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INTRODUCTION

@ Algebraic computing packages such as MAPLE and
MATHEMATICA are adept at computing the integral of an
explicit expression in closed form (where possible). Neither
program has any trouble in, for example,

1
J dx = log (log x).
x logx
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INTRODUCTION

@ Algebraic computing packages such as MAPLE and
MATHEMATICA are adept at computing the integral of an
explicit expression in closed form (where possible). Neither
program has any trouble in, for example,

1
J dx = log (log x).
x logx

@ MAPLE from release 9 onwards has a limited facility to handle
expressions such as

dx =

Ju\/x—vuX v
(u—v)2 u—v

(where u and v are understood to be functions of x).
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INTRODUCTION

@ However neither program can compute the “antiderivative” of
exact expressions in more than one independent variable. For
example there are no inbuilt commands that would compute

Ux Vy — Uxx Vy—Uy Vx + Uxy Vx
0

0
= 3% vy —ux vyl + % Uy Vx — UVy] .
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INTRODUCTION

@ However neither program can compute the “antiderivative” of
exact expressions in more than one independent variable. For
example there are no inbuilt commands that would compute

Ux Vy — Uxx Vy—Uy Vx + Uxy Vx

0 0
= 3% vy —ux vyl + % Uy Vx — UVy] .

@ In this last example, given a so-called differential function f,
we wish to compute a vector field F such that

f = DivF.
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INTRODUCTION

@ However neither program can compute the “antiderivative” of
exact expressions in more than one independent variable. For
example there are no inbuilt commands that would compute

Ux Vy — Uxx Vy—Uy Vx + Uxy Vx
0 0
=3 [uvy —ux vyl + @ Uy Vi — UVy] .
@ In this last example, given a so-called differential function f,
we wish to compute a vector field F such that

f = DivF.

@ Of course, such a vector field F will not exist for an arbitrary
f. The existence (or non existence) and the computation of F
occurs in many situations.
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@ The existence of F is resolved by the Euler operator.

it
-
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INTRODUCTION

@ The existence of F is resolved by the Euler operator.

e The computation of F is resolved (in a theoretical sense, at
least) by the homotopy operator.
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INTRODUCTION

@ The existence of F is resolved by the Euler operator.
e The computation of F is resolved (in a theoretical sense, at
least) by the homotopy operator.

@ However, as will be demonstrated in this paper, the practical
implementation of the homotopy operator to compute F
involves a number of subtleties not readily apparent from its
definition.
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NOTATION

@ The natural arena for our discussion is the jet bundle. The
independent variables will be denoted generically by
x = (X1, X2, X3, ..., Xd)-
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NOTATION

@ The natural arena for our discussion is the jet bundle. The
independent variables will be denoted generically by
x = (X1, X2, X3, ..., Xd)-

@ For a unordered multi-indices (with non-negative components)
I= (i], iz, . id) and I: (j], jz, . )d) define

=i +i2+---+1q

Il =iqlip!0 - ig!

xI:x%1 xizz -~-xidd

olf oltlf
oxl ax%‘ axi; axif
[+]=(01+j1,i2+j2, ..., ta+ja)

0)=G) G GO = =
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@ We introduce a partial ordering on multi-indices. [ > Jif I —]
has no negative entries.
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NOTATION

@ We introduce a partial ordering on multi-indices. 1> Jif [ —]
has no negative entries.

@ In order to reduce the number of subscripts, we generically
denote dependent variables by u and use the convention that

2

u

indicates summation over all dependent variables
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NOTATION

@ We introduce a partial ordering on multi-indices. 1> Jif [ —]
has no negative entries.

@ In order to reduce the number of subscripts, we generically
denote dependent variables by u and use the convention that

2

u

indicates summation over all dependent variables

@ For each dependent variable u, let uj be the jet variable

associated with
olu
ox!’
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NOTATION

@ The total derivative with respect to x; is given by

0 0
D. = i
' axi * ;LuIJrel auI

where e; is the multi-index with 1 in the ith position, 0
elsewhere.
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NOTATION

@ The total derivative with respect to x4 is given by

where e; is the multi-index with 1 in the it position, 0
elsewhere.

