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Summary

A central and important problem in the application of Ergodic Theory to Dy-
namical Systems is the specification of an appropriate invariant measure. This
dissertation is about methods of numerical approximation of invariant measures
for expanding transformations which support an invariant density. The analysis
centres around a certain Markov approximation scheme, introduced by Ulam!.
The main results are explicit quantitative bounds on the approximation error
(previous work? has focused on the convergence of the scheme in the limit);
the key theorems are illustrated with numerical calculations to emphasise their
applicability.

The principal techniques of proof involve casting classical existence results® for
invariant densities into the framework of invariant cones. Then, using construc-
tive arguments, these structures are shown to be robust to the discretisation
induced by computation. A sample of the kind of theorem proved is:

Theorem (Approximation error for expanding circle maps) Let T

be a sufficiently expanding circle map, and let h be the unique invariant

density for T. There is a constant C (with an explicit formula) such that

whenever n is sufficiently large and hy, is the nth Ulam approzimation
logn

|h —hyp|| <C .
n

Similar results are proved for more general expanding maps of the interval,
and a large class of multi-dimensional maps (including the classical Jacobi—
Perron transformation, and other number theoretical transformations of recent
interest?). As a by-product of the proofs, good rates of decay of correlations
are obtained for the dynamical systems in question.

Finally, several new numerical approaches to the calculation of invariant densi-
ties are considered. These include: computer assisted proofs for error bounds,
an automated process for adapting the Ulam approximation to the dynamics
of the maps under consideration, and Monte—Carlo type simulations of Ulam’s
model.

"Ulam. A collection of mathematical problems. Interscience (1960)

2Li. J. Approz. Theory 17:177-186 (1976). Ding and Zhou. Physica D 92:61-68 (1996)

3Krzyzewski and Szlenk. Stud. Math. 33:83-92 (1969). Lasota and Yorke. Trans. Amer.
Math. Soc. 186:481-488 (1973). Géra and Boyarsky. Israel J. Math. 67:272-286 (1989)

“Baladi and Nogueira. Nonlinearity 9:1529-1546 (1996)
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Introduction

The Ergodic Theory of Dynamical Systems offers rigorous foundations for many
interesting and important dynamical phenomena. These include Lyapounov Ex-
ponents, the “statistical stability” of dynamics and the long-term distribution of
orbits in phase space. Yet—relative to many other branches of dynamics—the
study of ergodic phenomena under numerical simulation remains surprisingly
open.

Motivation for the thesis

One important and accessible problem is the numerical approximation of in-
variant measures. Many existence results for invariant measures are known [59,
43, 47] (to name a few classical examples), and there is some history of numer-
ical approaches to the problem [64, 48, 9, 24]. Mostly, these references adopt a
fairly rigorous viewpoint by discussing the asymptotic convergence of approx-
imation schemes. Many other papers have a more numerical outlook. In this
thesis, we seek to exploit the virtue in both approaches: the results presented
are completely rigorous (they are stated as theorems), but the development of
the arguments is geared towards numerically relevant conclusions.

Type of result

Mostly, we analyse an approximation scheme for invariant densities which was
originally proposed by Ulam [64]. The scheme is known as Ulam’s method, and
its convergence to an invariant density has been established for various classes of
transformations [48, 40, 11, 21]. However, the analysis of approzimation error
for Ulam’s method has—thus far—remained almost untouched. The kind of
result proved here is:



4 Introduction

Prototype Theorem LetT : X — X be a suitable transfor-
mation, supporting an invariant density h. Then, there exists a
constant C (which has an explicit formula depending only on T)
such that if h,, denotes the nth Ulam approximate density,

logn

I = hall < C

n

The Prototype Theorem is proved in several settings; each is described in fur-
ther detail below. These results conform very well to our motivations: Ulam’s
method is relatively easy to implement on a computer (many numerical cal-
culations are included in the thesis), and the analytical results from precise
versions of the Prototype Theorem give explicit and rigorous bounds on the
approximation error.

Specific results

The thesis contains a mixture of theorems and numerical examples, together
with discussions of the interactions between them. Connections with the pub-
lished literature are pointed out as they arise.

CHAPTER 1 This is a survey chapter, which begins with some comments about
the effects of computer representation of phase space. The concept of
a stochastic discretisation is introduced, and it is argued that this pro-
vides a natural framework for both dynamical simulation, and measure
approximations. Several aspects of the relevant literature are surveyed,
and Ulam’s method is recalled. A method of proving contraction rates for
Markov operators (related to Doeblin’s condition) is introduced for later
use.

CHAPTER 2 The main result is Theorem 2.2, the Prototype Theorem for uni-
formly expanding circle maps. The key technique of proof is to “discre-
tise” a family of cones which are invariant under the Perron-Frobenius
operator, thus obtaining a sequence of cones acted on by the Ulam ap-
proximation. The argument is related to one developed in collaboration
with Mike Keane and Lai-Sang Young [39].

CHAPTER 3 The Prototype Theorem is proved for general expanding maps of
the interval (Theorem 3.2). One important innovation is the use of a new
family of BV norms. As a by—product of the proofs, good rates of decay
of correlations are obtained for the maps. The proofs can be adapted
to get rates of mixing for the Markov chains corresponding to Ulam’s
method, and a Central Limit Theorem based analysis of Monte—Carlo
type simulations is given.
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CHAPTER 4 A method of getting numerically assisted versions of the Prototype
Theorem is introduced. The argument is independent of the dimension
of the phase space, but one-dimensional examples are presented (for sim-
plicity). Buoyed by the success of this numerical approach, an adaptive
version of Ulam’s method is proposed; numerical results for the family of
logistic maps are presented as an illustration.

CHAPTER 5 The Prototype Theorem is proved for certain multi-dimensional
transformations (Theorem 5.5). Because the existence theory of invariant
measures for multi-dimensional transformations is still developing [30, 66,
1], some effort is devoted to “cleaning up” several results from the liter-
ature. In particular, some new lemmas about multi-dimensional bounded
variation are proved. The results are illustrated with the classical Jacobi—
Perron transformation [62, 3].

All the arguments in the thesis are constructive; this is necessitated by the desire
to obtain applicable results, but has the unfortunate affect of making some of
the proofs longer, and less elegant than they might otherwise be. Furthermore,
each of Chapters 2, 3 and 5 begins by reviewing the appropriate existence
theory for invariant densities. This expository structure has been employed to
highlight the fact that our analysis of discrete density approximations entails a
certain amount of “discretisation” of the underlying mathematical concepts!

Navigating the thesis

Each chapter is introduced with a summary of the main results and topics to be
covered. The major results in the thesis—the theorems and propositions—are
numbered by chapter. For ease of reference, the page numbers for these results
are listed in an index.

All other intermediate results (lemmas, corollaries and cross-referenced re-
marks) are numbered in a continuous sequence, by section. For example,
Lemma 3.2.7 is the 7th lemma, corollary or remark in Section 2 of Chapter 3.
Because most sections are rather short, such results are easy to locate.

Some non—-standard definitions and notations are compiled in the index, refer-
enced by the page on which the definition appears. More standard notational
conventions are summarised at the end of Chapter 1.

Finally, there are several appendices to the text. These contain either proofs
or supplementary discussions whose inclusion in the main body of the thesis
would be a distraction.

For the numerical results, all calculations were done using purpose written C
code, and the output was displayed using SPLUS.



Chapter 1

Invariant measures and
discretisation

In this chapter, the basic framework for the thesis is established. Because our in-
terest in computing invariant measures is motivated by general questions about
the “computability” of dynamical phenomena, we begin in Section 1.1 with a
discussion of the discretisation entailed in computer representations of phase—
space. Section 1.2 reviews those prerequisite facts about absolutely continuous
invariant measures that are needed for the thesis, and contains a brief discus-
sion of stochastic stability of dynamical systems. This is facilitated via general
Markov operators, and some of the obstacles to translating these structures into
a “discretised” framework are mentioned. Then, in Section 1.3, the problems of
discretised dynamics on the one hand, and discretised “statistics” on the other,
are linked together by stochastic discretisation, a natural framework for the
computation of invariant measures. Indeed, one of the most obvious choices of
stochastic discretisation is equivalent to a well known [64, 48, 32, 24] Markov ap-
prozimation scheme: Ulam’s method. The analysis of Ulam’s method occupies
most of the thesis.

Therefore, Sections 1.1—1.3 have several purposes: to motivate the problems
considered in the thesis, to introduce the notation and language that will be used
throughout, and to review relevant background from the literature. As such,
the style is rather informal. The final section of the chapter—Section 1.4—Ilists
other miscellaneous observations and notations, and establishes the method of
lower bounds for invariant cones, an elementary but powerful technique for
proving contraction rates for Markov operators. The method, a generalisation
of Doeblin’s condition, is stated as Theorem 1.1, and is used repeatedly in later
chapters.
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1.1 Discretisation of phase space

A key problem in computer simulations of dynamical systems is the extent to
which the results of finite precision numerical calculations present a reliable
picture of the “real” dynamics. Here, we are interested in the behaviour under
discretisation of invariant sets and the invariant measures they support. Many
of these problems reduce to the fact that a computer necessarily represents the
phase space of a dynamical system as a discrete and finite set.

Discretisation as a partition of phase space

Let (X, p) be a compact metric space, equipped with the Borel o-algebra B(X).
(In all cases considered in this thesis, X will be a Riemannian manifold, with
Riemannian metric p.) A computer representation of X will be a finite subset
of X, together with a “projection” of X onto that privileged finite set.

DEFINITION (Spatial discretisation) Let 1 be a finite partition of X into sets
from B(X), and for each B € 7 pick a distinguished point zp € B. Let

X, ={zp:B€en}
and define a projection m, : X — X, by
() =2zp <<= <z €B.

The finite set X,,, together with the partition 7 and projection ; is called a
spatial discretisation of X. Let

d(n) = max{diam(B) : B € n}

be the diameter of the partition n. O

There have been many attempts to account for the effects of spatial discretisa-
tion on dynamics. A few pre-eminently relevant papers are [7, 10, 29, 17] (this
list is very far from complete). Blank’s papers [7, 10] concern the robustness of
periodic orbits to spatial discretisation, while Diamond et. al. [17] show that
certain global attractors persist under discretisation. Géra and Boyarsky [29]
consider the effects of discretisation on approximations to invariant measures.
Each of these papers takes the finite set X, as the fundamental object, and
treats the partitioning of phase space as incidental. While some of these papers
are further mentioned below, we argue that it is more appropriate to make the
partition n the main focus of discretisation when discussing invariant measures.

REMARK. The partition n will always consist of finitely many sets B, each of
which is connected, and has m(0B) =0. O
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Invariant measures

Although we have not yet finished discussing the discretisation of dynamical
phenomena, we now recall some basic definitions in measure preserving dynam-
ics. Walters [65] is a good general reference.

Let M(X) denote the collection of Borel probability measures' on X. M(X)
is a convex set, compact in the topology of weak—* convergence.

DEFINITION (Invariant measure [65]) Let 7' : X — X be a transformation
(map). A measure y € M(X) is an invariant (probability) measure if

po T (A) £ u(T14) = ()
for every A € B(X), and is ergodic if
p((A\NTTTAUTTA\A) =0 = p(4)e{0,1}. O
In view of the Birkhoff Ergodic Theorem (e.g. [65]), there are many impor-

tant dynamical applications for ergodic invariant measures. We are therefore
concerned about how to calculate them.

REMARK 1.1.1. If p is an ergodic invariant probability measure for 7', then

1n—1 :Tk M
M(A) :/ XAd,U/: lim — E XAOTk(.T) — lim #{k<n T € }
X n—)oonk:()

(1.1)

n—00 n

for p—a.e. x € X. Consequently, a common strategy for approximating the
measure of A is to take an initial point X, “compute” a long segment of its
orbit under T and approximate u(A) as suggested by the rhs of (1.1). Even
ignoring the possibly slow convergence in (1.1) and the practical difficulties in
choosing an appropriate initial point z, the Birkhoff Ergodic Theorem requires
that the sequence {z, Tz, T?z,...} be computed ezactly. The truncation effects
of finite precision machine arithmetic mean that this will rarely be possible.
Therefore, (1.1) does not constitute a reliable method of invariant measure
approximation. [

Discretisation induced periodicity

For the remainder of the section, we discuss the effects of discretisation on
a dynamical system. This may be treated as something of an aside to the
main body of the thesis, but provides some dynamical motivation for employing
stochastic models in computer simulations.

Suppose that 7 is a partition of phase space, and that X, is the corresponding
collection of points from X. If T': X — X is a map, then let

T,:zp — mpoT(zp) Vzp € X,.

! A measure p on X is a probability measure if u(X) = 1.
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The pair (X,,T;) will be called an 7-discretisation of the dynamical sys-
tem (X,T)?. An orbit of the map T, will be called a discretised orbit, and
is automatically a d(n)-pseudo orbit of T, although we mention this only in
passing (shadowing will not even be discussed).

In computer models, X;, will normally consist of the set of representable num-
bers (dependent on the programming of the computer), and the pair (7, m,;) will
be implicitly determined by the configuration of the machine. One conclusion
of our arguments below is that (for invariant measure approximations) the set
X, should be more “coarse” than the maximum precision deliverable by the
machine.

REMARK 1.1.2. Any n-discretisation can also be viewed as a map between
elements of the partition n. In this light, it is clear that the dependence of
the map T;, on the collection {zp}pe, (chosen without regard for the affect
their privilege confers on the discretised dynamics) may be unreasonable. In
Section 1.3 below, we seek to redress this by making an arbitrary choice of the
point zp each time the set B € 7 is visited by 7;,. [

For n-discretisations, one fundamental observation is immediate: because X, is
finite, every discretised orbit is ultimately periodic. Indeed, there is very little
that can be said about discretised dynamics that is more general than this.

EXAMPLE: Many authors (e.g. [9]) mention the circle doubling map 7' : z —
2z (mod 1). Suppose that the computer represented phase space is the set
X, ={0,27N,...,ix 27N ... 1} for some N > 0, then? Ty (z) = 0 for every
initial z € X;, and n > N. Of course, the map 7' is chaotic, and leaves Lebesgue
measure invariant, so the “collapsing” of the dynamics under discretisation is
particularly extreme in this case. [

Now, once it is accepted that all discretised orbits are ultimately periodic, there
are essentially two questions to ask about the discretised dynamics:

1. Are the periodic orbits of T}, “close” to orbits of 177

2. How is the discretised orbit of a typical point distributed in phase space
before it becomes periodic?

The first question has been studied extensively by Blank [7, 10]. In these pa-
pers, the phenomenon of period multiplication (where an orbit of 7}, has period
a multiple of a nearby orbit of T) is found to be ubiquitous for certain trans-
formations. However, the earlier paper [7] points out that a coherent theory of
the persistence of other ergodic phenomena® is unlikely. For the second ques-
tion, Géra and Boyarsky [29] give conditions under which the transient part

2This should not be confused with an e-discretisation from [7, 9, 10], where e refers to a
quantity related to (n).

3With 7, being “round-down” to the nearest element of X,,, this is a realistic model for
finite precision machine arithmetic.

4A periodic orbit can be thought of as an ergodic phenomenon insofar as it supports an
invariant measure.
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of a discretised orbit might be expected to mimic the distribution of an abso-
lutely continuous invariant measure, but their hypotheses would be impossible
to verify in practice.

In view of all this, the outlook for a coherent and general theory of robust
dynamics under discretisation induced perturbations appears bleak. In Sec-
tion 1.2, some concepts about the robustness of ergodic properties to random
perturbations are recalled. Then, in Section 1.3, these concepts are “discre-
tised”, leading to Ulam’s method.

We conclude the discussion of discretisation induced periodicity with a further
example.

Example: smooth unimodal maps

Consider the two parameter family of smooth unimodal maps
zc(l—|2c—1]") Vze0,1] wherel>1,0<c<1.

The ergodic properties of these maps have been well studied (e.g. [57, 16]).
Many maps from the family are known to possess unique ergodic invariant
measures, yet the method discussed in Remark 1.1.1 is unlikely to exhibit them:

With ¢ = 1, Beck and Roepstorff [5] performed numerical experiments for a
variety of values of . If [0,1] is discretised onto a grid of N equally spaced
points, they found that the maximum period of a discretised orbit scaled as
O(N'"), and was therefore extremely un-typical (Lebesgue almost every orbit
of the undiscretised transformation is dense in [0, 1]).

Further anecdotal evidence is easily obtained. Fixing | = 4, and letting c vary
between 0.965 and 1 in increments of 10™%, I found periodic orbits of periods
between 3 and 93106. The low period orbits are close to attracting periodic
orbits of the unperturbed system, but the longer period orbits are almost cer-
tainly discretisation induced. The calculations were performed in double pre-
cision arithmetic (on an HP work-station), which in this case corresponds to
a partition of [0, 1] into subintervals of length approximately 10~!7. All these
“computer orbits” are therefore very sparse indeed.

FiNAL NOTE: “Discretised” definitions of “dense”, “ergodic”, and related con-
cepts have not been attempted. This is because every orbit of T;, is distributed
according to an invariant measure (concentrated uniformly on the ultimately
attained periodic orbit), and there appears to be no meaningful basis from
which to claim that any such invariant measure is more distinguished then any
other.

1.2 Invariant measures and Markov operators

Above, we discussed the behaviour of dynamics under discretisation. As a
precursor to the discussion of invariant measures under discretisation, we recall
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some standard machinery for analysing invariant measures and their robustness
to perturbations.

Again, X will be a Riemannian manifold. Corresponding to the Riemannian
metric is a Lebesgue measure m(-). Assume m(-) is a probability measure.
From a dynamical viewpoint, ergodic invariant measures which are absolutely
continuous with respect to Lebesgue measure are of particular importance. For
our purposes, it is sufficient to remark that a measure y € M(X) is absolutely
continuous with respect to Lebesgue if there exists an integrable function ¢
such that

u(4) = /A pdm

for every A € B(X). The function ¢ is the density of p with respect to m,
and if 4 is an invariant measure (for T'), then ¢ is an invariant density (for T').
Henceforth, all “absolutely continuous” measures will be absolutely continuous
with respect to m(-), and “absolutely continuous invariant (probability) mea-
sure” will be abbreviated to acim. The set of absolutely continuous measures
from M(X) is isomorphic to the non-negative elements of the unit ball in the
Banach space (L'(X),] - ||)-

A discussion of the physical importance of acims can be found in [12]. Roughly
speaking, absolutely continuous invariant measures are important because they
describe the asymptotic distribution in phase space of a large set of initial
conditions, and because they can be robust to random perturbations in the
dynamics; this is discussed more below.

REMARK. In this thesis, other physical measures are not mentioned. These
include natural (or SRB) measures for hyperbolic systems, measures which are
only continuous with respect to Lebesgue (such as are found on the Feigenbaum
attractor) and o-finite absolutely continuous invariant measures. [

Perron—Frobenius operator

Many classes of transformations are known to have absolutely continuous in-
variant measures. For expanding transformations of the interval, the papers of
Renyi [59] and Lasota and Yorke [47] are classical. Krzyzewski and Szlenk’s pa-
per [43] deals with C? expanding endomorphisms of a compact manifold. Many
more recent papers have dealt with increasingly complicated cases; results exist
for transformations which are not C2, not expanding, or act in more than one
dimension. Throughout the thesis, we consider the numerical approximation of
acims in many of these scenarios.

Much of the success in the programme of establishing existence for invariant
measures (and of our analysis of approximation schemes) rests on the fact that
invariant densities have a relatively tractable analytic characterisation: as fixed
points of a Perron—Frobenius operator. Rather than motivate the definition,
we proceed directly to the expression for the operator; many excellent accounts
are available, [65, 46] are particularly accessible.
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DEFINITION (Perron—Frobenius operator) Let 7 : X — X be a nonsingu-
lar, piecewise differentiable transformation, with tangent map DT. Suppose
also that there exists a partition £ = {B,} of X into countably many sets—the
monotonicity components of T—such that for each a, T|p, is a 1-1 trans-
formation, and det DT # 0 on the interior of B,. For each B, € £ let the
corresponding inverse branch of T be denoted by T, !. Then, if f € L'(X), put

foT,!
Lf = T XTB,-
{a:ges} ‘det(DT) o Ty, 1‘

The operator £ : L'(X) — L'(X) defined by this pointwise action is called the
Perron-Frobenius operator (for T ). The rhs of the above expression will often

be abbreviated as
£r=3 Sl (12)
|det(DT) o T '| '

By induction,

foT o
L" 1.3
U Z |det (DT™)oT (n)| (1.3)

where o™ indexes the monotonicity components of 7. [

If 4 € M(X) is absolutely continuous with density f, then the measure goT !
has density Lf. It follows immediately that ¢ > 0 is an invariant density for T’
if and only if

Lé=¢ and /qﬁdm:l.
X

One standard technique for proving the existence of a fixed point for £ rests on
showing that some cone in L'(X) is invariant under the action of £. In each
of the situations considered in the thesis, invariant densities arise in this way,
and in each case, our approximation arguments rely on the robustness of the
invariant cones to discretisation.

General Markov operators

In recent years, there has been much interest in the robustness of dynamics to
random perturbations. This has lead many authors [60, 44, 45, 68, 51, 46] to
define a new sort of structural stability for dynamical systems: statistical struc-
tural stability. The basic idea is that a system has statistically structurally
stability if it admits an invariant measure describing the asymptotic behaviour
of a large® set of orbits and which persists under the addition of a small amount
of random “noise”. A transformation 7" under i.i.d. noise would be replaced by
a Markov chain, described by a family of transition probabilities {Py(-)}zex-
Kifer’s books [41, 42] offer a thorough exposition, including the (weak—x) con-
vergence of the invariant measures for the Markov chains to invariant measures

SPositive Lebesgue measure.
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for T as P;(+) — r(y) (the point mass on T'(z)). Whether the limiting invari-
ant measures are of physical interest—in our case, acims—is an altogether more
difficult question.

If the transition probabilities are absolutely continuous, then each P, () has a
density ¢(z,-). Under the action of the Markov chain, f € L'(X) is acted on
according to

Fo£f where  £f(y) = / _ J@)da.) dm(a),

If the support of each ¢(z,-) is sufficiently localised, then the operator Lisa
small perturbation of the Perron—Frobenius operator £. Further explanation
of this can be found in any of the papers referred to above, most of which
give examples of classes of systems which have statistical structural stability.
Some particularly good results—about the persistence of acims and spectral
properties of £ under this type of perturbation—may be found in [4].

Therefore, the study of the robustness of acims to small random perturbations
has become fairly advanced. In fact, the operators L share a Markov type
structure with £ which facilitates much of the analysis. For our results about
invariant measure approximations, it is convenient to recall the class to which
these operators belong; c.f. [46].

DEFINITION (Markov operator) Let (X, |||/ x) be a partially ordered Banach
space, and let the partial order be denoted by 3. If 7 : X — X satisfies

[39=>TfZTg Vf,geX

and

ITlx <[lfllx VfeX

with equality if 0 X f, then 7 is a Markov operator. The composition of two
Markov operators is a Markov operator. [J

It is easy to check that the Perron—Frobenius operator £ is a Markov operator
on L'(X), as is the operator L corresponding to a Markov chain with absolutely
continuous transition probabilities {P;(-)}zex. Indeed, Markov operators are
the natural analogue of the transition matrix of a countable state space Markov
chain. Motivated by the possibility of applying the analytic tractability of
Markov operators to discrete invariant measure approximations, we show below
how to “discretise” a Markov operator to get a finite state space Markov chain.

1.3 Stochastic discretisation and Ulam’s method

We first consider how to discretise a probability measure. Let n be a partition
of phase space X. When discretising M(X), we prefer to assign mass to the
subsets of the partition 7, rather than to a somewhat arbitrary collection of
points X,,.
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Histogram measures

An absolutely continuous measure y on X will be called a histogram measure
over 7 if its density f is constant on each B € . Then, f has the form

F=> fsxs

Ben

where each fg € RY, and > pen fBm(B) = | f]| = p(X). All the measure
approximations discussed in the thesis will be approximations by histogram
measures. As such, it is useful to have a notation for the collection of histogram
measures over 7], and it is most convenient to describe histogram measures in
terms of their densities:

Dy(X)=qfe€L'X): f=)_ foxs, fs€R" VBeq
Ben

Histogram measures are in a one to one correspondence with elements of D, (X),
andifn = {By,...,By} for some N = N(n) then the vector (u(B1),...,u(Bn))
(the wector representation of u) is an element of RY . Therefore, the “discrete”
space of histogram measures over 7 is isomorphic to the positive cone of the
Euclidean space (RY, |- ;).

Throughout the thesis, the representations of a histogram measure as a measure,
a density in D, (X) or a vector in RY will be used interchangeably.

Finally, let i be an arbitrary absolutely continuous measure on X, and let the
measure /i, be defined by

n(4) = 30 " ZD ()
Ben

for every A € B(X). Then p, is a histogram measure over 7. We describe this
“discretisation” operation in terms of its action on densities:

DEFINITION (Projection onto D, (X)) For each f > 0 in L', let the operator
I1,, be defined pointwise by

=Y el (1.4)

Ben

Then II, is the projection onto D,(X), and if u is an absolutely continuous
measure with density f, then the histogram measure y, has density II, f. [

We have chosen this discretisation operation for measures partly because it
leaves the Banach space (L!(X), ||-||) invariant (allowing the possibility of anal-
ysis), but also because if f is sufficiently regular, then || f —II, f|| = O(6(n)|| f1])
(c.f. Lemmas 2.4.1 and 3.1.1 and Proposition 5.1 below). Therefore, the “dis-
cretisation error” can be made arbitrarily small by choosing a sufficiently fine
partition 7. Also important is the following easy lemma:
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Lemma 1.3.1 Embedding D,(X) in LY(X), IL, : (L}(X),]-1]) = (Z*(X),|-1))
18 a Markov operator.

Now, if 7 is any Markov operator on (L', | -||), then
IL,oT

is a Markov operator on D,(X). In particular, each operator I, o 7 can
be represented as a stochastic matriz, acting on vectors from RV by left-
multiplication. In this way, a “discretised Markov operator” is precisely a
Markov chain on the elements of the partition 1. This will be called the Markov
chain representation of I, oT. Consequently, II, offers a concrete translation of
the “statistical stability” formalism of general Markov operators into a discrete
computational setting.

Markov chain models

Now, having taken an analytical route to Markov chain models, we consider the
reasonableness of this strategy from a dynamical point of view.

In Remark 1.1.2, it was observed that once 7 is fixed, the essentially arbitrary
choice of the discrete set X, may unreasonably affect the discretised dynamics.
Our proposal is simple:

Suppose that z € B € 5. Rather than defining T;(z) in terms of a fixed
zp € X;, we propose to let T, (z) be the image under T' of any point from B
and only use X, as a collection of “representatives” of sets in 7. In practice, this
means making a random choice of a point ' € B, and applying T with sufficient
accuracy to determine which element of 7 contains T'(z). If the distribution of
z' € B depends only on B, then the sequence of sets in 7 which are “visited”
by a trajectory of this process is Markovian. When embedded in X, each such
sequence is a d(n)—-pseudo orbit of 7.

An n-stochastic discretisation of T is a Markov chain {Z;} on n such that for
all B, B! € 1,

P(Zyy1 = B'|Zy = B) > 0= m(BNT'B') > 0.

Therefore, there is a positive probability of a transition from the set B to B’
only if there is a positive measure subset of B which is mapped into B’ under
one application of T. From the point of view of capturing the “dynamics” of
T, the intuitive appeal of such a model is clear.

REMARK. Several authors have suggested similar Markov models for compu-
tation; e.g. [58, 9]. In [58], the addition of noise was suggested to overcome
the problem of discretisation induced periodicity. Blank [8, 9] has been more
concerned with finding effective models for invariant measure computation, al-
though his method and results are very different in character from ours. O
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Ulam’s method

We now recall Ulam’s method. In keeping with the “dual view” developed
above, it is described first as a stochastic discretisation (Markov Chain) model
for discrete dynamics, and then as a discretised Perron—Frobenius operator.
Both views are important for the thesis. The precise treatment given here is
not borrowed from any particular source, but is similar to many papers on the
subject. References to the literature are given at the end.

Given a partition 1 of X, let the elements be labelled {By,...,By} and let
the transition probabilities B; — Bj; be determined by the stochastic matrix
P = P, with entries
m(BZ N T_lBj)

m(B;)

Ulam [64] proposed this Markov chain as a model for the dynamics of T, and
suggested that the invariant probability vector for the matrix P could be em-
bedded in D,(X) (our notation) to obtain an approximation to an invariant
measure for T'. This procedure has become known as Ulam’s method.

P =

While the intuitive attraction of Ulam’s method is clear—the probability of
making a transition from the set B; to B, is precisely the (Lebesgue) proportion
of mass from B; which maps into B; under one application of T—there is also a
profound analytical attraction: the Markov chain arises as the discretisation of
the Perron—Frobenius operator for T'. In particular, if £ is the Perron—Frobenius
operator for T, let

P, =110 L.

