
Approximation and concrete error bounds for acimdensity approximation for C1+� expanding mappings.Rua Murray�August 13, 1996AbstractWe consider the calculation of absolutely continuous invariantmeasuresfor C1+� piecewise onto, expanding maps of a Riemannian manifold. Anapproximation to this density can be computed by a well known Markovapproximation, which we call the area overlaps Markov chain. We obtainconcrete estimates on the accuracy of this density approximation by com-paring an asymptotic formula for the measure of the subsets of a givenpartition with the invariant vector of the area overlaps Markov chain. Theconstants in the bounds can be calculated explicitly from columns of theassociated transition matrix.1 IntroductionAbsolutely continuous invariant measures are frequently of interest in dynam-ical systems. However, work on how to approximate them accurately seemsrelatively scarce. A well known method [Li76, Fro95, DZ96] is to approximatethe dynamical system in question by a Markov chain, and use the invariantprobability vector to approximate the invariant density (see the above refer-ences for details). The idea here is that the transition matrix of the Markovchain (which we call the area overlaps Markov chain) can be thought of asa �nite dimensional approximation to the Perron{Frobenius operator for thedynamical system in question.In the case of expanding transformations, Ding and Zhou [DZ96] show thatas the Markov approximation is re�ned, the approximate densities convergestrongly to the unique density of the absolutely continuous invariant measure(acim). Their arguments involve careful estimates on how the Perron{Frobeniusoperator alters the variation of densities, and do not lead to bounds on the rateof convergence.Our approach is di�erent. Rather than characterising the invariant densityas the unique �xed point of the Perron-Frobenius operator, we write the acim asthe limit of the push{forward of Lebesgue measure. This furnishes us with anasymptotic formula for the invariant measure of any given set (Proposition 2).�Statistical Laboratory, University of Cambridge, 16 Mill Lane, Cambridge CB2 1SB,United Kingdom. Email: R.Murray@statslab.cam.ac.uk1



The problem setup 2We describe how to use this in Section 3. In Section 4, we use a standardbounded distortion argument to show that the stochastic matrices appearing inProposition 2 are uniformly close to the transition matrix for the area overlapsMarkov chain. Finally, in Section 5, we put this together with an observationabout the exponential decay of correlations to show how the invariant vectorof the area overlaps Markov chain provides a uniformly good approximation tothe invariant density. This is Theorem 7 and is the main result. In Appendix A,we describe how to compute the constants appearing in Theorem 7. The paperconcludes in Section 6 with a numerical illustration of the result for a family ofone dimensional maps.2 The problem setupLet f : X 	 be a continuous, piecewise{onto, �nite to one, expanding selfmapping of a compact Riemannian manifold (with metric �). The restrictionswe put on f can be stated as follows. There exist constants c > 0, � > 1 suchthat for each n 2 Z+ kD(fn)(x) vk � c�n kvkfor every tangent vector v 2 TxX , x 2 X . We also require that the derivativemapDf : TxX ! Tf(x)X is H�older continuous. In particular, we require H�oldercontinuity of the Jacobian determinant: that is, there exists 0 < � � 1 and aconstant K such thatj det(Df(x))� det(Df(y))j � K�(x; y)�for all x; y 2 X .In fact, it will be more useful for us to rewrite this another way. Theexpanding property of the Jacobian implies that each branch of the inversemap f�n is exponentially contracting. Renaming c and � (if necessary), wewrite c�n�(f�na (x); f�na (y)) � �(x; y) (1)for every pair of points x; y 2 X and branch f�na of f�n. Moreover, the factsthat det(Df) is H�older continuous and bounded below imply that log j det(Df)jis also H�older continuous. That is, there exists a constant K� such that��� log j det Df(x)j � log j det Df(y)j��� � K��(x; y)� (2)for all x; y 2 X .Now, X is equipped with a normalised Lebesgue measure (corresponding tothe Riemannian metric �) which we denote by j�j. We seek to approximate �, anabsolutely continuous invariant measure (acim)|with respect to Lebesgue|forthe dynamical system (X; f).Theorem 1 (Folklore) For f as above, there exists an acim �. Moreover, foreach Borel set A, �(A) = 1n n�1Xk=0 jf�k(A)j: Preprint: August 13, 1996 (R Murray)



