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Abstract

Polster and Steinke [Result. Math., 46 (2004), 103–122] determined the possi-
ble Kleinewillinghöfer types of flat Laguerre planes. These types reflect transitivity
properties of groups of certain central automorphisms. We exclude three more types
from the list given there with respect to Laguerre homotheties. This yields a com-
plete determination of all possible single types with respect to Laguerre homotheties
that can occur in flat Laguerre planes. Building on results by Mäurer and Hartmann
to characterize ovoidal or miquelian Laguerre planes we further characterize certain
flat Laguerre planes in terms of their Kleinewillinghöfer types.
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1 Introduction

Kleinewillinghöfer [6] classified Laguerre planes with respect to central automorphisms,
that is, permutations of the point set of the Laguerre plane such that parallel classes
are mapped to parallel classes and circles are mapped to circles and such that at least
one point is fixed and central collineations are induced in the derived projective plane
at one of the fixed points. In [14] flat Laguerre planes were considered and their so-
called Kleinewillinghöfer types were investigated, that is, the Kleinewillinghöfer types
with respect to the full automorphism group. In particular, all possible types of flat
Laguerre planes with respect to Laguerre translations were completely determined. So
far the classification of those types that can occur in flat Laguerre planes is not complete.
Examples for some of the possible Kleinewillinghöfer types of flat Laguerre planes can be
found in [14] Section 6.

In this paper we exclude three more types with respect to Laguerre homotheties from
the list given in [14]. Examples for type 2 with respect to Laguerre homotheties are
provided in [19] and the remaining types were already accounted for in [14]. Hence we
obtain a complete classification of Kleinewillinghöfer types of flat Laguerre planes with
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respect to Laguerre homotheties. Furthermore, with the examples from [19] all possible
Kleinewillinghöfer types of flat Laguerre planes with respect to Laguerre homologies ex-
cept type V are covered. With these examples the number of open cases of combined
types is reduced to five.

Mäurer [11] and Hartmann [5] characterized ovoidal or miquelian Laguerre planes in
terms of transitivity properties of central automorphisms. We now use the Kleinewil-
linghöfer types to characterize the Artzy–Groh planes, see the following section, and
ovoidal planes among flat Laguerre planes.

Section 2 gives a summary of facts about flat Laguerre planes. In section 3 we define
Kleinewillinghöfer types and briefly review the results on these types for flat Laguerre
planes from [14]. The next section shows how further types with respect to Laguerre
homotheties can be excluded and gives an updated list of possible combined Kleinewill-
inghöfer types. The last section gives characterizations of Artzy–Groh planes and ovoidal
planes in terms of Kleinewillinghöfer types.

2 Flat Laguerre Planes

A Laguerre plane L = (P, C, ||) is an incidence structure consisting of a point set P , a
circle set C and an equivalence relation || (parallelism) defined on the point set such that
three mutually non-parallel points can be joined by a unique circle, such that the circles
which touch a fixed circle K at p ∈ K partition P \ |p| where |p| denotes the parallel class
of p, such that each parallel class meets each circle in a unique point (parallel projection),
and such that there is a circle that contains at least three points (richness); compare [2]
and [13]. It readily follows that for each point p of L the incidence structure Ap = (Ap,Lp)
whose point set Ap consists of all points of L that are not parallel to p and whose line
set Lp consists of all restrictions to Ap of circles of L passing through p and of all parallel
classes not passing through p is an affine plane, which extends to a projective plane Pp.
We call Ap and Pp the derived affine or projective plane at p, respectively.

In this paper we are only concerned with Laguerre planes whose common point set
is the cylinder Z = S1 × R (where S1 usually is represented as R ∪ {∞}), whose circles
are graphs of continuous functions S1 → R and whose parallel classes of points are the
verticals on the cylinder. In fact, circles then are homeomorphic to the unit circle S1 and
the geometric operations of joining three points by a circle, intersecting of two circles, and
touching become continuous when the circle set is suitably topologised. In this case one
speaks of 2-dimensional or flat Laguerre planes. For more information on flat Laguerre
planes we refer to [2] and [4] or [13] Chapter 5.

Each derived affine plane Ap of a flat Laguerre plane is even a topological affine
plane and extends to a 2-dimensional compact projective plane Pp, which we call the
derived projective plane at p; see [15] for a comprehensive treatment of compact topological
projective planes and in particular Chapter 3 for 2-dimensional planes. Circles not passing
through the distinguished point p induce closed ovals in Pp by removing the point parallel
to p and adding in Pp the infinite point ω of the lines that come from parallel classes of



More on Kleinewillinghöfer types of flat Laguerre planes 3

L. The line at infinity of Pp (relative to Ap) is a tangent to this oval. In Ap one has a
parabolic curve. We call this collection of lines of the affine plane and parabolic curves
the affine part of the Laguerre plane. To obtain the entire Laguerre plane, however, one
has to extend this model by one parallel class. According to [12], Proposition 2, one
does not have to worry about the topology, that is, there is a unique topology extending
the natural topology of the affine plane such that one obtains a flat Laguerre plane. We
basically are using this form of representation in this paper.

