Cartan equivalence under fibre preserving transfor mations for
second order ODE : v, =F(x,u,u,)

;First load exterior and create the appropriate jet bundle
> with(Exterior):
Exterior calculus package, version 1.12 (30 Oct 2009).
i Copyright 2006-2009 by Mark Hickman. All rights reserved. 1)
| > jetbundle([x],[u], 2);
;Next we create the contact forms and the exterior differential system for this equation
| > depend([x, u,u[x]],F):

> Contact();
-u, dx + du, —uxxdx—l—dux 2)
_> EDS: =eval ({%, u[ x, x] =F);
EDS = { -u dx +du, -Fdx + dux} A3)
;We can differentiate this system and then check that it is closed
> d(%;
0 0
[(@F}dx/\(dux)+(EF)dx/\du,dx/\(dux) “)
> ideal (EDS);
{du =u, dx, duXZFdx} 5)
[ > Mod (%86 % ;
{0} ()

:NOW for the coframe
> onega: =cofranme(Di ff (u, x, x) =F);

-u dx + du
®:=| -Fdx+du, )
dx
[and it dual.
> dual _onega: =dual (onega) ;
o)
u
d
dual omega := “ )
I +ud +FJ
X u u
X

_> dual _onega. Transpose( onega) ;

®



| or in "matrix" form

1 00

010 ®
001
;Just checking!
> d(onmega);
dx N (dux)
0 0
[%Fjdx/\(dux)-}-(aF)dx/\du 10)
0

We now need to construct the lifted coframe. First we need to add the group parameters to the exterior
| algebra.

| > exterior(a[l],a[2],a[3],a[4]);
> EXTERI OR: -var,

[x, Uy Uy Uy Ay, G, A, a4] a1

;This shows the current variables in the exterior algebra. Fibre preserving transformations are given by
> Fibre:=<<a[1]]|0]| 0>, <a[2]]a[3]] 0>, <0| 0| a[ 4] >>;

a 0 0
Fibre:=| a, a3 0 12)
0 0 a
;with a basis of Maurer-Cartan forms
> MC:. =Maurer_Cartan(Fibre);
da,

a;

da2 a, da3

a; aas

13
o (13)

as

MC =

da4

ay

> MC. =Maurer _Cartan(Fi bre, matrixonly);

71 AN



da2 a, da3 da3

MC = — 0 (14)
a; a,as as
da
0 0o —
ay

;The lifted coframe and its dual are given by
> theta: =Fi bre. onega;

-ayu dx +a, du
0:= (—azux—a3F)dx+a2du+a3dux 15)
a, dx

_> dual _t heta: =dual (theta);

dual theta = —* (16)

ax ua u
— +

;The essential torsion of this frame is given by
> ET, Phi, Z, tabl eau: =t or si on( onega, gr oup=Fi bre, essential);
(00 0 |

a,

00 -

a4a3

00 0

(00 0|
ET, @, Z, tableau := , an




Lads oy
as a;
0 0 I
2 2
— F| —a;,— — F||d 0 0
(“3(&[ ) “ “2“3(% J) x+da2_a2da3 N
a;as a; a;as Xo.1 %34 0
0 b X X 0 9
[a2+a3(auxF))dx da, 3,1 3,2
+
a3 as 0 0 %,
da,
ay
v, 0 0 0
0 vV, 0
00 0 v

ET is the essential torsion; ® are the modified Maurer-Cartan forms that remove the non-essential
torsion; Z is the freedom in this coframe and tableau is the coefficient matrix for the Maurer-Cartan
forms in the structure equations (used to compute the reduced Cartan characters). The absorbed form of
| the coframe satisfies

> Absor bedFor n(t het a, Phi , ET, t abl eau) ;

@) n (0 - L2

I (@) A (0) * (@) A (0)) o

1 3
| (@) 1 (65)

;or with the freedom in the absorbed frame

> Absor bedFor n(t het a, Phi , ET, t abl eau, f reedon=2) ;

() A (0)) - a, (8,) A (9,) P+, 9
. 1 1 a, a, . ©,+x, 0, +% 9, 1)
= , —
(q)Z) A (91) + (@3) N (92) Dy H+%,9 %59,
(®4) A (9) | Py %y, 59

;The only (non-constant) essential torsion is
> nc_torsion(ET);