Then Py, is a Ulam approzimation, and a normalised fixed point of P, is a Ulam
approzimate density. If

(B
f: ZfBiXBq;: Z]‘AB#_B(.))XB”
B;en B;en ’

a routine calculation combining the definitions of II, and £ (equations (1.4)
and (1.2)) yields:

P, f = Z ZBiefl (qu, m(B;)) P 'X34
£ m(B;) 7
€N
so that the Markov chain representation of 7P, has transition probabilities
(P;j) = P,. Throughout the thesis, Ulam’s method may be described either
in the context of the operator P, (when the outlook is analytical) or in terms of
the matrix P, (when the emphasis is more numerical); frequently, the notational
dependence on 7 will be suppressed, or denoted another way.

Some comments about the practicalities of implementing Ulam’s method are
made in subsection 1.4.1 below.

HisToricAL REMARKS: This scheme was originally proposed by Ulam in a
collection of mathematical conjectures [64]. The problem lay dormant for many
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years, and in 1976 Li [48] revived the method by proving that for Lasota—
Yorke type transformations of the interval [47], the Ulam approximate densities
converge strongly to an invariant density for 7' as the partition 7 is refined. In
Chapter 3, we discuss Li’s result, extending the class of transformations to
which it applies and analysing the approximation error. In Chapter 5, the
use of Ulam’s method for multi—-dimensional transformations is considered, and
further references to the literature are given there.

Finally, we note that there are many other studies of Ulam’s method, both
analytical and numerical. Although they are tangentially relevant, and many
have independent interest, they have not had substantial affect on the results
presented in the thesis. The interested reader may care to consult some (or all)
of [20, 15, 32, 23, 34].

1.4 Some preliminary facts and techniques

Before launching into the main body of the thesis, we collect some preliminary
facts for future use.

First of all, we make some observations about the matrices corresponding to
Ulam’s method that will be recalled during the discussions of numerical imple-
mentations. A second (and independent) subsection introduces the method of
lower bounds for invariant cones. This technique for proving rates of contrac-
tion for Markov operators is used in the major results of Chapters 2, 3 and 5.
To avoid repetition, it is fully explained here (introducing it this early also
helps motivate the construction in those chapters of lower bound functions for
iterates of Perron-Frobenius operators and their Ulam approximations). Some
notational conventions for the thesis are established in the last subsection.

1.4.1 Observations about Ulam’s method

Suppose that the partition n = {Bi}i]\;(f) has been fixed, and let P = (P;;) be
the matrix representation of the Ulam approximation over n for T'. Then
m(B; N TﬁlBj)

m(B;)

P =

Because m(-) is a probability measure and T~!7 is a partition of X, it is easy
to see that the matrix P is row stochastic, so possesses an invariant probability
vector. Moreover, because P;; > 0 only if a positive proportion of the mass in
B; is mapped into B; under one iteration of 7', the pattern of non-zero entries
of the matrix reflects the structure of the graph of 7" in X x X. In particular, if
X is one-dimensional, and the elements of 7 are arranged in the same order as
they lie in X, then a plot of the zero/non-zero pattern of the entries of P will
resemble the graph of T. Some examples are depicted in Figures 4.4 and 4.5.

The same is true of iterates of P: the entry (P");; is positive only if there is
a sequence 41,...,i, 1 such that each of P , P ;,,...,P;,_,; is non-zero. It
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follows that
m(Bz N T_nBj) >0 = (Pn)zj > 0. (15)

Unfortunately, the converse does not hold unless T" is a Markov map, and 7 a
Markov partition®. However, if the map 7T is expansive, (1.5) easily implies the
existence of an ng such that (P");; > 0 whenever n > ng. Therefore, such a P
has a unique invariant probability vector.

One of the main attractions of Ulam’s method is that it is relatively easy to
implement. No particular care is required in the choice of partition 7, and
the transition probabilities can be calculated as the Lebesgue measure of the
appropriate sets. This typically requires only one inverse iteration of 7', and
we assume that the entries of P can be computed to arbitrary accuracy’. Also,
if the rate of expansion of T is bounded above, and the elements of n are
of roughly equivalent size, then the number of non—zero entries of each row
of P is bounded, irrespective of the number of elements in 7. This sparse
structure can be exploited to minimise memory usage. Moreover, because P
generally has a unique invariant probability vector (c.f. above), it can quickly
be approximated by iterated multiplication of some initial vector by P. The
computational requirements of Ulam’s method are therefore rather modest.

Finally, if the transformation 7' and partition 7 have a sufficiently complicated
structure that the above remarks do not apply, then one can resort to Monte—
Carlo type simulations of the Markov Chain governed by P. Assuming that it
is possible to generate a uniform (i.e. Lebesgue) distribution on each B € 7,
sample paths of the Markov chain can easily be simulated; this approach is
discussed in Chapter 3.

We therefore see Ulam’s method as a good candidate for realistic approximation
of invariant densities, and dedicate the thesis to controlling the approximation
error.

1.4.2 Cones of functions and rates of mixing

Many of the arguments in subsequent chapters rely on estimating contraction
rates for certain Markov operators. There is one method that will be used
repeatedly, we call it the method of lower bounds for invariant cones. The
technique can be described fairly generally, and (to avoid repetition later on)
we present it below as Theorem 1.1. First of all:

5This is one of the principal difficulties in analysing Ulam’s method, and is the main reason
why so much effort in Chapter 2 is devoted to the construction of the central component of
iterates of initial densities under P.

"The error analyses in later chapters can be adapted to account for possible errors in this
part of the calculation.
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DEFINITION (Cone) An additive cone (cone) isa closedsetC C {f € X : 0 3 f}
such that
feC =ufelC vVu>0

and
f+g€C whenever f,geC.

Every additive cone is convex. [

Schmitt [22] introduced cone based methods for proving exponential decay of
correlations. Liverani [49] recently popularised the technique by proving ex-
ponential decay of correlations for several classes of dynamical systems. His
methods involve estimating rates of contraction in a projective Hilbert metric.
The relationship between Liverani’s techniques and the method of lower bounds
for invariant cones is described in Remark 1.4.2 below. For the moment, it suf-
fices to point out that the cones considered in this thesis always lie in a Banach
space (X,|| - |lx), and we will require contraction rates in a norm related to
| - |lx, rather than the projective Hilbert metric in [49].

Now, suppose we are given a partially ordered Banach space (X, || - ||x) and a
Markov operator 7 : X — X (usually a Perron-Frobenius operator).

DEFINITION: Let the partial order on (X, ||-||x) be denoted by <. We say that
| - [|x respects the order if

03f39=llgllx =llg—fllx +[fllx. O

Let C C X be a cone. Before defining the norm for which the method of lower
bounds implies contraction for 7, we give couple of examples of cones in Banach
spaces with order respecting norms.

ExaMPLE 1: Let X = L([0,1]) (the space of integrable functions on the
interval [0, 1]) and let || - ||x be the usual norm

1llx = [I£] =/ iridm

)

With the partial order <, || - || respects the order. Let
C={feX:f>0}
Then C C X is a cone. O

EXAMPLE 2: The set Dy([0, 1]) of positive functions which are constant on each
subinterval [i/n, (i +1)/n) is a cone. The set of positive vectors in R" with the
usual vector 1-norm is a cone. Equipped with the partial order (z1,...,2,) 3

(y1,---,Yn) if and only if z; < y; for each 4, the norm respects the order. (Of
course, these cones are isomorphic.) O

We now define the norms in which the method of lower bounds gives contraction.
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DEFINITION (Difference cone) Suppose that (X, || - ||x) is a partially ordered
Banach Space, and that || - || x respects the order. Let C C X be a cone and let

I={f-g:f,geCand|flx = llglx}-

The space I is called a difference cone. O

DEFINITION (Difference norm) For f € I define

£l = inf{|[fP)x = 1fP|x: f=fO - O W ec, @ ecy.

In view of Lemma 1.4.1 below, || - || will be called the difference norm for the
(difference) cone I'. O

Lemma 1.4.1 (T,| - ||r) is a normed linear space over R.

Proof: Because C is an additive cone, I' is invariant under addition and scalar
multiplication. We verify the triangle inequality: Let f,g € " and let € > 0 be
given. Let (1, @ ¢ ¢ € C be such that

F=F0 = 1Ol = 152x < Ifllr +e

and
g=9" —g®, llg®Mllx = 9@ x < llgllr + .
Then
fHg=0"+gD) = (7P +¢?)
and because || - ||x respects order,

17+ gDl = 172 + g x = 17Dl + gD lx < 17 + gl +2e.

The triangle inequality follows from the definition of ||-||r. The other properties
are obvious. O

REMARK. If the unit ball in (C, || - || x) is compact, then the infimum in the
definition of the difference norm on I'¢ is attained. O

ExXAMPLE: Let C be the cone of integrable positive functions on [0,1]. Then
F:{fele/ fdm =0}
[0,1]

and by putting f(V) = f+ = max{f,0} and f® = f~ = max{—f,0} it follows
that

£ e = [IF =171 =1f1/2. O

We can now state the theorem on which the method of lower bounds is based.
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Theorem 1.1 (Strict contraction for 7|r) Let C C X be a cone, and let T
be a Markov operator such that T(C) C C. Suppose that 0 < a < 1 and that for
every f,g € C with ||f||x = ||gllx there exists a lower bound function 9, € X
such that

0 j "pf,ga "pf,g i Tfa "pf,g i Tga H"pf,g”X > Ol“f“X

and both
(Tf - ¢f,g) ) (Tg - 1/)f,g) €C.

Then for every ¢ € T' such that ||¢||r < oo,

Toel and 1T dllr < (1—a)lélr-

Proof: We show that for every e > 0 there exist d)El), ¢£2) € C such that

To =6 — ¢, (oM ]x = 62 x < (1 —a)||¢lr + e (1.6)

Let f€(1)7f6(2) € C be such that
¢ =10 =12, 1fOlx = 1f&1x <4l + e

Let ¥ = '(pfs(l),fE(Q) be a lower bound function corresponding to fe(l), 5(2) and
" o0 =TI — e, o =TI — .
By construction, both ¢£1),¢£2) €Cand To = ¢£1) — <,25£2). Since 0 3 ¢§1) =3
T,

£ N = 1T £ P1x = 16D 1x + llabellx

because 7 is Markov and || - || x respects 3. Since the same equality holds with
5(2),059) replacing f§1),¢£1) we have

16&1x = 16P1x = WD x = el
< 1FVNx — el f91x
< (I-a)lglr +e
This establishes (1.6) and the theorem follows. O

ExAMPLE (Doeblin’s condition) Let C be the cone of positive integrable
functions on the interval [0,1] and let 7 be a Markov operator. Suppose that
there exists a function ¢ € C such that 0 < ||| = a < 1 and

Tf>1 whenever feCnN{|g| =1}
Then for every ¢ € L'([0,1]) for which f[o 1 pdm =0,

17l = 2[T¢lr <201 - a)llglir = (1 = a)ll¢]-

This contraction result is equivalent to Doeblin’s condition; e.g. see [52]. O
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REMARK 1.4.2. In [49], Liverani uses a projective Hilbert metric on a cone
C to prove strict contraction for iterates of certain Markov operators. With-
out going into details, if © denotes the projective Hilbert metric [49], and
sup, yec ©(Tx,Ty) < oo, then a classical argument (due to Birkhoff) im-
plies that 7 is a strict contraction. Liverani’s method is therefore to estimate
O(T z,Ty) for arbitrary z,y € C. The definition of the projective metric means
that suitable estimates of lower (and upper) bounds for 72 € 7C must be
obtained. It is in this respect that the method of lower bounds is related to
Liverani’s work. [

REMARK. The “lower bound” condition in the statement of Theorem 1.1 is
similar to Lasota and Mackey’s lower functions [44],[46]. There, a lower function
is a non—negative function Ay such that

lim inf || (77 f — h7) || =0

for every positive (normalised) f € L!. Markov operators for which a lower
function exists are asymptotically stable and every initial density converges to
a unique periodic orbit under iterated application of 7. O

Throughout the thesis, Theorem 1.1 will be applied to prove strict contraction
on certain cones for appropriate Markov operators. The operator will usually
be either a power of the Perron—Frobenius operator for a prescribed transfor-
mation, or a discrete approximation to such a Perron—Frobenius operator. In
any case, most of the work will be in choosing a suitable collection of cones,
and proving the existence of the lower bounds required in the theorem.

FINAL NOTE: If the usefulness of Theorem 1.1 seems doubtful at a first reading,
it may be helpful to look back at this section when it is applied later on. Once
the specific cones and lower bounds have been constructed for each class of
transformations, the argument will seem more natural.

1.4.3 Some basic notation
For the sake of completeness, we now list some standard notations which are
used throughout the thesis (some of them have already been used):
If f: X — R, then the positive and negative parts of f are (respectively)
ft = max{f,0} and f~ = max{—f,0}.
The usual norm on L'(X) will be denoted by || - || (unless otherwise stated),

and
11 = /X \fldm,

where m(-) denotes the Lebesgue measure on X.

The support of a function f is the smallest closed set containing all points at
which f # 0, and is denoted by

supp(f).
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The characteristic or indicator function of a measurable set A is

(z) = 1 ifrzeA,
XA =0 ifze X\ A

The restriction of a function f to a measurable set A is
fla=fxa-

The essential infimum of a function f over a set A is
ess inf(f) = sup {inff: f=f a.e.},
A A
and the essential supremum ess sup f is defined similarly.
A

The diameter of a subset A in the metric space (X, p) is defined (as usual) by

diam(A) = sup{p(z,y) : 7,y € A}.

Finally, if z € R then the integer part or floor of z is denoted by |z |, and
lz] =sup{n € Z:n < z}.
For the sake of consistency, we adopt the convention

[z] = 2] + 1.
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Part 11

Invariant measures for
one—dimensional maps

25






Chapter 2

Invariant measures for
expanding circle maps

In this chapter, a method for constructing error bounds for invariant measure
approximations is presented. By taking continuous structures (cones) related
to the existence theory for invariant densities and “discretising” them, the ar-
gument may be regarded as a prototype for the rest of the thesis.

The class of transformations considered are expanding circle maps. The exis-
tence of a unique absolutely continuous invariant measure for such maps is the
simplest case in the classical paper of Krzyzewski—Szlenk [43]. After reviewing
their argument in the framework of uniformly Lipschitz cones, we proceed to
show how these continuous structures can be discretised. This permits a quan-
titative analysis of Ulam’s Markov approximation scheme, culminating in the
proof of the following:

Theorem (Approximation error for expanding circle maps) Let T be a
sufficiently expanding circle map, and let h be the unique invariant den-
sity for T. There exists a constant C (constructively defined) such that
whenever n s sufficiently large and h,, is the nth Ulam approzimation

1
1l — bl < 0222

n

The precise statement of the Theorem allows the specification of explicit quanti-
tative error bounds for Ulam’s Markov approximation scheme, and is therefore
of substantial computational relevance; this is illustrated with numerical exam-
ples.

Let P,, be the nth Ulam approximate operator (defined below) and let ¢ be an
“initial density”. Sections 2.1-2.3 are devoted to constructing a constant § > 0
such that for every sufficiently large n there exists an ny = O(logn) for which

27
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P."¢ > 6. In Section 2.4, we use the method of lower bounds for invariant
cones to get a rate of mixing for P,; this leads to the Theorem above.

Material related to this chapter was developed in collaboration with Mike Keane
and Lai-Sang Young [39].

2.1 Lipschitz cones and classical existence theory

We begin with a precise definition of an expanding circle map 7', and then
briefly describe the proof of the existence of an absolutely continuous invariant
measure (acim). The description of this classical [43] argument in terms of
uniformly Lipschitz cones is reminiscent of Liverani [49], and provides a good
basis for understanding the extension of cone based methods to the analysis of
Ulam’s Markov method.

2.1.1 Cones for uniformly expanding circle maps

DEFINITION: Let T': S — S! be a C? circle map and let DT be its tangent
map (derivative). The map T will be called uniformly ezpanding if there exist
constants A > 1 and K < oo such that for every inverse branch T;! of T

p(Ty (2), Ty () < X' p(z,y) (2.1)

and
log |DT (z)| — log [DT (y)|| < Kp(z,y) (2.2)

for every z,y € S' where p is the usual metric! on S'. 0O
Throughout this chapter, T" will always be a uniformly expanding circle map,
and A and K will be the corresponding constants.

Let £ be the Perron-Frobenius operator for 7'. In this simple setting, the main
idea behind the existence of a fixed point for £ (invariant density) is that £
preserves a certain cone of functions.

DEFINITION (Cone C,) For each a > 0 put

Co = {4) S S R ¢(z) < e®@Y) Vg oy e Sl}. O
B(y)

'1f §' = R/Z is identified with the interval [0, 1), then p(z,y) = min{|z — y|,1 — |z — y|}.
For the lift to R, it will be more convenient to work with |z — y|.
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Lemma 2.1.1 Fora >0

1. if ¢ € C, then ¢ is uniformly continuous;

2. Cq is a cone, and for each ¢ € RT the set Co N{¢ : ||¢|| = ¢} is compact
in the topology of uniform convergence;

3. If p € Cg, then
e ¢l < p(z) <e?¢ll Vze S

4. LCy C Cx-1(ayk) where L is the Perron—Frobenius operator for T'. In
particular,
LC k CCk .
A—1 A—1

Proof: Let ¢ € C, and let 2o € S' be such that ¢(zg) < ||¢|l. Then ¢(z) <
B(z0) e @) < ||¢|le® because p(z,y) < 1 for every z,y € S*. The lower bound
is similar, and uniform continuity follows because

[9(@) — ¢(w)| < 9v) (709 1) < gl (e —1).

It is easy to check that C, is closed, and invariant under addition and scalar
multiplication. Moreover, the above inequality implies that each C, N {¢ :
ll¢ll = ¢} is equicontinuous, so that compactness follows from the Arzela—Ascoli
theorem.

The proof of the last part is deferred until after Lemma, 2.1.4 below. O

Each C,, is called a uniformly Lipschitz cone on S'. In view of Lemma 2.1.1 (4),
uniformly Lipschitz cones are ideally suited to Perron-Frobenius operators for
uniformly expanding circle maps. In particular, notice how elements of C, are
uniformly bounded below. This property of Lipschitz cones turns out to be vital
to the method of “lower bounding” that is described in Section 2.4. Finally, for
the sake of completeness, it is important to know that £ has a fixed point.

Corollary 2.1.2 ([43]) Let T be a uniformly expanding circle map, and let
L be its Perron—Frobenius operator. There exists an invariant density h €

Cr/(r-1)-

Proof: By the lemma,

L (Crip—1yN{¢: ¢l =1}) C Cxyn—1yN{¢: llpll = 1}
and Cg/(n—1) N {¢: [|¢|| = 1} is convex and compact. O

REMARK. Liverani [49] uses uniformly Lipschitz cones to prove good bounds on
the rate of decay of correlations for certain circle maps. Unfortunately, the loss
of continuous structure involved in discrete invariant measure approximations
means that his arguments are not applicable to the situation here. However,
we also prove a rate of exponential mixing (for the discrete approximation to
L) but in a much more “bare-hands” way. O
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2.1.2 Lifted cones for lifted circle maps

Because the inverse of the map 7" has more than one branch, it can be difficult
to keep track of all contributions to the Perron-Frobenius operator £. This
is especially true of discrete approximations to £, and the complications may
be dealt with by working entirely with a /ift of the map T to R (the universal

cover of S1). Therefore, the majority of the following analysis is done for the
lift, and the results are projected back to the circle at the end.

Identify S with the interval [0,1), and define 7 : R — S! by
m(z) =z — |z].
The inverse maps to 7 are indexed by [ € Z, and we write

7rl_1(w) =z+I.

DEFINITION: A (2 diffeomorphism 7' : R — R satisfying
ol =Ton

is called a lift of T. O

REMARK. Because T is a uniformly expanding circle map, it follows immedi-
ately from (2.1) and (2.2) that

7’| > A and ‘T/T

<K

for any lift TofT. O

Henceforth, we fix a lift 7' of T such that T'(0) € [0,1), and establish some
elementary properties necessary for the correspondence between the Perron—
Frobenius operators for 7" and T'.

The definition of the lift implies that there exists a unique integer M such that
T(x+1)=T(z) + M

for every z € R. It is easy to see that |M| is the number of inverse branches
of T. Let the inverse branches T, ! be indexed by the integers 0, ..., |M| — 1.
Then
—1 =1 _ -1 1
ool =T oM ia
for each [ € Z and inverse branch T, '

Now, we need the Perron-Frobenius operator for T. This will be denoted by
L, and is defined in precisely the same way as the Perron—Frobenius operator
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for T. Because T is a diffcomorphism, 7! has a unique branch, and for every
positive function ¢ on R

s« oT Yz)
E) = o)

DEFINITION: Let ¢ : R — Rt and let ¢ : S' — RT be defined according to the
formula
= Z ¢o 7rl_1(:v).
IEZ

Then (,{S is called the projection of ¢ to S'. In general, this projection operation
will be denoted by a *. [

Lemma 2.1.3 (Correspondence between £ and L) Let ¢ : R — Rt and
let ¢ be its projection to S*. Then [ ¢ = [o1 ¢ and

ﬁéZZ(ﬁqz)oﬂfl

IEZ

Proof: The equality of integrals is obvious from the definition. The other part
is almost as easy:

M Gortos

7 _ 7 -1 _ R A

G=c(Thont) = Lyl
leZ a=0 [eZ

|M|—-1 ¢OT—1

-y 3 ° i
- i 1
|T oT— 07rl|M|+ |

a=0 [€Z
[M|-1
S ID I (=) B
1 +a
a0 ez \[T" e T
as required. O

By Lemma 2.1.3, all important properties of £ can be deduced by working with
the lift, and projecting. In particular, uniformly Lipschitz cones may be lifted.

DEFINITION (Cone C, 4) Let a > 0 and let A C R be an interval. Put

-

(z)
(y)

Each C, 4 is a uniformly Lipschitz cone on R. [

-

Ca,A:{JS:R—)RJF:ﬂR\A:O < etlz=yl V:v,yEA}.
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Lemma 2.1.4 (Basic properties of C, 4) Let a > 0. Then

1. if m(A) < oo then elements of Cq, 4 are uniformly continuous, and Cq 4 is
compact;

2. if AN € Z such that A = [z,2+ N) and ¢ € Cq 4 satisfies d(z) = ¢p(z+N)
then (Z) € C,, where </; is the projection of ¢ to S';

3. for every interval A,

Z(Ca,A) CCy (a+K),TA

Proof: The first part follows by the same proof as in Lemma 2.1.

For the second part, suppose that <y € S' =[0,1) and put Iy = inf{l € Z :
z <z +1}. Then

and either lp =inf{l € Z: z <y+l}orly—1=inf{l € Z: z < y+1}. Since the
first case is easier, we prove this part of the lemma for the second case. Then:

() Y e+ 1)
(v) o By + 1)
max{ - Pz +1) gE(x+lo+N—1)}
b<i<lotN-2 gy +1)"  dly+lo—1)
- { ) Ha b+ N=1)d+N)  §(2) }
$(z+ N) $(z) By +io—1)

< max {€a|w—y| ’ ea(z+N—(z+lo+N—1))ea(y—l—lo—l—z)}

hSSY

RSy

IN

IA

—  eale—yl

because ¢ € Ca,a- A similar argument shows that ¢Ey; < eall=le=yl),

The final part of the lemma follows immediately from the definitions of £~, Ca,a,
K and . [l

Proof of Lemma 2.1.1 (4): If ¢ € C,, then b L ¢o 7T0_1 € Cq0,1)- By
Lemma 2.1.4 (3), L¢ € Cx-1(a+k),4 Where A = T[0,1) is an interval of length
|M|. By Lemma, 2.1.3, the projection of £ onto S' is exactly L¢, and part (2)
of Lemma, 2.1.4 proves the inclusion in Lemma 2.1.1. O

Henceforth, the * on functions in the lift will be omitted for notational conve-
nience.
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2.2 Discrete Lipschitz cones

The nth Ulam Markov approximate operator for T' arises as the composition of
the Perron—Frobenius operator for 1" with a projection onto the space of func-
tions which are piecewise constant on intervals of length % For the remainder
of the chapter, we suppose that n is fixed.

This projection onto piecewise constant functions is easily extendable from [0, 1)
to R. The extension to R will be denoted by II,:

DEFINITION (Ulam’s method) Let ¢ : R — RT be integrable, and let n be a
fixed natural number. Define a projection II,, by

[nz] )

Lpla) = [ dn'y) dmly)
|nz)

It is obvious that II,¢ is constant on each interval [i/n, (i +1)/n) and the nth

Ulam Markov approzimation corresponding to T is defined as

P,=M,0L. O

By Lemma 2.1.3, II, commutes with projection onto S, so it is entirely rea-
sonable to regard P, as the lift of P, (the nth Ulam approximate operator on
S1). Indeed, if ¢ : R — R and ¢ is its projection to S?,

Pab=Y (75n¢) om L. (2.3)

leZ

The analysis of the mixing properties of P,, is therefore carried out via P
Hence, we next define cones for P, to act on.

While the Perron-Frobenius operators for 7' and T preserve certain uniformly
Lipschitz cones, the operator II,, introduces discontinuities which the uniformly
Lipschitz cones are not robust enough to absorb. This is elaborated by the
following definition, and subsequent lemma.

DEFINITION (Cone C, , x) Let @ >0, A C R an interval and k > 0. Put
¢(z)

¢ o=4b:84>0 28 < allo—yii/m) vy ER}.
e {"5 Pl >0 g0 = Y

Each C, , & is called a discrete Lipschitz cone. [

It is obvious that any element of a discrete Lipschitz cone is allowed to have
small discontinuities, and the following lemma shows that the projection II,
allows only a small increase in these discontinuities.
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Lemma 2.2.1 Fiz a = K/(A—1). Then

1. for each k>0 and A C R,

LCoak CCotaks
n n

I

2. if A= [l l) for some i,j € Z then

ana,A,% C CG,A,% .

Proof: The first part follows from the definitions of £ and discrete Lipschitz
cones. To prove the other part, let ¢ € C, , » and let z,y € A. Let 71,12 €

{i,...,j} be the unique integers such that z € [%, %) and y € [Z2 12+1).
Then

|z1—;2|— <z y|<| :Lz\—{—l
But
i1+1
I, ¢(z) _ f;lH_ d(n~lz") dm(x')
I,¢(y) [ p(nty) dm(y')
T ey — (0 — i) dm(y)
JE p(n1y) dm(y')
1 (i1—12)
< max Py 5 )
ye2,i2ty  Py)
- o(lazil i) < allo-yl+i+)
so the proof is complete. O

REMARK. Just as uniformly Lipschitz cones on R can be projected to uniformly
Lipschitz cones on S! as specified in Lemma, 2.1.4, discrete Lipschitz cones can
be projected onto S'. In Proposition 2.2 below, we will do this. O

In the next section, the two parts of Lemma 2.2.1 are combined to examine how
quickly initial densities are spread out under iterative application of P,,.

2.3 Iteration of discrete initial densities

The aim of this section is to lay the ground—work for proving an exponential
rate of mixing for the operator P,. To simplify things later on, assume that
the expansivity constant A > 2. This restriction is not problematic, because
any uniformly expanding circle map remains a uniformly expanding circle map
under iteration, while the expansivity constant grows exponentially. Conse-
quently, there is no loss of generality in replacing T' by a power of T' with
A>2
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The Ulam Markov approximate operator P, acts on density functions which
are piecewise constant on subintervals of length % of the unit circle. Each such
density may be written as a convex combination of the basis functions

Yi = NXfi/n,(i+1)/m) ¢ =0,...,n -1

Therefore, to estimate how quickly an arbitrary initial density mixes to equi-
librium under the action of P,, it suffices to estimate how long it takes for each
1; to mix to equilibrium. This is accomplished via the lift.

REMARK. This is equivalent to analysing the speed at which each row of the
stochastic matrix representation of P, converges to the invariant probability
vector under iterative multiplication. O

2.3.1 Control of central component

Fix an integer i9 € {0,...,n — 1} and let ¢g = 9;, o 7T61 (so ¢y is a function on
R). Let Aq = [, %) be the support of ¢y, so that

By Lemma 2.2.1 (1), .
£¢0 € C%jﬂAo,%.

The next step we would like to take is to apply Lemma 2.2.1 (2) to find a
cone containing 75n¢0 =11, o quﬁo. Because T4y will not usually cover the
%fsubinterva,ls containing its endpoints, Lemma 2.2.1 (1) may not be directly
applicable. This difficulty can be avoided by restricting to a subset:

DEFINITION: Let A C R be a finite interval with m(A) > 2. The central
component of A is defined as

Ace":U{[i,i;1> :ieZ,[z’/n,(i—I—l)/n)CA},

n

and the covering component for A by

ACO“:U{[i,i;1> :ieZ,[z'/n,(i—lrl)/n)ﬂA;é(Z)}.

n

Obviously, A*™ Cc A C A®°Y. O

For a function ¢, if supp(¢p) = A, then supp(Il,¢) = A’ and

Iy (¢l acen) = (I ¢p)

ACE”

s . . =k
We are now ready to deal with iterates of ¢y. The key idea is that P, ¢g
has a central component which is contained in a discrete Lipschitz cone. The
remainder of this subsection is dedicated to the construction.
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DEFINITION (Cone C;(ig)) Let ig € Z, let Ay = [ig/n, (ip+1)/n) C R, and put
Rolio) = AS” = Ay and R (ig) = AL™ = A,.

For each k£ > 0, put

cen

~ cov ~
Rilio) = (TRy-1(i0))  and Ri(io) = (TRj_(io) )
Finally, define a sequence of discrete Lipschitz cones:

A—-1?