Measures and probability vectors 3Remark 2.1. The suggestion that this characterisation of the acim might beof practical use arose from a discussion with Sebastian van Strien. 23 Measures and probability vectorsFirst of all, choose a partition � = fX1; : : : ; Xmg of the manifold X . We de�nethe diameter of the partition to be the largest diameter of any element of �.That is 
 = diam(�) = maxi=1:::m supx;y2Xi �(x; y): (3)Without loss of generality, assume that each element of the partition is a con-nected set. Later on, the diameter of a (general) partition element will referto the maximal diameter of a connected component. For technical reasons, wewill add a non{degeneracy assumption on the partition. The partition � willbe called non{degenerate if for every A 2 �jA n @Aj > 0: (4)Every probability measure � will be represented by a probability vector(�1; : : : ; �m) where each �i = �(Xi). Consequently, our representation of themeasure � is based on the choice of partition �, and the only sets from the full�{algebra on X whose measure we can recover exactly are those that can bewritten exactly as unions of elements of �. We assume that for any practicalpurpose, explicit knowledge of the invariant measure of all the elements of somesuch partition is su�cient.We are going to show that the vector (�i) corresponding to the acim � arisesas the limit of a certain asymptotic product of stochastic matrices. We willthen show how a uniformly good approximation to this limit can be obtainedby the invariant vector of the area overlaps Markov chain studied extensivelyby Li [Li76], Froyland [Fro95], Ding and Zhou [DZ96] and others. This currentwork is di�erent in character to that reported in the above papers in that weinvestigate the closeness of the actual invariant measure to the approximationobtained for a given partition, rather than proving that the approximationsconverge strongly as the diameter 
 of the partition is re�ned to zero.Let Rmprob = fx 2 Rm : Pmi=1 xi = 1 and xi � 0 8i = 1 : : :mg denote theset of all probability vectors in Rm. Let the partition � be �xed, and for eachn > 0, i; j = 1 : : :m put P (n)ij = jf�nXj \ f�(n�1)Xijjf�(n�1)Xij ;unless jf�nXj \ f�(n�1)Xij = 0 in which case we put P (n)ij = 0. Let P (n) be thematrix with entries P (n)ij . By summing over j for each i, it follows immediatelythat each P (n) is a stochastic matrix. Consequently each P (n) : Rmprob 	 by leftmultiplication x 7! xP (n).For each n � 0, let xn 2 Rmprob be de�ned component-wise by(xn)i = jf�nXij: Preprint: August 13, 1996 (R Murray)



Growth of the matrices P (n) 4It is an easy exercise to check that xn = xn�1P (n). Moreover, it is an immediatecorollary of the folklore theorem above that� = limn!1 1n n�1Xk=0 xnwhere � 2 Rmprob is the probability vector with components �(Xi). We statethis in the form of a proposition.Proposition 2 For f;X; �; � as above�(Xi) = � limn!1 1n nXk=1 x0P (1) : : :P (k)�i:We are interested in approximating this asymptotic form. We will do thisby proving uniform bounds on the growth of the coe�cients of the matricesP (n).4 Growth of the matrices P (n)We seek to control the growth of the elements of P (n) as n increases. Thissection follows the standard bounded distortion argument used in the proof ofthe folklore theorem. We use the regularity of f and exploit the following keyinequality:Proposition 3 Let X be a Riemannian manifold with metric � and corre-sponding normalised Lebesgue measure j � j. Let B � A � X. Let f : X 	, andlet �;K� be as in equation (2). Thene�K�(diam(f�1A))� jBjjAj � jf�1Bjjf�1Aj � eK�(diam(f�1A))� jBjjAj :Note that here diam(A) refers to the largest diameter of a connected componentof A.Proof: We prove only the second inequality, since the �rst is similar. Assumethat A is connected; the proof extends easily to the general case. Next, letfCigNi=1 be the partition of X into components such that f jCi : Ci ! X is ontofor each i = 1 : : :N . Consider the component f�1(A)\Ci. From the change ofvariables formula for integration it follows thatinfx2f�1A\Ci j det(Df(x))j jf�1B\Cij � jBj � supx2f�1A\Ci j det(Df(x))j jf�1B\Cijfor every subset B � A (including A). A simple lemma gives us the necessarybound on the distortion of f .Lemma 3.1. If g : X ! R+ is a function satisfyingj log g(x)� log g(y)j � K��(x; y)� Preprint: August 13, 1996 (R Murray)



