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Abstract

We consider the calculation of absolutely continuous invariant measures
for C'T° piecewise onto, expanding maps of a Riemannian manifold. An
approximation to this density can be computed by a well known Markov
approximation, which we call the area overlaps Markov chain. We obtain
concrete estimates on the accuracy of this density approximation by com-
paring an asymptotic formula for the measure of the subsets of a given
partition with the invariant vector of the area overlaps Markov chain. The
constants in the bounds can be calculated explicitly from columns of the
associated transition matrix.

1 Introduction

Absolutely continuous invariant measures are frequently of interest in dynam-
ical systems. However, work on how to approximate them accurately seems
relatively scarce. A well known method [Li76, Fro95, DZ96] is to approximate
the dynamical system in question by a Markov chain, and use the invariant
probability vector to approximate the invariant density (see the above refer-
ences for details). The idea here is that the transition matrix of the Markov
chain (which we call the area overlaps Markov chain) can be thought of as
a finite dimensional approximation to the Perron—Frobenius operator for the
dynamical system in question.

In the case of expanding transformations, Ding and Zhou [DZ96] show that
as the Markov approximation is refined, the approximate densities converge
strongly to the unique density of the absolutely continuous invariant measure
(acim). Their arguments involve careful estimates on how the Perron-Frobenius
operator alters the variation of densities, and do not lead to bounds on the rate
of convergence.

Our approach is different. Rather than characterising the invariant density
as the unique fixed point of the Perron-Frobenius operator, we write the acim as
the limit of the push—forward of Lebesgue measure. This furnishes us with an
asymptotic formula for the invariant measure of any given set (Proposition 2).

*Statistical Laboratory, University of Cambridge, 16 Mill Lane, Cambridge CB2 1SB,
UNITED KINGDOM. Fmail: R.Murray@statslab.cam.ac.uk



The problem setup 2

We describe how to use this in Section 3. In Section 4, we use a standard
bounded distortion argument to show that the stochastic matrices appearing in
Proposition 2 are uniformly close to the transition matrix for the area overlaps
Markov chain. Finally, in Section 5, we put this together with an observation
about the exponential decay of correlations to show how the invariant vector
of the area overlaps Markov chain provides a uniformly good approximation to
the invariant density. This is Theorem 7 and is the main result. In Appendix A,
we describe how to compute the constants appearing in Theorem 7. The paper
concludes in Section 6 with a numerical illustration of the result for a family of
one dimensional maps.

2 The problem setup

Let f : X (O be a continuous, piecewise-onto, finite to one, expanding self
mapping of a compact Riemannian manifold (with metric p). The restrictions
we put on f can be stated as follows. There exist constants ¢ > 0, A > 1 such
that for each n € ZT

D)) ol = eA™ [|o]

for every tangent vector v € T, X, z € X. We also require that the derivative
map D f : T, X — Ty)X is Holder continuous. In particular, we require Holder
continuity of the Jacobian determinant: that is, there exists 0 < @ < 1 and a
constant K such that

| det(D f()) — det(D f(y))] < Kp(x,y)*

for all z,y € X.

In fact, it will be more useful for us to rewrite this another way. The
expanding property of the Jacobian implies that each branch of the inverse
map f~" is exponentially contracting. Renaming ¢ and A (if necessary), we
write

A" p(fi (), [ () < ple,y) (1)
for every pair of points z,y € X and branch f;7 of f=". Moreover, the facts

that det( D f) is Holder continuous and bounded below imply that log | det(D f)]
is also Holder continuous. That is, there exists a constant K, such that

log |det D f(z)| — log|det Df(y)|| < Kop(a,y)® (2)

for all z,y € X.

Now, X is equipped with a normalised Lebesgue measure (corresponding to
the Riemannian metric p) which we denote by |-|. We seek to approximate y, an
absolutely continuous invariant measure (acim)—with respect to Lebesgue—for
the dynamical system (X, f).