@ The summation is over all non-negative multi-indices I and all
dependent variables u. However there will only be a finite
number of non-zero terms in this summation.
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NOTATION

@ The total derivative with respect to x4 is given by

where e; is the multi-index with 1 in the it position, 0
elsewhere.

@ The summation is over all non-negative multi-indices I and all
dependent variables u. However there will only be a finite
number of non-zero terms in this summation.

@ In the one variable case, we will drop the subscript on D.
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NOTATION

@ The total derivative with respect to x4 is given by

D. =

1

0 0
o, + ;luuei u

where e; is the multi-index with 1 in the it position, 0
elsewhere.

@ The summation is over all non-negative multi-indices I and all
dependent variables u. However there will only be a finite
number of non-zero terms in this summation.

@ In the one variable case, we will drop the subscript on D.

@ The divergence of a differential vector field F is given by

d
DivF =) D;F;.

i=1
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o Finally, let

I _ nipiz2 ig
D' =D;' D --- Dy
where superscripts indicate composition.

it
a

<O «Fr < > > QA



EXISTENCE — THE EULER OPERATOR

A scalar differential function f is exact or a divergence if and only
if there exists a differential function F such that

d
f=DivF =) D;F;.

i=1
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EXISTENCE — THE EULER OPERATOR

A scalar differential function f is exact or a divergence if and only
if there exists a differential function F such that

d
f=DivF =) D;F;.

i=1

THEOREM (Olver, 1993, p. 248)

A necessary and sufficient condition for a function f to be exact is
that

eusz(—nIDIﬁ:o (1)

ou
n I

for each dependent variable w. &, is called the Euler operator (or
variational derivative) associated with the dependent variable u.
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EXISTENCE — THE EULER OPERATOR

EXAMPLE

Let
f=1Ux vy — Uxx Vy — Uy Vx + Uxy Vx

then
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EXISTENCE — THE EULER OPERATOR

EXAMPLE

Let
f=1Ux vy — Uxx Vy — Uy Vx + Uxy Vx
then
of of of of
Euf=—-D D2 -D,—+D,D, ——
" Xaux+ X Dyx Y ou,, +Dx ¥ Uy

= —D, vy —Divy + Dy vx + Dy Dy v

= — Vxy — Vxxy T Vxy T Vxxy
=0
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EXISTENCE — THE EULER OPERATOR

EXAMPLE

and
of of
= — D —_—— PR
Evf * vy Y ovy
= — D, (uxy —uy) — Dy (Ux — Uxx)

=0.

Thus f is exact.

Divergence Operator



COMPUTING THE INVERSE

@ The question we wish to address is that given a differential
function f that is exact, compute F such that

f =DivF.

Of course F will not be unique.
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COMPUTING THE INVERSE

@ The question we wish to address is that given a differential
function f that is exact, compute F such that

f =DivF.

Of course F will not be unique.

The higher Euler operators are given by

N ) (D prr 2
eh=) (-1 (I)D S (2)

2]

for each non-negative multi-index ] and each dependent variable .

v
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COMPUTING THE INVERSE

@ These operators can be easily implemented in both MAPLE and
MATHEMATICA. Their importance lies in the following result.
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COMPUTING THE INVERSE

@ These operators can be easily implemented in both MAPLE and
MATHEMATICA. Their importance lies in the following result.

Let T be a differential function. Then

of
;DI (uELf):;uIauI:Muf (3)

say.
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COMPUTING THE INVERSE

@ These operators can be easily implemented in both MAPLE and
MATHEMATICA. Their importance lies in the following result.

Let T be a differential function. Then

of
;DI (uSLf):;uIauI:Muf (3)

say.

4

e If f is exact then the left hand side of (3) is a divergence (the
] =0 term is zero).
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COMPUTING THE INVERSE

The operators M, and D; commute. l
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COMPUTING THE INVERSE

The operators M, and D; commute. \

@ For the sake of clarity, let us return briefly to the case of one
independent variable. If f is exact then (3) reads

DZD) (e 1) =M, 1. *)
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COMPUTING THE INVERSE

The operators M, and D; commute.