Growth of the matrices P (n) 5for some constants K� > 0 and 0 < � � 1, thene�K��(x;y)� � g(x)g(y) � eK��(x;y)� :Hence,jf�1B \ Cijjf�1A \ Cij � supx2f�1A\Ci j det(Df(x))jinfx2f�1A\Ci j det(Df(x))j jBjjAj � eK�(diam(f�1A\Ci))� jBjjAj ;by Lemma 3.1, and the de�nition in equation (2). But diam(f�1A \ Ci) �diam(f�1A), so that on each component Cijf�1B \ Cijjf�1A \ Cij � eK�(diam(f�1A))� jBjjAj :The full result follows sincejf�1Bjjf�1Aj = PNi=1 jf�1B \ CijPNi=1 jf�1A \ Cij � maxi=1:::N jf�1B \ Cijjf�1A \ Cij(and the same is true for all connected components). 2Corollary 4 For each n > 0, i; j = 1 : : :m,e�c����n�K� 
� � P (n+1)ijP (n)ij � ec����n�K� 
� :The constants c; �; �;K� are as in equations (1) and (2) and 
 is the diameterof the partition �, as de�ned in (3).Proof: We apply Proposition 3 to each component of f�(n�1)Xi. Observe thateach element of the partition � has diameter at most 
. Consequently, eachconnected component of the partition f�n� has diameter at most c�1��n
 byequation (1). Now, each(f�nXj \ f�(n�1)Xi) � f�(n�1)Xi;so we can put A = f�(n�1)Xi and B = f�nXj \ f�(n�1)Xi to obtain B � A.Moreover, P (n+1)ij = jf�1Bjjf�1Aj and P (n)ij = jBjjAj , so that Proposition 3 implies theresult. 2Finally, we want to compare the matrices P (n) to the matrix P = P (1).Theorem 5 In the notation established so far, we have for each n > 0, i; j =1 : : :m, e� K� 
�c�(���1) � P (n)ijPij � e K� 
�c�(���1) : (5)Preprint: August 13, 1996 (R Murray)



Area overlaps Markov chain 6Proof: First of all, apply Corollary 4 to the productP (n)ijPij = P (n)ijP (n�1)ij : : : P (2)ijP (1)ij :The result follows since Pn�1k=1 ���k � 1���1 . 2Now, notice that by choosing the initial partition to be su�ciently �ne (
su�ciently small), the exponential in inequality (5) can be made arbitrarilyclose to 1. Let us recap what this means. The invariant measure (the vectorwith components �(Xi)) arises as the limit of a sequence of iteratively multipliedstochastic matrices. We have a uniform bound on the elements of these matrices,so the problem of approximating the acim now consists in estimating what thatasymptotic limit might be. In the next section, we exploit inequality (5) tocompare the limit of the asymptotic product with the invariant vector of P .Remark 4.1. In the case where the map f instead of being C1+� is a piecewiselinear Markov map, and the partition � is a Markov partition such that f islinear on each A 2 �, then the above argument shows that each P (n) = P . Tosee this, note that H�older continuity of det(Df) is used only to compare thevalue of det(Df) at points which lie within a connected component of elementsof f�n�. Since f is linear on all such components, one can assume that theH�older constant K� = 0. Corollary 4 now implies that P (n) = P (n�1) = : : : =P (1) = P . Thus, the components of the acim vector are precisely the invariantvector for P . 2Remark 4.2. The problem of the asymptotic matrix product we describe issimilar to a situation considered by Diamond et. al. [DKP95]. They de�ne aninterval stochastic matrix to be the collection of all stochastic matrices Q whichsatisfy Aij � Qij � Bij for some �xed positive matrices A and B (we could takethese to be e� K� 
�c�(���1) P ). They then characterise the set of invariant vectors forstochastic matrices in the collection by a series of inequalities. Unfortunately,it is not obvious how to turn their combinatorial relations into concrete boundson the diameter of the set of invariant vectors. Neither is it clear whether theirresults help characterise probability vectors which arise as limits of products ofa countable family of matrices in the collection (our situation), or whether itis only useful for vectors which are limits of asymptotic products by just onematrix from the collection (their situation). Their methods are not based onasymptotic analysis, but may o�er a promising direction. 25 Area overlaps Markov chainThe Markov chain with transition probabilities given by the matrix P = P (1)will be called the area overlaps Markov chain. We give it this name becausePij is the proportion of mass from the set Bi which overlaps the set Bj underone iteration of f . Our main result is that provided the matrix P has a uniqueinvariant probability vector �, then � can be shown to be within a certaindistance of the probability vector corresponding to the acim.Preprint: August 13, 1996 (R Murray)