Theorem 1 (Folklore) For f as above, there exists an acim p. Moreover, for
each Borel set A,

p() = 23 1)
k=0
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Remark 2.1. The suggestion that this characterisation of the acim might be
of practical use arose from a discussion with Sebastian van Strien. O

3 Measures and probability vectors

First of all, choose a partition £ = {Xy,..., X,,} of the manifold X. We define
the diameter of the partition to be the largest diameter of any element of &.
That is

v = diam({) = max sup p(z,y). (3)
1=1...m zyeX;

Without loss of generality, assume that each element of the partition is a con-
nected set. Later on, the diameter of a (general) partition element will refer
to the maximal diameter of a connected component. For technical reasons, we
will add a non—degeneracy assumption on the partition. The partition £ will
be called non—degenerate if for every A € ¢

|A\ OA| > 0. (4)

Every probability measure v will be represented by a probability vector
(v1,...,vm) where each v; = v(X;). Consequently, our representation of the
measure v is based on the choice of partition £, and the only sets from the full
o—algebra on X whose measure we can recover exactly are those that can be
written exactly as unions of elements of £&. We assume that for any practical
purpose, explicit knowledge of the invariant measure of all the elements of some
such partition is sufficient.

We are going to show that the vector (y;) corresponding to the acim p arises
as the limit of a certain asymptotic product of stochastic matrices. We will
then show how a uniformly good approximation to this limit can be obtained
by the invariant vector of the area overlaps Markov chain studied extensively
by Li [Li76], Froyland [Fro95], Ding and Zhou [DZ96] and others. This current
work is different in character to that reported in the above papers in that we
investigate the closeness of the actual invariant measure to the approximation
obtained for a given partition, rather than proving that the approximations
converge strongly as the diameter v of the partition is refined to zero.

Let R7. , = {z e R™:>Y 7" x;=1and 2; > 0Vi = 1...m} denote the
set of all probability vectors in R"™. Let the partition £ be fixed, and for each
n>0,.,7=1...m put

) _ X X
i = | f- (=D X ’

unless |f~"X; N f~=1X;| = 0 in which case we put PZ»(;) = 0. Let P(" be the

matrix with entries PZ»(;)
that each P( is a stochastic matrix. Consequently each P(™ : Ry O by left
multiplication z — zP(".

For each n > 0, let z,, € R o be defined component-wise by

(zn)i = |f7" X

. By summing over j for each i, it follows immediately
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It is an easy exercise to check that z,, = z,_1 JON Moreover, it is an immediate
corollary of the folklore theorem above that

n—1

1
p=fim 2 e
k=0
where p € Ry s the probability vector with components u(X;). We state

this in the form of a proposition.

Proposition 2 For f, X £ 1 as above

n

p(x;) = ( Jim % S P P

7
k=1

We are interested in approximating this asymptotic form. We will do this
by proving uniform bounds on the growth of the coeflicients of the matrices

P,

4 Growth of the matrices P™

We seek to control the growth of the elements of P(") as n increases. This
section follows the standard bounded distortion argument used in the proof of
the folklore theorem. We use the regularity of f and exploit the following key
inequality:

Proposition 3 Let X be a Riemannian manifold with metric p and corre-
sponding normalised Lebesgue measure | -|. Let BC AC X. Let f: X O, and
let o, K, be as in equation (2). Then

e—Ka(dz'am(f—lA))a@ < |f_1B| < 6Ka(dz'am(f—1A))a@‘
Al = [ A Al

Note that here diam(A) refers to the largest diameter of a connected component

of A.

Proof: We prove only the second inequality, since the first is similar. Assume
that A is connected; the proof extends easily to the general case. Next, let
{C;}¥, be the partition of X into components such that f|¢, : C; — X is onto
for each ¢ = 1...N. Consider the component f~1(A)NC;. From the change of
variables formula for integration it follows that

inf  |det(Df(x)||f'BNC;| <|B| < sup |det(Df(x)||fBNC]
r€f~1ANC; rzef~1ANC,;

for every subset B C A (including A). A simple lemma gives us the necessary
bound on the distortion of f.