DEFINITION: For each k > 0, let

¢k = (75nk¢0)

Rj(io)’
Each ¢y, is the central component of 75nk<]50. O

Proposition 2.1 (Control of ¢;) For n,ip,{¢r} as above,
g k) . X [ -
supp (P #0) = Rilio) and ¢y € Cilio).

Proof: The proof is by induction. For k£ = 0, the statement is true by definition.
Suppose now that

~ 1 . X (.
supp (Pn </’>0> =Rulio) and ¢ €C(io) = C x zegiy)

1.
n

Obviously, supp(£~075nl<,z50) = TR,(4), and the remarks following the definition
of the covering component imply that

supp (75nl+1q§0> = supp (Hn oLo 75nl¢0> = (T’R,l(z'o)>mv = Ri41(%0)-

Similarly
Rilio) = (TRi(i0) " € (TRi(0))" = supp (Putt) .
so that
P11 = (75nl+1<150> ‘R7+1(i0) = (75n¢l) ‘Rzﬁrl(io) =1I, ((5@) R7+1(i0)) .

Now, because ¢; € C%,R,*(io),%’ Lemma 2.2.1 (1) implies that

1
n

so that

€C k SN L.
Riyilio)  A-1oRia (o)

(c4)
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Because R}, (i) is an interval of the form [i/n,j/n), Lemma 2.2.1 (2) implies
that

b =1 (28)] ) €€k s ot

*
Rl+1

The proposition follows by induction. O

Corollary 2.3.1 If z,y € R} (io) then

2.3.2 Control of non—central components

. s k
By Proposition 2.1, the central component of P, ¢y has a regular structure. In
the next section, it is shown how the regularity guaranteed by the discrete cone
condition can be used to estimate a lower bound for the density P,*¢¢ o 7 on

. . . <k . .
the circle. First, we obtain control of P, ¢¢ on all of Ry (ip), rather than just
that part which is supported on R} (ip). This is done by decomposing Ry (%o)
into sets like Rj (io).

Lemma 2.3.2 (Decomposition of Ry(ig)) Fix k. For each j = 0,...,k,
there exists a finite collection of intervals in R, indexed by {z‘&”}:le C Z such
that

1. 7; <20;

2. each [is«j)/n, (Z}(«j) +1)/n) C R;j(i0) (we make the obvious labelling i = 19
forr=rg=1);

3. and
k2 .
Re(io) = J | Ri_,; (i9)).

j=0r=1
We call each Rj;_ j(i,(aj )) a component of the decomposition.

Proof: The lemma is true more or less by definition. To help understand the
decomposition, we elaborate the construction.

First of all, if A; and A, are two adjacent intervals in R, then either Ip € Z

such that
ASV M ASY = |:£’ p+ 1)
n n
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or the intersection is empty. Hence, if A1,... A; is a family of adjacent intervals,
then

1 1
(ruvape = |2 BEL) gy (B PEL) g
n n n n
U A bi—1 pl—1+1 U A" U Iﬂ pl‘l'l
s -1 n ) n l na n

where each [p,/n,(p, +1)/n) = A7’ N ALY, (with the obvious interpretation
where the intersection is empty).

(0)

The decomposition can now be constructed inductively. Set i}’ = ip and let
Ri(io) \ Ri(io) = [it" /m, (i{") +1)/m) UES" /n, (65 + 1) /m),
so that
Rulio) = Ri(if”) URT (") URG (i5").
This provides a basis for the induction.

Suppose the conclusion of the lemma is satisfied for j =[. Then the decompo-
sition contains at most 211 — 1 intervals:

T Y]
Ru(io) = J | Ri;(69).

j=0r=1

By the remarks at the beginning of the proof, there exists a finite sequence

{igﬂ)} C 7Z containing at most 2!*! elements such that

21+1

(TRu(i)) ™" = LIJLQ](TRI_JW))“" U< U R
r=1

j=0r=1

This equation can be rewritten to be exactly the conclusion of the lemma for
7 =141, so the result follows by induction. O

Having decomposed Ry (ig) into components on which Proposition 2.1 holds,
the final step before projecting back to S' is to identify those components
containing “complete copies” of the circle S*.
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Lemma 2.3.3 Fiz k. There exist disjoint subsets L1, Lo C Z (depending on ig
and k) with the following properties:

1. if x € Ry(ig), then 3l € Ly U Ly such that x € [I,1 + 1);

2. if | € Ly then there exists a unique i = i(l) such that

k27
i) e |J UGDY and [1,1+1) € Ry, (i(1));
j=07r=0

3. card{Lp} < 2kt+1;

4. H (75nk¢0)

> (1 —n2FHIA=F) | where Ay = Uier, [, +1).

Ag

Proof: Put

I - leZ: 3j<k,i(l) € Zsuch that [i(l)/n, (i(l) +1)/n) C R;(io)
! and m; 'S* C Ry_;(i(1))

and
Ly ={l € Z: Ry(io) N, 'S* # 0} \ L.

The set L; indexes those lifted copies of S I which are wholly contained in one
of the components R _ j(is«] )) of the decomposition in Lemma 2.3.2, while Lo
indexes those copies which intersect more than one component. Properties (1)

and (2) are obvious from the definition.

To see why (3) is true, notice that Ly consists of those [ such that the “copy”
Ul 151 of ST overlaps more than one interval in the decomposition in Lemma 2.3.2.
Because R (ip) can be written both as a sequence of adjacent intervals from the
above decomposition, and as a sequence of adjacent copies of S', the number
of copies of S' which overlap more than one interval must be bounded by the
number of boundary points of intervals from the decomposition. Because there
are no more than 25+ — 1 subintervals in the decomposition, (3) follows.

H (P a0)

Because ¢o < n and |[T'| > ), it follows that

Finally,

:1_2

leLs

Ag

’P~nkq5(:v) <nA* VreR
By Part (3) of the lemma, the sum is bounded above by 251 x n x A=%. O

DEFINITION: Put

Gioke = (ﬁnk%)

and let 1);, ; be the projection of ¢;, ; onto sl O

Ag
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Proposition 2.2 (Properties of v, ;) For every k, the function 1, has
the following properties:

L lhig ell = (1 = n28HIXTE);

2. ’lpio,k S Pnk¢io-
If k > log(2n)/ log(\/2), then also:
3. for every x,y € S,

Vioh(2) 325 (148).

"pio,k (y)

Proof: The norm estimate follows directly from Lemma 2.3.3 (4) because v;,
is the projection of ¢;,  onto St

For the second part, note that by Lemma, 2.3.3,

supp (o) = § | [L1+1) § € Riio) = supp (P o) -
lely

Consequently, by equation (2.3),

wio,k = Z ¢i0,k o 7rl_1 = Z (ﬁnk¢0) o 7rl_1
leL

lely €l

< > (Pw)om
= 7:’nk (Z ¢0 o 7rl_1> = Pnk¢i0-

lEZ

Next, if k is sufficiently large (as specified) then it follows from Part (1) of the
proposition that 1);, r > 0. Since 9;, j is the lift of 'lsnkq’)o‘A , it follows that
k

Ay # 0. Therefore, the set L; of indices is non—empty.

Now, for each [ € Ly, there exists (by Lemma 2.3.3) a unique j < k and i(l) € Z
such that
(1,0 +1) C Ry_;(i(1))-

Let ¢;(;),; denote the restriction of 75nj¢0 to the interval [i(])/n, (i(1) + 1)/n).
Then
(P” </>0) ‘[l,l-i—l) B (P” ¢z(l)’9)

and Proposition 2.1 implies that

(ﬁnk_j¢i(l),j>

[1i+1)

ey € G0,
=J
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Therefore, if z;,y; € [I,1 4+ 1) then by Corollary 2.3.1

~ k—j
Gioh(21) _ P i () _ S (jor—yl+252)

PiokW) P T i ()

e%(l—kk/n)'

IN

Since 7, *(z),m, ' (y) € [I,1 + 1) whenever z,y € S,

-1
Tﬁio,k(ﬂﬂ) _ ZZELI ‘/’io,k °m (33) < max

_ Piok oM (2) _ (ki)
Yiok(¥)  Pier, biok 0T (y) T €Lt gk om (y)

ex-1

IN

This completes the proof of the proposition. O

2.3.3 Uniform lower bounds

Fix k, = [lgzgg;%], and let 9 € D,(S') be non-negative.

Corollary 2.3.4 (Lower bound for iterates of ¢) Let n > 0. Then if ¢ €
Dy, and k > log(2n)/log(A/2),

’Pnkd) > Cn,k;

where
Cnk = 6_%(1—1—]6/70 (1 — n2k+1/\*k) .

In particular, cpp, > 6 = e 3K/ 12 whenever k > ky, and ¢y, — e K/ /2
exponentially fast as n increases.

Proof: Because 1 is constant on each interval [i/n, (i + 1)/n) C S, it suffices
to establish the corollary for each basis function v;, € Dy, (S?).

By the Mean Value Theorem and Part (1) of the proposition, there exists zg €
ST such that

Vio,k (T0) > ||thig || > 1 — n2FHINTF,
By Part (3) of the proposition,

K

Yig (@) > e AT Wy (o)

for each z € S'. The first part of the corollary now follows from Proposi-
tion 2.2 (2). The other part is easy, because the choice of k, guarantees that
(1 — n2k+IX=F) > 1 whenever k > k. O

Corollary 2.3.4 provides the required “lower bound”, and we are now in a po-
sition to derive a rate of mixing for P, and an error bound for the invariant
density approximation.
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2.4 Rate of mixing and an error bound Theorem

We use the method of lower bounds for invariant cones to get a rate of mixing
estimate for P,*.

2.4.1 Rate of mixing

Recall that D,,(S') is the collection of positive functions which are piecewise
constant on subintervals of S of length % Denote by A, the collection of
functions which are piecewise constant on each subinterval, but whose mean is
zero. Then

An:{¢:sl—>R;/ dpdm =0, ¢+,¢‘6Dn}.
51

Theorem 2.1 (Rate of mixing for P,) For each n > 0, let P, be the nth
Ulam approzimate operator and let cy 1, be as in Corollary 2.5.4. Then for every
¢ € A'Il}

IPn*ell < (1= cn)lll
whenever k > log2n/log(A/2).

Proof: Tt is easy to check that D, (S!) equipped with the usual norm || - || is a
cone. Let I'p, be the corresponding difference cone. Then

Tp, ={f —¢:f,9 € Dn(S") and ||fl| = llgll} = An

and obviously
18llrp, = llll/2 Vé € Ap. (2.4)

Now, let f € D,(S!) so that by Corollary 2.3.4,

Pa®f > cnllfl-

Then clearly,
Pokf — callf]| € Da(ST) Vf € Du(S"),

so that putting 7 = P,* in Theorem 1.1,

1Pu*$llrs, < (1= cap)lldlirs,

for every ¢ € Ap. The theorem follows from (2.4). O

2.4.2 Error bounds for Ulam’s method

Before the error bound theorem, we need one more lemma.
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Lemma 2.4.1 For each n > 0 let II,, be the projection onto D, (S'). Then for
any function f € Cq,

1f = Tafl) < (e = 1) |I£].

Proof: Since f € C,, f is continuous by Lemma, 2.1.1. Therefore, by the Mean
Value Theorem, for each i = 0,...,n — 1 there exists z; € [i/n, (i + 1)/n) such
that

(i4+1)/m
fla) =n / fdm = (I, f) (x)

n

for each z € [i/n, (i + 1)/n). For each such z,
|(f =1L, f)(z)| = |f(z) = f(z:)| < |f(zs)] (ealwfzi\ _ 1)

(0 f) (@)] (e — 1) .
The lemma follows because ||II,, f|| < ||f]- O

IN

Theorem 2.2 (Error bounds for Ulam’s method) Let T : S' — S! sat-
isfy (2.1) and (2.2), where the expansivity constant A\ > 2. Then if h is the
unique invariant density for the transformation T, and h, is the normalised
fized point of the nth Ulam approzimation,

%(l—kk/n)
ex-1 1 K
Ih = hall < (’“m “) (357 -1)

whenever k > fﬁ)"gg—f;;]. In particular, by putting k = k, = f%], there exists

a constant C, independent of n, such that

I = ho|| < C28™.

n

Proof: Recall that P, =1II,, o £, where L is the Perron-Frobenius operator for
T, and II, is the projection onto Dy. Since h € C/(x_1), Lemma 2.4.1 implies
that
1 K
Ih = Th|| < (en 371 —1)

and since P,h =11, o Lh =11, h,

||th - hn” = ||Pnh - hn”
k
< P (b= Pa)]| + ||Pat (Pab — h)
=1
+ ) Pnkhn - hn
k
< Z lh = Pnhll + (1 — cn ) |[Prh — hnll + 0
i=1
< k (e%% - 1) + (1= o) ITah — hal.
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Therefore

k
It = hal| < = (en 3= = 1)),
Cn,k

and the first part of the theorem follows.

The second part follows by putting & = kj,. The first term on the right is then

bounded by 2e3K/(A-1) (% + 1) (c.f. Corollary 2.3.4), while the second

term is obviously bounded by (eK/()‘_l) — 1) % O

Theorem 2.2 is the sought after error bound theorem. Before proceeding to some
examples, notice that the theorem has been stated without explicitly writing
down the constant C. For the purposes of description, it is convenient to be
able to say “the approximation error is bounded by Clogn/n”, but for actually
getting error bounds, it is desirable to get the tightest bound possible:

For each z > zp = log2n/log(\/2) let

=5 (1+2/n)
exr-1 1 _K_
en(#) = (m + 1) (357 -1).

Then Theorem 2.2 says that whenever k& > 2,
|1h = ha|l < enk = en(k).

To obtain the optimal bound, one must therefore minimise e, (z) on the interval
(20,00) N Z. Since the function e,(z) : (29,00) — R is convex, a simple
procedure for minimising e, ; is to calculate e, (k) for each k € {[z], [20] +
1,...} until e, (k) stops decreasing. By convexity, the minimal k, for which
en(ky) < en(ks« + 1) will minimise ey, 4.

REMARK 2.4.2. When it comes to calculating the fixed point of P,,, the same
argument as in the proof of Theorem 2.2 can be used to account for numerical
errors: suppose that h] is such that

1h7, — Prhnll = € (2.5)

for some small e. Then, as in the proof of the theorem,
k

1hn = ho |l < —e.
Cn,

Because equation (2.5) is easily enforced, h,, can be approximated to any desired
level of accuracy. O

2.4.3 Examples
Here, we present several examples. Although a little contrived, they serve well

as illustrations of the usefulness and weaknesses of the error bounds obtained
above. More examples will be presented in the next two chapters.
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EXAMPLE 1: (THE TRIVIAL CASE) The canonical expanding circle maps are
z = 2™, for m > 2. Each such map preserves Lebesgue measure on the circle,
so h = 1 is the invariant density. Moreover, the lift is a linear function for which
the distortion constant K = 0. By Theorem 2.2, the nth Ulam approximation
must always be identically equal to the Lebesgue measure. [

EXAMPLE 2: (A LITTLE CONTRIVED) We now consider making small per-
turbations to the canonical expanding circle maps. We pick m = 5 and let
S5 : ¢ — 5x(mod 1) be the corresponding interval map. Next, for each ¢ > 0
put

1
ge(z) = (1 + €)z — 4de(z — 5)3 —€/2,
and
T.(z) = g. ' 0 S50g.(z) Vz€[0,1).
Because S5 preserves Lebesgue measure (with density 1), it follows easily that
each T, has

he(z) = gi(z) =1+ € — 12¢(x — %)2 (2.6)

as an invariant density.

In order to apply Theorem 2.2, we need to know about the constants A, > 2
and K. > 0 corresponding to T,. Obviously

1-2e<g.<1+e

so that

h 1—2e
> .
heoTe = 1+e

Next, recall that K is the minimal Lipschitz constant of

T! = (9. 1) 0S50g.x5xg. =5

log ‘TE'| = log |(ge_1)' o Ss Oge| +logb + log ‘92|

and by differentiation

e | _|he 5 he hlLoT. < 36¢(2 +¢)
T!'| |he “heoTeheoTe|~ (1—2¢)2°
Hence,
1-2 T 2
A5 and K, < max || < 3062+
1+e T! (1 —2¢)?

Then, provided € < 1/4, we can be sure that A\ > 2 and Theorem 2.2 can be
applied.

For selected values of ¢, the Ulam approximations have been calculated on
partitions of n = 100, 1000,10000 equal subintervals of [0,1). The error data
are presented in Table 2.1. Because each T, has been constructed so that the
invariant density is given by (2.6), it easy to calculate the exact L' error for
each Ulam approximation. These are displayed in the columns headed “Error”.
Theorem 2.2 was used to get a priori error bounds. The procedure there was
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€ n = 100 n = 1000 n = 10000
Error ‘ Bound Error ‘ Bound Error ‘ Bound

0.00 || 4.42E-8 | 9.21E-7 || 4.00E-8 | 1.20E—6 || 4.56 E—8 | 1.48E—6
0.02 || 3.92E—-4 | 7T.15E-2 || 3.41E—-5 | 8.88E—-3 || 3.39E—6 | 1.08E—3
0.04 || 6.69E—4 | 3.39E—1 || 6.52E—-5 | 4.06E-2 || 6.72E—6 | 4.88E—3
0.06 || 9.99E—-4 | 1.60E0 | 9.88E—5 | 1.77E—1 || 1.0lE—-5 | 2.12E—-2
0.08 || 1.39E—-3 | 9.91E0 | 1.37TE—4 | 9.65E—1 || 1.35E—-5 | 1.14E—-1

Table 2.1: Error bounds for invariant density calculations for selected
maps T,. For each T, the Ulam approximation was calculated on parti-
tions of [0,1) into n = 100, 1000, 10000 equal subintervals. Because the
invariant density is known for each T, the accuracy of the approxima-
tion can be computed exactly; these errors are displayed in the columns
headed “Error”. The best possible error bound from Theorem 2.2 is dis-
played in the adjacent column headed “Bound”. The notation 4.42F—8
should be read 4.42 x 1078,

to use the values of K. and A, above, and find the optimal k. such that e, j
is minimal. This yields the error bounds displayed in the columns headed
“Bounds”.

When e = 0.0, the nth Ulam approximation should reproduce Lebesgue measure
(c.f. Example 1 above). However, our numerical implementation finds a density
h!, satisfying

17, = Prbn || < 1077,

Hence, it is not necessarily the case that h, = h],, but we can still obtain error
bounds as in Remark 2.4.2.

Finally, notice how the error bounds from Theorem 2.2 get progressively worse
as ¢ increases. This is largely because the bounds in the theorem are extremely
sensitive to the distortion constant K. As e increases, the nonlinearity in the
map becomes greater, making the bounds from Theorem 2.2 less useful. [

EXAMPLE 3: (LESS CONTRIVED) The final example in this section is also a
nonlinear perturbation of a canonical expanding circle map. For each 2 € [0, 1)

let .
sin 27z

To(z) =22+ Q+ (mod 1).

Then each Tq is an expanding circle map, and the invariant densities are un-
known. By differentiation,
3/2< g <5/2

" ros fnd _ -1 2
and T3 /T, is maximised when cos 27z = = - Hence Ko < 5 However,

Theorem 2.2 requires that A > 2. Therefore, we must replace Tq by Té. Dif-
ferentiating,

@) ThoTe, T n
= T —= < (5/24+ 1)K < ——.
@y " Tyt = B2 DR S U
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n = 10* n=10° n = 10°
Error bound || 5.14 x 10° | 5.83 x 10! | 6.82 x 102

Table 2.2: Error bounds for nth Ulam approximation to the invariant
densities for T§22-

Because the constants A = 2.25, K = \;—% are independent of 2, the optimal

error bounds from Theorem 2.2 are the same for each Q. For n = 10%,105,108
these are calculated as above and presented in Table 2.2.

Notice that the error bounds for this example are very bad in comparison with
the previous example. This is because the conclusion of Theorem 2.2 is exponen-
tially sensitive to the distortion constant K. In fact, the bound for n = 10000
contains no information whatsoever, because the maximum possible distance
between any two probability measures is 2. As we shall see in the next chapter,
much better estimates are possible using bounded variation techniques. There,
we are able to show that the n = 10000 approximations are in very good agree-
ment with the exact invariant densities for the maps T. For a grey—scale plot
of the Ulam approximate densities with n = 10000 for a selection of values of
Q, see Chapter 3. O

2.4.4 Working at the matrix level

Recall that the nth Ulam approximate operator P,, can be represented by the
n X n stochastic matrix with entries:

g, R0 5 5))

Any initial function 9 € D, (S') can be written as

Y=n Z YiX[(i—=1)/nyi/n)

=1

where Y7 | ¢; = 1. Then

Poth =10 $iPiiX[(j-1)/ni/n)-

ij=1

In particular, if ¥ = nX[(iy—1)/n,io/n)» then the coeflicients of P,k are precisely
the elements of the igth row of the matrix P*. Therefore, all of the analysis
in the preceeding three sections can be translated into statements about the
regularity of the rows of the matrices P¥. This is the emphasis in [39]. The
following proposition is a sample from the results one can expect for the matrix
versions:
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Proposition 2.3 (Rows of P*) Let n be fized and let T be a uniformly ez-
panding circle map with X\ > 2. Let P(n) = (P;;) be the matriz representation
of the nth Ulam approzimation, and suppose that k > log2n/log(A\/2). Then
for eachipy =1...n and 51,50 =1...n,

(Pk)iojl
T < 1/en g,
(Pk)ioh "
where cy i 1s defined in Corollary 2.3.4.
Proof: Let i, = nX[(ip—1)/n,io/n)> and let ¢;, be it’s lift. Fix k, let L1, Lo be

the two subsets from Lemma 2.3.3 and let 1);, ; be as in Proposition 2.2. Let
P, be the nth Ulam approximate operator, and Py, its lift. Then

(Pk)iojl Pnhpio (]1 /n)

(Pk)iojz Pnkwio (.72/”)

ZlELluLz ’ﬁnkd’zo (j1/n+1)

ZZEL1UL2 ﬁnk@'o (j2/” + l)

Sten Pr Gio(r/n 1) Tier, Pa' b ia/n +1)
St Pa $ioliz/n+1)  Yier, Pr bio(Ga/n+1)
Yiok(d1/n) 28T xn x A7k

Vio k(J2/n) Vig k(J2/7)

where the last inequality follows from the definition of v;, ;, and Lemma 2.3.3.
From Proposition 2.2 and Corollary 2.3.4 we have

Viohld1/1) o35 (148

<

<

Yio,k(J2/1)
and . .
i > e 31 (%) (1 - 2n(2/A)k) = o
Putting this together, the proposition follows. [l

Just as Theorem 2.1 was deduced from Proposition 2.2, an analogous mixing
result for the matrix P(n) follows from Proposition 2.3. By working with a
matrix representation of £, Theorem 2.2 can be derived in this setting; see [39]
for details.

In Chapter 4, we will return to the analysis of matrix representations to con-
struct a numerical approach to obtaining error bounds for Ulam’s method. The
purpose of this section has been to show that the behaviour of the Ulam approx-
imation can be written down in terms of the stochastic matrix representations.

2.5 Structure of the argument

Some of the arguments used in this chapter to obtain error bounds for Ulam’s
method will be repeated in subsequent chapters. We now conclude by empha-
sising this structure.
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First of all, recall that the Ulam approximations P,, are small perturbations of
the Perron-Frobenius operator £ in the usual || - |-norm on L!. Indeed, for any
Lipschitz function f,

[Prf = LfIl = My o £f = L[| = [T — Id)Lf|| = O(1/n).

Later on, we will see that the same order of perturbative error holds for functions
of bounded variation.

The other part in the proof of the error bounds is the estimation of a rate
of mixing for the Ulam approximate operator. This is the part which uses
the method of lower bounds for invariant cones. Here, by employing discrete
Lipschitz cones, we were able to construct lower bound functions for iterates of
Pp. Theorem 1.1 implied a contraction rate in the difference norm for I'p,. In
Chapters 3 and 5, cones of uniformly bounded variation are used to construct
lower bound functions for iterates of £; Theorem 1.1 is then applied to get
contraction rates for L.

In this way, we are always able to prove an O(logn/n) rate for the error in
Ulam’s scheme. However, the constants in the O(-) may sometimes be quite bad.
Indeed, in the examples above, we have already seen that the quantitative error
bounds may be many orders of magnitude worse than the actual approximation
error.

In Chapter 4, numerically assisted versions of the analytic results are explored,
and much better error bounds are obtained. Consequently, Chapter 2 should
be regarded as a prototype for the rest of the thesis, rather than as a definitive
analysis of approximation error for invariant densities of expanding circle maps.



Chapter 3

Bounded Variation and
approximation error

The principal purpose in this chapter is to generalise the results of Chapter 2 to
much larger classes of one-dimensional transformations. The main approxima-
tion result is the same: there exists a constant C such that the approximation
error in the nth Ulam approximation is bounded by Clogn/n. Only a few
of the estimates that we make in the course of the proof are intrinsic to one—
dimensional transformations. With suitable adaptations to manage the more
complicated definition of variation in more dimensions, the essential arguments
remain unchanged in the extension to the multi-dimensional situation. This is
the subject of Chapter 5.

Initially, we prove the result for piecewise—onto expanding maps of the interval
under a bounded distortion assumption. The coarse structure of the proof is
similar to Chapter 2: we obtain explicit lower bounds for the iterates of initial
densities under the Perron—Frobenius operator, use these to deduce quantitative
bounds on the rate of mixing to equilibrium in a bounded variation norm, and
get error bounds by showing that the Ulam approximation is a small pertur-
bation of the Perron-Frobenius operator. Again we rely on an invariant cone
structure, and the “rate of mixing” calculations are facilitated by explicit use of
certain difference norms. One important difference from the situation in Chap-
ter 2 is that both the Perron—Frobenius operator and its Ulam approximations
preserve the cone structure (c.f. the necessity to define discrete Lipschitz cones
to cope with the discontinuities introduced by the projections II,,).

Now, the lower bound estimates for iterated initial densities rely explicitly on
the geometry of iterates of the transformation 7. Because we work directly
with monotonicity branches of the map (rather than a “lift”), our estimates are
very amenable to relaxing the “onto” assumption for each branch. Indeed, we
illustrate this by proving the rate of mixing theorem for the well known class of
[—transformations, and a class of Markov transformations with a finite range
structure [37]. The arguments will be interspersed with examples.

To illustrate the flexibility of the method, we then show how the lower bound

50
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estimates for the Perron—Frobenius operator also imply lower bound estimates
for the Ulam approximations. Because the Ulam approximations are repre-
sentable by stochastic matrices, we can deduce uniform bounds on the spectra
of the corresponding matrix approximations. This facilitates the derivation
of a Central Limit Theorem for “Monte—Carlo” type simulations of the Ulam
approximation.

The structure of the chapter is as follows: in Section 3.1 we define the class
of transformations under consideration, review the notion of one—dimensional
variation and recall the classical Lasota—Yorke inequality [47]. In fact, we give a
slight generalisation of the Lasota—Yorke inequality (needed for the “non—onto”
applications). We also define the cones C, of uniformly bounded variation. Ini-
tially, we work with “every branch onto” transformations: Section 3.2 contains
the estimates on the non—peripheral spectral radius, and Section 3.3 applies
these to get error bounds for Ulam’s method. The latter section concludes with
a few remarks about the history of attempts to get error bounds for Ulam’s
method. In Section 3.4, relaxations of the onto—condition are discussed. Then,
as a second application of the spectral estimates from Section 3.2, we prove
in Section 3.5 bounds on the rate of mixing for the Ulam approximation. For
the sake of being self-contained, the proofs of some easy and standard lemmas
are included as Appendix A. Finally, it is worth pointing out that throughout
Sections 3.2, 3.3 and 3.5 the constants corresponding to the transformation T
are carried through the proofs. While slightly cumbersome, this allows the
approximation theorems to be presented in a way which makes explicit the de-
pendence on parameters. It is hoped that this makes the results easier to apply
in practice.

A paper based on this chapter has been submitted for publication [55].

3.1 Inequalities for one—dimensional variation

This introductory section contains the pre-requisite details for the arguments
in subsequent sections. Some of the results are slightly non-standard, but the
overall purpose is to gather the necessary tools in one place.

The transformations
Let T : [0,1] — [0,1] be a piecewise C? transformation satisfying the following
conditions:

Piecewise Monotonicity: There exists a partition & = {I,} of I = [0, 1] into
countably many subintervals such that

I:UIa and IyNIy=0 if a#d (3.1)
o]

and each map T, =Ty, : I, — I is strictly monotone. Each I, is an interval
of monotonicity and the corresponding inverse map will be denoted by T ! :
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T(I,) — I,. For iterates of T, denote £€1) = ¢ and £ = T-1¢M—1) v ¢,
Letting £ be indexed by a(™, each I o) €& (n) is an interval of monotonicity
for T™, and the inverse branches of T™ are denoted by T 7' : T™ (I n)) = Iym)-

a(n) 67
Uniform Expansion: There exist expansivity and distortion constants A > 1
and s > 0 (respectively) such that

IT'(z)] > X Vz €, (3.2)

and
|T"(z)|/|T" ()] <s Yz el (3.3)

Uniformly Bounded Distortion: Later on, it will be useful to express the
bounded distortion property in terms of the Renyi condition:

3D >0 such that [T, (z)|/|IT 5 ()| <D Vz,yel (3.4)

a(n)

for any n > 1 and inverse branch T 7 of T". By using (3.2) and (3.3) to
estimate the Lipschitz constant of log |7 ™|, it follows that D < esM(*-1),

a(n)
For the first few sections of this chapter, we assume that every branch of T is
onto. That is,
T(I,) =1 VI, €.