The classical flat Laguerre plane is obtained as the geometry of non-trivial plane
sections of a cylinder in R3 with an ellipse in R2 as base, or equivalently, as the geometry
of non-trivial plane sections of an elliptic cone, in real 3-dimensional projective space,
with its vertex removed. The parallel classes are the generators of the cylinder or cone.
By replacing the ellipse in the construction of the classical flat Laguerre plane by arbitrary
ovals in R2, i.e., convex, differentiable simply closed curves, we also obtain flat Laguerre-
planes. These are the so-called ovoidal flat Laguerre planes.

Every ovoidal flat Laguerre plane is isomorphic to a plane Lov(f) for a suitable normal-
ized strictly parabolic function f , that is, f is differentiable, strictly convex (or concave),
limx→±∞ f(x)− cx = +∞ (or −∞) for all c ∈ R, f(0) = f ′(0) = 0 and f(1) = 1; see [8]
Lemma 2.1. The circles of Lov(f) are the sets

{(x, y) ∈ R2 | y = af(x) + bx+ c} ∪ {(∞, a)},

where a, b, c ∈ R. One obtains the classical flat Laguerre plane for f(x) = x2.
Every automorphism of a flat Laguerre plane is continuous and thus a homeomorphism

of Z. The collection of all automorphisms of a flat Laguerre plane L forms a group with
respect to composition, the automorphism group Γ of L. This group is a Lie group of
dimension at most 7 with respect to the compact-open topology; see [16]. We call the
dimension of Γ the group dimension of L. This maximum dimension is attained precisely
in the classical flat Laguerre plane. In fact, group dimension at least 6 implies classical.
Furthermore, flat Laguerre planes of group dimension 5 must be special ovoidal Laguerre
planes; see [9] Theorem 1. The collection of all automorphisms of L that fix each parallel
class is a closed normal subgroup of Γ, called the kernel T of L. The dimension of
the kernel of a flat Laguerre plane is at most 4. This maximum dimension is attained
precisely in the ovoidal flat Laguerre planes; cf. [3] and [17]. Indeed, ovoidal flat Laguerre
planes have group dimension 4 unless the underlying oval is a skew parabola, compare
the definition preceding Proposition 5.3.

The other family of flat Laguerre planes we are referring to in this paper besides the
ovoidal flat Laguerre planes are the so-called the Artzy–Groh planes. Again, let f be a
normalized strictly parabolic function. Then the circles of the Artzy–Groh plane LAG(f)
are the sets

Ca,b,c =

{
{(x, bx+ c) | x ∈ R} ∪ {(∞, 0)} for a = 0,

{(x, af(x−b
a

) + c) | x ∈ R} ∪ {(∞, a)} for a 6= 0,

where a, b, c ∈ R. One obtains the classical flat Laguerre plane for f(x) = x2.
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3 Kleinewillinghöfer types of flat Laguerre planes

Kleinewillinghöfer considered four kinds of central automorphisms, C-homologies, G-
translations, (G,B(q, C))-translations and (p, q)-homotheties; see the following for def-
initions. A subgroup of central automorphisms of the same kind is linearly transitive if
the induced group of central collineations in a derived projective plane at one of the fixed
points is transitive on each central line except for the obvious fixed points, the centre
and the point of intersection with the axis. She considered groups of automorphisms and
determined their types according to transitive subgroups of central automorphisms con-
tained in them. In particular, a group of automorphisms is said to be linearly transitive
if it contains a linearly transitive subgroup of central automorphisms of the same kind.
In case of the full automorphism group Γ we then say that the Laguerre plane is of the
corresponding Kleinewillinghöfer type of Γ.

A Laguerre homology of L is an automorphism of L that is either the identity or fixes
precisely the points of one circle. One speaks of a C-homology if C is the distinguished
circle of fixed points. A C-homology induces a homology of the derived projective plane
Pq at each q ∈ C with centre ω on the line at infinity. Note that every Laguerre homology
is in the kernel of L.

With respect to Laguerre homologies Kleinewillinghöfer obtained seven types of La-
guerre planes; see [6], Satz 3.1. In [14] Proposition 3.4 the following possible types were
obtained for flat Laguerre planes.

Proposition 3.1 A flat Laguerre plane L = (Z, C, ||) is of type I, II, III, IV, V or VII
with respect to Laguerre homologies where these types are defined as follows.

I. Z = ∅.

II. |Z| = 1.

III. There are a point p and a circle C with p ∈ C such that Z is the tangent bundle
B(p, C) consisting of all circles that touch the circle C at the point p.

IV. There are non-parallel points p and q such that Z = {C ∈ C | p, q ∈ C} is the
bundle of circles through p and q.

V. Z consists of a flock of L, that is, the circles in Z partition the point set of L.

VII. Z = C.

Here Z denotes the set of all circles C for which the automorphism group of L is linearly
transitive (with respect to C-homologies).