[ X ]
- (20)
Cl4 613




| We normalize this essential torsion to -1 by
| > exterior(a[3]=a[1]/a[4]);

> Phi[3]; 5
al[gF) da,  a,da,
a, a2+a—x de 9 a, - 2
4 + . @1)
a, a,
> Fibre;
a, 0 0
a
4 O 22)
0 0 aq
> Maurer_Cartan(Fibre);
da,
a

Tt + (23)

;Recompute the torsion.
> ET, Phi, Z, t abl eau: =t or si on( onega, gr oup=Fi bre, essenti al );

00 0
00 -1
00 0
(00 0|
ET, ®, Z, tableau := 000] | 24)
000
000
000
0




(iF)az—azaz—aaa iF dx
Ou 1 274 27471 aux aza’a1 da2 azda4

ay a% a? a, a,a i
2 + 0 F||d
aya,ta; | —— X
oataa )
- +
a; a,

%2,200 v100

V, V¢ —V
xz’lxz,zo, 21 "2

0 0 0 0 0 V3

_> Absor bedFor n(t het a, Phi, ET, t abl eau, freedonrz) ;

(@) A (8) = (8) A (8) D +%,9
d0= (q)l) A (92) T ((DZ) A (91) - (@3) A (92) O = || Pt 81, ,9, (25)
(®3) A (85) _ | @,

> CartanCharacters(tabl eau);
[3,0,0] (26)

> CartanTest (tabl eau, 2);
System is NOT involutive. 27)

The system fails the Cartan test. Therefore we must prolong. Add the freedeom in the coframe y, | and

X, , to the exterior algebra.

| > exterior(op(indets(2)));
> EXTERI OR -var:
[x, Uy Uy Uy 5 Ay Gy Ay Xy 15 Xy 2] (28)
:Prolonged group action is given by
> Prol ongedG oup: =Pr ol ongedActi on(2);

(29)




1 0 00O0O
0 I 0000O
0O 0 1000
ProlongedGroup := b, 0 0100 (29)
X1 %0 0010
0 0 00O01
;Prolonged coframe
> Theta: =Vector([theta, Phi]);
-ayu.dx +a, du
Fa, a,du,
—ayu, — dx +a,du +
ay ay
a, dx
i a, a, dx N da,
0= 4 % (30)
0 2 22 d
(( - F) ay —aya,; —a,a,a, [ . Fjj dx o, da, da, a, da,
2 T f +
a, dj a) 4 dy
2 + 0 F|l|d
a, d a I X
aecta(wr)) e
- +
al Cl4
;The torsion is
> T1, pi, Z1, t abl eaul: =t or si on( Thet a, gr oup=Pr ol ongedG oup, essenti al ,
| absorption=nu):
> Absor bedFor m( Thet a, pi, T1, t abl eaul, freedom=Z1) ;
dO= —(@1) A (84) — (@2) A (83) , 31




a4a%
o
[—2)(2’2611-{-?17) (@2) AN (@3)
— - +2(6,) A (©5) [}

a;
Ty 0t 6,
e A
> nc_torsion(Tl);

2 i 0> o
_2X2,1a1a4+(—6u6uF)al_a2a4(_au2F] _2XQ,2al+_au2F
X

X X
s T , 32)
a4a% a;
2 ha o
‘27(/2,1a1a4+ [W Fj a, —a,a, [W FJ

x X
h 2
a,aj

;The non-constant torsion components may be set to zero with the normalizations
> isolate(%1],chi[2,1]);

ha g
_( auxau Fj a,‘a,a, [WF]

X

=- (33)

1
x —
2177

=> isolate(%42],chi[2,2]);



