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Abstract

The dramatic decrease in time and cost for generating genetic sequence data has opened up vast opportunities in
molecular systematics, one of which is the ability to decipher the evolutionary history of strains of a species. Under this
fine systematic resolution, the standard markers are too crude to provide a phylogenetic signal. Nevertheless, among
prokaryotes, genome dynamics in the form of horizontal gene transfer (HGT) between organisms and gene loss seem to
provide far richer information by affecting both gene order and gene content. The “synteny index” (SI) between a pair of
genomes combines these latter two factors, allowing comparison of genomes with unequal gene content, together with
order considerations of their common genes. Although this approach is useful for classifying close relatives, no rigorous
statistical modeling for it has been suggested. Such modeling is valuable, as it allows observed measures to be trans-
formed into estimates of time periods during evolution, yielding the “additivity” of the measure. To the best of our
knowledge, there is no other additivity proof for other gene order/content measures under HGT. Here, we provide a first
statistical model and analysis for the SI measure. We model the “gene neighborhood” as a “birth–death–immigration”
process affected by the HGT activity over the genome, and analytically relate the HGT rate and time to the expected SI.
This model is asymptotic and thus provides accurate results, assuming infinite size genomes. Therefore, we also devel-
oped a heuristic model following an “exponential decay” function, accounting for biologically realistic values, which
performed well in simulations. Applying this model to 1,133 prokaryotes partitioned to 39 clusters by the rank of genus
yields that the average number of genome dynamics events per gene in the phylogenetic depth of genus is around half
with significant variability between genera. This result extends and confirms similar results obtained for individual
genera in different manners.
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Introduction
Building accurate evolutionary trees depicting the history of
life on earth is among the most central and important tasks in
biology. The leaves of the tree correspond to contemporary
extant species and the tree edges (or branches) represent
evolutionary relationships. Despite dramatic advances in
the extraction of such molecular data, of ever increasing qual-
ity, reconstructing an evolutionary tree is still a major chal-
lenge requiring reliable approaches for inferring the true
evolutionary distances between the species at the tips (leaves)
of the tree. This is particularly intensified in prokaryotes due
to horizontal gene transfer (HGT), a mechanism by which
organisms transfer genetic material not through vertical in-
heritance (Doolittle 1999; Ochman et al. 2000; Koonin et al.
2001). HGT is pervasive, and links distant lineages in the tree
of life, turning it into the “network of life” (Doolittle 1999;
Martin 1999; Wolf et al. 2002). Estimates of the fraction of
genes that have undergone HGT vary widely with some as
high as 99%. Nevertheless, it is widely accepted that even

among prokaryotes, the main evolutionary signal, depicting
the dominating direction of genetic information flow, is ver-
tical (Beiko et al. 2005; Puigbo et al. 2010) and the evolution-
ary distances should adhere to this vertical trend.

Evolutionary distances can be inferred from a variety of
sources, including morphological, genetic, and other differen-
ces between the species at hand. The sought-for tree should
preserve the property that the length of the path between any
two organisms at its leaves equals the inferred pairwise dis-
tance between these organisms. When such a tree exists, these
distances are said to be “additive” (Semple et al. 2003).

Over the past few decades, it has become apparent and
accepted that statistical modeling, as opposed to parsimony
(or combinatorial) approaches, is more accurate and hence is
the preferred methodology for phylogenetics. Consequently,
vast efforts have been made, first to model data accurately,
and then to develop efficient inference methods for the data.
In this approach, a fundamental first step is finding and dem-
onstrating provable additivity of a distance measure.
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The most common approach to infer evolutionary dis-
tance that is also considered accurate is by analyzing point
mutations in a “marker gene,” commonly a ubiquitous house-
keeping gene, shared by all the taxa under study.

Nevertheless, such a gene is highly conserved by definition
and hence cannot provide a strong enough signal for sorting
the shallow branches of the prokaryotic tree. To cope with
the latter, one can consider applying these corrected meas-
ures to a concatenation of genes, not necessarily shared by all
species (Ciccarelli et al. 2006; Swingley et al. 2008; Rinke et al.
2013). Although this approach provides a richer signal, it may
suffer from the problem of where the signal of the
concatenated tree comes from, as demonstrated in
Thiergart et al. (2014). Specifically, cases where an edge in
the inferred tree has very high support, while this edge is
not shared by any source (gene) tree, are possible. This vio-
lates the premise that the species tree should represent the
“main trend of evolution” due to ample evidence that a
strong tree-like signal can be extracted despite the presence
of extensive HGT (Beiko et al. 2005; Puigbo et al. 2010). All the
techniques mentioned above rely on point mutations in the
shared gene sequences and hence dubbed “sequence-based”
techniques. Approaches taken to cope with the problems
described above and provide a complementary information
to the point mutation rely on the dynamics of prokaryotes’
genomes and are broadly divided into gene-order- and gene-
content-based, and hence dubbed “gene-based techniques.”
Under the order-based approach (Sankoff 1992; Hannenhalli
and Pevzner 1999), two genomes are considered as permu-
tations over the gene set and distance is defined as the min-
imal number of operations needed to transform one genome
to the other. The content-based approach (Snel et al. 1999;
Tekaia and Dujon 1999) ignores gene order entirely, and sim-
ilarity is defined as the size of the set of shared genes. The
“synteny index” (SI) (Shifman et al. 2014; Adato et al. 2015)
was suggested as an alternative method to the above techni-
ques, allowing unequal gene content (GC) on one hand while
accounting for the order among the shared genes.