Lemma 3.1. Ifg: X — R¥ is a function satisfying

|log g(z) —log g(y)| < Kap(z,y)”
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for some constants K, > 0 and 0 < oo < 1, then

e~ Kar(zy)® < g9(z) < eKar(zy)®

~ 9(y)
Hence,
/7' BN < SUPref-14nc; | det(D f(x))] |B| Ka(diam(r-1anciy= | Bl
FTANC S Tafoesmnc, |4t D ()] [A] = ]

by Lemma 3.1, and the definition in equation (2). But diam(f~*A N C;) <
diam(f~1A), so that on each component C;

/71BN < eKa(diam(s- |B|

|f~tANC ~ IM
The full result follows since

/718l XL BN 11BNy
14|~ N < max T
[f7HAL T SR AN G| T N [fT AN

(and the same is true for all connected components). O
Corollary 4 For eachn >0,¢,7=1...m

—CcT AT o 4 < J < ec_o“/\_"o“Ka v

€

The constants ¢, A\, o, K, are as in equations (1) and (2) and + is the diameter
of the partition £, as defined in (3).

Proof: We apply Proposition 3 to each component of f~("=1) X;. Observe that
each element of the partition £ has diameter at most . Consequently, each
connected component of the partition f~"¢ has diameter at most ¢='A="v by
equation (1). Now, each

(fx;n ey ¢ oo

so we can put A = f~""VX; and B = /" X;n f~"=1 X, to obtain B C A.
Moreover, PZ(JH-H) = ||§ 1B|| and P( ) %, so that Proposition 3 implies the

result. O

Finally, we want to compare the matrices P to the matrix P = P(1).

Theorem 5 In the notation established so far, we have for eachn > 0, 1,5 =
1...m,
o % Ko~

e (AT < J < @A) | 5
<4< (5)
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Proof: First of all, apply Corollary 4 to the product

pn p) p?

g iJ iJ
P ple=1) 777 5(1)°

The result follows since EZ;} Aok < /\‘11—1‘ a

Now, notice that by choosing the initial partition to be sufficiently fine (v
sufficiently small), the exponential in inequality (5) can be made arbitrarily
close to 1. Let us recap what this means. The invariant measure (the vector
with components p( X;)) arises as the limit of a sequence of iteratively multiplied
stochastic matrices. We have a uniform bound on the elements of these matrices,
so the problem of approximating the acim now consists in estimating what that
asymptotic limit might be. In the next section, we exploit inequality (5) to
compare the limit of the asymptotic product with the invariant vector of P.

Remark 4.1. In the case where the map f instead of being C'1T° is a piecewise
linear Markov map, and the partition £ is a Markov partition such that f is
linear on each A € &, then the above argument shows that each P = P. To
see this, note that Hoélder continuity of det(Df) is used only to compare the
value of det(D f) at points which lie within a connected component of elements
of f7"¢&. Since f is linear on all such components, one can assume that the
Hélder constant K, = 0. Corollary 4 now implies that P(® = pln=1) = =
PM) = P. Thus, the components of the acim vector are precisely the invariant
vector for P. O

Remark 4.2. The problem of the asymptotic matrix product we describe is
similar to a situation considered by Diamond et. al. [DKP95]. They define an
interval stochastic matriz to be the collection of all stochastic matrices () which
satisfy A;; < @Q;; < By; for some fixed positive matrices A and B (we could take

these to be eiﬁ?l) P). They then characterise the set of invariant vectors for
stochastic matrices in the collection by a series of inequalities. Unfortunately,
it is not obvious how to turn their combinatorial relations into concrete bounds
on the diameter of the set of invariant vectors. Neither is it clear whether their
results help characterise probability vectors which arise as limits of products of
a countable family of matrices in the collection (our situation), or whether it
is only useful for vectors which are limits of asymptotic products by just one
matrix from the collection (their situation). Their methods are not based on
asymptotic analysis, but may offer a promising direction. O