There are examples for flat Laguerre planes for each of the above Kleinewillinghöfer
types except type V; see [14] Section 6 and [19].

A Laguerre translation of a Laguerre plane L is an automorphism of L that is either
the identity or fixes precisely the points of one parallel class and induces a translation
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in the derived affine plane at one of its fixed points. More precisely, there are two kinds
of Laguerre translations. Let G be a parallel class of L. A G-translation of L is an
automorphism of L that is either the identity or fixes precisely the points of G and each
parallel class globally. Note that G-translations are in the kernel of L.

For the second kind of Laguerre translations one uses a tangent bundle B(p, C). In
the derived affine plane at p the tangent bundle represents a parallel class of lines and
we can look at translations in this direction. Then a (G,B(p, C))-translation of L is a
Laguerre translation that fixes C (and thus each circle in B(p, C)) globally.

In case of flat Laguerre planes it suffices to require that an automorphism induces a
translation in a non-vertical direction in the derived affine plane at a fixed point p in order
to obtain a (G,B(p, C))-translation, that is, all the points of G = |p| are automatically
fixed; see [18].

With respect to Laguerre translations Kleinewillinghöfer obtained 11 types of Laguerre
planes; see [6] Satz 3.3, or [7] Satz 2. In [14] Proposition 4.8 the following possible types
were obtained for flat Laguerre planes.

Proposition 3.2 A flat Laguerre plane L is of type A, B, C, D, E, G, H or K with
respect to Laguerre translations where these types are defined as follows.

A. E = ∅; B = ∅.

B. |E| = 1; B = ∅.

C. |E| = 2; B = ∅.

D. |E| ≥ 3; B = ∅.

E. E = ∅; |B| = 1.

G. E = ∅; there is a circle C such that B = {B(q, C) | q ∈ C}.

H. There is a point p such that E = {|p|} and B = {B(p, C) | p ∈ C ∈ C}.

K. E = Π; B = {B(q, C) | q ∈ C ∈ C}.

Here Π is the set of all parallel classes of L and E ⊆ Π denotes the set of all parallel
classes G for which the automorphism group Γ of L is linearly transitive with respect to
G-translations, and B denotes the set of all tangent bundles B(p, C) for which Γ is linearly
transitive with respect to (|p|, B(p, C))-translations.

There are examples for flat Laguerre planes for each of the above Kleinewillinghöfer
types; see [14] Section 6.

Finally, a Laguerre homothety of L is an automorphism of L that fixes two non-
parallel points and induces a homothety in the derived affine plane at each of these two
fixed points. One then speaks of a {p, q}-homothety if p, q are the two fixed points.

With respect to Laguerre homotheties Kleinewillinghöfer [6] Satz 3.2, or [7] Satz 1,
obtained 13 types of Laguerre planes. In [14] Proposition 5.6 the following possible types
were obtained for flat Laguerre planes.
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Proposition 3.3 A flat Laguerre plane L is of type 1, 2, 3, 4, 6, 7, 8, 10, 11, or 13 with
respect to Laguerre homotheties where these types are defined as follows.

1. H = ∅.

2. |H| = 1.

3. There are a point p and a parallel class G with p /∈ G such that

H = {{p, q} | q ∈ G}.

4. There are a point p and a circle C through p such that

H = {{p, q} | q ∈ C \ {p}}.

6. There is a circle C such that H = {{p, q} | p, q ∈ C, p 6= q}.

7. There are two distinct parallel classes F , G and a bijection ϕ : F → G such that
H = {{p, ϕ(p)} | p ∈ F}.

8. There are two distinct parallel classes F , G such that

H = {{p, q} | p ∈ F, q ∈ G}.

10. There are a parallel class G and a bijection ϕ : G→ Π \ {G} such that

H = {{p, q} | p ∈ G, q ∈ ϕ(p)}.

11. There is a point p such that H = {{p, q} | q ∈ Z \ |p|}.

13. H consists of all pairs of nonparallel points.

Here H denotes the set of all unordered pairs of distinct points {p, q} for which the auto-
morphism group of L is linearly transitive (with respect to (p, q)-homotheties).

There are examples of flat Laguerre planes of Kleinewillinghöfer types 1, 2, 3, 4, 8, 11
and 13; see [14] Section 6 and [19].

Combining all three classifications the following 29 Kleinewillinghöfer types were ob-
tained that can possibly occur in flat Laguerre planes where a combined type just refers
to the respective single types. E.g., type III.B.3 refers to type III with respect to Laguerre
homotheties, type B with respect to Laguerre translations, and type 3 with respect to
Laguerre homotheties.