Although a statistical framework has been devised for part
of these gene-based models, in the context of corrected
distance-based estimations, similarly to the sequence-based
correction, to the best of our knowledge, all of them differ
from the present work either by the model assumed (gene
gain/loss vs. rearrangement; Sankoff and Nadeau 1996; Wang
and Warnow 2001; Biller et al. 2015; Serdoz et al. 2017), the
model input (GC vs. order; Huson and Steel 2004; Woodhams
et al. 2013), or the type of analysis employed (stochastic pro-
cesses vs. representation theory; Sumner et al. 2017; Terauds
and Sumner 2019). All These gene-based models consider the
sequence of genome dynamics events that may have led to
the observed differences and select the most likely (as op-
posed to the most parsimonious) explanation. This model-,
likelihood-based approach has acquired wide acceptance in
the evolutionary community for its robustness and generality
(Felsenstein 1981; Hendy et al. 1994).

A related line of research focuses on “reconciling” between
a gene tree and a species tree. These works are also divided

into parsimony/combinatorial-based approaches (Nakhleh
et al. 2005; Doyon et al. 2010), and model/likelihood-based
approaches (Szöll}osi et al. 2013; Sjöstrand et al. 2014). Under
both approaches, a sequence of events, acting on the species
tree, and yielding the given gene tree, is sought. These events
may contain other than HGT and are commonly denoted
“duplication, transfer, loss” (DTL) (Stolzer et al. 2012; Bansal
et al. 2018). The combinatorial approach seeks a shortest
sequence of DTL events leading to the given gene tree, while
the likelihood-based approach assumes a model and
attempts to optimize its parameters. Both these approaches
do not focus on tree reconstruction let alone based on gene
order between multiple genes, and therefore, even the model
assumed is different.

In this work, we provide for, the first time, such a model for
the SI approach in which we model HGT events as a contin-
uous time Markovian process. Based on this, we show that
the gene neighborhood in a genome behaves as a birth–
death–immigration random process. This allows us to map
its SI score to the expected number of “jumps” a gene has
undergone from the two genomes’ divergence event, and
thus makes the SI measure additive. This additivity proof is
asymptotic and assumes infinite data in the form of genome
size. Therefore, we also devise a heuristic approach taking
realistic sizes of input into account, such as the genome
size and the gene neighborhood size. The model relies on
exponentially decaying functions and provides us with realis-
tic estimates of number of transfers occurring in a genome,
which could not be derived by considering the raw, uncor-
rected SI that was used in Shifman et al. (2014) and Sevillya
and Snir (2019). We first demonstrate the accuracy of the
model under an extensive simulation study, both pairwise
and multigenome setting, demonstrating it indeed attains
additivity as required, as opposed to other approaches or
the raw, uncorrected, SI. Next, we test the model under a
more realistic realm in which insertions and deletions occur,
and show that our heuristic copes satisfactorily with this type
of events. Applying this heuristic model to 1,133 prokaryotic
genomes from the orthology database EggNOG (Powell et al.
2012) yielded a set of 39 clusters of closely related taxa. Having
a distance correction function at hand allows an approximate
estimation of genome dynamics activity inside these clusters,
showing that the average amount of this activity in bacterial
genera is around half the genome size, but highly variable.

Results

Asymptotic Estimation of Divergence Times
We now introduce a random process that will play a key role
in the analysis of the random variable �SIðGðnÞ0 ;GðnÞt Þ. Consider
the location of a gene g‘, not being transferred during time
period t, with respect to another gene g‘0 . WLG assume
‘ > ‘0 and let j ¼ ‘� ‘0. Now, there are j “slots” between
g‘0 and g‘ in which a transferred gene can be inserted, but
only j�1 genes in that interval, that can be transferred.
Obviously, a transfer into that interval moves g‘0 one position
away from g‘, and a transfer from that interval, moves g‘0 one
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position closer to g‘ (see fig. 1a for illustration). The above can
be modeled as a continuous-time random walk on state
space 1; 2; 3; . . ..
Where g‘0 is considered as a reference gene, g‘ moves right or
left with respect to g‘0 , and the state of the process represents
the distance between g‘0 and g‘. Transitions from state j to
jþ 1 occur due to a transfer into the interval ½‘0; ‘� and at rate
jk (for all j � 1) and from j to j�1 due to a transfer from the
interval ½‘0; ‘� and at rate ðj� 1Þk (for all j � 2), with all
other transition rates 0. This is thus a (generalized linear)
birth–death process, and the process is illustrated in
figure 1b. As the process is not affected by the specific values
of ‘ and ‘0 (rather by their difference), we can ignore them
and let Xt denote the random variable that describes the state
of this random walk (i.e., the distance of some g‘ from a
reference gene g‘0—a number 1, 2, 3, etc.) at time t.

The process Xt is slightly different from the much-studied
critical linear birth–death process, for which the rates of birth
and death from state j are both equal to j (here, the rate of
birth is j, but the rate of death is j�1), and for which 0 is an
absorbing state. However, this stochastic process is essentially
a translation of a critical linear birth–death process with im-
migration rate equal to the birth–death rate k (the inclusion
of immigration has the effect that 0 is no longer an absorbing
state). This is the key to establishing both parts of the lemma
below. We first define pijðtÞ as the transition probability for Xt

to be at state j given that at time 0 it was at state i. Note that,
here, i and j cannot be ignored as they do not specify absolute
locations, rather locations relative to a reference gene, that is,
it can be seen that pijðtÞ 6¼ pðiþrÞðjþrÞðtÞ. Formally,

Definition 1. For each ordered pair i; j 2 f1; 2; 3 . . . ; g, let
pijðtÞ ¼ PðXt ¼ jjX0 ¼ iÞ.

