THE 2011 T-SHIRT: CUBIC RECIPROCITY

JEREMY BOOHER

Cubic reciprocity provides an answer to the question of which elements are cubes, just as qua-
dratic reciprocity regards the squares modulo p. However, the natural setting for cubic reciprocity
is not Z, but rather Z[(3] = Z[_l%‘/?’] This ring is known as the Eisenstein integers. This summer,
you might have shown that this ring has unique prime factorization.

Let m be a prime in Z[(3] that does not divide 3. Consider Z[(3]r. The analogue of Euler’s
Theorem says that for any « relatively prime to m, ™™ ! =1 mod 7. Hence a¥™1/3 is a cube
root of unity modulo 7. Since the cube roots of unity are distinct, factoring z’V™~! — 1 shows there
is a unique m = 0, 1,2 such that a@V™1/3 = ¢3" mod 7.

Definition 1. Let (3" be the unique root of unity such that aWNm=1)/3 = ¢5* mod 7. Define the
cubic residue character to be

« m

m/3

The cubic residue character shares many algebraic properties with the quadratic character. They
are established in the same way. For example, it is straightforward to verify that (%)3 depends
only on @ mod 7 and that the character is multiplicative. (See Problem Set 19, Problem 8.)

An added complication caused by moving from Z to Z[(3] is the additional units. The notion of
a primary prime distinguishes between the various associates of 7.

If 7|3, define (2) := 0.

Definition 2. If 7 is a prime in Z[(3], then 7 is primary if 7 =2 mod 3.

Lemma 3. Let Nm =p =1 mod 3. Then exactly one of the associates of w is primary. If 7 is
primary, So is m.

This will be proven in the next section. This provides enough notation to state the law.
Theorem 4 (Cubic Reciprocity). Let m and w2 be primary primes, Nmy # Nmwo # 3. Then
m\ (T2
(2),- (),
Remark 5. There are also supplemental laws for units and the prime dividing 3.

The proof of cubic reciprocity, first published by Eisenstein in 1844, uses Gauss and Jacobi
sums. These are examples of a general class of sums called character sums. We first will explain
the arithmetic of Z[(3], then introduce character sums before moving on to the proof of cubic
reciprocity.

1. PRELIMINARIES ABOUT Z[(3]

We now prove Lemma 3, the result about primary primes.

Proof. Write m = a + b(3. The associates of 7w are w, (37, C§7T, —m, —(3m, and —Q%Tr. In terms of a
and b, these are

a+bls, —b+(a—>b), (b—a)—al3, —a—0b, b+ (b—a)(s, (a—0b)+als
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Since p = a®> —ab+b> =1 mod 3, one of a and b is not a multiple of 3. If @ is a multiple of 3,
then either the third or sixth is primary depending on whether b =1 mod 3. If a is not a multiple
of 3, replacing ™ by —m we may assume a = 2 mod 3. But a® — ab+ b> =1 mod 3 implies that
b(b—2) =0 mod 3. If 3|b, then 7 is primary. If b=2 mod 3, b+ (b — a)(3 is primary.

For uniqueness, assume a+ b3 is primary. A direct inspection shows none of the other associates
satisfies the correct congruence conditions.

If m =a+ b(3 is primary, T = a + b(—1 — (3) = a — b — b3 is obviously primary. O

Let 7 be a complex prime of norm p. This means that p =1 mod 3. The residue field Z[(3], a
finite field with N(7) = p elements. But this is the same as Z,: simply map 1 € Z[(3]r to 1 € Z,
and send multiples of 1 to the same multiple of 1. The cubic residue character modulo p is thus
defined on Z,,.

There is an interaction between the complex conjugation and the cubic residue character. In

particular ) _ _
5. (%), = G,-(5),

To prove the first, note that (%)‘3 is a cube root of unity, so conjugation is the same as taking the
multiplicative inverse which is the same as squaring. For the second, conjugating the expression

laNE-1/3 _ (%)3 gives  w[@Nm-1/3 _ @)3

Since N(w) = N(7), this implies (£), = (£),.

m ™

In particular, if n € Z and ¢ is a rational prime that is prime in Z[(3], (%)3 = (%)3 = 1. The

primes in Z that remain prime in Z[(3] are those for which (_73) = —1, which is equivalent to ¢ = 2

mod 3. But in this case 3 [(¢ — 1), the order of (Z/qZ)*, so every element is a cube as the cubic
character indicates.

2. CHARACTERS, (GAUSS AND JACOBI SUMS

Definition 6. In this setting, a character is a map x : U, — C* such that for a,b € U,, x(a)x(b) =
x(ab). Sometimes we extend this to a map x : Z — C* by setting x(n) = x(n mod p) if n # 0
mod p, and x(n) = 0 if p|n.

For example, the Legendre symbol a — (%) is a character for U,. A boring character is the

trivial character which sends all non-zero elements to 1. If p = 1 mod 3, there is a cubic residue
character as well.
The fundamental result about characters we will need is called the orthogonality of characters.