5 Area overlaps Markov chain

The Markov chain with transition probabilities given by the matrix P = P()
will be called the area overlaps Markov chain. We give it this name because
P;; is the proportion of mass from the set B; which overlaps the set B; under
one iteration of f. Our main result is that provided the matrix P has a unique
invariant probability vector w, then 7w can be shown to be within a certain
distance of the probability vector corresponding to the acim.
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Proposition 6 Let f be expanding in the sense described, and let & be a non—
degenerate partition of X. The matriz P = PO with components

_ Lf_léX} f])(ﬂ

P
! | X

has a unique invariant probability vector.

Proof: First of all, we show that if A, B € £ are such that |[AN f~"B| > 0 for
some n, then (P");; > 0 (where A = X; and B = X;). We then complete the
proof by observing that there always exists such an n.

The partition \/?Zof_if partitions AN f~" B into finitely many components.
Since |[AN f7"B| > 0, there exists at least one such component C' such that
|C'| > 0. Since the map f is expanding, |f*C| > 0 for each integer k, and since
C e V?ZOf_if, frc c X;, € & for some ¢, for each 0 < k& < n. Note that
io=1,1, = j and f*C C f_lXikJr1 N X;, for 0 <k < n. Consequently,

|f7 Xy N Xl 2 1F5C] >0,

Tkt

so that P > 0 for 0 < k < n. Hence

Elk+1
(}Dn)ﬁ > }%h ...f%n_lj > 0,

as required.

Next, since £ is a non—degenerate partition, each X; contains an open ball
(this follows from equation (4)). Let ¢ > 0 be small enough that each X;
contains a ball of radius €, and let n be large enough that cA"e > diam(X).
Expansivity implies that f*A = X for each A € £, and hence that |[ANf~"B| >
0 for each A, B € €.

These two parts imply that (P™);; > 0 for every ¢, j and m > n. Thus, the
matrix P is ergodic, so has a unique invariant probability vector. O

Theorem 7 Let f,c, A\, a, Ky 1, 6., P be as above. Suppose that © is the
unique invariant probability vector for P. Then there exists a constant Cp > 0
such that

I =l < Cp(A - 1)

Ko v
where A = e<*O*=1 and p is the vector with components p(X;). The constant
C'p can be calculated from the columns of P.

Proof: Throughout the proof, P* denotes the kth power of P = P and should
be distinguished from the matrix P*). First of all, recall from Proposition 2
that the vector p arises as

n—1

p=lim =3 zgP0) PO,

n—oo

k=0

Now, xq is the vector with components | X;|, and we define inductively

Ty = Tpoi P,

Preprint: August 13, 1996 (R Murray)
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We will estimate
n—1

1
lealls = ||= > ax =) .
n 1

Write

, - .
Tp—T = (zgp—; P’ —wk_j_lP]+ )+ aoP" —7

ESIER
]|
- O

= ((wk_]‘ —wk_]‘_lp)Pj)—l—wopk—ﬂ'.
J

Il
=]

Then (since 7 is an invariant vector for P)

—

n—1n—1-k n—

1 |
lealls = -3 3 (@n—aia YT+~ S (o —m) P
k=1 j:O k=0
1 n—1 oo 4 1 0
< - ;2% (e = 2 PYP |1 4 — kzo (20— 7)P*1.  (6)
= ]: =

We now estimate bounds for the asymptotic sums.

Lemma 7.1. There exist constants C' > 0 and 0 < 3 < 1 such that for any
two probability vectors y,z, n > 0,

[y = 2)P"[ls < C 5" [ly = 2|1

Proof of lemma 1: Since the stochastic matrix P has a unique invariant proba-
bility vector (by Proposition 6), it has exponential convergence to equilibrium.
The constant 3 is just the modulus of the second largest eigenvalue of P, and
(' is a constant depending only the columns of P. O

Lemma 7.2. For each n, we have

||$n — $n_1P||1 S A-1.