Theorem 3.4 A flat Laguerre plane L is of type

I. A.1, A.2, A.7, B.1, B.3, B.10, C.1, E.1, E.4, G.1, G.6, H.1, H.11,
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II. A.1, A.2, E.1, E.4, G.1, G.6,

III. B.1, B.3, H.1, H.11,

IV. A.1, A.2,

V. A.1,

VII. D.1, D.8, or K.13.

For examples of the 17 combined Kleinewillinghöfer types I.A.1, I.B.1, I.B.3, I.C.1,
I.E.1, I.E.4, I.G.1, I.H.1, I.H.11, II.A.1, II.E.1, II.E.4, III.H.1, III.H.11, VII.D.1, VII.D.8
and VII.K.13 see [14] Section 6.

4 Further Exclusions

In this section we show that in the list of Theorem 3.3 of possible Kleinewillinghöfer types
with respect to Laguerre homotheties types 6, 7 and 10 cannot occur in flat Laguerre
planes.

Proposition 4.1 If the set H of a flat Laguerre plane L contains all unordered pairs of
distinct points p, q on a circle, then L is the classical flat Laguerre plane and thus of type
13.

Proof. If H contains the set {{p, q} | p, q ∈ C, p 6= q} for some circle C, then each derived
affine plane at a point of the distinguished circle C must be Desarguesian. We introduce
coordinates such that C is S1 × {0}. Since A(∞,0) is Desarguesian, the circles through
(∞, 0) are the extended Euclidean lines

C0,b,c = {(x, bx+ c) | x ∈ R} ∪ {(∞, 0)}.

Let Σ be the group generated by all the (p, q)-homotheties for p, q ∈ C = C0,0,0, p 6= q.
The stabilizer of (∞, 0) in Σ consists of the transformations

γs,t : (x, y) 7→ (sx+ t, sy)

for s, t ∈ R, s 6= 0, suitably extended onto the parallel class Π∞ = {∞} × R at infinity.
Moreover, Σ acts 3-transitively and effectively on C0,0,0. Therefore Σ is isomorphic to
PGL2(R) and the action of Σ on C0,0,0 (or the set of parallel classes) is given, without loss
of generality, by the standard action of PGL2(R) on S1. We denote by Σ1 the connected
component of Σ that contains the identity so that Σ1 is isomorphic to the simple group
PSL2(R).

In the next step we are looking at the possible action on Z of the involution σ ∈ Σ1

given on C0,0,0 by

σ(x, 0) =


(−1/x, 0), for x ∈ R, x 6= 0,

(∞, 0), for x = 0,

(0, 0), for x =∞.
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The general form of σ is σ(x, y) = (−1/x, ϕ(x, y)) suitably extended for x = 0,∞. Note
that σ and the affine transformations given above generate the entire group Σ.

Using the fact that σ leaves the pencil of circles through (∞, 0) and (0, 0) invariant
we obtain that for each m ∈ R there is an m′ ∈ R such that σ(x,mx) ∈ C0,m′,0 for all x.
If we write m′ = ψ(m) for some map ψ, then ϕ(x, y) = −ψ(y/x)/x. Furthermore, ψ is
involutory and orientation reversing and ψ(0) = 0.

We claim that ψ(x) = −x for all x ∈ R. In order to prove this we consider the
rotations ρt = γ1/s,c/sσγs,c where s = sin t 6= 0 and c = cos t. Explicitly,

ρt : (x, y) 7→
(
cx− s
sx+ c

,− ψ(sy/(sx+ c))

s(sx+ c)

)
suitably extended on the parallel classes Π∞ and Π−c/s.

Since the first coordinates describe the standard rotations in PSL2(R), the map t 7→ ρt
must be a homomorphism, that is, ρtρt′ = ρt+t′ for all t, t′ ∈ R where we define ρkπ to be
the identity for each integer k. For the second coordinates one finds that

ψ(s′′y/(s′′x+ c′′))

s′′(s′′x+ c′′)
=
ψ(− s′ψ(sy/(sx+c))

s(sx+c)(s′x′+c′)
)

s′(s′x′ + c′)
(1)

where

s = sin t s′ = sin t′ s′′ = sin(t+ t′)
c = cos t c′ = cos t′ c′′ = cos(t+ t′)

and

x′ =
cx− s
sx+ c

.

¿From s′′x+ c′′ = (sx+ c)(s′x′+ c′) and the substitution of x = 0 into (1) we then obtain

s′′cψ

(
− s′ψ(sy/c)

sc′′

)
− s′ψ(s′′y/c′′) = 0. (2)

Suppose there is a u ∈ R such that ψ(u) 6= −u. Let

v =
ψ(u)

u+ ψ(u)
.

Then v 6= 0, 1, because u 6= 0. We choose t ∈ (−π
2
, π

2
), t 6= 0, such that 1 + v tan2 t 6= 0

and define t′ ∈ (−π
2
, π

2
) by

tan t′ =
(v − 1) tan t

1 + v tan2 t
.

From 1− tan t tan t′ =
1 + tan2 t

1 + v tan2 t
6= 0 we see that tan(t+ t′) =

tan t+ tan t′

1− tan t tan t′
= v tan t.