Lemma 1.

a. The transition probabilities pijðtÞ satisfy the following
tridiagonal differential system:

1

k
dpijðtÞ

dt
¼ �ð2j� 1ÞpijðtÞ þ jpiðjþ1ÞðtÞ þ ðj� 1Þpiðj�1ÞðtÞ;

subject to the initial condition:

pijð0Þ ¼
�

1; if i ¼ j;

0; if i 6¼ j:

b. The expected value of Xt grows as a linear function of t.
Specifically,

E½XtjX0 ¼ i� ¼ iþ tk:

Moreover, Xt has no stationary distribution.
c. Conditional on X0 ¼ i, and for fixed value of t and value

B > kt, the probability that the supremum of Xs over the
interval ½0; t� exceeds B is at most ði� 1Þ=ðB� ktÞ. In
particular, this probability tends to zero as B!1.

Proof. Consider a critical linear-birth–death process with im-
migration in which the birth rate and death rate are both
equal to k, and the immigration rate is also equal to k. Let
Yt denote the random variable counting the number of indi-
viduals in the system, and notice that Yt takes values in
0; 1; 2; . . ., in contrast to Xt which takes values from 1 upward.

Then, the process Yt is stochastically identical to the pro-
cess Xt � 1. To see this, simply note that both processes are
Markovian, and the transition probabilities for Yt þ 1 corre-
spond precisely to those indicated in figure 1b. Thus, if we let
~pij :¼ PðYt ¼ jjY0 ¼ iÞ, then

PðXt ¼ jjX0 ¼ iÞ ¼ PðYt ¼ j� 1jY0 ¼ i� 1Þ;

and so,
pijðtÞ ¼ ~pi�1j�1ðtÞ:

Now the (tridiagonal) system of differential equations for
~pij is the well-known forward Kolmogorov differential equa-
tions (see supplementary text, Supplementary Material online
and, e.g., Section 6.4.4. of Allen 2010) and by translation, these
provide the equations in Part (a).

For Part (b), observe that:

E½Yt � kt� ¼ E½Yt� � kt ¼ E½Xt � 1� � kt
¼ E½Xt� � 1� kt: (1)

Now, Yt � kt is a Martingale process, with E½Yt � kt� ¼
E½Y0� for all t � 0. Thus, if X0 ¼ i, then

E½Yt � kt� ¼ E½Y0� ¼ i� 1:

Combining this with equation (1) gives E½Xt� ¼ iþ kt as
claimed.

That Xt has no stationary distribution follows from
Theorem 6.1 of Allen (2010).

Part (c) is established using the Doob Martingale Inequality
(Grimmett et al. 2001), which states that for a martingale
process Zt the following inequality holds for any c> 0:

Pð sup
0� s� t

Zs � cÞ � E½Zt�=c:

Applying this to the martingale Zs ¼ Ys � ks, and noting
that Xs ¼ Ys þ 1 gives:

Pð sup
0�s�t

Xs>BÞ¼ Pð sup
0� s� t

Ys � BÞ

� Pð sup
0� s� t

Ys � kt � B� ktÞ

� E½Yt�kt�=ðB�ktÞ ðby Doob0s inequalityÞ
� E½Y0�0�=ðB�ktÞ ðby part b aboveÞ;

(a)

(b)

FIG. 1. (a) A genome: there are three genes between g‘0 and g‘ that can
be transferred out of the interval ½‘0; ‘�, but four slots where new
genes can be transferred into the same interval, and hence X0 ¼ 4.
(b) The continuous time Markov chain defined by Xt: Xt moves to
state jþ 1 at rate jk and to state j�1 at rate ðj� 1Þk.

Sevillya et al. . doi:10.1093/molbev/msz302 MBE

1472

D
ow

nloaded from
 https://academ

ic.oup.com
/m

be/article/37/5/1470/5679779 by U
niversity of C

anterbury Library user on 06 Septem
ber 2020

Deleted Text: .
Deleted Text: <italic>)</italic>
Deleted Text: .
Deleted Text: l
Deleted Text:  &hx2013; 
Deleted Text: s
Deleted Text: -
Deleted Text:  - 
Deleted Text: -
Deleted Text:  &hx2013; 
Deleted Text: -
Deleted Text: -
Deleted Text: a
Deleted Text: i.e.
Deleted Text: <italic>-</italic>
Deleted Text:  
Deleted Text: s
Deleted Text: -
https://academic.oup.com/mbe/article-lookup/doi/10.1093/molbev/msz302#supplementary-data
Deleted Text: example
Deleted Text: )


and the last term on the right is just ði� 1Þ=ðB� ktÞ, as
claimed. �

We now set to calculate the probability that a
“nonjumping” gene stays in the k-neighborhood of some ref-
erence gene. Let qikðtÞ be the conditional probability that Xt

2 ½k� (where ½k� ¼ f1; 2; . . . ; kg) given that X0 ¼ i. Thus,

qik ¼
Xk

j¼1

pijðtÞ: (2)

In order to state Theorem 1, we need to define the follow-
ing quantity. Let,

qkðtÞ :¼ 1

k

Xk

i¼1

qikðtÞ ¼
1

k

Xk

i¼1

Xk

j¼1

pijðtÞ: (3)

In words, qkðtÞ is the probability that for a gene at an initial
state i (i.e., distance from a reference gene) chosen uniformly
at random between 1 and k, the process X� is still between 1
and k after time t (equivalently, qkðtÞ is the probability that a
birth–death–immigration process with all three rates equal
to k and an initial state chosen uniformly at random between
0 and k�1 takes a value at time t that is also at most k�1).

Theorem 1. For any given value of t, and as n grows:

�SIðGðnÞ0 ;GðnÞt Þ p
! expð�2ktÞqkðtÞ;

where p
! denotes convergence in probability.

Corollary 1.

Thus, if the function t 7! expð�2ktÞqkðtÞ has an inverse u,
then

uð�SIðGðnÞ0 ;GðnÞt ÞÞ p
! t:

In particular, for sufficiently large n (including that kt� n),
one can use the expression on the left to estimate (an addi-
tive) evolutionary distance and hence construct a tree con-
sistently. The proof of Theorem 1 is fairly technical and hence
is given in the Supplementary Material online.