Area overlaps Markov chain 7Proposition 6 Let f be expanding in the sense described, and let � be a non{degenerate partition of X. The matrix P = P (1) with componentsPij = jf�1Xj \XijjXijhas a unique invariant probability vector.Proof: First of all, we show that if A;B 2 � are such that jA \ f�nBj > 0 forsome n, then (Pn)ij > 0 (where A = Xi and B = Xj). We then complete theproof by observing that there always exists such an n.The partition _ni=0f�i� partitions A\f�nB into �nitely many components.Since jA \ f�nBj > 0, there exists at least one such component C such thatjCj > 0. Since the map f is expanding, jfkCj > 0 for each integer k, and sinceC 2 _ni=0f�i�, fkC � Xik 2 � for some ik for each 0 � k � n. Note thati0 = i; in = j and fkC � f�1Xik+1 \Xik for 0 � k < n. Consequently,jf�1Xik+1 \Xik j � jfkCj > 0;so that Pik ik+1 > 0 for 0 � k < n. Hence(Pn)ij � Pii1 : : :Pin�1j > 0;as required.Next, since � is a non{degenerate partition, each Xi contains an open ball(this follows from equation (4)). Let � > 0 be small enough that each Xicontains a ball of radius �, and let n be large enough that c�n� > diam(X).Expansivity implies that fnA = X for each A 2 �, and hence that jA\f�nBj >0 for each A;B 2 �.These two parts imply that (Pm)ij > 0 for every i; j and m > n. Thus, thematrix P is ergodic, so has a unique invariant probability vector. 2Theorem 7 Let f; c; �; �;K�; �; �; 
; P be as above. Suppose that � is theunique invariant probability vector for P . Then there exists a constant CP > 0such that k� � �k1 � CP (�� 1)where � = e K� 
�c�(���1) , and � is the vector with components �(Xi). The constantCP can be calculated from the columns of P .Proof: Throughout the proof, P k denotes the kth power of P = P (1) and shouldbe distinguished from the matrix P (k). First of all, recall from Proposition 2that the vector � arises as� = limn!1 1n n�1Xk=0 x0P (1) : : :P (k):Now, x0 is the vector with components jXij, and we de�ne inductivelyxn = xn�1P (n): Preprint: August 13, 1996 (R Murray)



Area overlaps Markov chain 8We will estimate kenk1 = 


 1n n�1Xk=0 xk � �


1:Write xk � � = k�1Xj=0(xk�jP j � xk�j�1P j+1) + x0P k � �= k�1Xj=0((xk�j � xk�j�1P )P j) + x0P k � �:Then (since � is an invariant vector for P )kenk1 = 


 1n n�1Xk=1 n�1�kXj=0 (xk � xk�1P )P j + 1n n�1Xk=0(x0 � �)P k


1� 1n n�1Xk=1 1Xj=0 k(xk � xk�1P )P jk1 + 1n 1Xk=0 k(x0 � �)P kk1: (6)We now estimate bounds for the asymptotic sums.Lemma 7.1. There exist constants C > 0 and 0 < � < 1 such that for anytwo probability vectors y; z, n > 0,k(y � z)Pnk1 � C �n ky � zk1:Proof of lemma 1: Since the stochastic matrix P has a unique invariant proba-bility vector (by Proposition 6), it has exponential convergence to equilibrium.The constant � is just the modulus of the second largest eigenvalue of P , andC is a constant depending only the columns of P . 2Lemma 7.2. For each n, we havekxn � xn�1Pk1 � �� 1:Proof of lemma 2: Note that xn = xn�1P (n). By Theorem 5,1�Pij � P (n)ij � �Pij :Consequently,�(�� 1)Pij � ( 1� � 1)Pij � P (n)ij � Pij � (�� 1)Pij ;so that j(xn�1)iP (n)ij � (xn�1)iPij j � (xn�1)iPij(�� 1):The Lemma follows by summing over i and j. 2 Preprint: August 13, 1996 (R Murray)