Hence each of s, c, s′, c′, s′′, c′′ is non-zero and we have

s′′c

c′′s
= v.
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Substituting y = cu/s into (2) and using s′ = s′′c− sc′′ we obtain

s′′c(ψ((1− v)ψ(u))− ψ(uv)) + sc′′ψ(uv) = 0.

But (1−v)ψ(u) =
uψ(u)

u+ ψ(u)
= uv so that the above equation becomes sc′′ψ(uv) = 0. The

last equation contradicts the fact that s, c′′, u and v are all non-zero.
Thus we obtain that ψ(x) = −x for all x ∈ R and therefore

σ : (x, y) 7→
(
− 1

x
,
y

x2

)
just like in the classical flat Laguerre plane. This result in turn implies that Σ acts on Z
like in the classical flat Laguerre plane, that is, we have the automorphisms

(x, y) 7→
(
ax+ b

cx+ d
,
(ad− bc)y
(cx+ d)2

)
for a, b, c, d, r ∈ R, ad−bc, r 6= 0. In particular, all the circles intersecting C0,0,0 in at least
one point are, like in the classical flat Laguerre plane, graphs of polynomials of degree at
most 2.

We finally show that also all circles that do not have a point in common with C0,0,0

are as in the classical flat Laguerre plane. To this end consider the rotation τ = ρπ/3 of
order 3 given by

τ : (x, y) 7→
(
x−
√

3

x
√

3 + 1
,

4y

(x
√

3 + 1)2

)
.

Given a point p, the three points p, τ(p), τ 2(p) determine a unique circle Cp. Furthermore,
Cp is fixed by τ . If CΣ(τ) is the centraliser of τ in Σ, then τ fixes every circle in the orbit
of Cp under CΣ(τ). Note that two circles Cp and Cq are either identical or disjoint. This
fact implies that the circles γr,1,0(Cp) for r 6= 0 where p is not on C0,0,0 plus the circle
C0,0,0 form a flock F , that is, these circles partition the cylinder Z. In fact, F comprises
all the circles that are fixed by τ . Each rotation

ρt : (x, y) 7→
(
x cos t− sin t

x sin t+ cos t
,

y

(x sin t+ cos t)2

)
for t ∈ R also commutes with τ and thus operates on F . But the group of all these
rotations is isomorphic to SO2(R) and thus can only act trivially on R. This implies that
each ρt fixes each circle in F and we obtain the circles in F as orbits. It readily follows
that the circles in F are as in the classical flat Laguerre plane, that is, the circles

{(x, a(x2 + 1)) | x ∈ R} ∪ {(∞, a)}.

Applying the automorphisms γr,s,t we finally find that all circles are as in the classical flat
Laguerre plane. �

Since in a type 6 plane the set H contains the unordered pairs as in Lemma 4.1, we
have the following.
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Corollary 4.2 There is no flat Laguerre plane of type 6.

Before dealing with types 7 and 10 we need a result on the well-known behaviour of
Laguerre homotheties which ultimately shows that Laguerre homotheties and bijections
as in types 7 or 10 are incompatible. Roughly speaking, a non-trivial (p, q)-homothety
moves points other than p and q in ‘opposite directions’ on |p| and |q|, that is, if γ(u) is
closer to p on |p| than u is, then γ(v) is farther away from q on |q| than v is and a parallel
class 6= |p|, |q| is moved toward |p|. In order to be more precise we consider three distinct
parallel points p, q, r and we say that r is between p and q if p and q are in different
connected components of |r| \ {r} ≈ R \{0}. Likewise, if G1, . . . , G4 ∈ Π are four distinct
parallel classes we say that G1 and G2 separate G3 and G4 in Π ≈ S1 if G3 and G4 are in
different connected components of Π \ {G1, G2}.

Lemme 4.3 Let γ be a (p, q)-homothety in a flat Laguerre plane L and let r ∈ |p| \ {p},
s ∈ |q| \ {q} and F ∈ Π \ {|p|, |q|}.

1. The following statements are equivalent.

(a) |p| and |q| separate F and γ(F ) in Π;

(b) p is between r and γ(r) on |p|;
(c) q is between s and γ(s) on |q|.

2. The following statements are equivalent.

(a) |q| and γ(F ) separate |p| and F in Π;

(b) γ(r) is between p and r on |p|;
(c) s is between q and γ(s) on |q|.

Proof. The bundle of central lines through q in the derived affine plane Ap at p is
homeomorphic to S1 and is made up of the set Cp,q of all circles through p and q plus the
parallel class |q|. The action of γ on a circle C ∈ Cp,q is determined by the action of γ
on Π. By the continuity of γ the action of γ on |q| is then also determined. A similar
argument applies for |p|.

(1) If |p| and |q| separate F and γ(F ) in Π, then F and γ(F ) are in different connected
components of Π∗ = Π \ {|p|, |q|}. Hence the connected components of |p| \ {p} and of
|q| \ {q} must also be interchanged. If |p| and |q| do not separate F and γ(F ) in Π, then
each connected component of Π∗, |p| \ {p} and |q| \ {q} must be fixed. Hence (1) follows.