Analysis under Biologically Realistic Values
In the previous section, we have dealt with asymptotic cases,
where the size of the genome goes to infinity and therefore,
the neighborhood size of gene g‘, has size 2k, where k is
constant, and so of order o(n), and thereby negligible in rela-
tion to the length n of the genome. However, real bacterial
genomes comprise around 5,000 genes and here, many relax-
ations used above do not hold. Therefore, in order to analyze
real data, we must find a realistic model that imitates real life
sizes. Developing analytical results here is substantially harder
as the setting is richer than before. Hence we devised the
following approach. We first simulate the model and try to
learn its behavior. Next, we try to fit the parameters to the
model to get the best estimation of the observed behavior.
Also and importantly, as the focus here is to develop a

“distance measure” rather than a similarity measure as before,
we use hereafter the quantity 1� SI that we denote dSI to
avoid confusion. Note that, in contrast to SI, dSI starts at zero
(identical genomes) and grows in time.

We start with some basic observations that are relevant to
this part for the settings different from before.

The next simple lemma gives an upper bound on dSI when
t!1. We will use it during our simulation study to provide
a scaling factor to the inferred function.

Lemma 2. Under the uniform jump model, when t!1,
dSI ¼ 1� 2k

n�1.

Proof. There are 2k genes in the original neighborhood N2k

ðg;GðnÞð0ÞÞ of g‘. These are scattered uniformly in GðnÞð1Þ
and hence also in N2kðg‘;GðnÞð1ÞÞ. Therefore, in particular,
the expected number of these genes in N2kðg‘;GðnÞð1ÞÞ is

2k
n�1 and the result follows. �

The Linear Model
We start with a simple case that will serve as the basis for the
subsequent development. We first define the following.

Definition 2. The “disjoint events assumption” (DEA) assumes
that a transferred gene g‘ leaves its original, unviolated neigh-
borhood and lands at a new, unviolated neighborhood.

In other words, under DEA, all neighborhoods associated
with transfer events are disjoint. We note that such an as-
sumption violates the randomness of our model as we cannot
assume this under a random model. Nevertheless, it holds
with high probability for small t, that is, between closely re-
lated species.

It is easy to see that under DEA, Lemma 4—the SI local
lemma—holds in equality and therefore, the contribution of
each event to dSI is approximately 3

n. Hence, under DEA, for
relatively small number of HGT events M, the expected dSI is
3M
n .

The Expanded Model
As the DEA, and hence linearity of dSI, holds for a relatively
short time, we set to develop a more realistic model that also
considers nondisjoint events. As discussed earlier, the goal
here is not to find an exact model as in the asymptotic model
of “Asymptotic Estimation of Divergence Times,” rather to
find a sound approximation to it. The first approach then is to
obtain intuition via simulation study. Figure 2 depicts results
of a simulation study between two genomes. Detailed de-
scription of this study is provided in the second part of the
supplementary text, Supplementary Material online.
Figure 2a shows dSI as a function of the number events, for
various k’s. As k is not anymore negligible, and we cannot
ignore events at the tips of the tips of the genome, genomes
were assumed to be circular. In addition, the theoretical linear
model is presented, and we can see that this model (which
assumes disjoint events, DEA) departs from the simulation
results after about 200 events (20% of the genome size) or
less, depending on k. Interestingly, as was shown theoretically
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(Lemma 4), this line is independent of k. In addition, we can
see that the maximum value of dSI behaves according to
Lemma 2.

Guided by the results depicted in figure 2a, we can now
approach the task of developing a heuristic model tracking
this behavior. As can be perceived from the figure, all curves
follow a diminishing increase in the measured quantity—dSI,
alluding to an “exponential decay” trend. Now, a quantity B is
subjected to exponential decay (or growth) if its increase rate
is proportional to its current value, that is, dB

dt ¼ KB, where B
is the quantity measured, t is time, and K < 0 is the decay
constant. Such a function behaves as Bt ¼ B0eKt (Durrett
2008). Note that, B here is not dSI the rate of change (increase)
in the expected value of dSI with respect to the expected
number of HGT events—kt. By integrating this expression,
we get the expected value of dSI, E½dSI�, resulting from HGT
events. Our goal is to develop an expression for the expected
change in dSI after time t, that under our Poisson model, is
linear in the HGT events. Conforming with the derivation of
the asymptotic part above, we develop the model with re-
spect to time, and relate it to number of HGT events, only at
the end. We will denote this target expression as d

dt E½dSI�,
since it is the derivative of E½dSI�. That is, the model we de-
velop, calculates the expected change in dSI per time, which
by integration yields the expected number of events. As our
approach is simulation-based (in contrast to analytic), the
model (function) sought needs to approximate best the
jump model that we simulate (see more details below and
in the Supplementary Material online). Finally, we determine
how to set the actual parameters (constants) in the devel-
oped function in order to approximate best the simulation
results.

Recall that, HGT events are distributed uniformly
throughout the genome. Considering this, we start by find-
ing the number of events required for each gene g‘ to get
an dSI score of 1

2k (and hence total dSI of 1
2kn). To tackle this

question, we assume that most of the events conform with
DEA, as the events are uniformly distributed and genomes
are relatively similar—implying small dSI, the simulation
process is at its beginning (i.e., next to the origin, see
fig. 2a).

Observation 1. After n
6k events, the expected dSI at every gene

g‘, and hence the total dSI, is 1
2k.