Proposition 7. Let x be a characters of Z,. Then
> x(@) =0
zeUp

unless x is the trivial in character, in which case the sum is p — 1.

Proof. Multiplication by a € U, is a permutation of U, so
> x(@) = xlax) = x(a) Y x(x).
zelUp zeUp zelUp

Since x is non-trivial, there is an a with y(a) # 1, which forces the sum to be 0. If x is trivial, the
sum of p — 1 ones is p — 1. O
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Corollary 8. If x and \' are characters and x # X', then

> x(@)x/(x) =0

zeUp
Proof. The function f(x) = x(z)x/(x) is a character. O

Along the same lines, we have a result about roots of unity.

Proposition 9. Let p be a prime and ¢, a primitive pth root of unity (like 62“/1’). Then for a € Z
Zp ! “k—O if a £ 0 mod p, while if a =0 mod p the sum is p.

Proof. The pth roots of unity are solutions to #? — 1 = 0. The sum of the roots of this polynomial
is 0 as the coefficient of P! is zero. Raising the pth roots of unity to the a power permutes them
unless a is a multiple of p, in which case they all map to 1. [l

With these preliminaries about characters, we can now analyze Gauss and Jacobi sums.

Definition 10. Let p be a prime and x a character U, — C*. Let ¢, = ¢2m/P. The Gauss sum
g(x) is defined to be

g(x) = > x(@)¢r.

zeUp

What is a root of unity raised to an integer modulo p? If we pick two integers n,m that are
equivalent modulo p, we know ¢ = (" as ¢5 = 1. Thus define ¢p = ¢y when n is any integer that
reduces to € Up. Note that we can equally well sum over = € Z,, since we defined x(z) = 0 if

plz.

Definition 11. Let p be a prime and x; and x2 characters U, — C*. The Jacobi sum J(x1, x2)
is defined to be

J(x1,x2) ZXl z)x2(1 — )
TELp

Proposition 12. Let x and X' be non-trivial characters modulo p. Then |g(x)|*> = p and if
n—1 n — 9x)gx’)

X # (X)) then J(x,X') = #5555

Proof. For the first assertion about the Gauss sum, we will use a “twisted” Gauss sum

9a(0) = > x(x)¢".

TELyp

Note that go(x) = 0 by the orthogonality relations. We will calculate

S= Y 9a(0)9%0) = D 9a(X)galx

acUp a€ly

in two different ways. On one hand, as multiplying by a # 0 is a permutation of U, so
9a(x) = x(a) " Y x(@)x(@)¢5" = x(a) g ().
T ELyp

Thus we can evaluate S as

S=>" 9a()9a(x) = Y x(a)'g)x Ha)g(x) = lg()* D x(a) 'x(a) = (p — D]g()I*

acUp acUp acUp
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On the other hand,

5= T g

aEZpCC7yeZp
= D xlx( ) Gy
IvyEZp GEZP

When x — y # 0, the inner sum is a sum over all pth roots of unity, so equals 0. Otherwise it is the
sum of p ones. Thus as x(z)x(z) =1if = 7é 0 mod p, we have

S=>"x( —1) =p(p—1).

0s) ()

0= (S
A
Cr

Equating the two expressions for S gives |g(x)|?> = p.

For the second, note that

genLes

Evaluating the sum over x + y = ¢t first, if ¢ = 0 orthogonality of characters implies
> x@x(—2) =x'(-1) Y x(z)x(z) =0
TELyp T ELyp
since the product character xyx’ is non-trivial. If ¢ # 0, then tx + ty = t, so
> x@xX W) = D x(ta)x(ty) = xOx' ()T (6 x).
x+y=t z4+y=1
Substituting, we see that

= xOX BTN = T06 X )g(ex)- -
40

3. THE PrROOF OF CUBIC RECIPROCITY

We now specialize to the case we care about, that of the cubic residue character. Denote it by
X = (;)3 The key fact about the Gauss and Jacobi sums is the following.

Theorem 13. Let x. be the cubic residue character. Then |g(x=)|> = p. Additionally, g(xr)> =
pJ (Xrs Xr) and J(Xr, Xx) 1S a primary prime in Z[(3].
Proof. The first is just Proposition 12. For the second, note that x2 is not the trivial character, so
by the same Proposition we also know that

9(xx)* = g0xn) 9 0) T (s Xor) = 9(xr) 9 () T (s Xor) = DT (X Xor)-

Finally, to show that J(xx, xx) is primary, recall that p =1 mod 3. Then we know
3

90 = [ D x=@)¢ | = D xe(@)*¢G" mod 3.