(2) If |q| and γ(F ) separate |p| and F in Π, then γ(F ) is between |p| and F in
Π \ {|q|} ≈ R and F is between |q| and γ(F ) in Π \ {|p|} ≈ R. The continuity of γ and
the connectedness of Cp,q augmented by |p| shows that on each central line L through p
in Aq the point γ(x) is always between p and x ∈ L \ {p} on L. In particular, γ(r) is
between p and r on |p|. Similarly, on each central line L′ through q in Ap the point x ∈ L′
is now always between p and γ(x) on L′. In particular, s is between q and γ(s) on |q|. If
|q| and γ(F ) do not separate |p| and F in Π, then |p| and |q| separate F and γ(F ) in Π
and neither (b) nor (c) hold by (1). Hence (2) follows. �
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Proposition 4.4 There is no flat Laguerre plane of type 7.

Proof. Let L be a flat Laguerre plane of type 7 and let G and H be parallel classes
and ϕ : G → H be a bijection as in type 7. Obviously, every automorphism γ of L
fixes G and H or interchanges the two parallel classes. Furthermore, if γ fixes each of
G and H, then γ commutes with ϕ because a (p, ϕ(p))-homothety is taken under γ to a
(γ(p), γ(ϕ(p)))-homothety.

Let p, q and r be three distinct points on G such that r is between p and q on G.
The (r, ϕ(r))-transitivity implies that there is a (r, ϕ(r))-homothety γr that takes p to
q. Then γr(ϕ(p)) = ϕ(q) and ϕ(r) is between ϕ(p) and ϕ(q) on H by Lemma 4.3(1).
Likewise, there is a (p, ϕ(p))-homothety γp such that γp(q) = r. Then γp(ϕ(q)) = ϕ(r).
Now Lemma 4.3(2) implies that ϕ(q) is between ϕ(r) and ϕ(p) on H. This contradiction
to the previous observation shows that type 7 is not possible in flat Laguerre planes. �

Proposition 4.5 There is no flat Laguerre plane of type 10.

Proof. Let L be a flat Laguerre plane of type 10 and let G be a parallel class and ϕ :
G→ Π\{G} be a bijection as in type 10. Obviously, every automorphism γ of L fixes G.
Furthermore, γ commutes with ϕ because a (p, q)-homothety with q ∈ ϕ(p) is taken under
γ to a (γ(p), γ(q))-homothety so that γ(q) ∈ ϕ(γ(p)) and thus γ(ϕ(p)) = γ(|q|) = ϕ(γ(p))
for p ∈ G.

Let p, q and r be three distinct points on G such that r is between p and q on G. The
(r, r′)-transitivity for r′ ∈ ϕ(r) implies that there is a (r, r′)-homothety γr that takes p to
q. Then γr(ϕ(p)) = ϕ(q) and G and ϕ(r) separate ϕ(p) and ϕ(q) in Π by Lemma 4.3(1).

Likewise, there is a (p, p′)-homothety γp for p′ ∈ ϕ(p) such that γp(q) = r and thus
γp(ϕ(q)) = ϕ(r). Now Lemma 4.3(2) implies that ϕ(p) and ϕ(r) separate G and ϕ(q) in
Π. This contradiction to the previous observation shows that type 10 is not possible in
flat Laguerre planes. �

Theorem 4.6 A flat Laguerre plane is of type 1, 2, 3, 4, 8, 11 or 13 with respect to
Laguerre homotheties.

In [14], Section 6, examples of flat Laguerre planes of types 1, 3, 4, 8, 11 and 13 can
be found. For an example of type 2 see [19]. Hence Theorem 4.6 completely determines
the possible Kleinewillinghöfer types with respect to Laguerre homotheties.

With the above exclusions we now obtain the following reduced list of possible com-
bined Kleinewillinghöfer types.

Theorem 4.7 A flat Laguerre plane is of one of the following 25 combined types

I. A.1, A.2, B.1, B.3, C.1, E.1, E.4, G.1, H.1, H.11,

II. A.1, A.2, E.1, E.4, G.1,
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III. B.1, B.3, H.1, H.11,

IV. A.1, A.2,

V. A.1,

VII. D.1, D.8, or K.13.

For examples of flat Laguerre planes of type II.G1 see [10] and for types IV.A.1 and
IV.A.2 see [19]. Together with the models for further 17 types obtained in [14], Section 6,
we now have accounted for 20 of the possible 25 combined Kleinewillinghöfer types of flat
Laguerre planes. So far, existence of types I.A.2, II.A.2, III.B.1, III.B.3 and V.A.1 remains
open. Although flat Laguerre planes of these types seem entirely feasible, examples may
be hard to find due to the low group dimension of such planes.