Proof. Consider the genome as a sequence of n
2k adjacent

(nonoverlapping) 2k-neighborhoods. By Lemma 2, under
DEA, each event contributes 6k

2kn ¼ 3=n to the total dSI.
Hence, under uniform distribution, we get that after n

6k events
the expected number of events occurring at a neighborhood
is 1/3, yielding contribution n

6k
3
n ¼ 1

2k to the total dSI, and the
observation follows. �

Recall from Definition 3 that a violation at a neighborhood
is a gene not originally from that neighborhood.

Lemma 3. If the neighborhood of each gene g‘ contains m
violations, the (expected) addition to the dSI score resulting from
the next event is 6k�3m

2kn .

Proof. We will show that this holds for any m < 2k. Having
m violations in each gene’s neighborhood, means that each
gene has SI (i.e., 1� dSI) score of 2k�m

2k , that is, each gene is
missing m of its original neighbors. Let us consider the next
event, as some gene g‘ is jumping to a new neighborhood.
First, gene g‘, as all other genes, is missing m old neighbors.
That is, when making this jump, it loses its remaining 2k�m
original neighbors, and also, these 2k�m genes are losing
gene g‘ as their old neighbor. That is, its contribution to the
dSI score is 2ð2k�mÞ

2kn . Now, in the new neighborhood of gene g‘,
there are 2k genes that are now having g‘ in their current 2k-
neighborhood. Each of these 2k genes is already missing m
original neighbors. For each of these genes, the probability
that gene g‘ pushed out of the 2k-neighborhood an original
neighbor is 2k�m

2k . When this is the case, there is a contribution
of 1

2kn to the dSI score from this loss, and hence the expected
contribution for a single 2k-neighborhood is 2k�m

2k � 1
2kn.

Therefore, for the new location of g‘, the calculation of the
expected contribution to dSI is: The expected contribution for
a single 2k-neighborhood times the number of affected 2k-
neighborhoods,

2k
2k�m

2k

1

2kn
¼ 2k�m

2kn
:

FIG. 2. Results of pairwise simulation between two genomes under realistic values: (a) dSI as a function of number of HGT events. Simulations over
1,000-gene genome sizes, under various k’s (k ¼ 1; 10; 50; 100; 200). (b) Actual number of events (as shown in the left) versus predicted values (no.
of HGT) as calculated by our suggested model in equation (9).
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Summing the contribution from the old and new 2k-
neighborhoods and the jumping gene g‘, we end with a con-
tribution to the total dSI score of 3ð2k�mÞ

2kn ¼ 6k�3m
2kn . �

As shown, the expected contribution of the next event,
after m n

6k events, is 6k�3m
2kn ¼ 3

n� 3m
2kn. This means that the

change in the contribution to dSI for each period of n=ð6kÞ
events is as follows:

3

n
� 3mþ 3

2kn

� �
� 3

n
� 3m

2kn

� �
¼ � 3

2kn
:

Having proved that, we recall that the quantity B being
measured is d

dtE½dSI�, so the expression dB
dt that changes over

time (or HGT events) is d2

dt2 E½dSI�. We see that for a time
period of n

6k events, d2

dt2 E½dSI�Þ ¼ � 3
2kn and this is dB

dt for this
time period. Now, recall that under exponential decay,
dB
dt ¼ KB, so in order to find K, we write:

K ¼
dB
dt

B
¼
� 3

2kn
3
n� 3m

2kn

	
� 3

2kn
3
n

¼ � 1

2k
: (4)

A similar procedure for the next time periods (i.e., for
having expected violations 2 and 3) will yield, as long as
3
n
� 3m

2kn, the same K ¼ � 1
2k, as indeed required by such

growth (exponential). As this derivation is involved, in the
Supplementary Material online, we provide further details of
the process.

Of course, the analysis above is crude and by no means
provides a rigorous proof for the exponential decay, as this
should be significantly harder even than the asymptotic case.
Nevertheless, it provides us with intuition and insight of what
are the parameters to the decay function as we next show.
First, we note that the K ¼ � 1

2k obtained is aggregated over
an entire time period of n

6k events, so in order to put it in the
formula, we need to divide K by this factor, n

6k, yielding:

K� ¼ K
n
6k

¼
� 1

2k
n
6k

¼ � 3

n
: (5)

Now we want to plug it into the exponential decay function:
Bt ¼ B0eK�t. But for this, we first need to find B0. As the first
contribution to dSI per event is 3=n, we set B0 ¼ 3=n yielding:

d

dt
E½dSI� ¼ Bt ¼ B0eK�t ¼ 3

n
e�

3
nt: (6)

In order to obtain E½dSI�, we need to integrate equation
(6). Specifically, we are interested in the definite integral in the
interval ½0; t�:ðt

0

d

dt
E½dSI� ¼

ðt

0

3

n
e�

3
nt ¼ �e�

3
ntjt0 ¼ 1� e�

3
nt: (7)

Finally, recall that we want to express dSI with respect to
the number of HGTs, that is under our model kt�, where t� is
the real amount of time. Therefore, replacing the generic t
used in the development above with kt� results in:

E½dSI� ¼ 1� e�
3
nkt� : (8)

Now, as n is finite here, the latter tends to one as t!1.
However, recall that by Lemma 2, dSI is bounded from above
by 1� 2k

n�1 so we treat this as a scaling factor for our decay
function. Our final refinement addresses cases of relatively
large neighborhoods (e.g., k ¼ 100; 200; 300; 400) taking
into consideration the case of the gene being transferred
back into its original neighborhood, as was shown above to
be

3� 5k
n�1

n instead of 3=n. Therefore, we obtain:

E½dSI� ¼ 1� exp �
3� 5k

n�1

n
kt

� �� �
1� 2k

n� 1

� �
: (9)

Although this study is not as rigorous as the asymptotic
case, rather simulation based, its strength is by considering
practical values as found in nature. Moreover, equation (9) is
invertible hence allows us to infer the expected distance
(number of HGT events along a time period, denoted here-
after bd ¼ kt) from a given SI between two genomes evolving
through the jump model (see precise derivation in the sup-
plementary text, Supplementary Material online). Indeed, in
figure 2b, we show results from the same simulation study as
described in figure 2a, however, here, we contrast the real,
simulated HGT to the expected calculated HGTs under this
expanded model, as obtained from equation (9). Model
(expected) versus real (simulated) number of HGTs for vari-
ous values of k are shown. As can be seen, even for very large
neighborhood size k, reconstruction (of #HGTs) remains
quite accurate and this is due to the refinement of incorpo-
rating k into the exponent.