A numerical example 9We can complete the proof of Theorem 7 by observing that the rhs of (6)can be bounded by1n n�1Xk=1 1Xj=0 C�n(�� 1) + 1n 1Xj=0 C�jkx� zk1 � C(�� 1)1� � +O( 1n):The Theorem follows by letting n!1. 2The strength of Theorem 7 depends on the constant CP . While it is nota priori clear that CP does not grow too badly as the partition size m isincreased, computational evidence is encouraging. In Appendix A, we brie
ydescribe how to compute an upper bound for the constant CP . Numerically,(for X one dimensional) CP seems to scale like logm, where m is the size of thepartition. If this turns out to be a generally occuring feature of the matrices P ,then Theorem 7 is useful. This is because once m is su�ciently large, the �� 1part of the error bound will scale like 1=m (for suitably chosen partitions ofa one dimensional phase space|like 1=m1=d for a d{dimensional phase space).Together with the numerical results for the constant CP , this suggests a generalscaling law for error of O(log(m)=m) for a partition of size m. Consequently,the area overlaps Markov chain is a good way to approximate the acim for thisclass of maps.This discussion is a �rst approach to analysing the asymptotics of the ma-trix product P (1)P (2)P (3) : : :. It is hoped that a more \dynamical" method ofanalysis can be developed which does not rely on simply comparing the exactasymptotic product with the sequence P (1)P (1)P (1) : : :.6 A numerical exampleFor each l 2 [2;1), let fl : [0; 1] 	 be given byfl(x) = 1� j2x� 1jl:These maps are one of the simplest one{parameter families studied by vanStrien and others [NvS91, Now93, dMvS93]. In these references, it is shown(among other things) that each such map supports a unique ergodic acim. Forthe value l = 2, the map f2 is the well known fully developed logistic map.The other maps in this family are also piecewise onto unimodal maps, and alsohave a critical point at 12 of lth order. Consequently, the maps have neitherexpansion, nor bounded distortion. However, experimentation shows that acertain conjugate family does have these properties. For each l, puthl(x) = 1 + x1=l � (1� x)1=l2 and gl(x) = hl � fl � h�1l (x):Each conjugacy is smooth (except its inverse loses di�erentiability at the end-points) and has the e�ect of \straightening out" the singularity at x = 12 . Forfour selected values of l, the straightening resulting from the conjugacy is illus-trated in Figure 1. Preprint: August 13, 1996 (R Murray)



A numerical example 10The maps fl
xf(x) 0:0 0:4 0:80:00:2 0:40:60:8

1:0 The map f2The map f3The map f4The map f5
The maps gl

xg(x) 0:0 0:4 0:80:00:20:40:6 0:8
1:0 The map g2The map g3The map g4The map g5Figure 1: The maps fl and their conjugates gl = h�1l � fl � hl.Each gl has a unique acim (this can be seen by pulling back the acim foreach fl by the conjugacy h�1l ), but its density is not known a priori (since noexplicit formula is known for the acim of fl unless l = 2). This makes fflgl�2a good candidate family for numerical experimentation. We pick the valuesl = 2; 3; 4; 5. For l = 2, we can compare a numerical approximation of theinvariant density explicitly with the pullback by h2 of the invariant density forthe logistic map; for the other values, we rely on the estimates provided byTheorem 7.For each l, we estimate the constants � and K� by a �ne grid search. (Re-call that � is the minimum modulus derivative of gl, and|in this case|K� isthe Lipschitz constant for log jg0lj; that is, we have both c and � equal to 1 inequations (1) and (2)). Next, we partition [0; 1] into 1600 equal sized subinter-vals. This means that 
 = 1=1600, where 
 is the maximum diameter of anycell in the partition. Finally, we compute the invariant probability vector cor-responding to the area overlaps Markov chain for this partition, and calculatethe constant CP as described in Appendix A. The density approximations aredisplayed in Figure 2, and the numerically determined constants in Table 1.Theorem 7 implies that the last column of Table 1 provides an upper boundon the variational distance from our approximations to the exact invariant mea-sures. For the record, we note that the distance from our computed approxi-mation to the invariant density for g2 is approximately 3:4�10�5, substantiallywithin the error bound in the �rst row of Table 1; we have no way to comparethe distance for the other values of l.In the discussion at the end of Section 5 the claim is made that the constantsin the �nal column of Table 1 scale as O( log(m)m ), where m is the number of cellsin the partition. It is easy to see that since 
 = 1=m, the e K
��1 � 1 part scaleslike 1=m, and numerical experiment suggests that the constant CP|an upperbound on the decay of correlations for the matrix P|scales like log(m) (P isPreprint: August 13, 1996 (R Murray)