Proof of lemma 2: Note that 2, = 2,_1P(™. By Theorem 5,

1 n

ZPZ']‘ < Pi(j ) < AP
Consequently,

1

~(A=1)P; < (- Py < P = Py < (A= 1Py,

so that
[(#-1)iPL = (2no1)iPoyl < (201)iPig(A = 1),

The Lemma follows by summing over 7 and j. O
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We can complete the proof of Theorem 7 by observing that the rhs of (6)
can be bounded by

n—1

NS eru-n s b eple - <« Do,
, 2

k=1 5=0 1= ﬁ n

The Theorem follows by letting n — oco. O

The strength of Theorem 7 depends on the constant C'p. While it is not
a priori clear that C'p does not grow too badly as the partition size m is
increased, computational evidence is encouraging. In Appendix A, we briefly
describe how to compute an upper bound for the constant C'p. Numerically,
(for X one dimensional) C'p seems to scale like log m, where m is the size of the
partition. If this turns out to be a generally occuring feature of the matrices P,
then Theorem 7 is useful. This is because once m is sufficiently large, the A —1
part of the error bound will scale like 1/m (for suitably chosen partitions of
a one dimensional phase space—like 1/m1/d for a d-dimensional phase space).
Together with the numerical results for the constant C'p, this suggests a general
scaling law for error of O(log(m)/m) for a partition of size m. Consequently,
the area overlaps Markov chain is a good way to approximate the acim for this
class of maps.

This discussion is a first approach to analysing the asymptotics of the ma-
trix product P PRI PG) | Tt is hoped that a more “dynamical” method of
analysis can be developed which does not rely on simply comparing the exact
asymptotic product with the sequence P PM p1)

6 A numerical example
For each [ € [2,00), let f; :[0,1] O be given by
filz) =1— 2z — 1]

These maps are one of the simplest one—parameter families studied by van
Strien and others [NvS91, Now93, dMvS93]. In these references, it is shown
(among other things) that each such map supports a unique ergodic acim. For
the value [ = 2, the map f; is the well known fully developed logistic map.
The other maps in this family are also piecewise onto unimodal maps, and also
have a critical point at % of Ith order. Consequently, the maps have neither
expansion, nor bounded distortion. However, experimentation shows that a
certain conjugate family does have these properties. For each [, put

_ L4 2t/ — (1= )t/

5 and g;(z) = hyo fiohi'(2).

hi()
Fach conjugacy is smooth (except its inverse loses differentiability at the end-
points) and has the effect of “straightening out” the singularity at z = % For
four selected values of [, the straightening resulting from the conjugacy is illus-
trated in Figure 1.
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The maps fi The maps g;

s s
— TN —
% %
(=) (=)
© ©

= =

= = SO
(=) (=)
~ ~
(=) (=)
S S
(=) (=)

Figure 1: The maps f; and their conjugates g; = h; ' o fi o hy.

Fach ¢; has a unique acim (this can be seen by pulling back the acim for
each f; by the conjugacy hl_l), but its density is not known a priori (since no
explicit formula is known for the acim of f; unless [ = 2). This makes {f;};>2
a good candidate family for numerical experimentation. We pick the values
[ =2,3,4,5. For | = 2, we can compare a numerical approximation of the
invariant density explicitly with the pullback by hy of the invariant density for
the logistic map; for the other values, we rely on the estimates provided by
Theorem 7.

For each [, we estimate the constants A and K, by a fine grid search. (Re-
call that A is the minimum modulus derivative of g;, and—in this case—K is
the Lipschitz constant for log |gj|; that is, we have both ¢ and A equal to 1 in
equations (1) and (2)). Next, we partition [0, 1] into 1600 equal sized subinter-
vals. This means that v = 1/1600, where v is the maximum diameter of any
cell in the partition. Finally, we compute the invariant probability vector cor-
responding to the area overlaps Markov chain for this partition, and calculate
the constant C'p as described in Appendix A. The density approximations are
displayed in Figure 2, and the numerically determined constants in Table 1.