Invariant measures, Ulam’s method and Bounded Variation

We are concerned with approximating absolutely continuous invariant measures
(acim) for expanding maps. The treatment of Ulam’s method given here rep-
resents a blend of the work Li [48] with some easy observations about invariant
cones.

Recall that every absolutely continuous probability measure has a positive L'
density h, arising as a fixed point of L, the Perron—Frobenius operator for T.
Fix n, let n = {B4,..., By} be the partition of I into intervals of length % and
put

DnéDW(I): {fZOfZZfZXBwflaaanRJra/If:l}
=1

Let I, £ 0, : {f € LY(X) : f > 0} — Dy, so that
P 21,0 L (3.5)

is the nth Ulam approximation.

To analyse Ulam’s method, we follow Li’s original approach [48] of working with
functions of (one-dimensional) bounded variation. There are many equivalent
definitions of variation for one-dimensional functions. For ease of generalisation
(if not transparency) we have chosen:
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DEFINITION (Bounded Variation [27]) Let A C R be an interval, and let
C}(A;R) denote the collection of compactly supported smooth functions on A.
For each f € L'(A) let -/ denote the ordinary derivative and put

Va(f) =sup {/Af(z)w'(w) dm(z) : w € CY(A;R), |lw(z)| < 1Vz € A} )

Then V4(f) is the (one-dimensional)-variation' of f on A, and it is usual to
write f € BV (A). The set of f € BV(A) equipped with the norm

1fllBv = [IfIl + Va(F)

is a Banach space.

If f € BV(A), then f is differentiable a.e. Letting the generalised derivative [69]
be denoted by df,

VA(f)=/A|df|- 0

REMARK. Keller’s paper [40] contains a similar definition of variation in one—
dimension, although Giusti’s book [27] appears to be the first exhaustive treat-
ment of this approach. O

When calculating the variation of a function by the formula above, it is impor-
tant to remember that discontinuities in f contribute signed point masses to
the generalised derivative df:

EXAMPLE: Let

0 otherwise.

fla) = { sinz z € [—n/2,7/2],

Then
/2

View/an/n(f) = / | cos 2] dm(z) = 2

—7/2
whereas

V]R(f) = / (| sin —7r/2| d(5_7r/2 + | CcoS :E‘ X(—n/2,1/2) dm(iL‘)

+ sin7r/2|d67r/2)
= 4. 0O

Functions in BV are important for the analysis of Ulam’s method because
variation is robust to discretisation:

! An alternative definition is to let

m—1
Var[a,b](f) = sup { Z |f(@iv1) = fx)|:a=20 <1 <...<Tpy = b}.

i=1
Then } )
Va(f) = inf{vara(f): f = f ae.}.
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Lemma 3.1.1 (Basic properties of II,,) Letting || - || be the usual L' norm:

1. V(I f) < Vi(f) and hence Vi(Ilnf — f) < 2Vi(f);
2. |If = fll < 3Vi(f).

Proof: See Appendix A. O

These two properties of variation under projection are fundamental to the anal-
ysis of Ulam’s method. The first implies that

VI(Pnf) = VI(Hn o Ef) < VI(‘Cf)a (3'6)

while the second says that for BV functions, the Ulam approximation is a
“small perturbation” of the Perron-Frobenius operator. Therefore, by estab-
lishing rates of contraction for iterates of the Perron-Frobenius operator, a
simple Banach space argument will control the effect of the perturbative error
introduced by the Ulam approximation.

Next, we recall a fundamental tool for the obtaining rates of contraction for
iterates of BV functions: the Lasota—Yorke inequality [47]. The version here
is a slight modification of the original in [47] because we want to allow the
transformation 7' to have infinitely many branches. Consequently, we include
a proof?.

Lemma 3.1.2 (Lasota—Yorke Inequality [47]) LetT : I — I satisfy (3.1)—
(3.8). Let L be the Perron—Frobenius operator for T, and let f € L' satisfy
Vi(f) < al|f|l for some finite a > 0. Then

1. if every branch of T is onto,
ViI(Lf) SVI()/A+sILfI] < (a/A+ )l fIl;

2. if there exists ¢ > 0 such that m(T(1y)) > ¢ for each I, € & then

vies) < 3+ (254 2) 151

Proof: The proof is similar to Lasota and Yorke’s original in [47], except that
their version has a “long-intervals” condition m(I,) > ¢ for some ¢ > 0.
By taking some of the steps in a different order, our “long-images” condition
m(T(I,)) > c gives a more general result.

First of all, recall that

2As an additional justification for including the proof, when we describe our extensions
to Géra and Boyarsky’s [30] multi-dimensional version, it may be helpful to have the one-
dimensional proof for reference.
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Then, for each «, recalling (3.2) and (3.3)

— d(foTyh) 1 < 1 )‘
/T(Ia) a / I otard T2 0 To |

oT 1|

foT;!
Tt 0 To |

— " -1
< / (df)oToé1 +/ fo a_l T(XOTOCI
T(1a) | |Th o Ta " |? T(I,) |Th o Ty |3
5 /" (df) o T2 ./ foTy!
< s [ —
D) T(la) |T'°Ta1| T(la) |T<§°Ta1|
= = df +s/ fl-
s ) s [
If every branch is onto, then
foT, 1 foTy, 1
Vi(Lf)
IT' [ThoTa| Z/T(Ia [T 0 Ta ||

and the result follows immediately from the above. Suppose now that not every
branch is onto. For each a let T'(Iy) = [la,7a). Then,

WEL A T C UL <y
aoT§1| T(I) |T(;0T071\ |TA0T71| “
foTy!
T oTy 1|( )
—-1 1
o [ fLeflfy et
T(L) | T4 o Ta || Jrua) | [ThoTa |
T*l
+2ess inf fil
layral |T'0T |
folg! foTy!
S 2 ! -1 _l ! ‘1 =1
T(1e) | T4 o Ta | | Jr T(Ia) |T oTa |
oT 1
< 2/ |T, - /Ifl

because |rq — lo| = m(T(Iy)) > ¢. The lemma follows by summing over a. [

EXAMPLE (CONTINUED FRACTIONS) With the extension of the Lasota—Yorke
inequality to transformations with infinitely many branches, the results of this
chapter apply to the classical continued fraction algorithm. That is, X = (0,1)

and
1 1
T:xH——{—J
T T

is the classical Gauss transformation. One can easily check that

TII
‘ <3 and |[(T7")| <472

(1)




56 DENSITIES FOR BV TRANSFORMATIONS

so that Lemma 3.1.2 and all our subsequent analysis applies to 7. Of course,
it is a standard fact that T preserves the measure with density

_ log2
14’

P(z)
but it is reassuring to know that this classical example fits into the framework
developed below. [

Throughout, we will work on cones of functions of uniformly bounded variation
(cf. [50]). We define these now, and briefly explain why such cones are the
natural spaces in which to analyse convergence to invariant densities.

DEFINITION: Fix a > 0 and consider the following collection of L' functions:
Ca={0<feL:Vi(f) <alfl}-

It is easy to check that C, is an additive cone. We call C, a cone of uniformly
bounded variation. O

Remembering that we are dealing with transformations where every branch is
onto, it follows immediately from Lemma 3.1.2 that

LC, C C(a/)\—l—s)-

In particular, if a > sA\/(A—1), then L(C,N{f : ||f|| = 1}) CCan{f : || f]| = 1}.
Because each C, N {f : ||f|| = constant} is compact and convex, this implies
that £ has a fixed point h € C(4/(x—1))- See [47] for details.

Moreover, it follows from (3.5), (3.6) and Lemma 1.3.1 that
LCy CCy = PnCo CCa-

By the same argument as for £, each P, has a fixed point h,, € Csy/(x—1)- The
density h,, is the Ulam approximation, and every limit point of the sequence
{hn} is an invariant density for 7' [48].

3.2 Lower bound functions and quantitative mixing

The purpose of this section is to obtain an explicit bound on the non—peripheral
part of the spectrum of the Perron—Frobenius operator restricted to functions
of uniformly bounded variation. This is Theorem 3.1. We use the method of
lower bounds for invariant cones.

Fundamentally, we are interested in rates of mixing (contraction) for functions
in

BV, = {gEBV(I):/Igdm:O}.

We get contraction rates by using the difference cones for certain C,s. The
exposition as is follows: First of all, lower bounds for iterates of £ applied
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to initial densities from C, are proved. Then, Theorem 1.1 implies a rate of
contraction in a particular difference norm. The application to Ulam’s method
requires estimates in the usual norm on BV,. Consequently, some care is taken
to exhibit the relationship between the usual norm on BV, and the difference
norms corresponding to C,. The extra complexity from working with difference
norms is rewarded by a simpler statement, proof and application of Theorem 3.1
than would otherwise be possible.

3.2.1 Lower bound functions

The first step is to get a lower bound for iterates of £. Some aspects of the
construction are similar to [50], and discussion of this may be found in subsec-
tion 3.4.4 below.

Lemma 3.2.1 Let f € Cy, and let € > 0. Let n = {Ig} be a partition of I into
subintervals of length less than or equal to €, and let f be a function which is
constant on each subinterval Ig with

ess inf f < f~5 < esssup f.
Is I

Then 5
If — £l < eal f]I.

Proof: See Appendix A. O

Lemma 3.2.2 Let m(-) denote the Lebesgue measure on I, and let I n) be any
subinterval from the partition £™. If D is the constant in (3.4) then

T o T2 (2)| ™" > m(Iym)/D Vz € Im).

a(")

Proof: See Appendix A. O

Proposition 3.1 (Lower bound for L") Let f € C, and let n > 1. Then

LU 2 [|fII(1 —ar™™)/D.

Proof: Let n = &M, the partition of I into monotonicity intervals of T™.
Because [T™(z)| > A" (c.f. equation (3.2)), each subinterval in n has length
less than or equal to A™". Put

f= Z <e§s(ir)1ff> XI ()"
a(n) all

Then Lemma 3.2.1 implies that [|f — f|| < A "al|f|. But [|f|| = |If — FIl + /]
(since f > f > 0 a.e.). Therefore ||f|| > || f||(1 — A7 "a).
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Now, from (1.3)

Lrf( > nf e
fle ZmﬂoTw( N Z((‘”%ﬂ) f) T o T (a >|)

a(n) an)

> Y fammIyw)/D

a(n)

= |Ifl/D.

Lemma 3.2.2 was used to get the last inequality. The result follows. O

REMARK. The construction in Proposition 3.1 substantially improves similar
estimates given by Liverani [50, Lemma 3.5]. O

3.2.2 TUniform BV cones

With Proposition 3.1 established, we need a suitable cone of functions on which
L is a strict contraction.

For each a > 0, put

I‘aéI‘ca:{feLl:/fzo and IV f@ e, st
I
f= D= 7@ and | £ = £},

Each T, is the difference cone for C,, and for each ', let:
1flla = inf {FD = £ = 1O = £@, 1O, 5@ €, f0) = 1172 }.

Then || ||q is the difference norm for C,, and (', || ||o) is @ normed linear space
(c.f. Lemma 1.4.1).

EXAMPLE:  Let f(z) = sin27z. Then ||f|| = 2/7 and V}o1;(f) = 4. Hence
f € BV and ||f||y = 4+2/m. On the other hand, both f*, f~ € C, whenever
a > 27. One can check that

| 2/a ifa<2m,
||f||a—{ /7 ifa > 2m. O

3.2.3 Strict contraction on [',,

Put . \
s+ 2 log 2
a*:2 11 and m—’r(l)g z*-‘
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Theorem 3.1 (Mixing Theorem for L) Let a.,n. be as just defined, and
let fe€T,,. Then

1£% flla. < (1 =1/2D)|[fla. -

Proof: By Theorem 1.1, it suffices to establish that,

L™g>|gll/2D and L™g —||g||/2D € C,, whenever g € C,,. (3.7)

Let g € C,,. By Proposition 3.1,
L"g > lgll (1 = a.A"") /D > |lg]|/2D- (3-8)
Therefore,
1£7%g — llgll /2Dl = |£*gll - llgll/2D = (1 — 1/2D)]|g]|. (3.9)
Next, repeated application of Lemma 3.1.2 yields
Vi(£%g—lgl/2D) = Vi(£™g)

< A Vil) + 2l

< (1+ ) )ngn

- 2 A—1

— (- 1/2D)a|L] (3.10)

because g € C,, and A" a, < 1/2 (by the choice of n,). Combining equations
(3.9) and (3.10), we have that

L™g—|lgll/2D € Ca,-

This, together with (3.8), establishes (3.7) and the theorem follows by the
method of lower bounds for invariant cones. O

Theorem 3.1 will be called a Mizing Theorem.

REMARK. The Mixing Theorem gives an explicit rate at which BV densities
converge to an invariant density under iterates of £. Compare with Liverani’s
Theorem 3.6 [50]. Liverani comments that his estimates are probably not opti-
mal, and by sacrificing some generality (requiring each branch to be onto), The-
orem 3.1 represents a considerable improvement; c.f. subsection 3.4.4 below. [

ExAMPLE: For a fixed integer k, consider the transformation z — kz (mod 1).
In the notation above, A = k, s =0, D = 1. Then a, = 1 and n, = 1. By
applying Theorem 3.1,

1L flla, <271 la

for each n > 0, f € BV}. In this case, a rather better estimate can be obtained:
by Proposition 3.1, £Lg > ||g]| k—;l whenever g € C,,. Reproducing the argument
in the proof of Theorem 3.1:

1L fllaw < &7 fla.
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for each f € BV,. O

EXAMPLE: For each 2 € [0,1) consider the circle map

sin 27wz
To:z+— 2z +

Q d1l).
- + (mod 1)

Each T is a nonlinear perturbation of z — €*™?z2 which leaves Lebesgue

measure invariant. Obviously, each branch of Tq is onto, and 1.5 < T¢, < 2.5
for each Q. Moreover, |T4(z)|/|Th(x)|? is maximised when cos 27z = 2 — /6.
Hence,

A=15, $<0.891, D<eMNON <145,

With these constants it follows that
a, = 3.29, n, =05.

Therefore, by Theorem 3.1, for each £ > 0 and f €T,

28\ ¥
18 o, = 15" e, < (35) 1

where Lq is the Perron—Frobenius operator corresponding to Tg. O

3.2.4 Equivalence of BV norms

To complete the preparation for the analysis of Ulam’s method, we need to
know about the relationship between the spaces (I'y, || - ||o) and (BVy, || - ||Bv)-

Lemma 3.2.3 For each a > 0:

1. the infimum in the definition of || - ||, is attained;
2. if feTl, anda < b then f €Ty and ||fllp < || flla;
3. if T is a Markov operator, and n > 0, then

T"ChCCa = [T lla <IIflls Vf€Ts;

4. if f €y then
[fll <2[flla and Vi(f) < 2al/f|la;

5. if f €Ty then

)
a

£l < mX{HJZ‘_HM}
6. if f €Ty then

min{2, a}||f|la < |IfllBv < 2(1 + a)|flla

so that f € BVy if and only if f € Ty and ||f]la < 0o for every a > 0.
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Proof: See Appendix A. O
REMARK. The norms || - ||, can be shown to be equivalent to certain of the
balanced norms || - ||, used in [4, §5] (and subsequent papers) to estimate rates

of decay of correlations for random perturbations of BV transformations. O

Although Lemma 3.2.3 implies that (BVy, || - ||gv) and (Ty,|| - ||a) consist of
the same functions with the same topology, we have obtained contraction rates
in || - ||o with relative ease. Attempting a construction directly in || - || gy is
both difficult, and not guaranteed to succeed. See [31]. On the other hand, the
combination of Theorem 3.1 and Lemma 3.2.3 is potentially very powerful.

Corollary 3.2.4 Let f € BVy and suppose that as,ny are as in Theorem 3.1.
Then for each k>0

Kk
IR FII < 20125 Flla. < 2(1 = 1/2D) 5| £ ..

Proof: Follows directly from Lemma 3.2.3 and Theorem 3.1. O

ExaMPLE:  Recall from above the circle maps {Tq}oejo,1)- By Lemma 3.2.3
and Theorem 3.1, for each £ > 0 and f € BV}

1L fllay = L8 fllay < 8.58|ILE™ fla.
28\ ¥
8.58 (E) I

where Lq is the Perron—Frobenius operator for T. O

28"
<429 —
<429 (30) Il

3.2.5 Aside: Decay of correlations of certain functions

One standard application of contraction rates for Perron—Frobenius operators
is to the decay of correlations of test functions. While Theorem 3.1 gives good
contraction rates for £, the formalism of || - ||;—norms allows a very clean ap-
plication to the decay of correlations. The following result should be compared
with [50, Theorem 3.6].

Decay of Correlations Let ¢ € BV (I), ¢ € L'(I) N L*®(I) and let n, be as
in Theorem 3.1. Then, letting p denote the acim for T, for any k > 0,

‘/¢-¢0T’m* du—/sédu/wdu‘ < 4l loaVi(4) (1 — 1/2D)F.
I I I

Proof: Letting ¢ = [; ¢du/p(I), and f be the density of the invariant measure,
a standard calculation yields

/I¢.¢0Tkn*du_/l¢du/1¢du:/Iw_/:/m* (6 — #)f) dm.
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The result will follow if we can show that
le# (@ - 95)]| < 4vite) @~ 172D)" (3.11)
Now, by definition of ¢, [,(¢ — ¢) f dm = 0, and

1FllscV (6 — @) + V(£)lld — ¢lloo
A+V(I)N V() + V() V(e)

V ((¢—9)f)

<
<

by standard properties of variation. Hence, (¢—¢)f € BV}, and Lemma 3.2.3 (5)
implies that for any a > 0,

16— @) fll. < max{”(¢ —2¢)f|| V((p— ¢)f)}.

’ a
Since ||(¢ — @) f|| < |(d — D)oo IfI] < V(¢) x 1, this last estimate reduces to

|wﬁ—@ﬂus»q@nmX{;li%¥ga}_

However, because f € C;y/(x-1),

1 S\
142 <2(= 2y,
+2V(f) < <2+)\_1><a

where a, is as in Theorem 3.1. Therefore, by Lemma 3.2.3 (4), Theorem 3.1
and the above estimates,

le= (@-an)|| < 2em (6-d1),
< 2(1-1/2D)*||(¢ - D) f|,.
< 2(1—1/2D)kV(¢)max{3 2“*}.

?
2" ay

This establishes (3.11), and the decay of correlations follows. [

3.3 Error bounds for density approximation

We now deduce error bounds for Ulam’s method. The strategy is relatively
straight—forward: first of all, a standard argument shows that strict contraction
rates for iterates of £ imply that the operator (Id—L)|r,, has a bounded inverse.
We then deduce a bound on the L' distance from the invariant density for T
to another BV density in terms of a certain || - ||—norm (Corollary 3.3.2). The
final part of the proof consists in choosing a value of a such that the || ||,—norm
is sufficiently small.
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3.3.1 Theoretical error bounds

The operator (Id — L)|r,, is invertible:

Lemma 3.3.1 (Bounded inverse for (Id — L)) Let ny,a, be defined as pre-
ceding Theorem 3.1. Then the operator

(Id=L): Caus |- llan) = Caus [ - [la.)

1s 1nvertible, and

1(Id — £)7" flla. < 2Dn.]|fa.
for every f € Ty, .

Proof: Using Corollary 3.2.4, a standard Banach space argument shows that
the sum

o

> L

k=0

is well defined, and satisfies (Id — £) Y3, £* = Id|py,. The norm estimate
follows immediately. O

Proposition 3.2 Let f € BVy. Then whenever a > ax,

log 2a
log A

\(Td—£) ] < [ ] 11+ 22D — D | £l

Proof: Assume that a > a, and put n, = [lﬁ)g;f]. Let f € BVy, so that f € T,
by Lemma 3.2.3. Next, observe that

[e%s} Ng—1
(Id—L) ' f =Y Lbf=>Y Lif+Id-L)Lrf.
k=0 =0

Then, by Lemma 3.2.3 (4) and Lemma 3.3.1,

|(Td=L) || < nallfll +2|(Td—L£) L f],
< nallf| + 2 x 2Dn, L7 f]a.. (3.12)

Now, let f1), f@ e ¢, satisfy
F=10 =@ and [fOU =120 = 1fla-
By the same argument as in the proof of Theorem 3.1,
gV = LrefO — | fV)/2D € €, and g®) = L fO) — || fP))|/2D € C,..
Since LM f = L% f(1) — £ra £(2) = (1) _ ¢(2)
1£7 flla. < llg™] = g™ = (1 = 1/2D)]|fla,

and the proposition follows from (3.12). O
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Corollary 3.3.2 Let h be the normalised fized point of L, and suppose that
g € BV satisfies ||g|| = ||b||. Let a > a, and let n, be as usual. Then

log 2a
log A

lg — il < [ ] lg — Lgll + 22D — Dnallg — Lol

Proof: Since
(Id—L)(g—h) =g — Ly,

Proposition 3.2 implies the result. (]

To apply the corollary to get an error bound for Ulam’s approximation, let
g = hy, = Pph,. The remaining part of this section consists in finding an a
such that h, — Lh,, € Ty and ||hy||, is sufficiently small.

3.3.2 Choice of cone

Let h, be the normalised fixed point of the nth Ulam approximation.

Lemma 3.3.3 For each n > 0,

1 sA 1 s
— <= 22 _ < = _
|hn — Lhy|| < N and ||hp — Lhy||an < 9 X — 1
where || - ||4n, denotes the difference norm for I'y when a = 4n.

Proof: Recall that hp, Lhy, € Cgy/(r—1)- Therefore, by Lemma 3.1.1,

sA 1
|hn — Lhp|| = [ 0 Lhy — Lhy| = [|(Tn — Id)Lhyl| < N—1n’
since || Cha|| = |[hn| = 1. Also,
V(hy — Lh) < V(ha) + V(Lha) < 2 A‘S_)‘l.

By Lemma 3.2.3 (5),

o i < I Pl V= )} 1 )
n

2 ’ 4n A—1"

Therefore, by putting a = 4n in Corollary 3.3.2, we have

Theorem 3.2 Let T satisfy (3.1)—(3.3), let L be the Perron—Frobenius op-
erator for T' and let h € Cyy/a—1) be such that Lh = h, ||h|| = 1. For each
n > a./4 (where a,,n. as in Theorem 3.1) let hy, € Cyy/(a—1); |[|hall =1 be the
Ulam approximation: h, = Pphy. Then

log 8n 1 sA logn
— < 2D —1)n, ) — = .
”h hnH_(’V]ogA-‘-l_( )n>n)\—1 O( n )
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ExXAMPLE: Recall the family {T} of transformations from the end of Sec-
tion 3.2. If h, o is the nth Ulam approximation to hq (the unique invariant
density for T) then Theorem 3.2 implies

2. I
||hQ—th||S—67 0g 81 +28%x5].
’ n log A

Putting n = 10000,
llhe — h1oooo,ol| < 0.0449.

For 100 values of €2 between 0 and 0.99 I have performed the calculation. For
each 2, most of the work consists in calculating the entries of the transition
matrix P(10000,2); finding the invariant probability vector by repeated mul-
tiplication of some random initial vector is extremely fast because each transi-
tion matrix is exponentially mixing (cf. Remark 3.5.4 below) and has a sparse
structure (since P;; # 0 = TaB; N Bj # 0). In Figure 3.1, the densities are
represented by a grey—scale plot; darker grey denotes higher density.

Approximate measure densities

1.0

0.8

0.6

0.4

0.2

0.0

00 02 0.4 06 08 10
Q

Figure 3.1: Grey scale image of approximate invariant densities for the
maps 1.

Finally, we reiterate that the densities depicted in Figure 3.1 are guaranteed®
by Theorem 3.2 to be within 4%% of the exact invariant density for each Tq.
.

REMARK. The choice of a, = % is essentially arbitrary, and has

been made for the sake of getting a simple formula for the contraction rate.
Below, we discuss a strategy for choosing “more optimal” values of a,. Further
discussion may be found in Appendix B. O

3 Assuming that the numerics are accurate.
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3.3.3 Historical remarks

In 1976, Li [48] was able to answer an original conjecture of Ulam [64] by proving
that as n — oo, the sequence {h,} converges to an invariant density for any
expanding BV transformation of the interval. The issue of how quickly the
convergence occurs has taken much longer to resolve.

In Hunt [31], a careful choice of BV-—norm was used to get bounds on the
approximation error for an invariant density calculation. The technique is less
general than ours, but nevertheless returns explicit quantitative information in
the limited cases where it applies. Because the interest in [31] was in getting a
single error bound, Hunt did not consider the rate of convergence of his scheme.

Now, the main result in this chapter has been the construction of an explicit
constant C such that L' distance from the the nth Ulam approximation to
the correct invariant density is bounded by C k’%. Keller [40] has proved an
O(logn/n) rate in a more general setting, but relies upon spectral information
from the Ionescu-Tulcea and Marinescu Ergodic Theorem. The novelty in
our approach has been to obtain explicit quantitative information about the
constants in the O(-) notation.

One natural question (separate to getting quantitative control) is whether the
O(logn/n) rate is optimal. Chiu et. al. [15] estimated the rate of convergence
of the scheme at O(1/n), using an argument which can be translated into our
cone-based setting. Unfortunately, their proof is flawed [33], and our cones
notation allows a relatively straight—forward explanation of where their error
lies:

While the details of their argument involve careful analysis of resolvent operators
to deal with some analytical details, the essence of their Theorem 2 (on which
the error estimates depend) is to write

1h = bl < (1(Td = L)7H[| Ll — P (3.13)
where (Id — L) is regarded as an operator
(Id = £) : (BV, || - [[Bv) = (BVa, || - [))-

In Lemma 10 of [15] the authors prove that for each C' > 0 there exists a
constant M (C) such that if g € BV} is such that ||g|| = 1 and Vi(g) < C then

I(Zd — £)~"gll < M(C). (3.14)

(In our notation, it is easy to see that both g7, g~ € Cyc so that Proposition 3.2
implies that M (C) = O(log C).) Now, we have seen that there exists a constant
c such that V;(Lh, —h,) < ¢ for all n, while ||Lh,, —h,|| = O(1/n). The authors
put

C=c

and (erroneously) use (3.13) to deduce

[h = hnll < M(c)||Lhn — hall = M(c)O(1/n).
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This expression hides the error in [15]: the “C” for which it is valid to apply
(3.14) to gn = Lhy — h, may depend on n. Since V(g,) < ¢ = O(1) and
llgnll = O(1/n), the best that can be deduced about C,, £ V(g,)/||gx| is that
it scales like O(n). By (3.14),

Hh - hn” < M(Cn)HEh’n - hn“ = M(Cn)o(l/n)'

From our results, M (Cy,) scales like O(log n), thereby recovering the O(logn/n)
rate. Unfortunately, a proof for the conjectured O(1/n) rate remains elusive.

3.4 (Generalisations to non—onto transformations

We now consider generalisations of the arguments in the previous two sections.
For Ulam’s approximation, the error bounds and rates of mixing that are proved
above rely on spectral estimates for the Perron—Frobenius operator £. For
more general transformations, the arguments in Section 3.3 can be repeated to
give similar approximation rates for Ulam’s method once a Mixing Theorem is
available. Therefore, most of the discussion in this section is concentrated on a
generalised Mixing Theorem: Theorem 3.3.

The onto Mixing Theorem (Theorem 3.1) had two key ingredients: the Lasota—
Yorke inequality (Lemma 3.1.2) and the construction of explicit lower bound
functions for iterates of £ (Proposition 3.1). For non-onto transformations with
A > 2, Lemma 3.1.2 provides a sufficient Lasota—Yorke inequality. Obtaining
lower bound functions is much harder in the non—onto case, and occupies most
of subsection 3.4.1. In subsection 3.4.2, the Mixing Theorem is applied to the
well known class of S—transformations, and in subsection 3.4.3 to a class of
transformations with Finite Range Structure [37]. In each of these situations,
error bounds for Ulam’s method can be deduced as in Section 3.3.

3.4.1 Non-onto transformations

We no longer assume that every branch of the transformation 7" maps onto the
whole interval, but we do suppose that there exists a constant ¢ > 0 such that

m(T(la)) 2 ¢ Via €.

Again, let s > |T"|/|T"|?, but strengthen the expansivity assumption to |T7| >
A > 2 (see [6] for a discussion of the necessity of this stronger mixing condition
for statistical stability of non—onto maps). For ease of notation, put

oc=2/XA and A=2(s+1/c).

Then
Vi(Lf) <aVi(f) + Al f]

whenever f € BV.
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Theorem 3.3 (Mixing Theorem for certain non—onto maps) Suppose that

71%‘4/(1_”), and an interval U, = U(n,) C I such that

there exists n, > Tog X

«

for every monotonicity interval I (n., of T™. Then there exists an
a. € (A/(1 — o), A\™) such that whenever a € [a., \™),

(1-ax)) Il

for every f € BVy. In fact a is the positive root of the equation

o (1= (1= ) —oma + L2 A 2 (1o ).

