M(L, Q;) = 2 for each i in {1, 2}, we deduce that Q1UQ2 C
cl(L). By symmetry, @1 UQ2 C cl(R). Hence Q1 UQ2 C cl(L)Ncl(R). Thus

AMQ1UQ2) <7r(Q1UQ2) <r(cl(L)Nncl(R)) <N(L,R) =2,

a contradiction.

By duality, Q has at most one specially placed step of type (S2). Now
suppose that @ is specially placed of type (S1), and Q- is specially placed
of type (S2). Then NM(L,R) =2 = M*(L,R), so N(L,R) +M*(L,R) = 4, a
contradiction to Lemma O

Lemma 5.2. IfMN(L, R) = 3, then N(L,Q;) = 2 for all i.
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Proof. We may assume that M is a clonal-core matroid. Then r(L) =
r(R) = 3 and, since M(L, R) = 3, this implies that (LU R) = 3. If n =1,
then (M) = 3 and M(L,Q1) = r(Q1) = 2. Next assume that n = 2. We
have

3< )\(Ql U Qg) = T(Ql U Qg) + T(L U R) — ?”(M)
But (L U R) = 3 since M(L, R) = 3. Thus

3 ST(M) §T(Q1UQ2) §4.

Suppose (M) = 3. Then M(L,Q;) = 2 for all i. Thus we may assume that
r(M) = 4. Then

3=AMLUQ1)=r(LU@)+r(RUQ2) —r(M).

Thus r(LUQ1) +r(RUQ2) = 7. Hence we may assume that (L UQ1) = 3.
Then r(L U Q1 UR) = 3, so A(Q2) = 1, a contradiction. We conclude that
the result holds for n = 2.

Assume the result holds for n < k and let n = k > 3. Consider the path
(L,Q1,Q2,Q3UQ4U---UQrUR) of 4-separations. By applying the result
for n = 2 to the clonal core of (M,{L,Q1,Q2,Q3UQsU---UQrUR}), we
deduce that M(L, Q1) = 2 and the lemma follows by induction. O

Lemma 5.3. Let n > 2. Assume that Q has no specially placed steps

of type (S1). If N(L,Q;) = 2 for some i in [n]|, then M(L,R) = 3 and
N(L,Q;) =2 ="(R,Qj) for all j in [n].

Proof. Again we may assume that M is a clonal-core matroid. We may also
assume that ¢ = 1. Suppose first that n = 2. Then r(L U Q) = 3 and, by
Lemma MN(R,Q1) = 2. Thus N(L,R) > 2. If N(L, R) = 2, then Q) is a
specially placed step of type (S1), a contradiction. Thus M(L, R) = 3. Hence
r(LUR)=3=7r(LURUQ1),s0r(M)=3and N(L,Q2) =MN(R,Q2) = 2.
We now know the result holds for n = 2. Assume it holds for n < k and let
n = k > 3. Then, by considering the path (L, Q1,Q2,Q3UQ4U---UQrUR)
of 4-separations and applying the induction assumption to the clonal core
of (M,{L,Q1,Q2,Q3UQsU---UQxUR}), we deduce that M(L,Q2) = 2.
Because we are dealing with a (4, 2)-flexipath, we get that M(L,Q;) = 2 for
all 7in {1,2,...,k}. Then r(LUQ1 UQ2U---UQg) =3. Thus (M) =3
and M(L, R) = 3. We conclude, by induction, that the lemma holds. O

Lemma 5.4. Assume that the (4,2)-flexipath Q has at least two internal
steps and has no specially placed steps of type (S1). If (L, Q;) = 2 for some
i in [n], then Q is a squashed (4,2)-flexipath.

Proof. By Lemm M(L,R) =3 and N(L,Q;) =2 ="N(R,Q;) for all j in
[n]. By Lemmas and M*(L,R) =0, and M*(L,Q;) = 0 =*(R, Q;)
for all j in [n]. Finally, working in the clonal core, we have r(L) = 3 =
r(LUQj) and 7(Q;) = 2 for all j. Thus M(Qy, @x) > 1 for all distinct g and
h. Thus, by Lemma M(Qg, Q) =1 and M*(Qyg, Q) = 0 for all distinct
g and h. Hence Q is a squashed (4, 2)-flexipath. O
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The dual of the last lemma is the following.

Lemma 5.5. Assume that the (4,2)-flexipath Q has at least two internal
steps and has no specially placed steps of type (S2). If (L, Q;) = 0 for some
i in [n], then Q is a stretched (4,2)-flexipath.

Lemma 5.6. Assume that the (4,2)-flexipath Q has at least two internal
steps and has no specially placed steps. If Q is neither a squashed nor a
stretched (4,2)-flexipath, then, for all i in [n],

H(L,QZ‘) = |_|*(L7Qi) =1= |_|(R7 Qz) = |_|*(R, Qz)

Proof. By Lemmas and M(L,Q;) = 1, for all 7 in [n]. Thus, by
Lemma [.1] r*(L,Q;) = 1 for all i. Moreover, by Lemma [£.3| M(R,Q;) =
1 =M*(R,Q;) for all i. O

Recall that, for a non-empty subset J of [n], we are abbreviating U;c ;Q;
as Q7. When J is empty, so is @ ;.

Lemma 5.7. Let Q be a (4,2)-flexipath (L,Q1,Q2, ..., Qn, R) in a matroid
M where n > 2. Assume that Q is neither squashed nor stretched and has
no specially placed steps. Then

(i) for all J C [n] — {i},
MLUQS,Q:) =T(Qi,QsUR) =1=1"(LUQ,Qi) =M (Qi, Qs UR);

(i) r(LUQy) =r(L) + 32, m(Q) — |J| for all J C [n];

(i) r(M) =r(L) +7(Q1) +7(Q2) + - +7(Qn) + r(R) —n — 3.
Proof. By Lemma for all ¢ in [n], we have

ML, Qi) =M(Qi, R) =1 =1"(L, Q) = T(Qs, R).

To prove (i), we may assume that i = 1 and J = {2,3,...,5}. Then (LU
Qr,Q1,Qj+1,--.,Qn, R) is a path of 4-separations and M(R, Q1) = 1, so, by
Lemma [£.3] (L UQ,Q1) = 1. Thus (i) holds.