@ For the sake of clarity, let us return briefly to the case of one
independent variable. If f is exact then (3) reads

DZD) (e 1) =M, 1. *)

@ Formally we wish to define

to obtain
f=DF.
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COMPUTING THE INVERSE

@ For this strategy to be successful, we must be able to solve
the equation M, F = g. This equation is a first order linear
partial differential equation for F.
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COMPUTING THE INVERSE

@ For this strategy to be successful, we must be able to solve
the equation M, F = g. This equation is a first order linear
partial differential equation for F.

Suppose
MyF=g (5)
for some (given) differential function g. Then
uw
F:J 7907\¢ud7\+x (6)
where A
u
by ur— TI (7)

and x € ker My,.
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COMPUTING THE INVERSE

Let

_vuy (v—u)

 (u+v)3
Then

w aun
go by Vi (V—A) Vi
J A J uA+v)3 (u+v)?2

with

MyF=g

as expected.
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THE “STANDARD" HOMOTOPY OPERATOR

@ Note that this approach differs from the standard approach to
homotopy operators.
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THE “STANDARD" HOMOTOPY OPERATOR

@ Note that this approach differs from the standard approach to
homotopy operators.

@ There the homotopy
¢ ur— Aug

is used and the integral becomes

1
goo
L 9P g (8)
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THE “STANDARD" HOMOTOPY OPERATOR

@ Note that this approach differs from the standard approach to
homotopy operators.

@ There the homotopy
¢ ur— Aug

is used and the integral becomes

1
goo
L 9P g (8)

@ However, in many situations this integral is singular.
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@ Consider the almost trivial case

My F=T1.

«O» «F»r « = 4 > P NEa



THE “STANDARD" HOMOTOPY OPERATOR

@ Consider the almost trivial case
My F=1.

@ In the standard approach we find

T
F:J —d\
o A

which is, of course, singular.
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THE “STANDARD" HOMOTOPY OPERATOR

@ Consider the almost trivial case
My F=1.

@ In the standard approach we find

T
F:J —d\
o A

which is, of course, singular.

@ However, with the approach advocated here, we obtain

"
F:J Xd?\zlogu.
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THE “STANDARD" HOMOTOPY OPERATOR

@ Consider the almost trivial case
My F=1.

@ In the standard approach we find

T
F:J —d\
o A

which is, of course, singular.

@ However, with the approach advocated here, we obtain
el
F:J Xd?\zlogu.

e This frequent singular nature of the integral (8) is one of the
subtleties mentioned above.
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THE ONE INDEPENDENT VARIABLE CASE

@ Returning to the one independent variable case, let
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THE ONE INDEPENDENT VARIABLE CASE

@ Returning to the one independent variable case, let

Juf=) D (u&lf) (9)
j=0
and w (g g
F:J{uf:J Ou ))\Od’“ dA. (10)
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THE ONE INDEPENDENT VARIABLE CASE

@ Returning to the one independent variable case, let

Juf=) D (u&lf) (9)
j=0
and w (g g
F:J{ufzj (T ))\Od’“d)\. (10)
e Equation (4) is
DIy f=M,f.
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THE ONE INDEPENDENT VARIABLE CASE

@ Returning to the one independent variable case, let

Juf=) D (u&lf) (9)
j=0
and w (g g
F:J{ufzj (u ))\Od’“d)\. (10)
e Equation (4) is
DIy f=M,f.
e By (6), we have
My F=7,f
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THE ONE INDEPENDENT VARIABLE CASE

@ Returning to the one independent variable case, let

Juf=) D (u&lf) (9)
j=0
and w (g g
F:J{ufzj (u ))\Od’“d)\. (10)
e Equation (4) is
DIy f=M,f.
e By (6), we have
My F=0,f
and therefore
DM, F=M,f.
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@ Since My, and D commute, we obtain

MyDF=M_f.
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THE ONE INDEPENDENT VARIABLE CASE

@ Since M, and D commute, we obtain
MyDF=M,f.
@ However this only implies that

X =f—DF & kerM,.
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THE ONE INDEPENDENT VARIABLE CASE

@ Since M, and D commute, we obtain
My DF=M,_f.
@ However this only implies that
X =f—DF & kerM,.