Note that there is a flat Laguerre plane of each of the single Kleinewillinghöfer types
as stated in Propositions 3.1, 3.2 and Theorem 4.6 except for type V with respect to
Laguerre homologies.

5 Characterizations of certain flat Laguerre planes in

terms of Kleinewillinghöfer types

In [14] the following characterizations of ovoidal flat Laguerre planes were obtained; see
also Proposition 4.1 and [11] Satz 6 for type VII.

Proposition 5.1 A flat Laguerre plane L is of type

• VII if and only if L is ovidal;

• D if and only if L is a non-classical ovoidal flat Laguerre plane;

• K or 13 if and only if L is classical.

We next characterize types 8 and 11.

Proposition 5.2 A flat Laguerre plane is of type 11 if and only if it is isomorphic to an
Artzy–Groh plane LAG(f) over a normalized strictly parabolic function f where f is not
the squaring function x 7→ x2.

Proof. For each b, c ∈ R the homotheties (x, y) 7→ (a(x− b) + b, a(y − c) + c) for a ∈ R,
a 6= 0, form a transitive group of ((∞, 0), (b, c))-homotheties of the Artzy–Groh plane
LAG(f) so that LAG(f) has type 11 or 13. But f is not the squaring function so that
LAG(f) is not classical by Proposition 4.1. Hence LAG(f) has type 11.

Conversely, the derived affine plane at the distinguished point p in a flat Laguerre
plane L of type 11 is Desarguesian and the transformations

R2 → R2 : (x, y) 7→ (rx+ b, ry + c),
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where b, c, r ∈ R, r 6= 0, extend to automorphisms of L. (Here p has coordinates (∞, 0).) If
the function f : R→ R describes a circle not passing through p, then y = rf(x−b

r
)+c also

represents a circle for all b, c, r ∈ R, r 6= 0. The group of all the above automorphisms is
3-dimensional and acts transitively on the set of circles not passing through (∞, 0). Hence
L looks like an Artzy–Groh plane LAG(f). Indeed, [1] Theorem 3.9 shows that f must
be parabolic. Since every Artzy–Groh plane is isomorphic to a plane Lov(f) where f
is a normalized strictly parabolic function and because among the normalized strictly
parabolic functions only the squaring function x 7→ x2 yields the classical flat Laguerre
plane, which is of type 13, we have the stated characterization. �

For the next result we need a special class of normalized strictly parabolic functions,
the so-called skew parabola functions. These functions are of the form

fd,r(x) =

{
xd for x ≥ 0,
r|x|d for x ≤ 0,

where d > 1 and r > 0. A skew parabola is the graph of a skew parabola function.
Note that d = 2, r = 1 corresponds to a Euclidean parabola. If r = 1, we say that we
have an even skew parabola (function). A proper (skew) parabola (function) is one with
(d, r) 6= (2, 1).

Proposition 5.3 A flat Laguerre plane is of type 8 if and only if it is isomorphic to an
ovoidal Laguerre plane Lov(f) where f is a proper even skew parabola function.

Proof. Let L be a flat Laguerre plane of type 8. Then L is ovoidal by [14] Proposition 6.2.
But then the kernel T of L is 4-dimensional and, because Γ/T is at least 1-dimensional,
the group dimension of L must be at least 5. By [9] Theorem 1, such a Laguerre plane is
isomorphic to an ovoidal plane over a proper skew parabola, that is, L ∼= Lov(fd,r) where
d, r ∈ R, d > 1, r > 0, (d, r) 6= (2, 1). However, only those flat Laguerre planes with r = 1
admit a transitive group of ((∞, 0), (0, 0))-homotheties, that is, only in this case is the
transformation (x, y) 7→ (−x,−y) an automorphism of Lov(f).

Conversely, it is readily checked that the ovoidal Laguerre planes Lov(f) where f is a
proper even skew parabola function are indeed of type 8. �

Combining Propositions 5.1, 5.2 and 5.3 we obtain the following characterization of
types with respect to homotheties.

Theorem 5.4 A flat Laguerre plane L is of type

8 if and only if L isomorphic to an ovoidal Laguerre plane Lov(f) where f a proper
even skew parabola function;

11 if and only if L is isomorphic an Artzy–Groh plane LAG(f) over a normalized strictly
parabolic function f where f is not the squaring function x 7→ x2;

13 if and only if L is classical.
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We now come to characterizations of combined Kleinewillinghöfer types.

Proposition 5.5 The classical flat Laguerre plane is the only flat Laguerre plane of type
VII.K.13.

Proof. Clearly, the classical flat Laguerre plane is of type VII.K.13. Conversely, type 13
implies classical by Proposition 4.1. �

Proposition 5.6 A flat Laguerre plane is of Kleinewillinghöfer type

• VII.D.8 if and only if it is isomorphic to an ovoidal Laguerre plane Lov(f) where f
is a proper even skew parabola function;

• VII.D.1 if and only if it is isomorphic to an ovoidal Laguerre plane Lov(f) where f
is a normalized strictly parabolic function but not an even skew parabola function.