Appendix: Bounding the constant CP 11l � K e K
��1 � 1 CP CP (�� 1)2:0 1.417 2.814 4:219� 10�3 22.07 0.09313:0 1.817 0.987 7:552� 10�4 23.44 0.01774:0 1.681 1.203 1:104� 10�3 26.19 0.02895:0 1.584 2.246 2:403� 10�3 28.91 0.0695Table 1: Expansivity constants and acim approximation error bounds forcertain maps gl. The expansivity and distortion constants are computed bya �ne numerical search (so are really just accurate estimates), and the constantCP calculated as described in Appendix A. The �nal column gives a bound onk� � �k1, where � is the computed approximation to the invariant �.an m�m matrix). For each l = 2; 3; 4; 5, Figure 3 shows how CP scales as thepartition is increased. The partitions used were 25; 50; 100; 200; 400; 800; 1600equal subintervals of [0; 1]. I do not have a convincing explanation for thisphenomenon, but the numerical facts seem to have intrinsic interest.A Appendix: Bounding the constant CPIn the proof of Theorem 7, the exponential convergence to equilibrium is usedto prove bounds on 


 1n n�1Xk=1 n�1�kXj=0 (xk � xk�1P )P j


1:We now show how to numerically obtain an upper bound for these. Let gk =xk�xk�1P , where P is anm�m stochastic matrix. Let fi denote the usual basisfor Rm, and for each 1 � i < m put �i = fi � fm. We make two observations.First of all, since each gk is the di�erence of two probability vectors, it followsthat gk = m�1Xi=1 (gk)i�i:Secondly, since each �i is also the di�erence of two probability vectors, k�iPnk !0 exponentially fast as n!1. Consequently, the number C de�ned asC = m�1maxi=1 1Xj=0 k�iP jk1is �nite, and because of the exponential convergence of the series, it is very easyto compute accurately.Putting all this together, we obtain


 n�1�kXj=0 (xk � xk�1P )P j


1 = 


 n�1�kXj=0 m�1Xi=1 (gk)i�iP j


1Preprint: August 13, 1996 (R Murray)



REFERENCES 12Approximate density for g2
xDensity 0:0 0:4 0:80:91:01:11:2 Approximate density for g3

xDensity 0:0 0:4 0:80:951:05 1:15Approximate density for g4
xDensity 0:0 0:4 0:80:91:0 1:11:2 Approximate density for g5

xDensity 0:0 0:4 0:80:7 0:80:91:01:1 1:2Figure 2: Density approximations for the maps g2;3;4;5. The area overlapsmethod is used on a partition of 1600 equal cells, and the density approxima-tions are drawn as linearly interpolated histograms over 50 bins.� m�1Xi=1 j(gk)ij n�1�kXj=0 


�iP j


1� kgkk1C:We can replace CP by this C in the conclusion of Theorem 7, to obtain anexplicit numerical bound on the accuracy of our invariant measure approxima-tion.References[DKP95] P Diamond, P Kloeden, and A Pokrovskii. Interval stochastic matri-ces: a combinatorial lemma and the computation of invariant mea-sures of dynamical systems. J. Dynamics and Di�erential Equations,7(2), 1995.[dMvS93] W de Melo and S van Strien. One{dimensional dynamics. Springer,1993. Preprint: August 13, 1996 (R Murray)
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Correlation decay constants as partition is re�ned.
log m|m is size of partitionConstantsC P The map g2The map g3The map g4The map g5

Figure 3: Scaling of decay of correlation constants for the area overlaps ma-trices corresponding to maps gl as the partition is re�ned (size of matrix in-creased).[DZ96] Jiu Ding and Aihui Zhou. Finite approximations of Frobenius{Perron operators. a solution of Ulam's conjecture to multi{dimensional transformations. Physica D, 92:61{68, 1996.[Fro95] G Froyland. Finite approximation of Sinai{Bowen{Ruelle measuresfor Anosov systems in two dimensions. Random & ComputationalDynamics, 3(4):251{264, 1995.[Li76] Tien-Yien Li. Finite approximation for the Perron{Frobenius op-erator. a solution to Ulam's conjecture. Journal of approximationtheory, 17:177{186, 1976.[Now93] T Nowicki. Some dynamical properties of S{unimodal maps. Funda-menta Mathematicae, 142:45{57, 1993.[NvS91] T Nowicki and S van Strien. Invariant measures exist under a summa-bility condition for unimodal maps. Invent. Math., 105:123{136,1991. Preprint: August 13, 1996 (R Murray)