By (i), we have r(LU Q1) = r(L) +r(Q1) — 1 and
r(LU@QiU@QaU---UQ;) =r(LUQ1UQ2U---UQj1) +7(Q;) — 1,
so r(LUQy) =r(L)+r(Q1) + r(Q2) + -+ + r(Q;j) — 4, so (ii) holds. In

particular,
r(LUQi1UQaU---UQy) =7r(L)+7r(Q1) +7(Q2) + -+ 1r(Qn) —n.
AsTI(LUQ1UQ2U---UQp, R) =3, we deduce that
r(M) =r(L) +7(Q1) +r(Q2) + - +7(Qn) + 7(R) —n — 3,
so (iii) holds. O
Lemma 5.8. In the clonal core of M, for distinct i and j,

(i) N(Qi,Qj) =1 if and only if Q; U Q; is a circuit;
(ii) M(Q4, Q;) = 0 if and only if Q; U Q; is independent;
(iii) M*(Qs, Q;) =1 if and only if Q; U Q; is a cocircuit; and
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(iv) M*(Qs, Q4) = 0 if and only if Q; UQ; is coindependent.
Proof. By duality, it suffices to prove (i) and (ii). We have

M(Qi, Q) = 7(Qi) +7(Q;) —r(Qi UQy)

= 4—T(QiUQJ‘).
Thus 7(Q; U Q;) = 4 —M(Q;,Q;). Because the elements of (); are clones,
parts (i) and (ii) follow immediately. O

Lemma 5.9. Let Q be a (4,2)-flexipath (L, Q1,Q2, . ..,Qn, R) in a matroid.
Assume that Q is neither squashed nor stretched and has no specially placed
steps. If (L, R) = 0, then, in the clonal core M of the matroid,

() N2,Q:) =M'(2. Q) =1 =T(R.Q) = M'(R. Q) fo all
(ii) n =
(iii) r )—6—T(M)
(iv) M*(Q4,Q4) =0 for all distinct i and j;
v) (L, R) =6 —r(Q1UQ2UQs);
(vi) r(Q1 U Q2UQ3) € {4,5,6};
(vii) if 7(Q1 U Q2 UQ3) = 6, then Q is prism-like;
(vill) if r(Q1 U Q22U Q3) =4, then M(Q4,Q;) = 1 for all distinct i and j,

and Q s relaxed-spike-reminiscent; and
(ix) if r(Q1 U Q22U Q3) =5, then either
(a) M(Q4,Q;) = 0 for all distinct i and j in {1,2,3}, and Q is
tightened-prism-like; or
(b) after a possible permutation of {1,2,3},

m(QhQQ) =0= I—](leQ?)) and I (Q27Q5) - 1)
and Q 1s Vdmos-inspired.

Proof. Suppose n = 1. Then, since we may assume that M is a clonal-core
matroid, 3 = AM(LU Q1) = r(L UQ®1) +r(R) —r(M). Since r(R) = 3, we
have T‘(L UQ1) = r(M). But N(L,R) = 0, we see that r(M) > 6, Whﬂe
r(L U Q1) < 5, a contradiction. Hence n > 2. Part (i) is immediate from
Lemma Then, as M(L,Q;) =1 =N(R,Q;), Lemma gives that

2>N(Q LUR)+T(L,R) = N(QiUL,R)+1(Qs, L)
> MN(Qs, R) +M(Qs, L) = 2.
Thus M(Q;, L UR) = 2. Hence L U R spans M so r(M) = r(LUR) =
By Lemma [5.7(iii), 6 = 7(L) + 2n — n, so n = 3 and (ii) holds. Moreover,
for each distinct ¢ and j, we see that @; U Q; is coindependent. Thus, by

Lemma (iv), M*(Qi,Qj) = 0, that is, (iv) holds.
Since r(M) = 6 and

IBE(M)|=3+2+2+2+3=12,
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we see that 7*(M) = 6, that is, (iii) holds. Now, by Lemma[2.1]
M (L,R) = XL)+AXR)—-N(L,R)—AXLUR)
3+3—-0—(r(LUR)+r(QUQ2UQ3) —r(M))

r(M) —7(Q1UQ2U Q3)
6 —7(Q1UQ2UQ3). (5.1)

Thus (v) holds.
As A(Q1UQ2) > 3, we see that r(Q1UQ2) > 3. Suppose 7(Q1UQ2UQ3) =
3. Then
3=AR)=7(R)+r(LUQIUQ2UQ3) —r(M).

Thus ’I“(L Ui U@ U Qg) = T(M) =6. As T(L) =3 = T(Ql U@y U Q3),
it follows that M(L,Q1 U Q2U Q3) = 0, so MN(L,Q;1) = 0, a contradiction.
Hence 7(Q1 U Q2 UQ3) > 4, so (vi) holds.

Now suppose that r(Q1 U Q2 U Q3) = 6. Then M(Q;,Q;) = 0 for all
distinct ¢ and j, and M*(L, R) = 0 by (v). It follows that Q is prism-like, so
(vii) holds.

Next suppose that r(Q1UQ2UQ3) = 4. Then M*(L, R) = 2, sor*(LUR) =
4. We now show that

5.9.1. N(Q;,Q;) =1 for all distinct i and j.

We have that

r(@UQ:2) = [QUQ[+r(LUQ3UR)—r"(M)
r"(LUQsUR)—2.

Now
2=1r"(Q3) >MN"(Q3,LUR) >M"(Q3,L) =1

where the last inequality follows by monotonicity. If M*(Qs, LUR) = 2, then
r"(LUQsUR)=r*(LUR) =4, so

N@QUQ2) = r(QiUQy) +r"(LURUQs) —r*(M)
< 4+4-6=2,

a contradiction. Thus M*(Q3, L UR) = 1, so r*(LU Q3 U R) = 5 and
N(Q1,Q2) = 1. We conclude, by symmetry, that holds, so (viii) holds.

Finally suppose that r(Q1 U Q2 U Q3) = 5. Then, by , M*(L,R) =1,
sor*(LUR) =5. fr*(LURUGQ®q) =5 and (LU RUQ2) = 5, then
r*(LURU Q1 UQ2) =5. But this gives a contradiction as r*(Q3) = 2 and
A(Q3) = 2. Thus, by potentially taking a permutation of {1,2,3}, we may
assume that

(a) ™ (LURUQ;) =6 for all 4; or
(b) *(LURUQ1) =5 and (LU RUQ2) = 6 = *(L U RU Q3).
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In case (a), we have, using the formula for the rank function in the dual

of a matroid,
6 = r(LURUQ3)
[LURUQs|+7(Q1UQ2) —r(M)
= 8+ r(Q1UQ2) - 6.