@ In the work of Hereman and his coworkers, this issue was
circumvented by requiring f to be polynomial with no explicit
dependency on the independent variables. In this case the
kernel of M, is trivial.
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THE ONE INDEPENDENT VARIABLE CASE

@ Since M, and D commute, we obtain
My DF=M,_f.
@ However this only implies that
X =f—DF & kerM,.

@ In the work of Hereman and his coworkers, this issue was
circumvented by requiring f to be polynomial with no explicit
dependency on the independent variables. In this case the
kernel of M, is trivial.

@ When ker My, is non-trivial, there are a number of issues to be
handled.
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THE CHOICE OF THE HOMOTOPY ¢,

EXAMPLE

Let u
f= 2

Uy
Now J, f =1 and so F = H,, f = logu. However

2
_ Whxex — Uy € ker M
.

We have, if anything, complicated matters.
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THE CHOICE OF THE HOMOTOPY ¢,

@ The issue here is that u does not occur explicitly in f. We can
remedy this issue by choosing a different homotopy. In this

case, let
7\u1

Ux

d)ux DUy =
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THE CHOICE OF THE HOMOTOPY ¢,

@ The issue here is that u does not occur explicitly in f. We can
remedy this issue by choosing a different homotopy. In this

case, let
7\u1

d)ux DUy =
Uy

@ Now we obtain

Ux
F:J-Cuxf:J' (Juf)%‘)uxd?\zlogux.
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@ Next we need to deal with the “remainder” x .

it
-
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@ Next we need to deal with the “remainder” x .

it
-
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THE KERNEL OF M,

@ Next we need to deal with the “remainder” x .

COROLLARY

X € ker My, if and only if

Xobu=xX;

that is,
x = Xx(&1)

where u
I
&= —

u

(treating the jet variables that do not depend on u as constants).
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THE KERNEL OF M,

@ Next we need to deal with the “remainder” x .

COROLLARY

X € ker My, if and only if

Xobu=xX;

that is,
x = Xx(&1)

where u
I
&= —

u

(treating the jet variables that do not depend on u as constants).

@ Thus ¥ must be a function of the homogeneous coordinates

&r.
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@ In this case, we perform a change of coordinates

n = logu.
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THE KERNEL OF M,

@ In this case, we perform a change of coordinates

u=logu.
o Now
u
((-,x === Hx
u
uXX

Exx:7zuxx+ui
u

Uxxx

E»xxx = u = Hxxx T 3Hxx Mx + Hi

and so x is a function of derivatives p; but not .
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THE KERNEL OF M,

@ In this case, we perform a change of coordinates

u=logu.
o Now
u
((—,x === Hx
u
uXX

Exxzizuxx‘kui
u

Uxxx

E,xxx = = Hxxx T 3Hxx Mx + Hi
uw

and so x is a function of derivatives p; but not .

@ We now compute the homotopy based on the dependent
variable p, J x. since u does not occur in X.
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o If a remainder still exist, it will be homogeneous in

M
Hx
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THE KERNEL OF M,

o If a remainder still exist, it will be homogeneous in

Hr

Hx
@ We repeat this process with the variable log (L. At each stage
we reduce the number of variables that the remainder depends

on. Thus the process will terminate with the remainder, if not
zero, depending only on the independent variable.
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THE KERNEL OF M,

o If a remainder still exist, it will be homogeneous in

M
Hy

@ We repeat this process with the variable log (L. At each stage
we reduce the number of variables that the remainder depends
on. Thus the process will terminate with the remainder, if not
zero, depending only on the independent variable.

@ Note that, despite the notation, the x subscript on the

homogeneous variable & does not indicate differentiation. For
example

Dax - ‘ixx_gnzg ?é ‘ixx-
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THE KERNEL OF M,

o If a remainder still exist, it will be homogeneous in

M
Hy

@ We repeat this process with the variable log (L. At each stage
we reduce the number of variables that the remainder depends
on. Thus the process will terminate with the remainder, if not
zero, depending only on the independent variable.