TE€Lp T€Lp
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However, as x is a cubic character, x.(z)? = 1 unless 7|z. Therefore the sum simplifies and we
conclude
pJ (xms Xx) = 9(x)% = Z 32— _1 mod 3.
x#0
Since p =1 mod 3, we conclude J(x,x) = —1+0-{s mod 3. This is exactly what is means to be
primary. O

The first step in the proof is to find the factorization of g(x.)3.

Proposition 14. If 7 is primary, J(xx, X=) = © and consequently g(x-)> = ©°T.

Proof. Let J(Xr, Xx) = 7. 7 must be a primary prime dividing p, so it is either 7 or 7 as both
are primary but none of the associates are primary. We need to rule out the later.
Directly from the definition and Euler’s criterion

J (X Xr) ZXW z)xx (1 — ) Zl‘(pil)/g(l—x)(pil)/g' mod 7.

However, we know that
Z 22 =0 mod p

€Ly
if 0 < j < p—1 (see problem 30 on problem set 13, question 1). Summing each of the coefficients of
the polynomial x(pfl)/?’(l —x)(pfl)/?’ separately, the sum over Zj, is 0. Since 7 divides p, J(Xx, Xx) =
0 mod 7. Thus 7’|, so # = 7’. The assertion about g(x,)® then follows from Proposition 13. [J

Since g(xr,) is a cube root of pm, g(Xry )V ™! is X, (pm) modulo 71. Raising things to the Ny

power is very easy to do in characteristic N, so an alternate expression can be obtained: cubic

reciprocity falls out. This will be done in three cases.
™

First, if both 71 and 7o are primary rational primes, then (—) = (

T2

1

- ) = 1 because the primes
2 3

are invariant under conjugation (recall Section 1).
Secondly, consider the case when 7 = ¢ is a primary rational prime and 75 has norm p. From
Proposition 13, raising g(xr,)> to the (¢*> — 1)/3 power and using Euler’s criteria we obtain
2_
9(xm)" ! = Xq(pm2)  mod g.
But since p and ¢ are rational, x,(p) = 1. Multiplying by g(Xr,) gives

2
(1) 9(Xms)T = Xq(m2)9(Xr,) mod g.
On the other hand,
X7r2 Z X7r2 q “t mod q.
tez,

But X, is a cubic character and ¢ is a prime, so ¢ =1 mod 3 and hence

(2) Q(Xm) = Xy (q ZXWz tq tq = Xm(0)9(Xr,) mod q.

Combining our two expressions for g(Xm)q we obtain that

X2 ()9 (Xrs) = Xq(72)9(Xr,) mod g

and after canceling g(x») that x4(m2) = xr,(¢) as desired.

The third case is when both m; and w9 are complex primes with norms p; and po, primes congruent
to 1 modulo 3. The same argument as above works, except we can no longer eliminate the analogue
of the x,(p) term. Starting with g(x77)® = p71 and raising to the (p2 —1)/3 power, we obtain that

Xt (P3) = Xy (P177)-
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Starting from g(xx,)® = pama, we obtain

X (P1) = Xt (P22).
Now note that xz(p3) = Xr, (p2) upon conjugating. But then combining these we have

X1 (T2) Xy (P171) = X (ﬂg)Xﬁ(pg)
= X (72) X, (P2)
= X (P1)
= Xora (1) Xrp (P1771) -

Canceling the x,(p171) finishes the proof. O

The two key ingredients in this proof, are the factorization g(x,)® = 7?7 and the double calcu-
lation of g(xx,)N™ ! as a value of the cubic character and by directly expanding the Gauss sum
modulo p. These can also be used to give an alternate proof of quadratic reciprocity.

Finally, there is the stronger question of when an integer is a cube of an integer modulo p. This
is significantly more complicated, and leads to the study of rational reciprocity laws.

A good reference for this in subject matter is Ireland and Rosen’s book. [1]

4. EXERCISES
1 N(m)

2

Prove that Z[(3], has N(m) elements, and that for any «, « = o mod 7.

Show that if p is a rational prime and (?) = —1, then p is prime in Z[(3].

Prove that Z[(3] has unique prime factorization.

Let p=1 mod 4. Let g be a generator for U,. It has order a multiple of 4, so we can let
x4(g*) = i*. Use the fact that |Jx4,x4)|?> = p for this character to show that p is a sum of
two squares. Note that this provides an explicit method of finding them.

(5) Formulate and proof supplemental laws for the prime 1 — {3 and the units of Z[(3]. These

are analogous to the special rules for the Legendre symbol of —1 and 2.
(6) Show that

— — — —

(
(
(3
(4

Z 27 =0 mod p
TE€Z[Cs]x
if 0 < j < N(m). Can you do this without first proving the existence of a generator?

(7) Generalize the proof of cubic reciprocity to give a proof of quadratic reciprocity. You should
work over Z, and look at the Gauss sum involving the quadratic residue character. How
about fourth powers in Z[i]?

(8) Find and prove a law for rational cubic reciprocity. You might try writing primes of the
form 3n+1 as 1 (L? + 27M?).
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