. m(U.)
e < (1=

Proof: The proof is in two parts. We first of all establish the existence of a
lower bound function v, for £L"*g whenever g € C,. The second part consists in
showing how the choice of a, guarantees that £"*g — 1, € C, whenever a > a.

Let n = £(™) be the partition of I into monotonicity branches of T". Then,
analogously to Lemma, 3.2.2, whenever = € I ..) € 7,
1T (z)| = m(Iyn.))/ D

[e%

Since every branch of T™ covers U,

£n*g

U

> ¥ <essinfg) m(o)/D=G1/D (315)

1
I no€n \ o)

where
jg= inf .
g Z (elss(nui 9) XI_ (n.)
Ia(n*)e'q @
By Lemma 3.2.1, if g € C, then
gl = (1 = A""a)]|g|- (3.16)
Therefore, putting

g = ((1=X2""a)llgll/D) xuv.,
(3.15) and (3.16) imply

m(U,
Lrg >, and [y] = )

D (1 - A771*0’) ”gH

It now follows that

e =yl = (1= "5 (1= 37) ) .
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To apply Theorem 1.1 we must check that L™ g — 1, € C,. Because 9, is a
multiple of the characteristic function of an interval,

Vi (£™g —4g) <Vi(L™g) + Vi) = Vi(L™g) + |1hg|Vi(xv.)
= Vi (L™g) + 2thyl.

By iterated application of the Lasota—Yorke inequality,

l1—0o

Vi (L™ g —1y) < 0™ Vi(g) +

T x 2 —n.
Allgll + 5 (1 =A7"a) [lg]l.

1—0o

Recalling that g € C,, and combining the norm and variation estimates just
derived, we have that L"g — 1), € C, provided that

o"a+ 2 A+ 2 (1- A™a)

1-— —m(g*) (1 = A="™a)

< a.

Since a = A/(1 — o) does not satisfy this inequality, whereas a = A™ does, it
follows that the positive root of the quadratic equation in the statement of the
theorem is the minimal a¢ for which the condition is satisfied. Denoting this
value by a,, the theorem follows by the method of lower bounds for invariant
cones whenever a, < a < A™. O

To use Theorem 3.3 to get rates of mixing for non—onto transformations, the
following procedure is natural: choose the minimal 7, such that A" > A/(1—0).
This guarantees that the partition of I into monotonicity branches of 177 is
sufficiently fine that

Z (ess inf g) XI (|| >0 whenever g€C,
Ia(n*) célnx) a(mx)

for a < A™. The next step is to find an interval U which is contained in each
T™ (I, (n.))- If none exists, then one can try and find such an interval for n, +1,
and so on. Of course, there is no guarantee that a U, will exist for an arbitrary
transformation, but if one does, then Theorem 3.3 can be applied. Supposing
that the hypotheses of the theorem are satisfied for n., U, the fastest rate of
mixing guaranteed by the method will be for functions in C,,, where a, is the

minimal value of a in the conclusion of the theorem.

REMARK. When using Theorem 3.3 to estimate rates of mixing, obtaining an
optimal rate is a balancing act between choosing n, and a, as small as possible,
and the interval U, as large as possible. O

3.4.2 [—transformations

Theorem 3.3 can be applied to the well-known class of S—transformations. The
choice of a sequence of values of 8 between 2 and 3 illustrates both situations
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in which Theorem 3.3 gives good mixing estimates, and situations where the
estimates are not so good. An alternative approach to mixing rates for BV
transformations is described in [55].

Fix 8> 2 and let Tj : [0,1] — [0, 1] be defined by the formula
Ts(x) = Bz (mod 1).

The graph of T' = Tp consists of | ] linear branches mapping over [0, 1) and
one linear branch mapping over [0, — |3]). For each n > 1, the graph of
T™ consists of both onto branches, and branches which fail to cover the whole
interval; all the branches have slope ™ and have 0 as the image of the left hand
endpoint. It follows easily that the expansivity and distortion constants for the
maps are

A=06, s=0, D=1

Finally, note the non-onto branch has length ¢; = — |3]. Then, Lemma 3.1.2
implies that for all g € BV,
2 2
Vi(£Lg) < ZVi(g) + —ligl.-
g cl

Now, since each branch of T has zero as the image of its left-hand endpoint,
T"(I n)) = [0,m(T™(In)))). Therefore, to find an interval which is covered

o «
by every branch of T™, we need to calculate the minimum length of any branch

of T™:
Recall that ¢; = 8 — | 3] = limy » T'(z) £ T(17). For each n > 1 put

cn= lim T(z)£T"(1).
z,/Cpn—1

Then:

Lemma 3.4.1 For each n > 0 and monotonicity interval I .y of T,

0,bn) CT"(Iym)

6
where by, = min{1,cy,...,cp}.

Proof: For each n > 0 let B, C (0,1] be the set of lengths of images of
monotonicity branches of 7". That is

z€ By, [0,z) =T"(I ) I,m € f(n).

0%

The lemma will follow if we can show that
B, Cc{l,c1,...,cn}-

The hypothesis is obvious for n = 1, so we suppose that it is true for n = k. Let
J be a monotonicity interval of T%*! and let J' be the unique monotonicity
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interval of T% such that J C J'. Then T*(J') = [0,¢;) for some j < k and
Tk+1(J) = T(T*(J)) is the image of a monotonicity interval of T'jo,c;)- Hence

TH(J) =[0,1) or T*(J) =1[0,T(c})) = [0, ¢j41)-
Therefore, By1 C By U {ck+1}, and the lemma follows by induction. O

Suppose that 8 > 2 is given. Put n = [%] and U,(n) = [0,b,). By
Lemma 3.4.1, we can apply Theorem 3.3 to obtain a rate of mixing for functions
in C,,, where a, = a.(n) is defined in the statement of the theorem. We then
obtain

||‘Cng||a* S rn,a* ||g||a*

for each g € BV}, where 1, 4, < 1 is from Theorem 3.3. Let R, = (rn,a*)l/".
Then R, = R,(f) is an upper bound for the spectral radius of L|py;. It may
be that a larger value of n will lead to a smaller value of R,, and with this
in mind it may be worth incrementally increasing n until the sequence R,
stops decreasing. For a selection of values of 3 € (2,3) we have performed this
procedure. That is:

1. Use the Lasota—Yorke inequality to determine the minimal value of n, for
which Theorem 3.3 will guarantee strict contraction for £™ in a || - ||o—
norm.

2. Calculate U, as described in Lemma 3.4.1, and let a, and R, (8) be
derived from Theorem 3.3.

3. Increase n, by 1, and return to Step 2 until the sequence of values
{Ry,+x(B)} stops decreasing.

The upper bounds on mixing rates for £|gy, given by this procedure are de-
picted in Figure 3.2.

Notice how some of the mixing rates depicted are extremely close to 1, and
that the graph jumps sharply near those points. This happens when (3 is very
close to a value for which the transformation has a finite Markov partition. It
is obvious that this corresponds to TZ{L(I_) = 1 for some m, and one can check
that such a g satisfies a Diophantine equation

B™ =ty + 1B+ ... + 0 f™L (3.17)

where 0 < n; < |4]. (In fact, {ni,ne,...} encodes the sequence of monotonicity
intervals of T visited by the orbit of 17: T*(17) € (ni/B, (n; +1)/8) N (0,1).)

We give a phenomenological explanation for the apparent discontinuities in
Figure 3.2: Suppose that T3"(17) = 1 for some m > 0. Then, T§+€(x) =
T[{,“(ac) + O(e) (mod 1) for most points z, sufficiently small ¢, and &k < m.
If k& < m, then this implies that the monotonicity branches of Tg | are very
similar in length to those of T%, but if K = m then T3 (17) = O(e). Therefore,
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Rates of mixing of various beta transformations

g

1.0

0.9

rate

0.8

0.7

2.0 2.2 2.4 2.6 2.8 3.0
beta

Figure 3.2: Rates of mixing for various § transformations, as derived
from Theorem 3.3. The vertical lines at 8 = 1 + \/5,1 + /3 are to
accentuate the difficulties in using the Theorem to approximate mixing
rates near Markov transformations.

the interval U,(n) in Theorem 3.3, is very small for & > m. Thus, the lower
bound function used to construct the rate of mixing in the Theorem captures
very little of the mass of an arbitrary initial density, giving a very slow rate of
mixing®. On the other hand, when € > 0 is sufficiently small, all of the branches
of Té“_ . are very similar in length to those of the transformation Tg, and the
theorem should estimate the rate of mixing for T3_, at much the same value as
it would for Tp.

Therefore, one would expect to find a solution of one of the Diophantine equa-
tions (3.17) near the sharp jumps in Figure 3.2. For example, the fact that
2 < B < 3 implies that any equation (3.17) will have ny = 2. For ny = 0,1,2
and m = 2 we expect jumps at 3 = 2,1+ v/2,1 + /3; these are clearly visible
in the figure!

REMARK. Since the set of 3 for which T is Markov is dense, one is always
“close” to a Markov transformation. The reason that this does not seem prob-
lematic for all of our attempts to use Theorem 3.3 is that the value of n, which
is used for the estimates depicted in Figure 3.2 is relatively small. Therefore,
the collection of 3 for which T%"(1) = (1) for m < n, is relatively sparse. [

4Rather than implying that these transformations mix slowly, this only means that our
method does not always do so well.
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By following the arguments in Section 3.3, one can obtain an exponential decay
of correlations result, and O(logn/n) error bounds for Ulam’s method applied
to f—transformations.

3.4.3 Transformations with Finite Range Structure

We briefly describe another “non—onto” application of Theorem 3.3. Follow-
ing [37], consider the class of transformations satisfying a finite range structure
condition. Here, we just describe the kind of mixing result that Theorem 3.3
implies; it will not be until the application to the Jacobi—Perron transformation
in chapter 5 that the idea is used.

DEFINITION (Finite Range Structure [37]) Suppose there exists a finite
collection {Uy, ..., Uy} of intervals in [0, 1] such that for every n > 0 and mono-
tonicity interval I ) of T™

T"(IL,w) =U; Ji=i(e™)el.. .k

o7

Then T has a Finite Range Structure. O

REMARK. Ito and Yuri’s [37] definition is not restricted to expanding trans-
formations. They prove that under some bounded distortion and transitivity
assumptions there exists a unique ergodic absolutely continuous invariant mea-
sure whose density is bounded above and below. Indeed, in subsequent papers,
Yuri [66, 67] generalises the definitions and constructions to multi-dimensional
transformations, proving both the existence of acim and decay of correlations
(exponential mixing). O

The full generality of Ito and Yuri’s [37] constructions is much greater than
that which we now use. Instead, we assume that T satisfies the expansivity and
bounded distortion conditions above, and that T" has a finite range structure.
If the collection of range sets is {Uy, ..., Uy}, then put

A=nk U, (3.18)

If m(A) # 0, then Theorem 3.3 implies an explicit rate of mixing for 7. Be-
cause the application of the theorem is so direct, and any discussion of weaker
conditions than (3.18) would be impossible without a substantial complication
of our method, we do not attempt further generalisation.

3.4.4 Liverani’s technique

Finally, we comment on Liverani’s [50] constructions of contraction rates for
non—onto maps, and compare it to ours:

In [50], the cones C, are also used. Liverani’s interest is in obtaining rates
of contraction for £ in a projective Hilbert metric, and this necessitates the
construction of lower bounds for functions in £N°C, (for some Ny); c.f. [50,
Lemma 3.5].
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The lower bounds constructed in Proposition 3.1 and Theorem 3.3 are much
better than Liverani’s because we sum up contributions to L"f from all in-
verse branches of T, whereas Liverani uses the contribution from just one onto
branch. On the other hand, Liverani proves (non—constructively) that a rather
weak mixing assumption is sufficient to guarantee the existence of at least one
onto branch for some iterate of a non—onto transformation [50, Theorem 4.4].
His arguments can be applied to obtain decay of correlations for these transfor-
mations. It is therefore reasonable to suppose that our Mixing Theorems may
also be extended to more general transformations.

3.5 Reworking the method in terms of the matrix
approximation

For the final part of the chapter, we depart from the theme of obtaining error
bounds for the Ulam approximation, and show instead how the spectral bounds
for £ in Theorem 3.1 can be used to get explicit spectral bounds for the ap-
proximate operator P,. For the sake of simplicity, we confine the discussion
once more to onto transformations. As well as being an encouraging sign for
the robustness of our method, the persistence of spectral bounds under Ulam
approximation leads to bounds on the sample path variance in a Central Limit
Theorem for the associated Markov chain.

3.5.1 Spectral bounds for P,

Recall the approximate operator P, and in analogy with Theorem 3.1, consider
the action of P, on

An:{fele/If:O and 3N 2 e D, sit.

=10 = 7@ ana £ = 152 }.
The space A, has particularly nice properties:
Lemma 3.5.1 For each n, recall the definition of the norm || - ||2n on Top,.
1. D, C Coy, so that A, C I'y, and
2. if f € Ay then || f|| = 2[|f|2n-
Proof: See Appendix A. O
REMARK. Because D, is preserved by P,, it follows immediately that A,

is preserved by P,. Of course, this is equivalent to the fact that the matrix
representation on P, preserves {(z1,...,z,) € R" : > " 2; =0}. O
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To get contraction for functions in A,, we are going to use the method of lower
bounds for invariant cones.

Put ) \
s 4 52 log 2
a*:52 )‘Il, and n*:[?g f\l*-‘
1—3—D og

Proposition 3.3 (Lower bound for powers of P,) Let n > 6Dn,a., and
suppose that f,g € Cq, N Dy, satisfy ||f|l = llgl|- Then

Pr P9 € Cl1jatsn/(r—1)) N Dn

and there exists a function 1 =y 4 € D), such that

P f =9, Pa"™g 2, 9l = |IfI/3D

and

Vi() <4(1/2 + sA/(A = 1)IIfII-

Proof: First of all, repeated alternate application of Lemmas 3.1.2 and 3.1.1
gives

Vi(P™ f) < X™Vi(f) +sA/(A=1)| 1]
< (@A™ sA/ (A=) £
<

(1/2+s2/(A = D) (3.19)

Since the same is true for g, this establishes the first part of the proposition (it
is obvious that P,™D,, C D,,).

Now, because f € C,, and A™™a, < 1/2, Proposition 3.1 implies that

L f = |fl/2D. (3.20)
Next,
Tx . . ) .
||£n*f _ Pnn*f|| < Z Hﬁlrpn(n*—z)f _ Ez—lfpnrpn(n*—z)fn
=1
Zn* | |
< Y LPL 0 — LLP, ™ g
=1
1 M .
< QL VPO
1=
Tk
< —allfl <|fll/6D
by Lemma 3.1.1 and the restriction on n. Because ||[L™ f] = [|P,™ f||, the

above implies that

(L™ f = Pa™ )N = 1L f = Pa"™ fIl/2 < |If]]/12D. (3.21)
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Moreover, similar to the proof of (3.19):

L™ f € C1jatsn/(r-1))-
Thus
VI((L™ f = Pa™ )T) SVI(L™ f = Pu™ f) < 2(1/2+ sA/(A = D)[IfII. (3.22)
Equations (3.20)—(3.22) hold with g replacing f. Then, put
W =1y, =1/2D|fl — (L™f =P f)"
(En*g _ Pnn*g)+-

Together, (3.20) and (3.21) imply that ||[¢'|| > 1/3D||f||, and (3.22) implies
that
Vi) <4(1/2+ sA/(A = D).

Also,

Pu™f = L= (L™ =Pa™f)
1/2D||fIl = (L™ f = Pu"™ f) "
1/)/

and the same relation holds for g. Putting ¥ = II,,7)', the result follows. O

>
>

We now prove strict contraction for powers of P,, applied to any function in
Ay.

For each a > 0 let

0 if a < ay,
Ng = log 2 .
“TRER] ifa>a.

Theorem 3.4 (Mixing for P,) Suppose that f € A, and let n,a.,ny,ng be
as giwen in Proposition 3.3. Then, for any a > 0:

1P, ) a. < (1 =1/3D)[[flla-

a. < (1=1/3D)|[Pp" f

Proof: First of all, assume that n, = 0. Then a < a, and there exist functions
fO @ e (D, NC,) C (D, NC,,) such that f = O — f@) and ||fD|| =
1PN =11flla > |If|la.- By Proposition 3.3,

P O, P P € Ciajarsajir1)s
and there exists ¢ =) ) € Dy such that
Pu fO > 4, P O >, gl > [1FV)1/3D

and

Vi(y) < 4(1/2+ s2/(A = 1)IIF V.
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It follows immediately that
1Pa" £ — || = [P f O] = 9]l > (1 = 1/3D)||f V]
(and the same is true with f ) replacing f (1)). Therefore,
ViPu™ ) —9) < Vi(Pu™ f) + Vi(y)
(1/2+ sA/ (A = D)IFDU + 4172 + s2/(A = D)1 F D
a.(1-1/3D)| V|
a|Pa" fO — |

(and the same is true with f) replacing f(")). By Theorem 1.1,

1Pn"™ flla. < (1 =1/3D)|[fla. -

IN N

IN

Suppose now that n, > 0. Then a > 5a,, and repeated alternate application of
Lemmas 3.1.2 and 3.1.1 implies

Prn"*Ca C Cr-naaysr/(a-1) C Crya4sx/00-1) C Can,
where the last inclusions follow from Lemma 3.2.3 (2). By Lemma 3.2.3 (3),
[Pn" flla. < (1 llas

and the proposition follows from the n, = 0 case. O

REMARK. The constants ay,n, and the restriction on n have been cho-
sen (somewhat arbitrarily) to get the simply expressed contraction rate (1 —
1/3D). O

Corollary 3.5.2 Let n, be as in Proposition 3.3 and for sufficiently large n
put ng = [lf’og;;f]. Then for f € A,, k>0

[P, ke tno) £l < (1 —1/3D)*|| £

Proof: By Lemma, 3.5.1, Lemma 3.2.3 and repeated application of Theorem 3.4,

| Py kretmo) | = 2|| P, knetno) g1 < 2| PR PO f
< 2(1—1/3D)%||P," f|a, -

By the usual argument, (P, f)* € C,,, so that
1
1P flla, = 1Pa" £ = 151 = 51171
The corollary follows. g

Finally, recall that the Ulam approximate operator P, can be expressed as a
stochastic matrix P = P(n) with entries

P;j =m(T™'B; N B;)/m(B;)
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where {B;}! is the partition of I into n equal subintervals. Since there is a
bijective correspondence between elements of D,, and probability vectors in R",
Corollary 3.5.2 implies immediate bounds on the eigenvalues of the matrices
P(n). Let

pe = (1 —1/3D)Y/™.

Corollary 3.5.3 For large enough n (as specified by Theorem 3.4), let p be
any eigenvalue of the matriz P(n). Then either

p=1 or |p| < ps.

REMARK 3.5.4. In view of Corollary 3.5.3, the numerical computation of
the invariant probability vector for P(n) is relatively straightforward. Because
the matrix P(n) is ergodic, and the rate of exponential mixing is known to
be bounded above by p., a uniform initial vector will converge to within € of
the invariant probability vector after O(log(e)) iterative multiplications by the
matrix P(n). Consequently, this part of the calculation is extremely fast once
the matrix P(n) is stored in the computer. [J

3.5.2 Central Limit Theorem

The bounds on approximation error for Ulam’s method for computing the in-
variant measure lead automatically to rigorous estimates of ergodic averages of
observables. The main idea in this section is that an average over a finite length
sample path of the Markov Chain corresponding to the Ulam approximation
provides a good estimate of the average with respect to the exact invariant
measure for the transformation. We state this as a Central Limit Theorem
(CLT) for averages over sample paths of the Ulam approximating Markov chain.
Theorem 3.4 is used to obtain a rigorous quantitative bound on the variance
appearing in the CLT.

Let ¢ : I — R be bounded, and for each z € I let

n—1

Sn(@)(z) =) ¢(T'),

=0

and suppose that it is of interest to know

§= lim ~5,(¢)

n—o0o n

for a.e. z € 1. By the Birkhoff Ergodic Theorem, if 4 is the unique absolutely
continuous invariant measure for 7',

¢=¢¢W-
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Since y has density h, by Theorem 3.2

o= [ @ @am@)| < [16@Ihe) ~ b(z)ldm(o)

(sup 1) I — Bl < Cllgll Tog(n) /.
where the constant C' can be written down in terms of the expansivity and
distortion constants of the map 7.

VAN

IN

Therefore, one strategy for approximating ¢ is to compute the approximate
invariant density h,, (for some sufficiently large n) and then calculate the mean
of ¢ with respect to h,. Since the function h,, arises as the invariant probability
vector of a stochastic matrix P(n), an alternative to doing this calculation is to
perform a “Monte Carlo” simulation of the corresponding Markov chain. We
describe this now:

To avoid ambiguity with the standard Central Limit Theorem notation, we will
work with the Nth Ulam approximation. Let {B;}¥ | be the partition of [0, 1]
into N equal subintervals. The idea is to simulate a sample path of the Markov
chain with states B; by generating a pseudo—orbit of 7" on [0, 1] and recording
the sequence of B;s which are visited.

Consider the Markov chain on [0, 1] with transition probabilities

m(An B;)
Z xoi(@ m(B;)

3,j=1

where P;; are the entries of P(IV), the stochastic matrix representation of Py .
Let {z} be a sample path of the Markov chain. The sequence of states {B;, }
such that z; € B;, is a sample path of the Markov chain representation of P:

+NB
]P({B]H_l € Bj|33k: € B Z 7) = RJ

Moreover, a typical sample path is very easy to generate: If z; € B;, let z} €
B; be distributed according to Lebesgue measure on B;. Put zp41 = T(z}).
Denoting the transition probabilities of this process by P':

]P)I(.’L']H_l € Bj|:vk € Bz) = ]P)I('_Z".’I};C € B]‘.Z';C € Bz) = m(TﬁlB]ﬂB,)/m(B,) = IDZ']',

as required.

Now, for each n, put
n—1
= i)
=0
By the Ergodic Theorem for finite state Markov chains ,

lim 1S (¢) = /1 $()h (@)dm(z) = ¢,

n—oo N
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Now, let g = IIy¢ — ¢’ and consider the quantity
[e.e]
'yg = /thNdm+ZZ/g : ’P]’f]g - hydm.
k=1

Corollary 3.5.5 Let n, be as in Theorem 8.4 and let N be sufficiently large

that the other hypotheses of Theorem 8.4 hold. Put Ny = [%;—ANW. Then

72 < 2(No + 3D, ) lg - Allollgl
Proof: By Corollary 3.5.2
k k . | 5=No |
9-Prg-hndm < |g-hnlloo|Prgll < llg-hnlloo min{1, (1-1/3D)" =T} g].
The result follows by summation. O

Finally, we can write down a Central Limit Theorem.

Central Limit Theorem [52, 17.0.1] In the established notation, for every
teR
' _ ! 1 t
lim p @D ) —/ e 2dg. O
n—00 n,yg V2T — 0

By Corollary 3.5.5, ’yg = O(log N) is very small in comparison to N. Therefore,
with high probability

56— #| = O(VIg /) itn = OLN").

This statement could be made precise with more detailed knowledge of the rate
of convergence in the CLT. In combination with the discussion at the beginning
of this subsection, we have with high probability

‘ v2 ()

i) ) < Ol g0/

where ¢ is the desired ergodic average for the exact invariant measure, and the
sample path average is for the Markov approximation. The constant C' may
be slightly larger than is given by Theorem 3.2 to allow for the approximation
error in the CLT.

ExaMpPLE: Consider the estimation of Lyapounov Exponents for the maps
Tq introduced in Section 3.2. In this case, the function g = log|T(,|. Let
oq = [log|T4| ha dm and if hy o denotes the Ulam approximation to hq by
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using a partition of N = 10000 subintervals, let o10000,0 = [ log|TH|hn,o dm.
Then

|O’Q — 010000,0 < || log |T:)|||Oo||hQ — hN’Q” < log 2.5 x 0.0449 =~ 0.0411. (3.23)
Using the density approximations higooo,n, the approximate Lyapounov Expo-
nents 010000,n can be calculated exactly; the data are displayed in the left-hand
plot of Figure 3.3. Alternatively, o19000,0 could be approximated by averaging
log |T4| over a Monte—Carlo sample path of the Markov chain, as described
above. For paths of lengths n = 10% and n = 10°® the result of the procedure
is depicted in the right-hand plot of Figure 3.3. The Monte—Carlo method
produces estimates which agree well with the exact integrated version.

exact MCMC
n Lo
0] [o0]
© ©
o o | -
0] [00]
© 1 Q rd
o o \
\
=10 0
&~ & ™~
w 9] w <
-4 O -1 O
o o
~ N~
© | ©
o o
n o
[{e) [{e]
© 1 ©
o o

00 02 04 06 08 1.0 00 02 04 06 08 1.0
Omega Omega

| $16°68 Manie Eala paie

Figure 3.3: Comparison of integration based and Monte Carlo approxi-
mation of Lyapounov Exponents for the maps Tq.

In our implementation, simulating a sample path of length 10° takes approxi-
mately the same amount of time as calculating the approximate invariant mea-
sure (over 10000 subintervals) directly (about 10 seconds). By bounding 73
as in Corollary 3.5.5, and assuming that the convergence in the CLT happens
quickly, n = 108 should produce (with high probability) a Lyapounov Expo-
nent estimate of the same order of accuracy as in (3.23). In fact, the picture
for n = 10* (which is omitted to avoid a cluttered appearance in Figure 3.3)
is also in good agreement with the left—hand plot, suggesting that the conver-
gence is very fast indeed. If this occurs generally, the computational advantages
are obvious: the Monte-Carlo method is almost as accurate, much faster, and
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requires almost no memory. These considerations become especially important
for higher dimensional maps.

Summary

This chapter has collected a reasonable breadth of results about expanding
interval maps. First of all, a new method for constructing rates of mixing for £
(the Perron—-Frobenius operator of such a map) was presented. These spectral
estimates are better than previous approaches [61, 50], apply automatically to
maps with infinitely many branches, and are readily generalisable to multi—
dimensions. In the course of the proof, the classical Lasota—Yorke [47] was
extended to allow for infinitely many branches, and a new family || - ||, of BV
norms were introduced. Most importantly, the method of proof is adaptable
to the situation where not all the branches of the map T are onto, and this
was illustrated by bounding mixing rates for the classical f—transformations.
However, the main result of the chapter was the derivation of an O(logn/n)
error bound for Ulam’s method in all the situations where the mixing rates
apply. This generalises the main result of Chapter 2, and because most of
the argument does not rely on T being one-dimensional, the approach can be
generalised to more dimensions. The final application was to prove uniform
mixing rates for the Ulam approximations of £. From an aesthetic point of
view, the persistence of our argument under “discretisation” is very pleasing.
Yet the real benefit is practical: the existence of uniform spectral estimates
for the corresponding Markov matrices implies rigorous bounds on the sample
path variance of “Monte-Carlo” simulations of the underlying Markov chain.
One can therefore perform numerical experiments with some confidence in the
results.

Having achieved this variety of theoretical results for expanding maps in one
dimension, there are two natural tasks ahead: to investigate how the existing
constructions behave under numerical implementation, and to generalise the
techniques to more dimensions. These are the subjects of the remaining two
chapters of the thesis.



Chapter 4

Numerically assisted error
bounds

One of the main themes of this thesis is the robustness to discretisation of ana-
lytical constructions for invariant densities. As such, it is appropriate to devote
some attention to the translation of our constructions onto a computational
level. The main theorem of this chapter (Theorem 4.1) implies a procedure
for computer assisted proofs of error bounds for Ulam’s method. The exam-
ples from Chapters 2 and 3 are revisited in this new context, and some further
examples are introduced.

Now, with the emphasis on numerical determination of invariant density ap-
proximations and error bounds, the technical requirements are less restrictive
than in the previous two chapters. In particular, more general transformations
can be considered. To begin with, we still require fairly uniform expansivity, but
the transformations may be multi-dimensional. Even the uniform expansivity
is relaxed later on.

The first three sections of the chapter are devoted to constructing a numeri-
cal procedure for bounding the approximation error in Ulam’s method. The
technique draws only on linear algebra and elementary Markov Chains theory.

In the first section, we derive for the invariant measure an ezact asymptotic
formula in terms of a certain collection of matrices. We then show that each
matrix in the collection is uniformly close to the matrix representation of an
appropriate Ulam approximate operator P. In the second section, we explain
how to numerically compute a bound on ||(Id—P)~!|| (c.f. the analytical result
in Lemma 3.3.1). Then, in Section 4.3, this “mixing” result is put together with
the perturbation results from Section 4.1 to get numerically computable error
bounds for the Ulam approximation.

After revisiting the examples from Chapters 2 and 3 in this new context, we
apply the method to the class of smooth one-dimensional maps mentioned in
the Chapter 1. The trick employed in that section suggests an easily imple-
mentable procedure for improving the accuracy of Ulam’s method for non—

83
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expansive maps. This is discussed in the final section of the chapter.

For the sake of simplicity, the examples presented in this chapter are all one—
dimensional, even though the results apply to multi-dimensional transforma-
tions.

4.1 Matrix formula for invariant measure

In this section we describe the class of (multi-dimensional) maps under con-
sideration, and derive a matrix formula for the invariant measure restricted to
a partition n (Corollary 4.1.2). We then show how the matrices appearing in
the formula are small perturbations of the matrix representation of the Ulam
approximation over 7.