@ Note that, despite the notation, the x subscript on the
homogeneous variable & does not indicate differentiation. For
example

Dax - ‘ixx_gnzg ?é ‘ixx-

@ Also note that if f € kerJy, then, by (6), f € ker My, and so
we perform the above change of variables.
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THE KERNEL OF M,

EXAMPLE

Let wu
f — XX

ug

Note that J, f = 0. Rewriting f, we have

P S L
2 uZ
and so
1 1

g f=—, F=H, f=——.
AR H H

Now DF—f= —1= —Dx and so
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MORE THAN ONE DEPENDENT VARIABLE

@ Repeat process for each dependent variable until reminder
reduces to 0.

EXAMPLE
Let

v(vvy ui + Zuvi Uy — UV Uyx Vx — UV Uy Vyx)
ug vi

f=

(This example cannot be handled by MAPLE Release 13.) Note
that J,, f = 0. In this case we can either introduce homogeneous

variables or
uv? uv?
Py 17 = and H, f =

UL, Whe Wiy Ve

2
D(”V):f
Uy Vy

Furthermore
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MORE THAN ONE INDEPENDENT VARIABLE

o If f is exact then (3) becomes

> D' (uelf) =M f
IeJ

with 0 ¢ J.
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MORE THAN ONE INDEPENDENT VARIABLE

o If f is exact then (3) becomes

> D' (uelf) =M f
Ie]

with 0 ¢ J.
@ Split the indexing set |

Jx ={1€J:ix > 0and iy, =0 for k" < k}

foreach k=1, 2, ..., d.
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MORE THAN ONE INDEPENDENT VARIABLE

o If f is exact then (3) becomes
> D' (uelf) =M f
Ie]
with 0 & J.
@ Split the indexing set |
Jie ={I€J: ik >0and iy = O for k’ < k}

foreach k=1, 2, ..., d.

@ Clearly the Jy are disjoint whose union is | (there are many
possible choices for this split).

Divergence Operator



@ We now define

j]fo = Z DI—ex (u&{t f) .
LeJx

i
v

«O>» «Fr «Z» « o



MORE THAN ONE INDEPENDENT VARIABLE

@ We now define
=) DI (uelf).
Ie]k

o Let

uw (qk
Pk = gk EJ (Jufl\o LW
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MORE THAN ONE INDEPENDENT VARIABLE

@ We now define
=) DI (uelf).
Ie]k

o Let

uw (qk
Pk = gk EJ (Jufl\o LW

@ As before, we have

d
D Dy F*—f € kerM,.
k=1
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MORE THAN ONE INDEPENDENT VARIABLE

EXAMPLE

Let
2 a2 _ 2
. Ui Vx Uy — VUL Uxy + Vx Uy Uxy — Ux uy Vxy
- 2,2 .
U 1
We have
3 2
X _ X £ — U Uy Uy Vxy — 2UVx Uy Uxy — VU3 + Ux Vx Uy
u usu
x Yy
and
FY — gy g = H2Vx Uxx — Ux Vxx)
=HYf= E
uX
with

D, F* + D, FY = f.

Divergence Operator



MORE THAN ONE INDEPENDENT VARIABLE

EXAMPLE
Note that if we use v we obtain

2
VUL + VUy Uxy — Ux Uy Vy

G =H> f=
v u%uy
and i
XX
GY=HYf= 2
with

D,G* +D,GY = f.
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ALGORITHM

procedure INVDIV(f) > Input exact function f
x := INDVAR(f) > List of independent variables
seq(F* =0,k € x) > Initialize F¥
x:=f > Initialize x
for u € DEPVAR(f) do > u a dependent variable

for k € x do
g = HOMOTOPY(w, X, k) > HK (%)
F*=Fk4g > Update F*
x:=XxX—Dxg > Update x
if x =0 then return F > F = [seq(F*, k € x)]
end if

end for

end for

return F, INVDIV(CHANGECOORD(X)) > Use homogeneous
coordinates
end procedure
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