Theorem 7 implies that the last column of Table 1 provides an upper bound
on the variational distance from our approximations to the exact invariant mea-
sures. For the record, we note that the distance from our computed approxi-
mation to the invariant density for g, is approximately 3.4 x 1075, substantially
within the error bound in the first row of Table 1; we have no way to compare
the distance for the other values of [.

In the discussion at the end of Sectionl5 ‘Eh(; claim is made that the constants

og(m

in the final column of Table 1 scale as O(=2=*), where m is the number of cells

K
in the partition. It is easy to see that since v = 1/m, the e3T — 1 part scales
like 1/m, and numerical experiment suggests that the constant C'p—an upper
bound on the decay of correlations for the matrix P—scales like log(m) (P is
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K~

{ A K ex-1 — 1 Cp Cp(A—l)
2.0 || 1.417 | 2.814 | 4.219 x 1072 | 22.07 0.0931
3.0 || 1.817 | 0.987 | 7.552 x 10=* | 23.44 0.0177
4.0 || 1.681 | 1.203 | 1.104 x 1073 | 26.19 0.0289
5.0 || 1.584 | 2.246 | 2.403 x 1073 | 28.91 0.0695

Table 1: Expansivity constants and acim approximation error bounds for
certain maps ¢;. The expansivity and distortion constants are computed by
a fine numerical search (so are really just accurate estimates), and the constant
Cp calculated as described in Appendix A. The final column gives a bound on
[|m — p]]1, where 7 is the computed approximation to the invariant .

an m X m matrix). For each [ = 2,3,4,5, Figure 3 shows how Cp scales as the
partition is increased. The partitions used were 25,50, 100,200,400, 800, 1600
equal subintervals of [0,1]. T do not have a convincing explanation for this
phenomenon, but the numerical facts seem to have intrinsic interest.

A Appendix: Bounding the constant Cp

In the proof of Theorem 7, the exponential convergence to equilibrium is used
to prove bounds on

n—1n—1-k

1 .
H;; 2 (k= ara PP

We now show how to numerically obtain an upper bound for these. Let g, =
xp—x_1 P, where P is an mXm stochastic matrix. Let f; denote the usual basis
for R™, and for each 1 < i < m put I'; = f; — f,,. We make two observations.
First of all, since each g is the difference of two probability vectors, it follows
that

m—1

gk =Y (gr)iTi.

=1
Secondly, since each I'; is also the difference of two probability vectors, ||I'; P"|| —
0 exponentially fast as n — oo. Consequently, the number C' defined as

o0
m—1 ;
(' = max E |IT: P71
1=1 4
J=0
is finite, and because of the exponential convergence of the series, it is very easy

to compute accurately.
Putting all this together, we obtain

n—1—k n—1—km—1
| > el = | D Y (e
7=0 7=0 =1
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Approximate density for go Approximate density for gs

= o 1

2 =
- ‘mw

= 2 S
3] o 4

A o A ]
— 10

(o)) 4
o o

0.0 0.4 0.8 0.0 0.4 0.8
i i

Approximate density for g4 Approximate density for gs

1.2

Density
0.9 1.0 1.1
Density
0.70809101.11.2

0.0 0.4 0.8 0.0 0.4 0.8
x x
Figure 2: Density approximations for the maps g2 345. The area overlaps

method 1s used on a partition of 1600 equal cells; and the density approxima-
tions are drawn as linearly interpolated histograms over 50 bins.

m—1 n—1-k

< Y lanl Y e,
=1 7=0

< el €.

We can replace C'p by this €' in the conclusion of Theorem 7, to obtain an
explicit numerical bound on the accuracy of our invariant measure approxima-
tion.
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