Setup

Let X be a compact Riemannian manifold, with Riemannian metric p. Let m(-)
be the Lebesgue measure corresponding to p; we assume that m is normalised
to be a probability measure (m(X) = 1).

Next, let 7 : X — X be a piecewise C? transformation satisfying the following
conditions:

Piecewise Monotonicity: Let £ = {B,} be a partition of X into monotonicity
components. That is, each T|p, is 1-1, and each B, is a connected set such
that the tangent map’

DT : 'TmX — E“(w)X

is invertible at each point z € By, \ 0B,.
Uniform Expansivity: Let A > 1 and K > 0 be such that

| DT (z)v| > Alv| Vv e T, X (4.1)
and for each monotonicity set B,

‘ log |det (D(T5y")(x))| — log |det (D(T3 ") ()| ‘ < Kp(z,y)  (42)

where z,y € T(B,) and T,, ! denotes the appropriate inverse branch of T

Finite Range Structure [37]: There exists a finite collection {Uy, ..., Uy} of
subsets of X such that for any n > 0 and monotonicity set B, x) of T"

T"(Byw) =U; Ji=i(@™)el.. .k (4.3)

DEFINITION: A partition 1 of X will be said to respect the (finite) range struc-
ture (mod 0) if for every A € n and U; € {Uy, ..., Uy} either

m(ANU;) =m(A) or m(ANU;) =0.

!The notation 7, X denotes the tangent space to X at x, and for every v € T, X, |v] is its
length, measured in the norm corresponding to the Riemannian metric p.
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It is easy to see that any refinement of a partition which respects the range
structure must also respect the range structure. O

EXAMPLE: Any expanding, C?> endomorphism of a compact manifold has a fi-
nite range structure, with {Ui,...,Ux} = {U1} = {X}, so that any partition
respects the range structure. Every transformation with a finite Markov parti-
tion has a finite range structure, and it is automatic that any Markov partition
respects the range structure. O

Theorem (Folklore) For (X,T) as above, there exists an absolutely contin-
wous invariant measure . If the transformation T is ergodic with respect to
Lebesgue measure, then the acim p is unique, and for every Borel set A

REMARK. The Folklore Theorem dates back to Renyi [59], and is true far more
generally than for the transformations T" just described (see [16, 66] and many
others). I am grateful to Sebastian van Strien for pointing out this characteri-
sation of the acim. [

Probability vectors and a formula for the invariant measure

Let n be a fixed partition which respects the range structure of 7' (mod 0).
Write n = {X1,..., Xy} for some N = N(n). The aim in this subsection is to
use the Folklore Theorem to write down an “exact” asymptotic expression for
the invariant measure y restricted to the partition 7.

Let

N

Rﬁob = {xE]RN :Z:z;izl and z; > 0 Vz’zl...N}
i=1

denote the collection of probability vectors in RY. Then RY " is a level set of

the cone of positive vectors in RV, and there is a one-to-one correspondence

between probability measures restricted to 7, and elements of RY ,: if v €

M(X), then

V(n) 2 (w(X1),...,v(XnN))
is the wvector representation of v (restricted to n).

For each n > 0, let (™ be the vector representation of m o T~ restricted to
7. Then
(¢™)i = m (T7"(X3) , (44)

and (™ ¢ RY - If 4 denotes the restriction of the acim (from the Folklore

Theorem) to 7, then yu € RY =~ and

1
> ak). (4.5)

1n
= lim —
k=0

n—oo N
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Next, we write down a recurrence relation satisfied by the vectors z(*):

DEFINITION (The matrices P(") Let P be the N x N identity matrix, and
foreachn >0and 4,5 =1...N, put
pm _ ™ (T X; T~V X;)
“ m (T~ X;)

It is easy to check that each P = (PZ(JH)) is a stochastic matrix. O

Lemma 4.1.1 For each n > 0,

£ — (1) p()

where the vectors ) are defined by (4.4).

Proof: Foreachn >0,1<i< N,

NE

@)y =m(T7"X;) = Yom(T7"X;nT DX,

-~
Il
—

m (T7"X; NT~ ("1 X;)
m(T_("_l)Xi)

m(T~ "1 X;)

I
NE

1

- (xm—l) p<n))

-~
Il

J
because T~y = {7~V X, ... T-("~D Xy} is a partition of X. O

REMARK. Notice that if £ is the Perron-Frobenius operator for 7', and P
is the matrix representation of the Ulam approximation P;,, then P = P,
Moreover, P(™ is the matrix representation of the Ulam approximation over
the partition ="y, O

Finally, it follows from the Folklore Theorem and Lemma 4.1.1 that:

Corollary 4.1.2 (Formula for p) Let p denote the acim from the Folklore
Theorem, and let the vector £(©) and the matrices P™ be defined with respect
to a partition n. Then

n—1
.1
w(X;) = (n]ggo - kzox(o)p(O)P(l) . ..P(k)>

= i

for each X; € n.

At first glance, it may not seem that writing down the Folklore Theorem as a
matrix equation (Corollary 4.1.2) is necessarily useful. However, we show next
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that each of the matrices P™ is uniformly close to the matrix P"). This is
helpful because an explicit rate of mixing for powers of the matrix P() will
allow control of the perturbative error incurred by replacing each P*) by P(1).
In this way, a bound on the distance between the vector p and the invariant
probability vector for p) (the Ulam approximation) will be deduced.

Growth of the matrices P

Let 7T satisfy (4.1)—(4.3) and let n = {X;}¥ | be a partition of X which respects
the range structure (mod 0). For the partition 7, recall from Chapter 1 that

§ £ §(n) = diam(n) = max diam(B)
Ben

is called the diameter of the partition.

Proposition 4.1 Let § = §(n) and let the matrices P™ be as above. Then for
eachn >0 andi,j=1...N,

_§ KX P(n) § KX

e T < <l

=20
By

Proof: Fixi,j€1...Nandn>0. Let A= X; and B=T"'X, N X;. Then

m (T’("*I)B)

1) _ m(B) (n) _
Py = and P T m (T

m(A)
Without loss of generality, assume that both A and B are connected (the fol-

lowing argument extends easily to the general case). Let {Tg ("_1)} be the
collection of inverse branches of 7" ! whose images intersect A, and let {C,}
be the corresponding subsets of monotonicity. Therefore,

e (Ta_ ("_I)B)  Yam(CanT~""UB)
S (120 04)  Zam(CanT - A)’

(n) _
P =

and in particular

m (Taf(nfl)B)

min i (Taf(nil)B) _
m (Ta_("_l)A)

1i m (4.6)

n
] —

SP--)<max
o

Now, because T has a finite range structure which is respected by n (mod 0),
it follows that for each «,

ANT™ V0, = A (mod 0).
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Furthermore, because each monotonicity branch is differentiable, there exist
2o € Ta " VA and y, € To " VB such that

(det D(T" ") (z4)) m (Ta_("_l)A) = m(A)

and
(det D(T™ ) (ya)) m (Ta’("’l)B> — m(B).

Therefore,

m (Ta_("_l)B> | det (D(Ta_("_l))) (T"1(z4)) _m(B)
m (Ta"04)  det (DT ")) (T (ga) A

The proof is completed by estimating the distortion ratio in this inequality:
Notice that for each o, T? (z,) € A and T" " !(y,) € B C A. Hence

p(Tgil(xa)’ Tc:hl(ya)) <4

An easy calculation shows that Lip(log|det D (T~")|) < KA/(A — 1) for each
n > 0, so that

_§EX § KX
e A1 < 71) S e A-1
det (D(T5 ™ V)) (171 (ya))
Therefore,
—(n—1)
o m@) _m(TUB) o )
e *1 X < <e 1 X
m(A) m (Ta—("—l)A) m(A)
and the proposition follows from (4.6). O

Corollary 4.1.3 Letting the partition n and vectors {:v(k)} be as above,

Hx(k) — m(kfl)P(l)Hl < (66% - 1) = 0(9).

Proof: By Lemma 4.1.1,

(k)
(m(’“) _ x(kfl)P(l))j = (m(kfl) (P(’“) — P(l)))j = zn:(x(kfl))ipi(jl) (Egl) B 1)

=1
The result follows from the Proposition because ||z*~1P1)||; = 1. a

REMARK. In the case where the map T is a piecewise linear Markov map, and
the partition 7 is a Markov partition such that T is linear on each A € 7, Propo-
sition 4.1 shows that each P(™) = P(1): the Lipschitz continuity of log det DT ™

a(n)
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is used only to compare the value of det DT(;(:) at points which lie within mono-
tonicity components of 7". Since 7™ is linear on all such components, one can
take the constant K = 0. Therefore, P = pn—1) = = p()_ If the

map T is ergodic, then the matrix P(!) has a unique invariant probability vec-

tor p, and (¥ (P(l))k — p as k — oco. Therefore, Corollary 4.1.2 implies that
p = p, and Ulam’s method will reproduce the exact invariant measure (which
is well-known). O

Now, by choosing the partition 7 to be sufficiently fine (§(n) sufficiently small),
the exponential in Proposition 4.1 can be made arbitrarily close to 1, implying
that each P(™ is a small perturbation of P(!). Since p arises as the limit of a
multiplicative sequence of of P(™)s, the analysis of the error in approximating
by Ulam’s method? reduces to estimating the sensitivity to small perturbations
of the asymptotic product.

REMARK. The problem of the asymptotic matrix product we describe is sim-
ilar to a situation considered by Diamond et. al. [19]. They define an interval
stochastic matriz to be the collection of all stochastic matrices @ which satisfy
Ai; < Qij < B;; for some fixed positive matrices A and B, and characterise
the set of invariant vectors for matrices () by a sequence of inequalities. Un-
fortunately, their results do not imply concrete bounds on the diameter of the
set of probability vectors which arise as limits of products of matrices from the
collection. [

4.2 Numerical calculation of rates of mixing

In Chapters 2 and 3, the key ingredients in obtaining analytic error bounds
for Ulam’s method were explicit bounds on the rate of mixing for the Ulam
approximation and Perron—Frobenius operator (respectively) when restricted
to a suitable difference cone. Since the current scenario involves dealing with
stochastic matrices and their action on the positive cone in RY, we consider

=1

N
I‘:F(n):{wERN:in:O}. (4.7)

T is the difference cone corresponding to the cone of positive vectors in R .

Our objective is to estimate

-

Assume that P(!) has a unique invariant probability vector. Then, the invariant
subspace corresponding to the eigenvalue 1 is one-dimensional, and it is easy

1

2That is, by the invariant vector for P,
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to see that I' is a complementary space, invariant under left multiplication by
PM). Moreover

k
zell =z (P(l))
exponentially fast as k — oo.

Let {e;}Y, denote the usual basis for RV and for each i =1...N — 1 put

Vi =€ —EN.

Then, {v; f;l is a basis for I" because if z € T,

N N-1 N-1 N-1
z= E Zie; = E zivi + | Z2v + E zi|en = E Zii
i=1 i=1 i=1 i=1

since Zfil zi = 0.

Proposition 4.2 (Bound on (Id — PW)~1) With PY) and {y;} as above,
put

Then C < oo and

Proof: The fact that C is finite follows from our comments before the statement
of the proposition. It is a standard fact that

(Id+ PO 4 (P(1)>2 + - ) (Id - P<1>) - Id‘r,

so it only remains to demonstrate the bounds. Let z € I'. Then

S| - SR
< Xl [ (0

1

N-1
C Y |zl < Cllalls,

1=1

IA

and the upper bound follows. For the other inequality, let v;+ be such that

- (p)
5 ()

1
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Then ;= € I' and the lower bound follows because ||y;+||1 = 2. O

The number C in Proposition 4.2 is very amenable to computation. Because
each vector «y; converges to zero exponentially fast under iterated multiplica-
tion by PU), the calculation of each sum > 7i(PMY7 is numerically stable.
However, when N is large, there are many such sums to compute. These could
easily be done in parallel.

REMARK. (RELATION WITH PREVIOUS CHAPTERS) In Chapters 2 and 3, much
of the analytical work was devoted to obtaining a priori upper bounds for
the rate of mixing of the Ulam approximations P,. Since each P, may be
completely represented by a stochastic matrix, it is clear that our previous
estimates give bounds on the constants C: If ny is a partition of the interval
[0, 1] into subintervals of length 1/N and T is of the class considered in Chapter 2
or 3, then

C(nn) < O(log N).

Moreover, in Section 3.5 it was explained how mixing rates for the matrices P
can be used to bound the sample path variance for the Monte—Carlo estimation
of functionals. If 'yg denotes the asymptotic variance of a functional g, then

Yo <2C(n) llglleo p(9)

where p(g) denotes the expected value of |g| with respect to p, the invariant
vector for PV, O

REMARK. In investigating the convergence of Ulam’s method, Froyland [24]
has considered a similar object to the operator (Id—P™M))~!|p: the fundamental
matriz of a Markov chain which is “close” to the one governed by P1). Under
restricted circumstances, he found that the norm of the fundamental matrix
scales like O(log N). O

4.3 Computer assisted error bounds

We now put together the ingredients from Sections 4.1 and 4.2 to obtain nu-
merically assisted error bounds for Ulam’s method.

4.3.1 Numerics based Theorem

Suppose that T is a transformation satisfying (4.1)—(4.3), that 7 is a parti-
tion which respects the range structure, and that §(n) is the diameter of the
partition. If T is ergodic, and P() is the matrix representation of the Ulam
approximate operator over 7, then P(!) has a unique invariant probability vec-
tor p. Let p denote the vector representation (over 7) of the (unique) acim, and
let C = C(n) be the constant from Section 4.2.
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Theorem 4.1 (Numerical error bounds) For the setup described above,

KX
i = plly < Cl) (P55

where || - ||1 is the usual vector 1-norm on RY .

_1),

Proof: Let the vectors {x()};5¢ and the matrices {P*)};¢ be as defined in
(4.4) and the subsequent definition. For simplicity of notation, we set P = JZON

Then

B
—

(e pi _

(x(k—j) _

=0

> <.
I
= O

<.

since p is an invariant vector for P(1).

Next,

15~ 0
15 -,

Therefore

<

IN

IN

:c(k_j_l)P) PI + (29 — p)P*

[P (s stre)er
n k=1 j=0

n—1n—1-k n—
R 3 (o -atnr)P

k=1 j=0 k=
l n—1 H n—l—k(x(k) k 1)P)P]H +
n k=1 7=0

n—1
p=tim Z g

=0

1 n—1 n—1—k
1 (@® —
Jim 2D
k=1 :
1 n—1 [es)
dim o 2|
k=1 j=
1 n—1
S (k) _
Jm 2|

k=1

H(Id — P)_1”1 sup ||z(™
n>1

2D p)(1d — P)*IH1

2"V P;.
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The theorem now follows from Corollary 4.1.3 and Proposition 4.1. 0

A short calculation shows that if A is the exact invariant density for 7', and || - ||
denotes the usual L' norm, then

K\

|h — k| < (eﬂn)ﬁ _ 1) .

But p is the vector representation of the Ulam approximation h,, and pu is the
vector representation of II,h. Thus ||II,h — hy| = || — p||: and Theorem 4.1
implies that

K\
I = hall <l = bl + [Tyh = Byl < (14 C(m)) (P35 ~1).

REMARK. If T is as in Chapters 2 or 3 and if ny is a partition of [0, 1] into N
equal subintervals then

C(ny) < O(logN).

Since d(nny) = 1/N, Theorem 4.1 implies that
Ik = hn|l < O(log N/N),

recovering our earlier results. [

4.3.2 Two examples

We now apply the numerical approach to error bounds to the simple examples
introduced in Chapter 2.

EXAMPLE 1: Recall the family {T¢}c>o introduced in Chapter 2. Each is
smoothly conjugate to the map z + 5z (mod 1) and has a known invariant
density. Somewhat arbitrarily, we pick € = 0.08 (this is the “most nonlinear”
of the maps considered in Chapter 2) and compare our analytically obtained
error bounds with the numerically assisted approach described in this chapter.

There are four sets of data. Each set consists of error bounds for Ulam’s method
based on a partition of [0,1] into N = 10, 20,40, ... 2! x 10 equal subintervals
(the corresponding partitions are denoted by ny).

1. Method from Chapter 2. Using the expansivity and distortion constants
from Chapter 2, an optimal choice of k¥ = k(N) is made to minimise
en(k), the first factor of the product in the conclusion of Theorem 2.2.
Denoting the optimal such constant by C',

C(nN)+1 ch\f,

and an error bound follows.
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N Chapter 2 Chapter 3 Chapter 4 Error
Cy | Bound || CF | Bound C(nny) | Bound

10 || O(10%) | O(10%) || 19.2 o(1) 4.17 Oo(1) 1.32 x 102

20 598 | O(10) | 20.1 0o(1) 4.51 | 8.71 x 107! || 7.33 x 1073
40 413 | O(10) || 20.2 | 9.79 x 107! || 5.54 | 4.23 x 107! || 3.11 x 1073

80 345 | O(10) | 21.1 | 5.09 x 10~ | 6.54 | 2.83 x 107! || 1.59 x 1073
160 318 O(1) ||21.2|257%x107t || 7.09 | 1.50 x 107! || 8.01 x 10~*
320 312 O(1) || 22.1|1.34x107 | 838 |8.66x 1072 | 4.12x 10~*
640 320 O(1) ||229|695x1072| 852 |438x10°2 | 2.10x10°*
1280 334 0.768 || 23.1 | 3.49x 1072 || 10.2 | 257 x 1072 | 1.07 x 10~*
2560 350 0.403 | 23.9 | 1.82x 1072 | 10.5 | 1.32x 1072 || 5.25 x 10~°
5120 368 0.212 || 24.1 | 9.09 x 1073 || 12.1 | 7.50 x 103 || 2.65 x 10~°
10240 | 387 0.112 || 25.0 | 472 x 1073 || 12.7 | 3.92x 1073 || 1.32 x 10~°

Table 4.1: Comparison of various methods of obtaining error bounds
for Ulam’s approximation applied to the map 7T, when ¢ = 0.08. The
calculations and the constants CY, C};, C(nn) are explained in the text.

Method from Chapter 3. By differentiation, bounds on the constants
s, A\, D corresponding to T' can be obtained. Then, exploiting the con-
structions in the proof of Theorem 3.2, a bound on the norm of

(Id = L£)"": (BVo, || - lan) = (BVa, || - )
follows by an optimal choice of constants (c.f. Appendix B). Denoting
this number by C};, Theorem 3.2 implies that

sA 1

_ <" -
|h — hyl| —CN/\_IN

Numerical method. The constants K, A required by Theorem 4.1 are pre-
cisely the constants s, A from Chapter 3. Therefore, to get a quantitative
error bound out of Theorem 4.1, it suffices to compute the numbers C(ny).
The calculations have been performed as described in Proposition 4.2, and
Theorem 4.1 implies the corresponding error bound for Ulam’s method:

[h = hy|l < (Clnn) +1) (e‘s(")% - 1) _

. Ezact error. Because the exact invariant density is known (by construc-

tion), the three methods of bounding error can be compared with the true
approximation error.

The results of the various calculations are presented in Table 4.1. The error
bounds are calculated as described above. For the methods from Chapters 2
and 3 this consists in choosing appropriate constants with which to apply the rel-
evant Theorems, whereas the numerically assisted approach can require lengthy
calculations:
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Each C(ny) is obtained by calculating ||y;(Id+P+P?+...)| for each 7; in a ba-
sis for the collection of zero—sum vectors in RY . Because of exponential mixing,
these sums converge very quickly (in practice, we choose some tolerance—10~"
in the data depicted above—and sum until ||; P"|| is smaller than the chosen
tolerance; the errors thus incurred are not significant, and are easy to account
for). Typically, this convergence requires O(log N) iterated multiplications by
P. Since the transformation 7" has bounded slope, the number of non-zero en-
tries in each row of P is bounded (independently of N). Therefore, each iterated
multiplication of a vector by P takes O(N) arithmetic operations. Combining
these observations, it follows that calculating each constant C(7ny) requires
O(N?log N) arithmetic operations.

Turning to the results depicted in Table 4.1, notice that use of the numerically
obtained constants C(7) consistently out-performs the analytic methods. How-
ever, comparison with the final column shows that even the numerical method
does relatively badly at estimating the approximation error.

Finally, it is clear that the BV based method produces tighter error bounds
than the method from Chapter 2. This phenomenon is visible in a much more
drastic fashion in the next example, and an explanation is given there. [

ExaAMPLE 2. Recall the family of expanding maps

sin 27z
4

introduced in Chapter 2. As above, the various techniques for obtaining error
bounds for a sequence of Ulam approximations have been applied. The error
bounds from Chapters 2 and 3 are independent of the value of ; for the explicit
numerical calculations, a fixed value of Q2 must be chosen—I made the arbitrary
choice €2 = 0.5. For the BV and numerical methods, the values of s, A from
Chapter 3 are used. The necessity of having A > 2 for the technique from
Chapter 2 means that 72 must be used. The results are presented in Table 4.2.

To:z — 2z + +Q (mod1)

The most obvious feature of the data for this example is that the method
from Chapter 2 gives meaningless error bounds (the maximal distance between
any two densities is 2). This phenomenon is relatively easy to explain: the
constant C’ (a bound on ||(Id — P(N))7!||) has an exponential dependence
on the distortion K (see Corollary 2.3.4 and Theorem 2.1). Moreover, the K
corresponding to the kth iterate of an expanding map T' can grow ezponentially
in k. Because the method from Chapter 2 requires A > 2, we are forced to
use T2, thereby increasing K and leading to a uselessly large value of CY; for
moderate sized N (of course, Cly is guaranteed by Theorem 2.2 to be no worse
than O(log N), so that the asymptotic rate still holds).

By contrast, the distortion constant s used in the method from Chapter 3 is
uniformly bounded by sA\/(A — 1) if T is replaced by any iterate. This makes
the BV error bounds relatively stable.

For this class of transformations, no expression for the invariant density is
known, so no comparison with the actual approximation error is possible. [I
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N Chapter 2 Chapter 3 Chapter 4
Cy ‘ Bound | C} ‘ Bound C(nn) ‘ Bound

10 | 0(10%) | 0(10%) || 128 0(10) 5.45 0(1)

20 | O(107) | O(107) || 130 0(10) 7.34 | 9.80 x 107!

40 | O(10%) | O(10°) || 132 o(1) 8.79 | 5.87 x 107!

80 | O(10%) | O(10%) || 133 0(1) 10.5 | 3.50 x 107!
160 || O(10%) | O(10%) || 135 0(1) 12.3 | 2.05 x 107!
320 || O(10%) | O(10?) || 137 0(1) 14.0 | 1.17 x 107!
640 | O(10%) | O(10?) || 138 | 5.76 x 107! || 15.8 | 6.58 x 102
1280 | O(10%) | O(10) || 140 | 2.92x 107 | 17.5 | 3.65 x 102
2560 || O(10%) | O(10) || 142 | 1.48 x 107! || 19.2 | 2.00 x 102
5120 || O(10%) | O(1) | 143 | 7.46 x 1072 | 20.8 | 1.09 x 1072
10240 | O(10%) | O(1) || 145 | 3.78 x 1072 | 22.4 | 5.84 x 1073

Table 4.2: Comparison of various methods of obtaining error bounds
for Ulam’s approximation applied to the map T when = 0.5. The
calculations and the constants C),C},,C(nn) are as in the previous
example. The notation O(10*) implies that the actual value is between
10* and 10%+1.

From these two simple one-dimensional examples, we see that the analytical
techniques we have collected for bounding the approximation error in Ulam’s
method are rather sensitive to the distortion of the transformation. By contrast,
the numerically assisted approach appears to do consistently better than the
analytical techniques. While the first example suggests that all techniques
produce rather poor estimates of the approximation error, the rigorous nature of
our arguments guarantees that arbitrarily good approximations can be obtained
in principle. In practice, the best bounds will come from the numerical method.
With this in mind, we do not concentrate on optimising the constants in the
analytical techniques for the remainder of the thesis.

4.3.3 If the density is sufficiently regular....

The possibilities for numerical error bounding are much greater than those
described above. In this brief subsection, we show how the numerical procedure
suggested by Proposition 4.2 can yield error bounds for Ulam’s method in much
more generality.

Assumption: Let X be any manifold of finite diameter, and suppose that T :
X — X is any piecewise C' transformation which has an absolutely continuous
invariant probability measure whose density h has bounded variation®. Let

Vx(h) < A. O

3For an appropriate interpretation of this statement in multi-dimensions, see the next
chapter.
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Suppose that a finite partition 1 of X is given, and that d(n) is known. Let II,
denote the projection onto densities which are piecewise constant on elements
of n, and let

Py =10 L

be the corresponding Ulam approximation. Suppose that P, has a unique eigen-
value of modulus 1, and denote the corresponding normalised eigenvector—the
Ulam approximate density—by h;,. Let P, denote the stochastic matrix rep-
resentation of P,;. Then P, has a unique eigenvalue of modulus 1, and the
constant C(n) defined in Proposition 4.2 is finite.

Proposition 4.3 (Numerical error bounds revisited) For T,n as above,

[[7 = hall < (C(n) +1) Ad(n).

Proof: First of all, recall that the finite dimensional operator P, is exactly
represented by the matrix P,. Moreover, if 1 consists of N sets, then the
natural isomorphism between L' N D,(X) and RY equipped with the vector
1-norm is an isometry. In particular, it follows from Proposition 4.2 that

@ < H(Id — Py~

< C(n).

Dy (X)N{fELL: [, f=0}
Since hy, is the fixed point of P, and
(Id — Py)(hy — k) = P, o I,h — I1,)h,
we have
Ay — Oyhl| < C(n)||Py o Iyh — ILA|.
But h = Lh and P, = II,, o L is a Markov operator, so

[Py o yh = TLyh|| = [[Py(Tyh — B)|| < [[(IL; — Id)h]|.

By Lemma 3.2.1,
[(Iy — Id)h|| < d(n) x A

and the proposition follows. O

There is no guarantee that Proposition 4.3 will provide useful error bounds
for a given transformation. However, the above examples suggest that this
numerically oriented approach will do at least as well as the analytic ones de-
scribed previously, and may still yield some information in the cases where the
theoretical constructions do not apply.

Yet Proposition 4.3 illustrates more: The uniform expansion of a map—or
whatever other conditions are used to get quantitative control of mixing rates—
is not essential to Ulam’s method. The central feature is more that the map
admits a relatively regular invariant density (moderate value of A): whether
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this is accomplished by uniform expansion, or by a mixture of very strong
expansion and localised contraction is irrelevant so long as the map mixes up
fairly uniformly in the long term (moderate value of C(n)). While formalised
results in this direction are not well developed, the numerical results presented
in the remainder of the chapter provide good cause for optimism.

4.4 Example: smooth unimodal maps

We now apply our techniques to some more maps of theoretical interest where
the invariant densities are unknown.

Recall the families of smooth unimodal maps discussed in the introduction. Let
X =[0,1], and for [ € [2,00) we have

Sy(x) =1— |2z — 1.

These maps are the simplest representatives of a class of negative Schwarzian [16]
unimodal maps studied extensively by van Strien and others [57, 56, 16]. In
these references, it is shown that subject to a summability condition on the
critical orbit (the orbit of the unique critical point of the map), there exists a
unique ergodic absolutely continuous invariant probability measure. Moreover,
the corresponding distributions have singularities of order % along the critical
orbit. For the family {S;};>2, the critical point (at %) is pre-periodic, landing
on the fixed point at 0 in two iterations. Therefore, the singularities of the
density are at 0 and 1. (For [ = 2, the map S5 is the fully developed logistic
map z — 4z(1 — z), which has 71 (z(1 — z))~'/2 as an invariant density. For
all other values of [, the invariant density is unknown.)

Now, the results we have obtained so far for Ulam’s method are applicable only
to maps with fairly uniform expansion, and the [th order critical point at %
implies that the maps S; are not uniformly expanding. However, each S; has
some expansive structure [16], and a little experimentation shows that this may
be exhibited by working with a conjugate family:

By way of motivation, recall that the maps 7, considered above were contrived
to have a given invariant density by using the distribution of the desired den-
sity to conjugate with the uniform expansion z — 5z (mod 1). Here, we try to
reverse this argument: That is, to guess a function which has qualitative simi-
larity to the distribution of the invariant measure, and use this to conjugate the
maps S;. We hope that the resulting collection of maps are uniformly expand-
ing, or have relatively regular invariant densities (at the very least). Because
the invariant distribution for S; has singularities of order 1/I along the critical
orbit [56], any conjugacy which is to “straighten out” the contraction caused
1

at critical point at 5 must also have singularities of order 1/I along the critical

orbit. With this in mind, put

B 1+ 2/t — (1 — )Y/t

h'l (.Z‘) 2 )
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and
Tl:thSthZI.

Then, if ¢, is an invariant density for 7j,
b1 ="h; x ol
is an invariant density for S;. Moreover, if f is any density then
1k % fohy— il = IIf —ull.

Hence, for any error bounded approximate invariant density for 7;, the pull-back
by h; is an approximate invariant density for S;, with the same error bound.
We exploit this fact below.

Ss Ts
o - o
[ee] [e0]
o] o
X x
n ~
< <
o] =}
o o
00 02 04 06 08 10 00 02 04 06 08 10
X X
fmasg
rrrrrrrr maps
--- maps
—— maEs

Figure 4.1: The maps S; and their conjugates Tj, for [ = 2, 3,4, 5.