Hence 7(Q1 U Q2) = 4. Similarly, M(Qs,Q;) = 0 for all distinct ¢ and j.
Thus Q is tightened-prism-like.

In case (b), M(Q1,Q2) = 0 =MN(Q1,Q3) and MN(Q2,Q3) = 1. Thus Q is

Vamos-inspired. O

Following Lemma [5.12] we provide specific examples of matroids that
satisfy (viii), (ix)(a), and (ix)(b) of the last lemma.

Lemma 5.10. Let (L,Q1,Q2,...,Qn, R) be a (4,2)-flexipath Q with no
specially placed steps. Assume that Q is neither squashed nor stretched.
Suppose n > 2 and n # 3. If (L, R) = 2, then

(i) m(L, R) =1

(ii) for alli in [n] and all J C [n] — {i},

ML, Qi) =M(LUQy, Qi) =1=1"(L,Qi) = (LUQy,Q:);

(iti) r(LUQy) =r(L) + > e, 7(Q;) — |[J| for all J C [n];
(iv) r(M) = r(L) + 352, (@) +r(R) —n —3;
v) 1(Qi UQj) =1(Qi) +1r(Qj), for all distinct i and j in [n|;
(Vi) 7(Qy) = >2jey7(Q5) — [J| +2 for all J C [n] such that [J| > 2; and
(vii) (LURUQy ) =7(L) +r(R) + X ;c;7(Q5) — [J| =2 for all J C [n]

such that 2 < |J| <n—1.

Proof. By Lemma [4.4] 1(L, R) + M*(L, R) < 3. As 11(L, R) = 2, we deduce
that M*(L, R) < 1. If M*(L, R) = 0, then, by Lemma and duality, n = 3,
a contradiction. Thus M*(L, R) = 1, so (i) holds. Parts (ii), (iii), and (iv)
repeat parts (i), (i), and (i) of Lemma [5.7]

For (v) and (vi), since M(L, R) = 2, we have r(LUR) = r(L) +r(R) — 2.
Asr(LUQ3UQqU---UQn) =7(L)+7(Q3) +7(Qa) +- - +7(Qn) — (n—2),
we see that

r(LURUQ3UQuU---UQy) = +Z —(n—-2)
(R,LUQ3UQ4U---UQn)
< R)+> Q) —
1=3

where the last step follows because

MR, LUQsUQqU---UQy,) >TN(R,L) = 2.
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Thus
3<AMQ1UQ2) = r(@1UQ2) +r(LURUQ3UQqU---UQy) —1(M)

r(Q1UQ2) + ) r(Qi) —n+r(L)+r(R)
i=3

IN

—Z DAn+3—rL)—rR).

Hence 7(Q1) + r(Q2) < r(Q1 U Q2) so M(Q1,Q2) = 0. Thus (v) holds, so
(vi) holds for |J| = 2.
Now

ML, Q1UQ2) = r(L)+r(@Q1UQ2)—r(LUQ1UQ2)
= 1(L)+7r(Q1) +r(Q2) — (L) —7(Q1) — r(Q2) +2
= 2.

Thus, for all subsets J of [n] with |J| > 2.
2 < N(L, Q). (5.2)
Since 1 is monotonic, for a proper subset J of [n],
3=M(LUQp-s,QsUR)>N(L,Q;UR)>T(L,R) = 2.

If M(L,Qs U R) = 3, then, by Lemma [5.2] N(L,Q;) = 2 for all i in [n] — J.
But M(L,Q;) =1 for all j in [n], a contradiction. Hence M(L,Q;U R) = 2
for all proper subsets J of [n]. Combining this with (5.2), we get that

2<N(L,Qs) <N(L,QsUR) =2 (5-3)
provided 2 < |J| < n — 1. Thus, for such J,
r(Qs) = r(LUuQy)—r(L)+1(L,Qy)
= r(L)+ > r(Q) — T —r(L)+2.

jed
We have
T(Qm—(1}) + 7(Q)—n}) = 7(Qp)) + 7(Qpnj—{1,n})5
SO
n n—1
MQJ—n+3+§: Q) —n+3 > r(Qu)+ > (@)
1=2 =1 =2
—(n—2)+2.
Hence

r(Qum) <D (@) —n+2. (5.4)
=1
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Also, as M(L, R) + M*(L, R) < 3, it follows by Lemma [2.1] that
3 < ALUR)

= 1(Qp) +7(L) +r(R)—2—r(M)
= Q) +r(L) +7(R) =2 —r(L)

= r(Qi) —r(R)+n+3.
=1

Thus

n

Z (Qi) —n+2 < 71(Qp)- (5.5)
Combining ([5.4)) and ( -, we get
Q) = Z (Qi) —n+2.

i=1
Hence, for all J C [n] such that |J| > 2, we have
r(Qr)=> (@) — 7 +2,
j€J
that is, (vi) holds.
By (5.3), M(L,Q; U R) =2 for all J with 2 <|J| <n — 1, we have
r(LUQ;UR) = r(L)+7r(QsUR)—2
= r(L)+r(R)+ > _r(Q) — T -2
jeJ
We conclude that (vii) holds. O

Next, having dealt with the case when M(L, R) = 0 in Lemma we
consider the case when M(L, R) =

Lemma 5.11. Let Q be a (4,2)-flexipath (L,Q1,Q2,Qs, R) for which
M(L, R) = 1. Then, in the clonal core of M,

r(M) =6 =r"(M),
and the following hold.

(i) If (L, R) = 1, then r(Q1 U Q2 U Q3) = 5 and, after a possible
permutation of {1,2,3},

r(Q1UQ2) (Q1UQ2)] {[ 4} {4 4] {4 4] {4 4]}
r(Q1UQR3) m(Qi1UQ3)| € 31,14 4,4 4],|4 4| .
r(Q2UQ3) 1(Q2UQ3) 3 4| |3 4| |4 3| |4 4

r
(ii) If*(L, R) = 2, then r(Q1UQ2UQ3) = 4. Moreover, for all distinct
i and j,

SN

M(Qi, Q) =1 and M (Q;,Q;) =0
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so r(Q; UQj) =3 and r*(Q; UQ;) = 4. In particular, Q is spike-
reminiscent.