2F
xzzi & (34)
i 22 a,
| > exterior(%%9;
> Transpose(Tl);
00 0 -100 000 O0-10 00000 O 000000
00 -1 00O 000 -1 01 000O00O 000O0O00O
00 0 00O 000 O 0O 000O00O0 000010 (35)
00 O 00O 000 0 00[[000O0O 000000
00 0O 00O 000 O 0O 000O00O 000O0O00O
00 0 00O 000 O 0O 000O00O0 000O0O0O0O0
(000000|[00000 0]
0000O0O 000000
000O0O00O0 000020
000O0O00O0 000O0O0O0O0
0000O0O01 000000
000O0O00O0 000O0O00O0
_> Cart anChar act er s(t abl eaul);
| (2,0,0,0,0,0] (36)
> CartanTest (tabl eaul, Z1);
i System is involutive. 37
> pi: =map(expand, pi);
ha ) 2 2 O
— F|a,—2ay,a,a, | —— F | +a,a,| —— F
(auZ 1 241(auxau j 24(aux2 ]
.= - (38)
a1a4
a~ a
[(mm e faz ] 7 ()50
1 : O O i
2 a?a4
o ) [k
-| ——F a1+a2a4[—2F])ux
11| (@ 1[(%6“ ou,
+> || =5 F| |~
2 a u 2 a,a,






D 8
2 a;
a,a
—azzF L —azzF u — —— 623 F
1 O 2| o 4 | 0w Ox
+ — + — dx
2 a, 2 a,
2
623 F iz F % F | du,
| Ou Ou 1 O 1 Oy
+ | = + — du + —
2 a, 4 a, 2 a,
:Invariant structure functions:
> J:=Invariant Structure(Theta, pi,tabl eaul);
a, % F
J=|-1 o 39
o« 2 af b ( )
0 o o o
- F|+ F+| —F|F+u F
| ( Ot Ou j du,” x o ou,” ou )
) a a, ’
1 1 o g g
— ua,a,| —F|+2|—F|a, —a,a F
2 a%ai[x 2 4[auxzau ] (GMZ j 1 2 4[6ux6u j
0 0 g 0 0
S (o
o o
+ay,a,| ——— F|—u. | —— Fl|a,+a,a
;Normalization (for the generic case).
> solve({J[1]=1,J[2]=1,J[3]=0},{a[1],a[2],a[4]});
o 0 0 0>
= Root -| —= F F F F 4
a, =RootOf [ x3 j ux[ auxzﬁu + Gux3 ) [ u_ou ] (40)




> 0 o 0 3 o

+ au—sz] (aF)—(auxau Fj(auxF)-i-auxaxau F+u, auxauz F]
s s s & o

+ auxzau F)F)RootOf (—;F]ux[auxzauF + E)uf FJ(auxau F)

G & &*
R R e vt P
& & & [
+u, auxzau F)j/ RootOf | - [E}M_ [au + aux3 F][auxau

(e () (e

F+4 23]”
:> exterior(op(%);

| With this assignment, 8 is an invariant coframe. The structure invariants are
| > Inv:=InvariantStructure(theta, Phi,tabl eau):
> nops( % ;




7

> map(l ength, Inv);
[1699, 1699, 4521, 4521, 14477, 15637, 23199 ]

=> | nv[ 1];

(5 ) () () [ ()

X

+ F

& P & P PN
+ au;F (auxéu Fj_(au_jF][auij)_[au_jF) F+4_23]
2
>
)
> Inv[2];
| @ Nd & i P o
_E 2((3”_)63]:] (auxF)-i- au—;F]F[au—;F +2 au—;F]ux(au;au F]
> ot ot > ot o
i | o e P K v e PR |
ot > Ra o
_(aux“F aujaxF) /RootOf [au_jF]ux(aujauF
> R > > >
+ au;F o Fj_[au_jF](aujaxF]_[au_jF F+4_Z3]
>
)

=>sirrplify(2*|nv[1]+|nv[2]);
1 ot i 63 o
R S A e T A b
o il
(o) (5 ) (a2
F

Ou
2
(&5 (3
Ou Ou~ Ox Ou Ou

F-I—ux

RootOf | -

X X

Ne—

41

42)

43)

(44)

45)



Unfortunately they are not all independent (there are 5 independent invariants) and not in "optimal"
u

form. A job for the next version! For the equationu,  =e %, the invariants are

> eval (I nv, F=exp(u[x]));

(eux)z (eux)z
)

1
RootOf(— (eux)3+4_23)2 i RootOf(— (ex

N
1 ()
2 N
i RootOf(—(e x) —1—4_Z3
| > convert(%radical):
> sinmplify(%synbolic);

[2173, Z213 913 5153 6 0. 0] 47)

| and so this equation cannot be linerized by a fibre preserving transformation.

1
5 7 (46)

o S

5-0,0,0
u

1 (
)2 i RootOf(— (e x)3 +4_23)