Indeed, the maps 7} turn out to be uniformly expanding, and for selected values
of [, the straightening affected by the conjugacy is illustrated in Figure 4.1.
The constants \;, K; (the minimal modulus derivative and Lipschitz constant
of log | (7} ')’| respectively) can be calculated by a fine numerical search.

For each value of I, [0,1] was partitioned into N = 10,20,...,2% x 10 equal
subintervals, and the Ulam approximate density for 7; was computed. For each
choice of | and partition )y, the constant C(l, N) = C(nx) from Proposition 4.2
was calculated. As in the previous examples, C(I, N) = O(log N), (these data
are not displayed). For each [, let f; be the density arising from Ulam’s method
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with N = 28 x 10, and 4); be the invariant density for 7;. By Theorem 4.1,
KA1
Ifi — ]| < (C(I,N)+1) (ex,l * _ 1) _

These error data are presented in Table 4.3.

l A K | C(1,2560) | (C(1,2560) + 1) L
2.0 || 1.414 | 2.001 | 22.19 0.0591
3.0 || 1.817 | 0.512 |  23.97 0.0107
4.0 || 1.682 | 0.640 | 26.25 0.0162
5.0 || 1.583 | 0.911 |  26.61 0.0257

Table 4.3: Data from Ulam approximations for the maps 7} with N =
2560. The last column provides upper bounds on ||f; — 9]|.

The N = 2560 Ulam approximations for the maps 7} are depicted in Figure 4.2
below. They are drawn as histograms over 100 equal bins. The right-hand
column of Table 4.3 gives bounds on the L' distances from the depicted den-
sities to the exact invariant densities for the maps 7;. As remarked above, the
Ulam approximations can be pulled back by the conjugacies h; to give approx-
imate invariant densities for the corresponding maps S;. These are depicted in
Figure 4.3.

We conclude with several observations.

First of all, our theoretical techniques for obtaining error bounds require at least
some regularity of the invariant density. In this case, qualitative knowledge of
the degeneracies of the invariant densities allowed us to make a reasonable
guess of conjugacies h;. Of course, this method is rather ad hoc (we may
not have been able to find a suitable family of conjugacies), yet it worked in
this situation, providing rigorous quantitative approximations to a previously
unknown collection of invariant densities. In the next section, a procedure for
automating this “conjugacy guessing” approach is presented.

Given that conjugating the family {S;};>2 was motivated by the possibility of
transforming onto a uniformly expanding linear map, one natural question is
whether in principle it is possible to guess a conjugacy which would transform
S; onto S1, the fully developed tent map. Our numerical results can be used to
prove that unless [ = 2, no such absolutely continuous conjugacy can exist. We
illustrate the method with [ = 4:

Non-ezistence of a.c. conjugacy: Suppose that A is an absolutely continuous
function such that
hoSyioh™ =5

(the fully developed tent map). Because ¢; 2 1 is the unique invariant density
for Si, S4 has invariant density h’. Evaluating the almost everywhere Lya-
pounov exponent:

1 1
A(Ss) = / log | Sy| h'dm(z) = / log | S| dm(x) = log?2
0 0
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Figure 4.2: Approximate invariant densities for the maps 7;. The de-
picted histograms are Ulam approximations over 10 x 28 equal subinter-
vals.

by conjugacy invariance. Also by conjugacy invariance, we must have that
A(Ts) = A(Ss1). However, numerical evaluation of the Lyapounov exponent
for Ty via the Ulam approximation over 20480 equal subintervals produces an

estimate
20480

estzmate - Z 20480

og | T4 (2:)| = 0.684494

where fy is the Ulam approxunate density and z; = (i — 0.5)/20480. Applying
Proposition F.3 from Appendix F

|>‘(T4) — Aestimate| < Lip(log |Tzi|)(||f4 — || +1/20480),

where 14 is the invariant density for Ty. Applying the BV error bounds (see
Appendix B), one obtains

| f4 — 4| < 0.003671.

Then?
/\(T4) < Aestimate + 0.004475 = 0.688969 < log 2 = A(Sy),

a contradiction. Therefore, there is no absolutely continuous conjugacy be-
tween S; and the tent map, in spite of the fact that they are topologically
conjugate. [

4The value of Lip(T}) is also obtained numerically [53].
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Figure 4.3: Approximate invariant densities for the maps 7;. The de-
picted histograms are the pull-backs by h; of the densities depicted in
Figure 4.2.

Next, notice that the density approximations for the maps S; which are dis-
played in Figure 4.3 have a very noticeable asymmetry. This phenomenon is
easily explained: Because the invariant measure has singularities of order 1/]
near 0 and 1, we may write

bi(z) ~ ap o/t z near 0,
U b (1= 2)Y 1 g onear 1,

for positive constants a;, b;. Substituting this approximation into the Perron—
Frobenius operator equation near z = 0, one obtains the estimate

b~ a ((21)1/l _ 1) ,

in good agreement with Figure 4.3.
Finally, consider what might happen if Ulam’s method is applied directly to
the maps S;. Suppose that N and [ are fixed, and let the matrix representation
of the Ulam approximate operator over N equal subintervals be denoted by
P = (Pj;). If N is sufficiently large,

P~ 1/21 ifi=1or N,
1Y 0 otherwise.
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Let p be an invariant vector for P. Since pP = p,

p1=p1Pi1 + pn P = (p1+pN)/2,
implying that
py = p1(2l —1). (4.8)
However, comparison with the above estimates of the invariant density suggests
that

BN R i1 ((21)1” - 1)

(where (u;) is the restriction of the invariant measure y for S; to the partition
into N equal subintervals). Similar comparisons can be made for other com-
ponents of the Ulam approximation. Therefore, the uniformity of the invariant
density seems fundamental to the reliability of Ulam’s method over uniform
partitions.

4.5 Non—uniform partitions choice and an Adapted
Ulam method

In Chapters 2 and 3 it was possible to exploit the uniform expansivity of the
transformations considered to prove relatively uniform bounds on the rate of
mizing of the corresponding Perron—Frobenius operators and Ulam approxima-
tions. In effect, these estimates measure the sensitivity of the invariant measures
to perturbations of the underlying operator. For relatively uniform maps, we
were able to show that the Ulam approximations over uniform partitions can be
regarded as small perturbations of the Perron—Frobenius operator, so the mix-
ing results implied error bounds for Ulam’s method. In this section, we present
numerical results which suggest that some of this structure can be imparted to
non—uniform examples; the argument is rather informal.

4.5.1 Non—equal intervals

So far, we have always used uniform® partitions for analysis of Ulam’s method.
The examples above consistently show that the use of uniform partitions gives
accurate invariant measure approximations for uniformly expanding maps. In
the section above, we were able to apply this to some non-expanding maps by
conjugating to an expanding family.

Now, a conjugacy corresponds to a change of variables—or “rescaling”—of the
map, and it is reasonable to wonder whether similar results can be achieved by
working with the original map, but a partition which is “scaled” to be more
sensitive to the global dynamics.

Suppose that S is a map of interest, and it is proposed to use some conjugacy
h to investigate
hoSoh™!

5A partition p = {X1, ..., Xn} will be called uniform if m(X;) = 1/N for each X; € .
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via Ulam’s method over a uniform partition. Denote the uniform partition by
n={Xi,...,Xn}. An alternative approach is to apply Ulam’s method directly
to S with the partition

n'=hTtn = {7 (X1),... hTH(XN)} 2 (X, X

Suppose that g is an invariant measure for h o S o h~! which is “close” to
Lebesgue in the sense that u(X;) ~ m(X;) =1/N. Then po h is an invariant
measure for S, and po h(X!) = pohoh 1 (X;) = u(X;) = 1/N. Therefore, our
heuristic aim is to find a conjugacy h so that Ulam’s method applied to S over
the partition 7' gives an invariant probability vector which is approximately
uniform.

Assuming that X = [0, 1], we propose:
Algorithm: Adapted Ulam method

1. Fix a uniform partition n = {X1,..., Xn}.

2. Apply Ulam’s method to S using the given partition 7; Let p € RY denote
the invariant probability vector.

3. If p is sufficiently close to uniform then stop; otherwise continue.

4, Put

0 X;€n

5. Let o' = h~!n, and return to Step 2 with 1 :=7'.

Before proceeding to an example, note that the algorithm is not necessarily
well defined: T have no proof that the sequence of vectors p will converge to
a uniform vector. Even if convergence occurs, there is no guarantee that the
resulting measure approximation for S will be close to invariant. However, the
scheme is relatively easy to implement, and performs well in practice. Most
importantly, the initial application of Ulam’s method provides an estimate for
the initial choice of conjugacy, removing the need to guess!

4.5.2 Example: the logistic family

Recall the family of logistic maps
z — cx(l —x), 0<c<4.

For ¢ = 4.0, the invariant density is known to be 7! (z(1 — z))~'/2. Numerical
results are shown in Figure 4.4.

For each iteration of the algorithm, the results are depicted in three plots. The
left-hand plot displays the pattern of the entries in the Ulam stochastic matrix.
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Figure 4.4: Sequence of 50 x 50 Ulam matrices, density approximations
and dynamically chosen conjugacies for the logistic map with ¢ = 4.0.

The lightest grey denotes 0, the darkest represents a transition probability very
close to 1. For ease of illustration, all computations used a partition of 50
subintervals. Notice in particular how the shape of the graph of the original
map is reproduced in the top left plot. The right-hand column shows the
map h which is used to transform the 50 subinterval uniform partition into the
partition over which the adjacent Ulam matrix is constructed®. The second
column depicts the approximate density found by the adapted Ulam method:
the invariant vector for the Ulam matrix is drawn as a histogram over the
appropriate partition.

By examining the sequence in the left—-hand column, it is clear that automated
partition choice affects a gradual straightening of the contraction near the criti-
cal point of S (remember that the indices for the matrix elements correspond to
the index of the subinterval, rather than Euclidean distance along [0, 1]). Also,
the density approximations appear to be converging to the correct shape for the

SExplicitly: the pre-images of the points (i/50);2, under the map on the right are the
boundary points of the partition used for the corresponding step of the Adapted Ulam method.
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invariant density. Note how the erroneous asymmetry in the Ulam approximate
densities predicted in (4.8) is particularly evident at the first iteration of the
method. The final data in the sequence are from the 10th iteration. Unfortu-
nately, the asymmetry mentioned above persists in this method (it is easy to
check that it must), but the overall shape of the approximate densities is much
more satisfactory than at the initial stage.

Another interesting question concerns the performance of the Adapted method
when no invariant density exists. For ¢ = 3.82, the logistic map has a stable
period three orbit, with a very large basin of attraction. The results of applying
the Adapted Ulam method are presented in Figure 4.5.
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Figure 4.5: Sequence of 50 x 50 Ulam matrices, density approximations
and dynamically chosen conjugacies for the logistic map with ¢ = 3.82.

We can make the same qualitative observations as above about the second pic-
ture: the measure approximations appear to be “converging” under iteration of
the scheme, and the dynamical partition choice leads to gradually “straighter”
versions of the map.

In this case, the exact invariant measure is a sum of point masses located on
the period three orbit, and the density approximations are strongly peaked
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around the periodic orbit. However, there is one spurious effect: the relatively
uniform concentration of mass between the points of the periodic orbit. This
is an unavoidable consequence of the geometry of the scheme: this logistic
map is not conjugate to a uniformly expanding map, but our scheme implicitly
attempts to construct such a conjugacy, thereby “dragging” some of the mass
that should be concentrated on each periodic point across the intervals between
periodic points. This phenomenon becomes less significant as finer partitions
are used, but persists nonetheless.

The two examples thus discussed have not been investigated in a rigorous man-
ner. The principle purpose for including them has been to illustrate the relative
robustness of Ulam’s method to non—expansivity, and to display the sensitivity
to partition choice.

A theory of how to construct a partition to minimise the approximation error
in Ulam’s method is lacking. These examples show that it is worthy of further
exploration.

Summary

In this chapter, the orientation has been towards computation. In the first
few sections, we described a computer assisted procedure for constructing er-
ror bounds for Ulam’s method which mirrored the structure of the proofs in
Chapters 2 and 3. The essential point was to bound the norm ||(Id — P)~!||
numerically rather than analytically. The consequent procedure is independent
of the dimension of the transformation, is easily implementable (if computation-
ally expensive) and yields tighter error bounds than the methods of previous
chapters. After illustrating the various approaches to error bounds on simple
examples, the numerical procedure was applied to a certain conjugated family of
smooth unimodal maps. This lead to rigorous bounds on the Ulam approxima-
tions to the (unknown) invariant densities, and motivated the definition of an
Adapted Ulam method. The final section gave a brief discussion of this adapted
algorithm, the basic idea of which is to automate the choice of a non—uniform
partition for Ulam’s method depending on the dynamics of the map. The nu-
merical results with which the chapter is illustrated are extremely encouraging,
suggesting that the algorithm is worthy of further investigation.
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Chapter 5

Multi—dimensional Bounded
Variation and approximation
error

In this chapter, the constructions from Chapter 3 are generalised to a multi-
dimensional setting. The structure of the argument—using cones of uniformly
bounded variation—remains unchanged, but the technical details require much
more work. In due course, we are able to prove rates of mixing, and an
O(logn/n) error bound for Ulam’s method applied to expanding transforma-
tions in multi-dimensions. The approach is illustrated with an important ex-
ample of ongoing theoretical interest [62, 36, 3, 14]: the Jacobi-Perron trans-
formation in R%. The chapter concludes with a discussion of the relative merits
and difficulties of precise implementations versus Monte—Carlo approximations
of Ulam’s method in multi-dimensions.

In the one-dimensional proofs in Chapter 3, the wariation of an integrable
function was a fundamental tool. The Lasota—Yorke inequality described the
behaviour of variation under iteration by the Perron—Frobenius operator £, and
this facilitated the derivation of mixing rates in certain cones. Therefore, to gen-
eralise our methods to a multi-dimensional setting, it is first necessary to have
a generalised definition of variation. (Historically, efforts to construct Lasota—
Yorke type inequalities in multi-dimensions were frustrated by the intractabil-
ity of variation in multi-dimensions; see the survey in [30].) In Section 5.1
we introduce p—variation—a slight modification of Giusti’s multi-dimensional
variation [27].

Now, for p—variation to be a useful tool for bounding the approximation error
in Ulam’s method, it is essential to have quantitative control of its behaviour
under the projections II,. Section 5.2 is devoted to this problem, and a sharp
result is obtained (Proposition 5.1). Although the proposition is unsurprising,
the result does not seem to have appeared before!; since parts of the proof are

! A non—quantitative estimate appeared in [21].

111
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straight—forward, but notationally intensive, they are included as Appendix D.

With Giusti’s notion of variation, Géra and Boyarsky were able to construct a
Lasota—Yorke type inequality in a multi-dimensional setting [30]. We call their
result the Gdora—Boyarsky inequality and Section 5.3 consists in presenting a
slightly improved version (Theorems 5.1 and 5.2).

Recently, by exploiting the Géra—-Boyarsky inequality and some non—constructive
estimates about the behaviour of Giusti’s variation under IT,,, Ding and Zhou [21]

were able to generalise Li’s convergence proof for Ulam’s method [48] to a multi—

dimensional setting. Unfortunately, their result is rather limited, and under a

finite range structure (c.f. Section 3.4) assumption on 7" we obtain a more

complete generalisation of Li’s work.

Consequently, the first three sections consist in gathering the ingredients for
the analysis of Ulam’s method. Indeed, much of our discussion is substantially
similar to existing results in the literature. Yet our emphasis on quantitative
knowledge necessitates enough adaptations of known results to justify a self-
contained account. This effort is rewarded with many small improvements to
multi-dimensional BV techniques.

In Section 5.4, the construction of lower bound functions from Chapter 3 is
generalised, and concepts from Sections 5.1—5.3 are put to use. Again, fairly
lengthy calculations are required, because the potentially complicated geometry
of monotonicity components of 7" makes the multi-dimensional construction
more difficult. The argument is in two parts: First of all, lower bound functions
are derived for iterates of certain piecewise constant initial densities. Then, an
approximation argument (drawing on the results of Sections 5.2 and 5.3) is
employed to build lower bound functions for iterates under £ of arbitrary BV
initial densities.

Therefore, Sections 5.1—5.4 (which together comprise a majority of the chapter)
culminate in the proof of Theorem 5.3, a lower bound theorem for iterates
under L of pairs of BV initial densities. Thereafter, the application to obtain
a Mixing Theorem for £ (Theorem 5.4) and error bounds for Ulam’s method
(Theorem 5.5) proceeds almost exactly as in Section 3.3. These are the main
results of the chapter.

In Section 5.6, these results are applied to the classical Jacobi—Perron transfor-
mation [62, 3] on R?. This map is conjugate to a subshift of finite type, and is
known to have a unique ergodic absolutely continuous measure, but no formula
for its density exists [2]. We prove that Ulam’s method will converge to the
invariant density, and briefly comment on some of the issues surrounding the
calculations required to implement this theoretical result in practice.

Finally, the chapter is concluded with a review of the various results that are
proved, and the implications for calculation.
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5.1 Bounded variation in r—dimensions

There have been several attempts to construct multi—-dimensional generalisa-
tions of Lasota and Yorke’s existence proof [47] for invariant densities, and Li’s
work on Ulam’s method [48]. Boyarsky and Lou [13] use the Tonelli variation
and a result of Jablonski [38] to prove weak convergence of Ulam’s method for
a limited class of multi-dimensional transformations. A concise proof of strong
convergence appeared in [11] (also employing Tonelli variation). Independently,
Blank [8] used a different definition of multi-dimensional variation to obtain
some existence results for acims in multi-dimensions, and their robustness to
perturbations. Further historical comment may be found in [30]. Most of these
approaches have been limited by the choice of definition of multi-dimensional
bounded variation.

The modern definition of multi-dimensional variation (found in Giusti’s [27]
book) is a natural extension of the one-dimensional version used in Chapter 3.
Our applications to mixing rates and Ulam’s method require a small modifica-
tion.

Throughout the chapter, m; will denote k—dimensional Hausdorff measure. If
k = r, then m; agrees with Lebesgue measure on R". If T is piecewise smooth
of dimension k, then myr will denote the k—dimensional Hausdorff measure
on I

Next, we define the p—variation of a multi—-dimensional function. The definition
is a slight modification of the standard one from [27]. For p # 2, the definition
is slightly unnatural (illustrated by examples below), but our application to
Ulam’s method requires p = 1.

DEFINITION (Bounded p—Variation) Let A C R" be an open set, and let
C& (A;R") denote the collection of compactly supported smooth vector fields on
A. Let div denote the divergence and for each 1 < p < oo, f € L'(A) put

VE(f) =sup {/A f(z)div w(z) dm(z) : w € C5(A;R"), |w(z)|y <1Vz € A} ,

N\ 1/P
where 1/p +1/p' =1 and |(w1,...,w,)|y = (Z;Zl |w,~|p) denotes the or-

dinary vector p'-norm. Then V¥(f) is the p-variation of f over A. One can
easily check that if 1 < p < oo then

V() S VA S VA(S) <rVRR(h),

so that VI (f) < oo for either all or no values of p; if VI (f) < oo, then f is said
to have bounded variation over A and it is usual to write f € BV (A). The set
of f € BV(A) equipped with the norm

I£llBvip = 11 + VE(S)

is a Banach space. Just as in the one-dimensional case, let

BVO(A):BV(A)m{geLl(A):/Agdmzo}. O
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REMARK. In our terminology, Giusti’s definition would be 2-variation (so
that the vector norm |- |,/ is the usual Euclidean norm on R"). We will work
with p = 1,2. Mostly, the usual 2—variation will be used, but the application to
Ulam’s method of rectangular partitions proceeds most easily using 1-variation,
which is equivalent up to a constant:

VA(f) S VAF) <V V().
O

To calculate the p—variation of a given function, it will generally be useful to
employ integration by parts. The remainder of this section is devoted to giving
an intuitive explanation of how to compute with V7.

If f € BV(A) then the distributional derivative [69] df of f is a finite vector—
valued Radon measure [27, 1.5]. Then, we write

Vi) = [ 1l
A
The notation |df|, requires further explanation: If f is differentiable at z €
int(A) then
p\ /P
dm,(z).

The only kind of non—differentiability which concerns us is a discontinuity along
a surface of non—zero (r — 1)—dimensional measure (any other singular points

contribute nothing to the integral). We first describe how to restrict an L'
function to an (r — 1)—dimensional surface.

r

|df [p(z) = (Z

=1

T(Sﬂ)

Let T be a segment of a C!, (r — 1)-dimensional manifold. If z € T, let v(x) be
an oriented unit? vector orthogonal to the surface T at z. If B(z, €) is the ball
of radius € centred at x, and e is sufficiently small, then ' partitions B(z,¢)
into two connected components, one on either side of I'; we denote these by B
and B_ (for the sake of making a choice, let B} be on the positively oriented
side of T", as described by v).

DEFINITION (Trace of a function on an oriented surface [27, 2.5]) For
each point z € I, put

) + fdm, 3 ) ~ fdm,

If f is discontinuous along a surface I, then tr*f # tr~f at points on I". See
Figure 5.1 below.

*That is, |v(z)]2 = 1.



51 BVinRk 115

Figure 5.1: Discontinuity of a function f along a surface I'; Af =

|(tr £) (@) = (trp f)(2)]-

Let z € T'. Then df(z) is a vector-valued point mass, oriented in the direction
specified by v(x). For consistency of notation, we must have

|df |p(z) = ‘(tr"'f) (z) — (tr_f) (m)‘ lv(z)]p dby() dm,_1 r(z)

where dd,(;) is interpreted as a point mass oriented in the direction specified by
v(z), and dm,_1 r(z) is the (r—1)-dimensional Hausdorff measure concentrated
“orthogonal” to v on I

EXAMPLE [27, 1.4] Let E be any set in R" with piecewise C? boundary, let

(z) = 1 ifzekE,
XEXE) =0 ifz eR\ E.

Then
VH@ (XE') = m,,l(aE),

where m,_1 is (r — 1)—-dimensional Hausdorff measure, and OF denotes the
boundary of the set £. [

By adapting the argument in Giusti’s proof of the above example, one obtains

VE (xi) = /a @) (@)

Therefore, the p—variation is sensitive to the orientation of a set, as the following
simple example shows:

EXAMPLE. Let By = {(z,y) € R? : 0 < z,y < 1} and let By = {(z,y) € R? :
|z +y| <1/v/2}. Then

VR}T (XEI) =4= VH%’“ (XEI) = VH%’ (XEz)

while
Vir (xB,) = 4V/2. O
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If f is differentiable on the interior of a set E, but zero on the remainder of
A\ E, then

Vg(f) = /E |Vf|p dm, +/AmaE |’U|p |t'r+f —t’r'_f‘ dmrfl,aE.

More general functions are handled in a similar way. From time to time it will
be convenient to ignore the contribution of the boundary to the variation. The
convention

V2 () = / I £ dims

int(E)
will be adopted.

In Appendix C, more explanation is given of the relationship between V}(f) and
V2(f). 1-variation is important for Ulam’s method because it is well behaved
with respect to projection onto partitions which comprise rectangles with faces
parallel to coordinate axes; this is the main result of the next section.

REMARK. The Tonelli variation (see e.g. [13, 11]) is related to the 1-variation.
In our notation, the Tonelli variation is given by

of

oz;

dm
1<i<r "

var " (f) = max /A

where all partial derivatives are interpreted in a distributional sense. Obviously
var§ e (f) < VA(F) < rvarf(f),
for every f € BV. O

Finally, it is easy to check from the definition of p—variation that for any con-
stant ¢ € R, and L' functions f, g,

Vi(f+9) <VE() +Vi9), Vi(ef) = 1 VE(f)
and
VA(F*) < VA

where f* are the positive and negative parts of f.

5.2 Behaviour of multi—-dimensional variation under
projection

This section generalises Lemma 3.1.1 to projections onto multi-dimensional
rectangular partitions. The main result is Proposition 5.1. Blank [9] uses dif-
ferent definitions of multi-dimensional variation, and obtains results similar to
Proposition 5.1. His definitions of variation are more complicated and difficult
to work with, although one version agrees with Vj in certain circumstances.
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DEFINITION (Rectangular partition) If X € R is a rectangular domain
X = (a1,b1) X ... X (ay, b,) then a partition n of X is a rectangular partition if
every element of 7 is a rectangle. Of particular interest is the case when there
exist positive integers Ny, ..., N, such that if B € n then

B = Bkl---kr = [a1 + klhl,al + (kl + 1)h1) X ... X [CI,T + krhr,ar + (kr + 1)hr)

where? 0 < k; < N; and h; = (b; — a;)/N;. Such a partition will be called a
reqular rectangular partition and for each z = (z1,...,z,) € X,andi=1...r
let k;(z) be the unique integer such that

ai + ki(@)hi < z; < a; + (ki(z) + 1)h;. a

REMARK 5.2.1. Put h(n) = min{hy,...,h,} for n a regular rectangular parti-
tion. If f is constant on each subset from 7, then

2r| f1]

VIO < T

as is eagsily checked. [

Let 1 be a regular rectangular partition of a rectangular domain, and recall the
projection operator II, which acts on an L! function f by the formula

fdm, kal...kr fdm;
LRI P

Ben e
For each i = 1...r, define an operator
f‘lrf'(ki(z)‘f‘l)hi f(IL') da;

Qi) = Luthdon

where z = (z1,...,z,). Each Q; averages over the ith coordinate direction, is
a projection, and by Fubini’s Theorem, Q;Q; = Q;Q; for each 7,j. Also by
Fubini’s Theorem,

Hn =@Q1Q2...Q,

and the product may be taken in any order. The strategy for constructing a
multi-dimensional version of Lemma 3.1.1 is to prove the result for each @;;
the full result then follows.

First of all, some notation is needed. Recall that each By, x, is a rectangle
Bk1...kr = [(11 + kihi,a; + (kl + 1)h1) X ... X [a,,,- + kphy,ar + (k}r + 1)h7-),
and for each r—tuple k1,..., k-, 0 < k; < N;andi=1...r let

i _ (1,...,z,) ER": aj+kjhj§a:j<aj+(kj+l)hj ifj #14
ky..kr and T; = a; + k;h; )

3If any k; = 0, then the corresponding interval in the product should be (a;,a; + h;).
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Then _ _
aBkl...kT = Ug:l {Fﬁcl...kr U F';Cl(kl—l—l)kr} :

Finally, let le___ k, be oriented in the positive direction of the unit normal vector

e;. Then, trl'fi f is the restriction of a function f to the surface le...k

kq..kp ) r

from the By, k, side of ', , and tro; f is the restriction of f from the
T kq-.kp

Biy..(k;-1)...k, side of Fi?l---kr. A graph of the situation is depicted in Figure 5.2.

Sigmat Sigma-

4 — &

Figure 5.2: A function f which is smooth on each rectangular partition
element before the application of the projection @;. In the diagram,
- = I‘}'ﬂ___kr and 't = P};l___(kﬁl)m,%, where the rectangle in question
is By, .. k,-
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Lemma 5.2.2 For each collection of indices ky,...,k, andi=1...7:

/ </
int(Bry .. ky) int(Bky ...k,)

2. if j#i, letT9=T}] . Then

1. if j #1 then
of

B.Z‘j

0Qif
aa:j

?

[ let@n -t @l < [ it s - )

3. pUt ' = P;Cl...kr and F+ = Pil...(ki—l—l)...kr' Then

/ of
int(Bgy . k) Oz

[l @iy i
+ /P e Qi) — iy ]

4. Finally,
of

ox; |’

/Bk . If — Qif| < hy

mt(BklkT)

Proof: See Appendix D. O

Lemma 5.2.2 contains all the technical details required for controlling V} under
projection onto a regular rectangular partition.

Proposition 5.1 Let A C R" be a rectangle, let n = {Bg, ..k, }k]\?:_o1 be a reqular
rectangular partition of A and let f € BV (A). Then

1.
VAL, f) < Vi(f),
2. and

If =Ty fIl < RVA(S),
where h = max{hy,...,h;}.

Proof: Interpreting the partial derivatives 0/0z; in the distributional sense and
applying Fubini’s theorem (cf. Appendix C), for any g € BV (A)

r  Ni,.,Ny

ik = X[ Y /.

i=1 ki...kr=0 kq...kp

tr, qg—1tr.; g
ok .

Ni—1,.,N,—1

D SHN |

kl,...,kr:O Znt(Bkl...kr)

99
a.'L'Z'

]
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where g is extended by setting ¢ = 0 outside A. Now, consider the function
g = Q;f. By Lemma 5.2.2 (1) and (2), the terms in the above sum with
i # j are bounded by the equivalent integrals of f and tr*f. For the j terms,
|0Q;f/0z;| = 0 on the interior of each By, ., and for any T,

[t Qif —trrQif | < [orf Qif —tril [+ [t f —tro f| + [trr f =7 Qs f|-
Therefore, for fixed k1,...,kj_1,kj+1, kr,

>/

kj=0 ki...kr

tr+j
r
ky..kor

Qif ~try ij‘

< Z trt. f—tr> f
Iy Dk LS
ki=0"" kq...kp 1oefor Loefr
Nj—1
+ 3 trt f—trt Qjf
v Dk R
kj=0""kq..k 1B LoBr
+ [ tTF_j f— tTI‘_j Q;f
Fi’l (k1) kr kp..(kj+1)...kr kp-.(kj+1)...kr
R+,
N; Nj—1 of
+
< Z/J trly  f-try  f|+ Z/ e
k;=0 L S kp.-kr kp-.-kr kj=0 int(Bg, ...ky) J

where Lemma 5.2.2 (3) was used for the second inequality. Summing up,

Vi(Qif) S Va(f)

Because II,, = ()1 ... Q;, successive application of this inequality for j =1...r
proves the first part of the proposition.