Proof. We may assume that M is a clonal-core matroid. Thus r(L) = 3 =
r(R) and 7(Q;) = 2 for all i. By Lemma [5.7(ii), 7(L U Q1 U Q2) = 5 and
r(RUQ3) = 4. Thus

3=AMLUQ1UQ:) =7(LUQ1UQ2) +r(RUQ3) —r(M).

Thus r(M) =6, so r*(M) = 6.
Next observe that, from the formula for the rank in the dual, we have

r(@Q1UQUQ3) = |[QiUQ2UQ3|+ 7" (LUR)—7r*(M)
= 6+ (" (L)+r(R)—N*(L,R)) —r*(M)
— 6-M*(L,R). (5.6)

When M*(L, R) = 0, by duality, we can deduce the structure of M from
Lemma Thus, we may assume that M*(L,R) > 1. By Lemma
M*(L,R) < 2. Hence r(Q1 U Q2 UQ3) > 4.

Next we show that

5.11.1. 7(Q; UQ;) +r*(Q; U Q) > 7 for all distinct i and j.

This follows immediately since

3<MQiVQ)) =r(QiUQy) +r(Q:UQ;) — Qi UQ;l.

5.11.2. If 1*(L, R) = 1, then at most one of 7(Q1 U Q2), (Q1 U Q3), and
r(Q2UQ3) is 3.

To see this, let {i,7,k} = {1,2,3}. Then, by r(Q1UR2UQ3) =5, so

r(QiUQ;) + (QiUQy) >r(Q1UQ2UQs3) +7(Q;) =5+2=T.

Thus holds.

By symmetry,

r(Q1UQ2) 77(Q1UQ2)
r(@1UQs3) m(Q1UQs)| €
r(Q2UQ3) 77(Q2UQ3)

Thus (i) holds.
5.11.3. If N*(L, R) = 2, then r(Q; UQ;) = 3 and r*(Q; UQ;) = 4 for all

distinct © and j.

W =

4] [4 4] [4 4] [4 4
30,14 4],]4 4|, |4 4
4] |3 4| |4 3| |4 4

To see this, observe that »*(L U R) = 4 as M*(L, R) = 2. Now, using the
formula for the rank function of the dual, we have
r(@UQ:2) = [QuUQ2[+r" (LURUQs) — 1" (M)
= r(LURUQ3) —2.
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Since r(Q1 U Q2) > 3, we deduce that »*(L U R U Q3) > 5. But, by
Lemma [5.7(1),
I_l*(Q3aL U R) > I_I*(Q37L) =L

Thus r*(LURUQ3) < 5so r*(LURUQ3) =5 and r(Q1 U Q2) = 3.
It follows by symmetry that r(Q; U Q;) = 3 for all distinct ¢ and j. By
we deduce that 7*(Q; U Q;) = 4 for all distinct ¢ and j. Thus, by
Lemma [5.7(i), Q is spike-reminiscent, so (ii) holds. O

Combining Theorem with Lemmas|5.7|i) and gives the following.
Lemma 5.12. Let Q be a (4,2)-flexipath (L, Q1,Q2,Qs, R) in a matroid

M.
(i) If N(L,R) = 1 = M*(L, R), then, after a possible permutation of
{1,2,3},
M(Q1,Q2) M(Q1,Q2) 0 0] [o o] [o o] [o 0
I—](leQ?)) rl*(QlaQ?)) S 01 ; 0 0 , 0 0 N 0 0
I—](Q27Q3) H*(Q25Q3) 10 1 0 0 1 0 0

In particular, in M or M*, the flexipath Q is nasty or is doubly-
tightened-prism-like.

(ii) If (L,R) =1 and M*(L, R) = 2, then Q is spike-reminiscent.

(iii) IfN(L,R) =2 and N*(L, R) = 1, then Q is paddle-reminiscent.

Next we provide examples of matroids satisfying (viii), (ix)(a) and (ix)(b)
of Lemma We also provide examples of a doubly-tightened-prism-like
(4,2)-flexipath and of one of the types of nasty (4, 2)-flexipaths. To explain
this, we consider the operation of tightening a basis. Following Ferroni and
Vecchi [§], we call a basis B in a matroid M a free basisif 0 < r(M) < |E(M)|
and BU{e} is a circuit for all e in E(M)— B. Equivalently, B is a free basis
of M if it is not the unique basis of M and every fundamental circuit with
respect to B is spanning. As is well known (see, for example, [10, Exercise
1.5.14)), a matroid M is a relaxation of another matroid N if and only if M
has a free basis B, in which case, B is a circuit-hyperplane of N. We call N
a tightening of M. Formally, E(N) = E(M) and B(N) = B(M) — {B}.

For a matroid satisfying Lemma [5.9|(viii), begin with a rank-7 free spike
whose legs are {z;,y;} for all 4 in {1,2,...,7}. Add elements a1, ag, and as
freely to the plane spanned by {z1,y1,z2,y2}. Then add elements (31, 2,
and f33 freely to the plane spanned by {zg, ys, 7, y7}. Let Q; = {®it2,yiro}
for each 7 in {1,2,3}. Now truncate this matroid to rank 6, and delete
{331; Y1,22,Y2, 26, Y6, L7, y7} Let L = {Oél, az, 043} and R = {/817 B2, 63} In
the matroid M that we now have, L U R is a circuit-hyperplane. More-
over, (L,Q1,Q2,Q3, R) is spike-reminiscent in M. In M, relax the circuit-
hyperplane L U R to get a rank-6 matroid Mg with a (4,2)-flexipath
(L,Q1,Q2,Qs3, R) in which M(L, R) = 0 and 7(Q1UQ2UQR3) = 4. It is not dif-
ficult to check that Mg satisfies Lemma, (viii). Indeed, (L,Q1,Q2,Q3, R)
is relaxed-spike-reminiscent in Msg.
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To give examples of a tightened-prism-like and doubly-tightened-prism-
like flexipaths, we begin by giving an example of a prism-like matroid.
Begin with a 6-element independent set {bi,ba,...,bg}. Now, for each
i in {1,2,3}, freely add two points, z; and y;, on the line spanned by
{bi,bi+3}, and let Q; = {z;,y;}. Now freely add points aj, ag, and ag
to the plane spanned by {b1, ba, b3}. Similarly, freely add points f;, 52, and
B3 to the plane spanned by {b4, bs,bs}. Now delete {b1,bo,...,bs}, and let
L ={ay,a2,a3} and R = {f1, B2, B3}. In this rank-6 matroid M, we have
a (4,2)-flexipath (L, @1, Q2, @3, R) that is prism-like. Moreover, in M, the
set {x1,y1,x2,Y2,x3,y3} is a free basis B. Let N be the matroid that is ob-
tained by tightening B. In N, one can easily check that (L, Q1,Q2, @3, R)
is a tightened-prism-like flexipath, that is, Lemma [5.9(ix)(a) holds. In N,
we see that {a1, as, as, 01, B2, B3} is a free basis By. Let P be the matroid
obtained from N by tightening By. In that case, (L,Q1,Q2,@3, R) is a
doubly-tightened-prism-like flexipath in P.