In the supplementary text, Supplementary Material online,
we provide further, more detailed simulation study of pair-
wise distances. This study shows that the expected number of
events—the “distance,” denotedbd, which is the inverse of the
measure defined in equation (9)—is within a small, constant
fraction of 0.3 of the actual number of events generated.
Furthermore, as this fraction is constant, it yields the additivity
of the measure, meaning that a tree with distances between
any two leaves is identical to distances between the genomes.
Such a property is necessary for phylogenetic reconstruction
and we confirm that in the phylogenetic simulations. We also
extend the basic jump model to include “indels”—corre-
sponding to events of gene gain and loss. Our simulation
results (also in the supplementary text, Supplementary
Material online) show that additivity is still maintained and
even at a closer ratio of 0.8. We will return to this property of
the accurate and additive measure under real life conditions,
when analyzing real genomic data among genera.

Tree Reconstruction Experiments
Our final simulation study investigates the performance of
the new measure in phylogenetic reconstruction. We provide
a detailed description of the setting and the procedures taken
in the supplementary text, Supplementary Material online,
while here, we mostly report the results.

We used ALF (Dalquen et al. 2012) to generate genomes at
the tips of a prespecified tree under a controlled regime of
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mutational events. ALF is an overly powerful tool for our
needs in this work. Here, ALF was merely used to generate
model trees and then genome dynamics events along the
branches of the tree. ALF controls the intensity of the muta-
tional activity with the parameter PAM (point, or percent,
accepted mutations). The greater the PAM, the more muta-
tions are generated, producing stronger signal at the leaves. In
our case, ALF generated trees over ten leaves, and subse-
quently gene sequences (i.e., genomes) at the leaves, which
in turn serve as inputs to the reconstruction methods studied.
By applying the inverse of equation (9) (see exact function in
the Supplementary Material online) between any pair of
these genomes, we obtain a distance matrix, to which a stan-
dard distance-based tree reconstruction is applied. This
reconstructed tree is compared with ALF’s model tree. We
note that the trees generated by ALF are very challenging as
they exhibit hard combinations of very short and long
branches, and the results confirm this.

In the first experiment, plotted in figure 3a, the same jump
model as discussed above is studied. Robinson–Foulds (RF)
distance is measured between the model tree and the tree
reconstructed by dSI, as a function of the mutational activity
along the tree, measured in PAM (see exact details in the
supplementary text, Supplementary Material online). Three
values of k are examined, 10, 50, and 100, where k¼ 10
achieves the best score. As demonstrated clearly, for low
values of PAM, no information is produced at the leaves
and reconstruction is very poor. Nevertheless, this improves
sharply already at low PAM values, attesting to the power of
gene order reconstruction. The fact that reconstruction main-
tains the same accuracy level even for high PAM values, where
around 6,000 events are generated (these are spread over the
entire tree), attests on the additivity and robustness of the
measure, as also shown in supplementary figure 4a,
Supplementary Material online. Also plotted in the figure is
the double-cut-and-join (DCJ) distance (Bergeron et al. 2006)
that under the jump model gives the same number of jumps.

Notwithstanding, DCJ is a parsimony measure and as shown,
saturates already at moderate levels of HGT, unlike dSI. In
figure 3b, we extended the jump model to include gain and
loss events, where new genes are inserted into the genomes
and others are lost. As can be seen, dSI behaves similarly to the
pure jump model, complying with the pairwise results shown
in supplementary figure 5a, Supplementary Material online.
Here, the DCJ approach cannot be employed and we used the
GC approach depicted by the dGC curve. dGC performs sim-
ilarly to dSI at the top of the mutation spectrum, however, its
sensitivity is significantly lower than dSI at the more relevant
values of PAM (agreeing with similar results obtained in
Shifman et al. 2014, see fig. 8 thereof).

Result on Real Microbial Data
Once a plausible model for biologically relevant sizes was
found, we aimed to use it to infer genomic activity in micro-
bial data. We used the EggNOG v3.0 database (Powell et al.
2012) which is the largest unbiased orthology database, con-
taining protein sequences of 1,133 species, most of them
bacteria. In addition, this database clusters all proteins into
Clusters of Orthologous Groups (COGs) (Tatusov et al. 2001),
information that is essential for the SI approach. This means
that an organism is represented as a list of COG names or-
dered by their order of appearance in its genome. In Sevillya
and Snir (2019), we partitioned the entire taxa set of 1,133
taxa into 39 clusters (subsets) of bacteria species, largely con-
forming with the conventional classification into genera. The
exact procedure and definitions used in this partitioning are
elaborated in Sevillya and Snir (2019) (specifically, Section 2.5
therein) and for the sake of completeness, we also provide a
brief description of the process in the Supplementary
Material online. As we now work with real genomic data,
we need to relax the theoretical assumption of solely HGT
events as implied by the jump model, and allow for other
types of events, collectively denoted “genome dynamics even-
ts” (or GDEs) (Puigb�o et al. 2014) which are largely dominated

(a) (b)