Proof. It readily follows that the above ovoidal flat Laguerre planes are indeed of the
respective types. Conversely, type D implies a non-classical ovoidal plane and thus also
type VII by Proposition 5.1.

Proposition 5.3 implies that L is an ovoidal plane over a proper even skew parabola
if L is of type 8. However, if the associated oval is not projectively equivalent to an even
skew parabola, there are no transitive groups of homotheties and we have type VII.D.1.
�

Proposition 5.7 A flat Laguerre plane is of Kleinewillinghöfer type III.H.11 if and only
if it is isomorphic to an Artzy–Groh plane LAG(f) where f is a proper even skew parabola
function.

Proof. ¿From Proposition 5.2 we know that the Artzy–Groh planes LAG(f) where f is a
normalized strictly parabolic function but not the squaring function are precisely the flat
Laguerre planes of type 11. For the fact that the above Artzy–Groh planes are indeed
of type III.H.11 note that each translation of the (Desarguesian) derived affine plane at
(∞, 0) extends to an automorphism of the Laguerre plane. Hence we have type H with
respect to Laguerre translations. Furthermore, each homology (x, y) 7→ (x, a(y − c) + c)
for a ∈ R, a 6= 0, at a circle y = c also extends to an automorphism of the Laguerre plane.

Conversely, let L be a flat Laguerre plane of type III.H.11. Then L is isomorphic to
an Artzy–Groh plane LAG(f) where f is a normalized strictly parabolic function that is
not the squaring function; see Proposition 5.2. In order to obtain type III with respect to
Laguerre homologies there must be a line y = mx in the derived affine plane A at (∞, 0)
such that all axial collineations (x, y) 7→ (x, r(y −mx) + mx) for r ∈ R \ {0} extend to
automorphisms of the Laguerre plane. In particular, the parabolic curve given in A by
y = f(x) must be taken to a circle of LAG(f) under each such homology. This implies
that for each r 6= 0 there must be a, b, c ∈ R, a 6= 0, such that for all x ∈ R we have
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r(f(x)−mx) +mx = af

(
x− b
a

)
+ c. (3)

Let g(x) = f ′(x)−m. Then g is an orientation preserving homeomorphism of R with
g(0) = −m. Differentiating identity (3) with respect to x we further find that

rg(x) +m = f ′
(
x− b
a

)
and thus

g(x+ b) = g(x/a)/r. (4)

Substituting x = 0 into (4) gives us

b = g−1(−m/r).

We first assume that m = 0. Then b = 0 and we have the identity

rf(x) = af(x/a)

for all x, r ∈ R, r 6= 0. Substituting x = a yields rf(a) = a and thus f(x) = f(a)f(x/a).
Since r 7→ a = a(r) is a homeomorphism of R∗ we find that f is multiplicative, that is, f
is an even parabola function.

If m 6= 0, then 1/r = −g(b)/m and we obtain the identity

g̃(x+ b) = g̃(b)g̃(x/a) (5)

where g̃(x) = −g(x)/m. Note that g̃ is a homeomorphism of R. The unique zero of g̃
is b0 = g̃−1(0) = g−1(0) 6= 0. Moreover, r 7→ b = b(r) is a homeomorphism from R∗
onto R \ {b0} where b0 = g−1(0) 6= 0 and a depends continuously on r and thus on b.
More precisely, substituting x = ab0 into (5) we obtain g̃(ab0 + b) = g̃(b)g̃(b0) = 0 so that
ab0 + b = b0 and

a = (b0 − b)/b0

as a function of b.
Let u = 1− x

b0 − b
, v = 1− (b/b0) and h(z) = g̃(b0(1− z)). Then v 6= 0 and h(0) = 0,

h(1) = 1. Now (3) becomes
h(uv) = h(v)h(u).

Hence h is multiplicative, that is, h(x) = x|x|k−1 for some k > 1. For our original function
f we thus obtain that there are α, β, γ ∈ R, α 6= 0, such that f(x) = α|x− β|k +mx+ γ.
But then the Laguerre plane LAG(f) is isomorphic the LAG(f̃) where f̃(x) = |x|k is an
even parabola function. Indeed, the transformation

(x, y) 7→

{
(x, (y −mx)/α), for x ∈ R,
(∞, y), for x =∞,
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is an isomorphism from LAG(f) onto LAG(f̃).
In any case we thus have found that up to isomorphism f is an even parabola function.

However, the even skew parabola has to be proper for otherwise the Laguerre plane is
classical and thus has type VII.K.13. �

As a direct consequence of Propositions 5.2 and 5.7 and the list of possible types in
Theorem 3.4 we have the following.

Corollary 5.8 A flat Laguerre plane is of Kleinewillinghöfer type I.H.11 if and only if
it is isomorphic to an Artzy–Groh plane LAG(f) where f is strictly parabolic normalized
but not an even skew parabola function.
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