To describe a matroid satisfying Lemma [5.9(ix)(b), begin with a
Vamos matroid V with ground set {ai,a2,bi,ba,c1,co,di,do} where
{a1,a2,d1,d2} is a basis and the only non-spanning circuits are the circuit-
hyperplanes {a1, a2, b1, b2}, {a1,a2,c1,c2}, {b1, b2, c1,ca}, {b1,b2,d1,ds}, and
{c1,¢9,d1,d2}. Let A = {a1,a2} and D = {d;1,ds}. Take the direct sum of
V and Uz 2 where the latter has ground set {a,d}. Now freely add points
a1, ag, as and oy to the plane spanned by AU {a}. Similarly, freely add
points d1, d2, 03 and d4 to the plane spanned by D U {d}. On the line
spanned by a4 and d4, freely add points 51 and 1. Let Q1 = {B1,71}
Delete {a1,a9,di,ds,a,d,aq,d4} to give a matroid My. Let Q2 = {b1,b2}
and Q3 = {01762}‘ Then H(QlaQQ) =0= H(Q1>Q3) and H(Q27Q3) =1,
while M*(Q;,Q;) = 0 for all distinct ¢ and j. Let L = {o,a9,a3}
and R = {d1,02,93}. In My, we now have that (L,Q1,Q2,Q3, R) is a
(4, 2)-flexipath that satisfies Lemma [5.9(ix)(b), that is, (L,Q1, Q2, Q3, R)
is Vamos-inspired.

We can modify the last example to get an example of one of the types of
nasty (4,2)-flexipaths. In the matroid My, we have that M(L, R) = 0 and
M*(L, R) = 1. In this matroid, we see that L U R is a free basis. Tightening
this basis gives a matroid Ng in which M(L, R) =1 and M*(L, R) = 1. More-
over, in Ng, we have that M(Q1,Q2) = 0 = M(Q1,RQ3) and M(Q2,Q3) = 1,
while IM*(Q;, @;) = 0 for all distinct ¢ and j, and 7(Q1UQ2UQ3) = 5. Thus,
in Ny, we see that (L, Q1, Q2, @3, R) is an example of the second type of nasty
(4,2)-flexipath. By dualizing, we get an example of the third type of nasty
(4,2)-flexipath. To give an example of the first type of nasty (4, 2)-flexipath,
we again use the technique described at the end of Section [d] Because we
can determine the ranks of all subsets of {L, R, Q1,Q2, @3}, we can check
that if X and Y are such subsets, then 7(X)+7(Y) > r(XUY)+r(XNY).
Thus we have a polymatroid on the set of subsets of {L, Q1,Q2,Qs, R}. By
freely adding three elements to each of L and R and freely adding two points
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to each of @1, @2, and @3, we get a new polymatroid. Restricting this poly-
matroid to the the set of twelve newly added elements, we get a matroid
that exemplifies the first type of nasty (4, 2)-flexipath.

Lemma 5.13. Let Q be a (4,2)-flexipath (L,Q1,Q2,...,Qn, R) where
M(L,R) =1 =M"(L,R), and N(L,Q;) = 1 for all i in [n]. Then Q has
at most three internal steps.

Proof. We assume that n > 4. We may assume that M is a clonal-core
matroid. Then r(L) = 3 and r(L U Q;) = 4 for all i. Moreover, by
Lemma (i), for all distinct ¢, j, and k, we have (L U Q; U Q;) = 5 and
T(LUQiUQjUQk) =6. Also

M(L,RUQ;) = r(L)
)

Next we show the following.

5.13.1. For distinct i and j in [n], if (L, RUQ;) =2 =T1(L, RUQ);), then
T(LURUQZ'UQJ') <5.

We have
r(LURUQ;UQR;) < r(LURUQ;) +r(LURUQ;)—r(LUR)
5+5—-5=05.
Thus (E.13.7] holds.

First suppose that n = 4. Then, by Lemma
T(LUQlUQQUQ3UQ4) ZT‘(M) =1.

Next we show the following.

5.13.2. For {g,h,i,5} ={1,2,3,4}, if N(Qq, Qp) = 0, then M*(Q;,Q;) = 1.

To see this, observe that 7(Qgy U Q) = 4 as M(Qg, Qx) = 0. Now r(L U
QeUQp) =5=r(RUQyU Q). Thus

r(LURUQuUQR) < r(LUQgUQR) +r(RUQyUQRR) —7(QgU Q)
5+5—-4
r(M)—1.
Hence Q;UQ); contains a cocircuit of M. Because each of (); and @); consists

of a clonal pair of elements, if cI(LURUQ,UQ},) meets Q;, then it contains
Qi. In that case, A(Q;) < 1, a contradiction. We conclude that Q; U Q); is

a cocircuit of M. Thus, by Lemma iii), M*(Qi, Q) = 1. Hence [5.13.2
holds.

5.13.3. If (L, RUQ}) =2, then T*(Q;i,Q;) =1 for all distinct i and j in
{1,2,3,4} — {h}.
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By Lemma 5.8((iii) again, M*(Q;, @;) = 1 if and only if Q;UQ); is a cocircuit
of M. Since M(L, RUQ}) = 2, we have
r(LURUQR) = r(L)+r(RUQp) —2
3+4—-2=5.
Then, for ¢ in {1,2,3,4} — {h}, as N(Q;, LUR U Q) > N(Q;, L) = 1, it
follows that (L U RU Qp U Q;) < 6. Thus Q; U Q contains a cocircuit
where {h,i,j,k} = {1,2,3,4}.