FIG. 3. (a) RF distances between model tree and inferred tree, as a function of events generated. Events are spread uniformly over a binary tree with
ten leaves. All genomes at the leaves are of the same gene content. (b) Mean RF distances between the reconstructed and true trees of the genome
evolution experiment with insertions and deletions.
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by gene loss and gain (where gene gain is primarily HGTs and
to a lesser extent gene duplications). As shown in the simu-
lation part, the new measure bd ¼ kt accounts also for this
type of events and even maintains additivity, hence we ap-
plied it to this data, aiming at inferring real biological insight.
Details of this analysis are shown in a table format in
supplementary table 2, Supplementary Material online,
therein. Specifically, for each such cluster, we report its cor-
responding genus, its average dSI (averaged overall pairs of
genomes in that cluster), and the average number of GDEs
“separating” each pair of species in that cluster (normalized
by average genome size for that cluster). A histogram sum-
marizing this data is also provided in the Supplementary
Material online. We find that this parameter, the number
of GDEs per gene, is normally distributed (Shapiro–Wilks
test: P¼ 0.238), with a mean of 52.7%, a median of 54.1%,
and a SD of 23.78%. In other words, we estimate the average
number of GDEs between pairs of species inside a genus to be
�50% (620) of the genome size. We find this result conform-
ing and extending similar results, both in terms of intensity
and deviation (Puigb�o et al. 2014). For example, in Welch et al.
(2002), it was found that even between three strains (i.e.,
subspecies) of Escherichia coli, the amount of genes shared
between any two strains is�40%, and similar results were also
shown for the genus Nautilia (Smith et al. 2008). On the other
hand, for the genus Prochlorococcus, Kettler et al. (2007)
found that around 1,500 genes are shared in average between
a pair of species, where the average genome size is around
1,700 genes. More examples to the above can be found in
Bapteste et al. (2009).

Finally, we turned to compare the new, corrected, mea-
sure, to the old uncorrected SI. We used the same cluster set
used in Sevillya and Snir (2019). In supplementary table 3,
Supplementary Material online, we report the application of
the two approaches to each of the clusters described earlier.
Although we have no means to judge the correctness of the
results, the small differences, as well as the results of the
simulation study, and the comparison to previous experi-
ment with the raw SI, suggest that both approaches perform
satisfactorily. The trees and matrices are provided in
Supplementary Material online.

Discussion
In this article, we have provided a first statistical modeling for
the SI as a phylogenetic marker, a measure that was proved
useful in prokaryotic genomics (Shifman et al. 2014; Adato
et al. 2015; Sevillya and Snir 2019). The major advantage of SI
is that it combines the evolutionary signal in both gene order
and GC. The latter allows one to compare genomes over
different gene sets (a pervasive phenomenon in prokaryotes).
It permits also a comparison of the order of their shared core
gene set, a signal that is ignored by purely content-based
approaches.

Statistical parametric approaches are nowadays widely ac-
cepted as the method of choice in a host of applications in
biology. Starting from Felsenstein’s seminal demonstration of
the statistical inconsistency of maximum parsimony

(Felsenstein 1978) and his subsequent remedy to this flaw
(Felsenstein 1981), maximum likelihood is now the gold stan-
dard in phylogenetics, and most popular packages
(Felsenstein 1993) offer a likelihood-based solution. These
approaches rely on one or several concatenated genes that
are assumed to be shared among all taxa and hence are ap-
propriate for comparison. Such genes however tend to be
conserved and do not necessarily provide a sufficiently strong
signal to trace subtle differences.

In contrast, gene order- and content-based approaches
were found to provide enough signal, allowing more resolved
trees (Wolf et al. 2001). Nevertheless, although such
approaches have existed for several decades, to the best of
our knowledge, no detailed model showing additivity and
consistency under HGT, has been proposed. Similarly, no an-
alytical proof for SI correctness has been shown. The frame-
work developed here, models HGT as a continuous-time
Markov process affecting each gene in a genome indepen-
dently. This in turn provides for modeling the gene neighbor-
hood by a birth–death–immigration process and applying
tools from this field in our specific setting. We accompanied
this theoretical asymptotic study with a practical, simulation-
based, study accounting for real life values such as genome
and neighborhood sizes. Our experiments indicate that this
model is sound and attains the desired property of additivity,
both in pairwise distances and multigenome phylogenetics,
and also under more realistic models of gene gain and loss. In
particular, the experimental results presented here demon-
strated that the new model-based approach which was de-
vised, maintains additivity even for high level of genomic
activity, whereas the raw prototypic approach, under the
same conditions of unequal GC, does not (Shifman et al.
2014). As the core of this work has just handled the most
basic case (the jump model), extensions are planned for
studying more advanced models, such as the “indel model,”
which we examined in the simulation part, in which new
genes are added to the genome, but at an equal rate of
gene loss, so the genome size is approximately fixed. We
comment that the jump model corresponds to several sce-
narios, such as a duplication or alien gain with a subsequent
deletion of the old copy. The distinction between these cases
can be done based on simultaneous multigenome analysis via
phylogenetics, however, this is remained for further future
research. We believe that the tools developed here, theoretical
and experimental, will serve as the basis for further extensions.

Materials and Methods
Throughout the article, for the sake of clarity, we will reserve
the letter k to refer to the neighborhood, ‘ to specific genes,
and i and j as general indexes.

We start by defining a restricted model (the “jump mod-
el”) that can be perceived as a transfer between genomes over
the same gene set (“equal content”).

The Jump Model
Let GðnÞð0Þ ¼ ðg1; g2; . . . ; gnÞ be a sequence of “genes.” In
our analysis, we will assume that n is large. Consider the fol-
lowing continuous-time Markovian process GðnÞðtÞ; t � 0,
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on the state space of all n! permutations of g1; g2; . . . ; gn.
Each gene g‘ is independently subjected to a Poisson process
of transfer events (at a constant rate k) in which g‘ is moved
to a different position (also denoted as a slot) in the sequence,
with 1) each of the possible n�1 positions between consec-
utive genes different from g‘ or at the start or end of the
sequence and 2) this target location for the transfer selected
uniformly at random from these n�1 possibilities.

For example, if GðnÞðtÞ ¼ ðg1; g2; g3; g4; g5Þ, then g4 might
transfer to be inserted between g1 and g2 to give the sequence
GðnÞðtþ dÞ ¼ ðg1; g4; g2; g3; g5Þ. The other sequences that
could arise by a single transfer of g4 are
ðg4; g1; g2; g3; g5Þ; ðg1; g2; g4; g3; g5Þ, and ðg1; g2; g3; g5; g4Þ.
Note, in particular, that g‘ does not necessarily move to a
position between two genes; it can also move to the initial or
the last position in the sequence. A jump can also account for
a “gene loss” in which a gene jumps outside of the genome, a
“gene gain” when the jump is from an alien genome, or both
(gain and subsequent loss, or vice versa).

Note that, by the definition of a Poisson process, the prob-
ability that g‘ is transferred to a different position between
times t and tþ d is kdþ oðdÞ, where the oðdÞ term
accounts for the possibilities of more than one transfer oc-
curring in the d time period (these are of order d2 and so are
asymptotically negligible compared to terms of order d as
d! 0). Moreover, a single transfer event always results in
a different sequence.

Let k be any constant positive integer (note it may be pos-
sible to allow k to grow slowly with n but we will ignore this for
now). Then, for ‘ 2 kþ 1; . . . ; n� k, the 2k-neighborhood
of gene g‘ in a genome GðnÞ; N2kðg‘;GðnÞÞ is the set of 2k
genes (different from g‘) that have distance at most k from g‘
in GðnÞ. We also define SI‘ðtÞ as the relative intersection be-
tween N2kðg‘;GðnÞð0ÞÞ and N2kðg‘;GðnÞðtÞÞ or formally:

SI‘ðtÞ ¼
1

2k
jN2kðg‘;GðnÞð0ÞÞ \ N2kðg‘;GðnÞðtÞÞj (10)

(this is also called the “Jaccard index” between the two
neighborhoods).

Let �SIðGðnÞ0 ;GðnÞt Þ be the average of these SI‘ðtÞ values
overall ‘’s between kþ 1 and n�k. That is,

�SIðGðnÞ0 ;GðnÞt Þ ¼
1

n� 2k

Xn�k

‘¼kþ1

SI‘ðtÞ: (11)

The assumption of a large n discards the effect of events at
the tips of the genome, or the distinction between circular or
linear genomes, or effects resulting from tiny genomes. We
will refer to this question when it becomes relevant, in the
practical part of the work.

In the sequel, when time t does not matter, we simply use
�SI or simply SI, where it is clear from the context. We start
with a rather simple, yet very central, lemma, that we denote
the “SI local lemma.” Before however, we need the following
definition.

Definition 3. For an untransferred gene g‘, let us define a
violation as a gene g‘0 such that g‘0 2 N2kðg‘;GðnÞðtÞÞ but g‘0

62 N2k ðg‘;GðnÞð0ÞÞ, that is g‘0 entered into the neighborhood
of g‘ at some time t0 < t and is still present there at time t.

Lemma 4. (the SI local lemma) A single transfer event results
in a new violation in each of at most 4kþ 1 of the 2k-neigh-
borhoods of genes in the sequence, and it decreases �SI by at
most 6k

2kðn�2kÞ, which is asymptotic to 3=n for constant k as
n!1.

Proof. Let g‘ be the gene transferred to a position p between
two other genes. Then, g‘ results in a single violation of at
most 2k of the k-neighborhoods of the genes within distance
k of p. In addition, the removal of g‘ results in a single viola-
tion of at most 2k of the k-neighborhoods of the genes that
were in the k-neighborhood of g‘ before the transfer (since
other genes now move into the extremes of this neighbor-
hood). Finally, the k-neighborhood of g‘ itself can change
completely in the transfer, which results in 2k violations of
the k-neighborhood of g‘. In summary, a maximum of 2kþ 2
kþ 1 ¼ 4kþ 1 k-neighborhoods undergo one (or more)
violations, and the total number of violations is at most
2k � 1þ 2k � 1þ 1 � 2k ¼ 6k. The second part of the lemma
now follows from equations (10) and (11). �
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Sjöstrand J, Tofigh A, Daubin V, Arvestad L, Sennblad B, Lagergren J. 2014.
A Bayesian method for analyzing lateral gene transfer. Syst Biol.
63(3):409–420.

Smith JL, Campbell BJ, Hanson TE, Zhang CL, Cary SC. 2008. Nautilia
profundicola sp. nov., a thermophilic, sulfur-reducing epsilonproteo-
bacterium from deep-sea hydrothermal vents. Int J Syst Evol
Microbiol. 58(7):1598–1602.

Snel B, Bork P, Huynen MA. 1999. Genome phylogeny based on gene
content. Nat Genet. 21(1):108–110.

Stolzer M, Lai H, Xu M, Sathaye D, Vernot B, Durand D. 2012. Inferring
duplications, losses, transfers and incomplete lineage sorting with
nonbinary species trees. Bioinformatics 28(18):i409–i415.

Sumner JG, Jarvis PD, Francis AR. 2017. A representation-theoretic ap-
proach to the calculation of evolutionary distance in bacteria. J Phys
A Math Theor. 50(33):335601.

Swingley WD, Blankenship RE, Raymond J. 2008. Integrating Markov
clustering and molecular phylogenetics to reconstruct the cyano-
bacterial species tree from conserved protein families. Mol Biol Evol.
25(4):643–654.
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