Continuing with the proof of we now show that
5.13.4. r(LURUQpUQ;) =6 for alliin {1,2,3,4} — {h}.

Assume that 7(LURUQpUQ;) =5 for some i in {1,2,3,4} — {h}. Then
FLURUQuUQ;UQy) < 6 for {j,k} = {1,2,3,4} — {hi}, s0 A(@Qk) < 1,
a contradiction. Thus [(£.13.4] holds.

It follows as above that, for {j,k} = {1,2,3,4} — {h, i}, since each of Q;

and @y, consists of a clonal pair of elements, LU RUQ,UQ); is a hyperplane,
so Q; U Qy, is a cocircuit. Hence M*(Q;, Q) = 1. Thus [5.13.3| holds.

Next we show the following.
5.13.5. If (L, RU Qp) = 2, then M(L,RU Q;) = 1 for all distinct i in
{1,2,3,4} — {h}.

Assume M(L, RUQ;) = 2. Then, by [5.13.1} r(LURU QU Q;) < 5. But
this contradicts £.13.4l Thus E.13.5 holds.

Now M(L, RUQ;) > N(L, R) = 1. Moreover,

M(L,RUQ;)+ M (L,RUQ;) <3 (5.7)

since

M(L,RUQ:) +M(L,RUQ:) = AI)+AMRUQ) - ANLURUQ)

< 3+3-3=3.

By [5.13.5] duality, and (5.7), we may assume the following without loss

of generality.

5.13.6. IfM*(L,RUQ;) # 1, theni=1 and M*(L,RUQ;) =2. If (L, RU
Qj) #1, then j =2 and N(L, RUQ;) = 2.

Next we show the following.

5.13.7. If N*(L,RU Q1) = 2, then N(Q;,Q;) = 1 and M*(Q;,Q;) = 0 for
all distinct i and j in {2,3,4}.

We have M(L,RU Q1) > N(L,R) = 1. By (5.7), N(L,RU Q1) < 3 —
M*(L,RU Q1) = 1. Thus N(L, RU Q) = 1. Hence, for the (4,2)-flexipath
(L,Q2,Q3,Q4, RUQ1), we have M (L, RUQ1) =2 and N(L,RUQ1) = 1.
Thus, it follows by Lemma (ii) that M(Q;,Q;) = 1 and M*(Q4,Q;) =0
for all distinct ¢ and j in {2, 3,4}, that is, holds.

By and duality, we immediately obtain the following.
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5.13.8. IfN(L, RUQ2) = 2, then M*(Q4,Q;) =1 and M(Qs, Q;) = 0 for all
distinct © and j in {1,3,4}.

By [5.13.8/and |5.13.7| and considering M(Q3, Q4), we deduce that M(L, RU
Q2) =1or M (L, RUQ1) = 1. Thus, by 5.13.6| and duality, we may assume
that

5.13.9. N(L,RUQ;) =1 for alli in {1,2,3,4}, and M*(L,RUQ;) =1 for
all j in {2,3,4}. Moreover, M*(L, RUQ1) € {1,2}.

For each j in {2,3,4}, consider the path (L, Qg,@n, Qsi, Q; U R), which
we relabel as (L, Qq, Qn, Qi, R'). Then M(L,R') =1 = M*(L,R’). We take
the clonal core of (M, (L,Qg, Qn, @i, R')). It is a rank-6 matroid M'. By
Lemma for each j in {2,3,4}, there are distinct elements s and ¢ in
{1,2,3,4} — {j} such that N(Qs,Q:) = 0 = M*(Qs,Q¢). Then, by
N(Qp, Qq) =1 =1"(Qp, Qq) where {p,q} = {1,2,3,4} — {s,t}. This contra-
dicts Lemma We conclude that Q does not have exactly four internal
steps.

We now consider (L, Q1,Q2,...,Qn, R) where n > 4 and N(L,R) =1 =
M*(L, R). We prove by induction on n that such a path of 4-separations
does not exist. We proved this above for n = 4. Assume it is true when
the path has fewer than n internal steps and suppose that it has exactly n
internal steps where n > 5. We continue to operate in the clonal core and
to label this clonal core as M. As M(L,Q;) =1 for all 4, it follows that

r(M) =n+3. (5.8)

5.13.10. IfN(L, RUQ1) = 2, then (L, RUQ;) =1 for alli in{2,3,...,n}.
Assume that M(L, RU Q2) = 2. Then, by

r(LURUQ; UQ2) <5. (5.9)

As (L, RUQ1) = 2, by considering the path (L, Q2, Qs3, ..., Qn, RUQ1) of 4-
separations, which has at least four internal steps, we deduce by Lemma([5.10
that

r(QsUQsU---UQn) =n. (5.10)
Then, by (59), (B-10), and (5.3),
3 MQ3UQuU---UQp)
n+5—(n+3)=2,
a contradiction. Thus [£.13.10] holds.
By [5.13.10} duality, and symmetry, we may assume that M(L, RU Q) =
1 =m*(L,RUQ,). Then the path (L,Q1,Q2,...,Qn-1,RUQ,) is a path

of 4-separations that violates the induction assumption. The lemma now
follows by induction. O

Lemma 5.14. Let Q be a (4,2)-flexipath (L, Q1,Q2, . .., Qn, R) in a matroid
M, where n > 2 but n # 3. Assume that Q is neither squashed nor stretched

<
<
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and has no specially placed steps. Then exactly one of the following holds
for all distinct © and j in [n].
(1) H(Qi; Q]) =0 and I_l*(inQj) =1.
(ii) H(Qi; Q]) =1 and |_|*<Qi,Qj) =0.
(iii) n = 2 and H(Qi,Qj) =0 = |_|*<QZ',Q]‘), while H(L,R) =1=
M*(L, R).

Proof. By Lemma for a given pair 7, j, we must either have one of the
outcomes described in the lemma, or

MN(Qi, Q) = 0 =11"(Qs, Qj)- (5.11)
It remains to prove that we have the same outcome for all such pairs and
that, when ([5.11)) arises, n = 2. By Lemmas and since n # 3,
(a) N(L,R) =2 and M*(L,R) =1; or
(b) M*(L,R) =2 and N(L,R) = 1; or
(¢c) n=2and N(L,R) =1=0M"(L, R).

Suppose that (c) holds. Then, since we may view M as a clonal-core
matroid, we have (LU R) = 5, so r(M) > 5. Now, by Lemma r(LU
Q1 UQ2) =5 and

3=AMR)=7r(LUQ1UQ2) +r(R)—r(M).
Thus r(M) =r(LUQ1UQ2) =5 =r(LUR). Hence Q1 U Q2 is coinde-
pendent in M. By Lemma we deduce that M*(Q1, Q2) = 0. By duality,
M(Q1,Q2) = 0.

By duality, we may now assume that (a) holds. We may also assume that
M is a clonal-core matroid. Then, by Lemma [5.10(v), M(Q;, Q;) = 0 for all
distinct 4 and j in [n]. Now, fix i and j, and let J = [n] — {i,j}. Then, by
Lemma [5.10[vi) and (iv),

r(M)-r(LURUQ,) = r(L)+ > r(Qn)+r(R)—n—3
h=1

—(r(L) + Y r(@Qn) +7(R) = (n—2) = 2)

heJ
= (@) +7(Q) -3
= 2+2-3=1.

We deduce that Q; U Q; contains a cocircuit of M. As each of @; and
(Q)j consists of a pair of clones, Q; U (); is a cocircuit of M. Then, by
Lemma [5.8[(iii), M*(Q:, @;) = 1. We conclude that, when (a) holds, so does
(i). By duality, when (b) holds, so does (ii). Thus, never arises. [J

Theorem 5.15. Let Q be a (4,2)-flexipath (L,Q1,Q2,...,Qn, R) in a ma-
troid M, where n > 2. Then the following hold.
(i) If Q has no specially placed steps, then either
(a) Q s squashed, stretched, paddle-reminiscent, or spike-
remaniscent; or
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(b) n =3 and, in either M or M*, the (4,2)-flexipath Q is prism-
like, tightened-prism-like, doubly-tightened-prism-like, relazed-
spike-reminiscent, Vdmos-inspired, or nasty; or

(c) n =2 and N(Q;,Q;) = 0 = M"(Q;,Q;) = 0, while (L, R) =
1=r*(L,R).

(ii) If Qn is a specially placed step of type (S1), and n > 3, then
(L,Q1,...,Qn-1,Qn U R) is paddle-reminiscent or relazed-paddle-
reminiscent.

(iii) If Qn is a specially placed step of type (S2), and n > 3, then
(L,Q1,...,Qn-1,Qn U R) is spike-reminiscent or relazed-spike-
reminiscent.

Proof. Suppose that Q has no specially placed steps and that Q is not
squashed or stretched. Then, by Lemma for all 7 in [n],

ML, Qi) =" (L, Qi) =1=N(R,Q;) = T (R, Q). (5.12)

Suppose that n # 3. Then, by Lemma and its dual, M(L, R) # 0 and
M*(L,R) # 0. Thus M(L, R) > 1 and M*(L, R) > 1. By Lemma[4.4]

n(L,R)+nN*(L,R) < 3.

If N(L,R) = 1 = M*(L, R), then, as n # 3, by Lemma we get that
n = 2. We deduce that either

(a) M(L,R) =2 and M*(L,R) = 1; or

(b) M*(L,R) =2 and N(L,R) = 1; or

(¢c) n=2and N(L,R) =1=1"(L, R).

Suppose that (c) holds. Then, by Lemma MN(Q1,Q2) = 0 =
M*(Q1,Q2). If (a) holds, then, by Lemma [5.10(v), M(Qs, @;) = 0 for all
distinct ¢ and j. Thus, by Lemma M*(Qi, Q;) = 1 for all distinct ¢ and
j. We deduce that Q is paddle-reminiscent. By duality, if (b) holds, then
Q is spike-reminiscent.

Now let n = 3 and assume that Q is neither paddle-reminiscent nor
spike-reminiscent. By Lemma N(L,R) + M (L, R) < 3. By duality, we
may assume that M(L, R) < M*(L,R). If N(L,R) = 0, then the possibil-
ities for Q are identified in Lemma [5.9] namely, Q is prism-like, relaxed-
spike-reminiscent, tightened-prism-like, or Vamos-inspired. We may now
assume that M(L, R) = 1. Then, by Lemma M*(L,R) = 1 and the
possibilities for Q are identified in (i) of that lemma. In particular, Q is
doubly-tightened-prism-like or is nasty.

By duality, it only remains to prove (ii). Assume @Q,, is a specially placed
step of type (S1) and that n > 3. Then (L,Q1,Q2,...,Qn—1,Q, U R} is a
(4,2)-flexipath Q’. Suppose Q' has a specially placed element @;. Assume
first that @Q; is of type (S1). Then M(L,Q;) = 2, so, by Lemma Q; is
specially placed in Q. Thus Q has two specially placed elements, a con-
tradiction to Lemma Thus @; is specially placed of type (S2). Then
M*(L,Q;) = 2, so, again, @; is specially placed in Q, a contradiction. We
conclude that Q' has no specially placed steps.
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We now argue in the clonal core. Because @, is a specially placed step of
type (S1), (L, R) = 2,s0r(LUR) = 4. AlsoN(R, Q) = 2,s0r(Q,UR) =3
and (LU @, UR) = 4. Thus

ML, QnUR)=7(L)+7(QuUR) —r(LUQ,UR) =3+3—4=2.

Hence Q' is neither squashed nor stretched. By Lemmas and
(L, Qi) = N(R,Q;) =1 =n%(L,Q;) = M*(R,Q;) for all ¢ in [n —1]. If
M*(L, @n UR) = 0, then, by the dual of Lemma[5.9(ii), n — 1 = 3, so n = 4.
Moreover, as M(L, Q, U R) = 2, it follows by the dual of Lemma [5.9(v) and
(viii), that Q' is relaxed-paddle-reminiscent. If M*(L,Q, U R) = 1, then, by
the dual of Lemma [5.11[ii), Q' is paddle-reminiscent. Thus (ii) holds. O

The complexity of the last result can be simplified by classifying the
numerous outcomes by a more succinct list of defining characteristics.

Corollary 5.16. Let Q be a (4,2)-flexipath (L, Q1,Q2,...,Qn, R) in a ma-
troid, where n > 2 and Q has no specially placed steps. For M(L,R) <
M*(L, R), the following outcomes are possible.
(i) If (N(L,R),Nn*(L,R)) = (0,0), then Q is prism-like.
(ii) If (M(L,R),M*(L,R)) = (0,1), then n = 3 and
(a) M(Qi, Q) = 0 for all distinct i and j, and Q is tightened-prism-
like; or
(b) M(Qi,Q;) = 1 for exactly one distinct pair {i,j}, and Q is
Vdmos-inspired.

(iii) If (M(L, R),M*(L, R)) = (0,2), then Q is relazed-spike-reminiscent.
(iv) If (N(L, R),M*(L, R)) = (0, 3), then Q is stretched.
v) If (N(L, R),M*(L,R)) = (1,1), then n € {2,3}.
(vi) If (M(L,R),MM*(L,R)) = (1,1) and n = 2, then N(Q1,Q2) = 0 =
M*(Q1, Q2)-
(vii) If (M(L,R),M*(L,R)) = (1,1) and n = 3, then

(a) (Qz,QJ) =0=r* (QZ,Qj) for all distinct i and j, and Q is
doubly-tightened-prism-like; or
(b) the multiset of pairs {(M(Qs, Q;), M (Q4, Q;)); 1 # j} contains
(1) both (0,1) and (1,0) and Q is mized nasty; or
(2) (1,0) but not (0,1) and Q is plane nasty; or
(3) (0,1) but not (1,0) and Q is dual-plane nasty.
(viii) If (M(L, R),M*(L, R)) = (1,2), then Q is spike-reminiscent.

To see an example satisfying (vi), we can modify a prism-like matroid
as follows. Take a 6-element independent set {b1,bo,...,bg}. Add b),b,
and b4 freely on the flat spanned by {bi,b2,b3} and add b),b5, and b
freely on the flat spanned by {b4,bs,bs}. Add a point ¢ freely on the
line spanned by {bs,bs}. Add points ¢; and ¢4 freely on the line spanned
by {b1,b4}. Add points ¢y and c5 freely on the line spanned by {bs,bs}.
Contract ¢ and delete {by,b2,...,bs} to get a rank-5 matroid M. Let

(L, R) = ({by, by, b3}, {by, b5, b6}) and (Q1,Q2) = {c1,¢a},{c2,¢5}). Then
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M(L,R) = 1sor(LUR) =5 = r(M). Also Q1 U Q2 is neither a cir-

cuit nor a cocircuit so M(Q1,Q2) = 0 = M*(Q1,Q2). Finally, r*(LUR) =

ILUR|+7(Q1UQ2) —r(M)=6+4—5=05. It follows that M*(L, R) = 1.
We conclude by noting that Theorem follows from Theorem [5.15

Proof of Theorem[1.1} By Lemmal5.1] when we absorb any specially placed
steps of Q into its right end, we get a (4, 2)-flexipath Q' with at least four
internal steps none of which is specially placed. The theorem now follows
immediately from Theorem i). O

ACKNOWLEDGEMENTS

The authors thank the anonymous referees who helped us to both sharpen
the focus of the paper and to correct a number of errors.

REFERENCES

[1] Aikin, J. and Oxley, J., The structure of crossing separations in matroids, Adv. in
Appl. Math. 41 (2008), 10-26.
[2] Aikin, J. and Oxley, J., The structure of 4-separations in 4-connected matroids, Adv.
in Appl. Math. 48 (2012), 1-24.
[3] Brettell, N., Jowett, S., Oxley, J., Semple, C., and Whittle, G., What is a 4-connected
matroid?, FElectron. J. Combin. 32 (2025), Paper 2.1, 32pp.
[4] Brylawski, T.H., Modular constructions for combinatorial geometries, Trans. Amer.
Math. Soc. 203 (1975), 1-44.
[5] Chen, R., The structure of 4-flowers of vertically 4-connected matroids, Adv. in Appl.
Math. 58 (2014), 37-62.
[6] Clark, B. and Whittle, G., Tangles, trees, and flowers, J. Combin. Theory Ser. B 103
(2013), 385-407.
[7] Ding, G., Oporowski, B., Oxley J., and Vertigan, D., Unavoidable minors of large
3-connected matroids, J. Combin. Theory Ser. B 71(1997), 244-293.
[8] Ferroni, L .and Vecchi, L., Matroid relaxations and Kazhdan-Lusztig non-degeneracy,
Algbr. Comb., 5 (2022), 745-769.
[9] Geelen, J., Gerards, B., and Whittle, G., Matroid T-connectivity, SIAM J. Disc.
Maith., 20 (2006), 588-596.
[10] Oxley, J., Matroid Theory, Second Edition, Oxford University Press, New York, 2011.
[11] Oxley, J. and Semple, C., Constructing a 3-tree for a 3-connected matroid, Adv. in
Appl. Math. 50 (2013), 176-200.
[12] Oxley, J., Semple, C., and Whittle, G., The structure of the 3-separations of 3-
connected matroids, J. Combin. Theory Ser. B 92 (2004), 257-293.
[13] Oxley, J., Semple, C., and Whittle, G., The structure of the 3-separations of 3-
connected matroids II, Europ. J. Combin. 28 (2007), 964-989.
[14] Oxley, J., Semple, C., and Whittle, G., Exposing 3-separations in 3-connected ma-
troids, Adv. in Appl. Math. 47 (2011), 463-508.



CLONAL CORES AND FLEXIPATHS IN MATROIDS 43

SCHOOL OF MATHEMATICS AND STATISTICS, VICTORIA UNIVERSITY OF WELLINGTON,
NEW ZEALAND
Email address: nick.brettell@vuw.ac.nz

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE,
Louisiana, USA
Email address: oxley@math.lsu.edu

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF CANTERBURY, NEW
ZEALAND
Email address: charles.semple@canterbury.ac.nz

SCHOOL OF MATHEMATICS AND STATISTICS, VICTORIA UNIVERSITY OF WELLINGTON,
NEW ZEALAND
Email address: geoff.whittle@vuw.ac.nz



	1. Introduction
	2. Preliminaries
	3. The Clonal Core of a Matroid
	The clonal core of a partitioned matroid

	4. The Behaviour of (4,c)-Flexipaths
	5. Types of (4,2)-Flexipaths
	Acknowledgements
	References