For the other part, Lemma 5.2.2 (4) implies that

0
[ir-assny [ or
4 k1..kr int(Bkl...kr) Ly

and repeated application of Lemma 5.2.2 (1) implies that

0
—Q'---Q1f‘§ E:/
Zr [nt(Bkl-..kr) al‘z ! ki..kr int(Bklmkr)

ki...k

bl

of

ox;

for each 4,7 =1...7. Then

/A\f—anI < ;Ale_l---Qlf—Qj---Qlf\

T

o
S h. / —Q‘—l---Qlf‘
; ’kl% i) 1925
T Bf
< .
- hZ/A 0z
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O

Proposition 5.1 is essential to the analysis of approximation error in Ulam’s
method. However, the result itself is unsurprising; the proof essentially con-
sists in translating the one-dimensional equivalent (Lemma 3.1.1) into a multi—
dimensional setting. The key feature is that the 1-variation can be decomposed
into a collection of integrals in coordinate directions—a situation to which rect-
angular partitions are ideally suited. It is less obvious how to generalise the
proposition to partitions without rectangular geometry, and there does not seem
to be an easy direct proof of the following;:

Corollary 5.2.3 For n a regular rectangular partition of a rectangle A C R”
and function f € BV (A),

VA(IL,f) < VAL, f) < Vi(f) < VrVE(S),

and

Iy f = fIl < hWrVE(S)-

Below, in the Géra—Boyarsky inequality, it is necessary to work with the 2—
variation; 1-variation has merely been a useful tool to prove Corollary 5.2.3.
Indeed, Ding and Zhou’s paper [21] devoted substantial effort to proving the
existence of a constant ¢ = ¢(r) such that

Vi, f) < eVA(S)-

For quantitative analysis, it is important to know what the constant ¢ actually
is, and the estimate in Corollary 5.2.3 is sharp, as the following example shows:

EXAMPLE: Let A = [0,1]2 C R?, and f(z1,22) = x1 + z2. Then, Vf = (1,1)
and integration implies

Vi}zt(A)(f) =[(1,1)[r =2 and szlt( () =11, 1)) = V2.

Let 1 be the regular rectangular partition obtained by dividing A into squares
with side-length % Then, in the notation established in the previous section,

k’l(.’E) + k‘g(.’l?) + 1 .

n

I, f(z) =

Adding up the contributions to Vm( A)( pf) from all the boundaries of the
sub-rectangles By, , it follows that

1

Viraa) (Mo f) = Vi) (T f) > 27—,

proving the optimality of Corollary 5.2.3. O

REMARK. I am grateful to Dr. Chris Bose for discussions about multi-
dimensional variation, during which he pointed out the above example. [
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5.3 Extended Lasota—Yorke inequality and FRS im-
provements

We now discuss Géra and Boyarsky’s [30] multi-dimensional Lasota—Yorke in-
equality, and present in subsection 5.3.1 a slight modification which allows the
treatment of infinitely many monotonicity pieces. Although many of the cal-
culations are routine, the objective of being able to treat transformations with
infinitely many monotonicity pieces means that the estimates must be done in
a slightly different order to [30]. Consequently, there is some overlap in content
between this section and Goéra and Boyarsky’s paper. For the sake of a clear
adaptation to our scenario, this repetition seems justified.

After deriving an improved Goéra-Boyarsky inequality (Theorem 5.2), a brief
exposition is given of Ding and Zhou’s recent proof [21] of the convergence
of Ulam’s method in multi-dimensions. In fact, Ding and Zhou assume rather
more of the Géra—Boyarsky inequality than was proved in [30], and we explain in
subsection 5.3.2 how the consequent weakness in their assumptions can be filled
by the existence of a finite range structure for T'. Finally, in subsection 5.3.3 an
explicit construction of the constants in the Géra—Boyarsky inequality is given;
this keeps the application to real examples transparent.

Notational convention

Henceforth, only the multi-dimensional 2—variation will be used, so that

Va(f) £ VA(f).

Unless otherwise stated, the vector norm | - | will be the vector 2—norm
T
(01, vp) | = | Y02
i=1
and the matrix norm |- | is the corresponding operator norm:
A A
4] = sup 1221 = qup 222,
sekr |2 zerr |22

where A is an 7 X r matrix.

The transformations T

The transformations T of an r—dimensional set X considered in this section
must satisfy the following properties:

Piecewise Monotonicity: There exists a partition £ = {B,} of X such that
T is C? and non-singular on each int(X,), and the boundary 8B, of each B,
is piecewise C2. Additional restrictions on the geometry of the pieces B, will
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be imposed below. The inverse branches will be denoted by T, !. The inverse
branches of T" will be denoted

T =" 4Ap-ls -1

aln) = Tan..a1 Qn Tt Tan
Expansivity: There exist global constants C > 0, A > 1 such that

‘DTQ_(Z) < oA (5.1)

where DT 7 is the Jacobian matrix of T' 7).

Bounded Distortion: There exists a constant K > 0 such that

V (det(DT; 1)) <
det(DT,Y) |~

Writing

det (DT ) = iy det (DT;,)) 0 T, 0710,
differentiation yields
n v (det(DT;}) o Toh 20 )

_ —(k—
k=1 det(DTakl) © Tllk(_l..l.()ll

v (det(DT—” )) = det(DT)

a(n) a(")

so that
v (det(DTOj(Q))) n| o (Vde(DTDY)
—n < DTak(—1.. ()11 —*lk ° To‘k(—l"'z“l
det(DT_ 7)) Pt det(DTay )
n V det(DT,}

< Z sup ‘DT_(&:)U‘ L,alk)

Pt a det(DTy, )

1-A""

< — K. .
< o= 6:3)

For constructing lower bound functions of iterates under the Perron—Frobenius
operator for 7', we will need a Renyi constant D > 1 such that

det DT ) (z)

2 <D (5.4)
det DT, (y)

whenever z,% are in the image of the same monotonicity component of T™. Tt
follows from (5.3) that

CK
D <ei-x1,

The coincidence of the notation for the distortion constant D and the symbol
for the Jacobian matrix of T' is unfortunate, but causes no ambiguity.
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Let £ be the Perron-Frobenius operator corresponding to 1. Then

Ef(-T) = za: ‘det(DT) ° 071|XT(BO¢)a

and

Lemma 5.3.1 For each f € BV(X), and T satisfying (5.1) and (5.2),

foTa_1 >‘
Vx(L < d| —————
Ef) < za: (/int(TBa) (det DT o Ty

fo T1 D
tr S —
" /B(TBa) Tors.) (det DT o Ta‘l)

2. for each a,

/ d gc/\—lf |df|+K/ If].
int(TBa) int(Ba) Bo

Proof: The first part follows immediately from the definitions of variation and
L. The second part is similar to Lemma 3.1.2:

/ d
int(TBa)

foT,*
det DT o T;; !

foTy!
|det DT o Ty !

-1
i —
int(T Ba) |

|det DT o Ty |det DT o Ty !|
< / DTI( (df) o Tg* )‘
~ Jin(TBa) @ det DT o Tyt

foTy' d(det DT oT,1)
det DT o Tyt det DT o T3t
(df) o T !
det DT o Tyt

foTy!
det DT o T3 !

“
int(TBa)

< o\t /
int(T By)

+K
int(TBa)

= oxt [ ek [
int(Ba)

Bao

Generalising the rest of the proof of Lemma, 3.1.2 requires more work.
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Geometry of monotonicity pieces

The second half of the proof of Lemma 3.1.2 (the Lasota—Yorke inequality)
consists in estimating the contribution to V(Lf) from the boundary points of
each image of a monotonicity interval. The major step in [30] is to generalise
this procedure to multi-dimensions. In our notation, this involves bounding
the second term in the sum in Lemma 5.3.1 (1). The key estimate from the
one-dimensional version [47] is:

cr@l+1erml < | Ly e / L

where [a, b] is the image of a monotonicity interval of T'.

REMARK. In both the original in [47] and our version in Lemma 3.1.2, ¢; = 1,
but different estimates are obtained for co (Lemma 3.1.2 allows infinitely many
monotonicity intervals and in all cases the co from [47] is an upper bound for
the analogous quantity in Lemma 3.1.2). O

Now, let B, be a monotonicity piece of T, and let the boundary of T'B, be
oriented with a vector pointing inwards. The problem is to find constants ¢y, co

such that
trt L) <c / df| + ¢ / .
/B(TBQ)‘ o(TBa) f)‘ 1 int(Ba)| if| + 2 ) |f]

Gora and Boyarsky establish the following geometrical result:

Lemma 5.3.2 ([30]) Let S be a closed domain with piecewise C? boundary of
finite (r — 1)-dimensional measure, whose smooth faces meet at angles bounded
away from zero. Then there exists a constant a(S) > 0, such that for any € > 0
there exists a positive 6 = d¢ 5 with

(1+¢)? / 1/
tri.gl <~ dg| + =
[ ol < g% ([ vl + 5 Lo

for any g € BV(S). The constants a(S) and § depend on the geometry of S.

REMARK. Lemma 5.3.2 is essentially Lemma 3 from [30], with a slight modi-
fication to correct an error [28]. [

Géra and Boyarsky’s proof [30] of Lemma 5.3.2 does not give an explicit con-
struction for the constant § = 6(.5, €), and no examples are presented. However,
for explicit error bounds for Ulam’s method, bounds on a(S) and ¢ are essential.
Fortunately, the geometric construction given in [30] may be explicitly realised
in certain simple settings. An example of this (used in the application to the
Jacobi-Perron transformation) is given is subsection 5.3.3 below.

DEFINITION: A closed set S C R" with piecewise C2 boundary of finite (r — 1)~
dimensional measure whose faces meet at angles bounded away from 0 has
a(S) > 0. Such an S will be called non-degenerate. O
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5.3.1 An improved Géra—Boyarsky inequality

Let T satisfy (5.1) and (5.2), and suppose that each set T'B,, is non—degenerate.
Then Lemma 5.3.2 holds for each « with constants a(T'B,) and d¢,o. Suppose
that for any € > 0 there exist a, §¢ such that

de < 5€,TBO¢ a< a(TBa)

for each B, € £&. Then

Theorem 5.1 (Géra—Boyarsky Inequality [30, 28]) If T has sufficiently
strong expansion that CA™1(1+1/a) < 1 then for every o € (CA"*(1+1/a),1)
there exists a constant A, > 0 such that

Vx(Lf) < oVx(f) + 4|/l

whenever f € BV(X).

Proof: Let € > 0 be such that

cx! (1+M) <o

a— €

and let § = d. be such that Lemma 5.3.2 holds uniformly for all S = T'B,, with
de,s > dc and a(S) > a. Then, by Lemmas 5.3.1 and 5.3.2,

wien < ot D1+ EER) [
e AL

By putting A, = K + (1 + €)2/dc(a — €) the proof is complete. O

REMARK. Rather than assuming that each T B, is non—degenerate, Géra and
Boyarsky assumed that each B, is non—degenerate and set a = min,{a(B,)}
and § = min,{d p,}. To obtain their result, they used 7,;* to pull back the

boundary integrals |, A(TBu) ‘tr;(TBa)(ﬁ f)| before using Lemma 5.3.2 to obtain

upper bounds. Consequently, Theorem 5.1 generalises the Géra—Boyarsky in-
equality in [30] because the geometric conditions (existence of a and §) are
imposed on the image sets T B, rather than the monotonicity sets B, them-
selves. Certainly Géra and Boyarsky’s assumptions are implied by ours, since
a uniformly C? expanding map cannot transform a non-degenerate set into
a degenerate one*. Moreover, the Jacobi-Perron transformation—described
below—has infinitely many monotonicity pieces, whose diameters and angle

of boundary intersection go to zero. But since each monotonicity piece has

4The angle of intersection of boundary faces must remain bounded away from zero, and
the boundaries must retain finite (r — 1)—dimensional measure.
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only two possible images under 7', and both are non-degenerate, Theorem 5.1
applies. O

Finally:

Theorem 5.2 (Improved Géra—Boyarsky inequality) Suppose thatT sat-
isfies (5.1) and (5.2), and that T has a finite range structure {Uy,..., U} . If
each set U; is non—degenerate, then for every o € (0,1) there exists ny, > 0 and
a constant A, such that

Vx (L™ f) < oVx(f) + Aol £l

for every f € BV (X). Moreover, the constants A, are uniformly bounded, and
ny has an explicit formula.

Proof: Let a = min®_; a(U;) and let € > 0 be such that (1 +¢)?/(a —€) = 2/a.
Let 6 > 0 be such that Lemma 5.3.2 holds with d.y, > ¢ for each 7. Then,
let n, be minimal such that CA"" (1 + 2/a) < o. Then, as in the proof of
Theorem 5.1,

_ )\_na-
V(e 1) < oVi(1) + (CK 0 + 25 ) Il

(we have used (5.3) and the fact that for every monotonicity set B, n,) of T"
there exists ¢ € 1...k such that 7" B (n,) = U;). The theorem follows. O

Theorem 5.2 generalises the Géra—Boyarsky inequality from [30] in one further
way: the finite range structure of T" allows sufficient iterates of T' to be taken to
get arbitrarily strong contraction of the variation. This is not necessarily case
with the original Géra—Boyarsky inequality, because as n increases, the geome-
try of the monotonicity pieces of T will likely get more and more degenerate.
Consequently, the constant a may decrease faster than the counteracting effect
of the greater expansion induced by taking more iterates of 7. Since Géra and
Boyarsky’s argument takes constants a and ¢ as being from the monotonic-
ity pieces, rather than their images, the following example illustrates that this
approach cannot yield a result as strong as Theorem 5.2:

EXAMPLE (IMPORTANCE OF FINITE RANGE STRUCTURE) Let X = T2 =

R? /72 be the usual 2-torus, and let

| T 2 -5 T
v )52 ][] .
Each monotonicity piece of T™ is a parallelogram, with one pair of sides parallel

to the x1—axis. Moreover,
DT = 27",

for each positive n. The other important estimate for the Géra—Boyarsky in-
equality is the smallest interior angle of the boundary of a monotonicity piece of
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T". Because each monotonicity piece of 7" maps exactly onto [0, 1)2, it follows
that the minimal interior angle of such a piece is the angle between

2 =5 0 2 =5 1
(6] L] = (5] 6]

It is easy to check that this angle scales as (%)", so that the value of a = a(n)
for monotonicity pieces of 7™ scales as (3)™. Therefore the product of |[DT "
and a(n) grows exponentially in n, preventing the construction of Theorem 5.2
by this method. In the analysis of Ulam’s method below, it is important to be
able to take many iterates of T before applying the Géra—Boyarsky inequality.
Fortunately, this example has a finite range structure (every monotonicity piece
maps onto all of X'), so that Theorem 5.2 applies. [

Returning to the main argument:

DEFINITION (Cone Cjps) In complete analogy with the situation in Chapter 3,
let

Cu ={f>0:Vx(f) £ Vz(f) < M|fl}

Then each Cys is a cone of uniformly bounded (multi-dimensional) variation.
The (multi-dimensional) difference cone 'y and difference norm || - ||p are
defined in the same way as the one-dimensional equivalents, and Lemma 3.2.3
holds. O

For the sake of completeness, the conclusions of Theorem 5.2 and Corollary 5.2.3
can be summarised as:

Corollary 5.3.3 Let T be a uniformly expanding map on a rectangle in R"
with a non—degenerate finite range structure, and let a > 0.

1. For any 0 < o < 1 there exists ny, > 0 and A, < oo such that

LM Cyr C CO’M+A0--

2. For any regular rectangular partition n,

REMARK 5.3.4. The existence of an invariant density for T follows from
Corollary 5.3.3. See [30] for more details. If T has a unique invariant density
(as is the case in the situation described below) then any fixed point of L" is a
multiple of the invariant density f. Therefore, we can apply the Géra—Boyarsky
inequality to arbitrarily high iterates of £ to get an estimate of V(f): let Ay
be such that A, < Ay for every o € (0,1) (c.f. Theorem 5.2). Then for every
o > 0 there exists n, such that

ﬁn"CM C CO’M+AOO'
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Therefore,
fe CAOO/(I—O') Vo € (0,1),
so that
V(f) < Acllfll

for the fixed point of £. O

REMARK. A generalisation of the Goéra—Boyarsky inequality to a situation
where T has finitely many monotonicity pieces, but some have cusp-like degen-
eracies is given in [1]. O

5.3.2 Convergence of Ulam’s method

The convergence of a suitably modified version of Ulam’s method follows im-
mediately from Corollary 5.3.3. The argument is the same as in [21]:

Choose o such that o x /r < 1, and let n, be such that Corollary 5.3.3 holds.
Then, for any regular rectangular partition 7,

Hn O,CnGCM C C(\/FUM-F\/FAG)'

Hence, for sufficiently large M, the cone Cys is preserved by the operator
Pyng =1yo L.

A standard compactness argument, together with Corollary 5.2.3 implies that
the fixed points of P, converge to fixed points of L™ as the partition 7 is
refined. If || f,|| = 1 and Py p, fr = fy then put

1 Neg—1
gm=—> L'y
(g

Then g, converges to a fixed point of £ as 7 is refined.

REMARK. Ding and Zhou's version [21, Theorem 3.1] of Corollary 5.3.3 (2) is
not as strong as ours. They prove only that there exists a constant ¢ < co such
that I1,Cp C Ceps- In [21, Theorem 3.1], they assume that the Géra—Boyarsky
from [30] implies that it is always possible to have oc < 1 by taking sufficiently
many iterates of £. The example following Theorem 5.2 shows that this is not
necessarily the case. [

5.3.3 Proof of Lemma 5.3.2 on a triangle in R?

We now prove Lemma 5.3.2 for a triangle in R%2. This case is needed for the
Jacobi—Perron transformation, and is easily extended to arbitrary star-like re-
gions in R". The proof is essentially a realisation of the geometric construction
in [30].
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Proof of lemma: Let S C R? be a non-degenerate triangle. We prove the lemma
for 0 < g € C'; the general case follows by an approximation argument. First,
we establish some notation: let {Ly,},css be the field of line segments from
points y € 3§ to the central point of the triangle; see Figure 5.3.

®

e e — -

Figure 5.3: Construction of Lemma 5.3.2 on a triangle S in R2.

For each y € 05 there exists a vector w, such that
Ly={y+twy:te0,1]}.

Let
§(S) £ inf |wy] (5.5)

be the minimal length of a segment L,. If the face of 05 containing y has unit
normal vector v, then wy meets S at an angle 6, such that

sinf, = |wy\ .

If B(S) is half the minimal angle at a vertex of S, then
a(S) £sinB(S) < |sinby| (5.6)
for each y € 3S. The constant a(S) is the same as in [30].

Now, for each y € 95,

1t
trisg(y) = %1_1)16 S / . 9(z + swy) ds.
s=
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Letting gy(s) = g(y+swy), it follows from standard properties of one-dimensional
variation var that for ¢ € (0,1),

trasg(y) < it gy(s) + varpo,q ()

1 C C
< o[ adse [ iglds
C Js=0 s=0
1 C C
= —/ gy(s)ds+/ Vg - wy|ds
s 0

C Js=0 §=

1 C C
< _—
< Jw,| (Cé(s) | atsras+ /5:0|v9|ds),

by (5.5). Therefore, by integrating over dS and applying Fubini’s Theorem,
one obtains

1
tr, < —/ + swy) |wy| dv(y, s
/65 os9 c6(S) {(y,s)E@Sx[o,c}}g(y y)‘ y' (v %)

+f Vol + 5w,y vy, s), (57
{(y,5)€0S5 x[0,c]}

where dv(y, s) = dma gsx[0,¢)(Y, 8) = dmy [o,¢(s) X dm1 95(y)-
Next, recall that 0 < ¢ < 1 and put
§' = 5'() £ Uyeosly + swy 5 € [0,d} C S,
and let @ : 35S x [0,c] — S’ be the diffeomorphism defined by
O(y,s) =y + swy.

To bound the rhs of (5.7) by integrals over S’ C S, we must estimate the
distortion of ®.

Suppose that the situation is as depicted in Figure 5.3, with y € 0S contained
a face aligned in the e; coordinate direction. Then

wy = 01 (cot Oy e1 + e3)

and
®(y,s) =y + 561 (cot Oy e + e2) .

One can easily check that cot 0y Aye, — cot 6y = —Ay/d1 + o(Ay) so that

0 : @(y—{_Aya 3) —(}(y, 8)
—d =1 =(1- :
3y (y,s) Al Ay (1—-3s)e;
On the other hand,
0 _ 1 q)(y,S—I-AS) _q)(y,s) _
a@(y, s) = Alir_r)lo As = 01 (cot By e1 + e2).

Therefore,

det D®(y, s) = ‘ ( = 01(1 — s) = sin by jwy| (1 — s).
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Then, for all (y,s) € 3S x [0,¢],

|wy|
= —— —dmoy g (P
|wy| dV(y,S) det D@(y,S)d 275 ( (y’ 8))
1 1

= d 7 @
1 —SSiHOy m2,S( (ya 8))

< ot (20,9), (538)

by equation (5.6). Combining (5.7) and (5.8) we have (by the change of variables
formula for integration):

/tr+ < 11 dg| + ! ! /
os 059 =T"ca(8) Jo ' T e = o) a(8)o(S) Jo 7

Since S’ C S and c is arbitrary, the lemma follows. [

5.4 Lower bound function for iterates under L

Having established a Géra-Boyarsky inequality (generalised Lasota—Yorke in-
equality) for any uniformly expanding transformation with a finite range struc-
ture of non—degenerate sets, the next important step in the argument is to
construct lower bound functions for iterates under £ of initial densities.

Henceforth, we assume that 7" has a finite range structure {Uy,...,Uy} , and
that one of those sets Uj, is such that

Uio C TnBa(n)

for each monotonicity piece B, ) of T". This is precisely the same assump-
tion as was made in the one-dimensional case in Section 3.4. For the sake of
simplicity, all calculations will be done R?; the methods are easily generalised.

Recall that in Chapter 3, only Lemmas 3.2.1 and 3.2.2 were required to con-
struct a lower bound function for iterates under £ of initial densities. Lemma 3.2.1
holds for any partition of a one-dimensional space into intervals, so is easily
applied to the partition of X into monotonicity intervals of 7". Unfortunately,
a precise analogue does not hold in multi-dimensions:

ExAMPLE (FAILURE OF LEMMA 3.2.1) Lemma 3.2.1 rests on the following fact:

[ 15 = ess it 7] < diam(4) % Vi (1), (5.9
A

for any interval A C X. To show that this result fails in more dimensions, let
A C R? be any connected open set, and let B, be a closed disk of radius ¢ which
is contained in int(A). Put

f=xa—xs.-
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Then, essAinf f =0 while

J 11 =) = m(B) = m(A) = e and Vi) () = ml@B) = 2.

Clearly, taking € to be sufficiently small, (5.9) fails. O

We now consider how to adapt Lemma 3.2.1 to a multi—-dimensional situation.

5.4.1 Discrete initial densities

In the proof of Proposition 3.1, an initial function f was replaced by its infimal
value on each monotonicity component of 7". By using (5.9) and the bounded
distortion properties of T, a lower bound for L” f was easy to estimate. Because
(5.9) may fail in a multi-dimensional setting, extra restrictions on f and the
geometry of the sets in the monotonicity partition are required. Therefore, we
prove a generalised version of Proposition 3.1 in a restricted multi-dimensional
setting. In the next subsection, the machinery from Sections 5.2 and 5.3 is
exploited to generalise the proposition to an unrestricted case.

Step I: A suitable class of initial densities. For simplicity, suppose that X =
[0, 1)? and let i be a regular rectangular partition, into squares with side-length
h. We assume that f > 0 is constant on each rectangle in the partition 7.

Step II: A wuseful partition for constructing a lower bound function. In Propo-
sition 3.1, the contribution to £L™f from all the monotonicity pieces of T™ is
considered. However, in view of the above example, there is not a clear re-
lationship between the amount of variation that f has over a monotonicity
piece B, and the amount of “mass” that as lost by replacing f by its essential
infimum over B (c.f. the proof of Proposition 3.1). As such, we seek a partition
such that the geometry of each partition element is sufficiently adapted to the
function f that a version of equation (5.9) can be derived.

With h fixed, choose n > 0 such that
diam(X) CA™" < h/5.
Let £ be the partition of X into monotonicity components of T™.

There exists a partition ¢ of X, such that every B € ( can be
written as a disjoint union of sets from ™, and

Z/Blf—essyinffl < %Vx(f)- (5.10)

Ye¢

The proof of (5.10) and the details of the construction of ( may be found in
Appendix E. The constant 8h/5 is surely far from optimal, but is sufficient for
our purposes. In r > 2 dimensions, a similar construction can be done, but the
constant 8/5 would be larger.
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Proposition 5.2 (Lower bound functions in multi—-dimensions) LetT be
as above, and let f > 0 be piecewise constant on a regular rectangular parti-
tion of X C R? into cells of side-length h. Suppose that n > 0 is such that
diam(X)CA™™ < h/5. If

8h

SV() < I

then 1 —8hV. 5
N e e LI

Proof: Let ¢ be the partition constructed above, and put

f= Z essylnf fxv.

Ye¢

Then, by (5.10) and the fact that f > f,

8hVX(f)> _

17> i (1 - 5L

Next, since ¢ is a refinement of £¢(™), we can write
U{Baw €™y =J U {Ba<n) €t Bym C Y},
a(n) YGC

and since every z € U;, has exactly one pre-image under 7" in each mono-
tonicity set B, ),

L foT () (x)
L@ =3 > |det DT™ o T 7 (2)|

Ye( {Ba(n) CY}

Now, if B(n) CY € ( then
— . A 7
foT () > essYlnff = f(Y).
Also, by the Mean Value Theorem and the fact that m(X) =1,
m(Ba(n)) det DT™ o Ta_(z) (,Z') <D,

where D is the distortion constant from (5.4).

Therefore, for z € U;,,

L f(z) > Zessyinff Z @ - %Zﬂy) x m(Y) = @

YeC {B_(nyCY} YeC

Thus

ig "
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O

Proposition 5.2 is the crucial step in constructing lower bound functions for
iterates under L of arbitrary initial functions from the cones Cyy.

REMARK 5.4.1. Notice that if € is such that diam(X)CA " < ¢, then a similar
argument to the proof of the proposition implies that

L(f) 2 IFIF (A = 8eV(£)) xu, -

In particular, since V(f) < % (c.f. Remark 5.2.1),

(02191 (1= 5 v,

so that taking sufficiently many iterates of £ will produce a lower bound function
for any piecewise constant density on n. [

5.4.2 Initial densities from C;,

We now prove a lower bound theorem for an arbitrary pair of BV initial func-
tions. The construction “boot—straps” off the case of piecewise constant initial
functions, and comprises the final step in preparation for a multi-dimensional
Mixing Theorem.

It is first convenient to establish some notation:

Let T satisfy (5.1)—(5.4), and suppose that T' also has a non—degenerate finite
range structure {Ui,...,U} with a set U;; C T"(Byw)) for all Bym) € £,
Then, let a,d be the constants in Lemma 5.3.2 such that for each ¢

2 1
/ trs, | < = (/ Idf\+g/ |f|>,
aU; a \ Jint(U;) U;

and for each n > 0 put

_\—n
o, = CA™" (1 + 3) and A, = (CKi + 3) .
a

1-X"1  afd
Then, by Theorem 5.2, for any f € BV (X),

Vx(L"f) < onVx (f) + Anll £



136 DENSITY APPROXIMATIONS IN BV (R")

Theorem 5.3 (Lower bound functions on R?) Let M > 0, and suppose
that f,g € Car are such that ||f|| = |lg]|- If n > 0 satisfies

m(UZO)

di oA
iam(X) = 0Mv2D’

then there exists 1y 4 > 0 such that

LY =2 4py and L' >y,

Furthermore,

() ()

IA—=5 2 Wrgll = I l—7

and

Viwrs) < (557 12 (0 + v+ 4,500 ) Y.

Proof: The proof proceeds by approximating f and g by piecewise constant
densities. Let h > 0 be such that

5diam(X) CA™ < h < % (5.11)

and let 1 be a regular rectangular partition of X into squares of side-length h.
Letting II,, be the corresponding projection onto piece-wise constant densities
over 7, we have that

Iy f 1l = [1£11 = llgll = [Mygl]-
Moreover, by Corollary 5.2.3 and (5.11),
( ) ( o)
T, f = £l < hv2M||f|| < ZO I, Mg —gll < —=>llgll,  (5.12)

and

Vx (I, f) < VeM||fll,  Vx(ILg) < vV2M|g]|. (5.13)
Therefore, by (5.11),

BhVx (IL,f) _ 2m(Us) _ 1
SIf =5 D 2
Then, by Proposition 5.2,
£ gl
LMMnf) 2 SH Xy L£"(ng) 2 55 xvs,-
Now, because L is a linear operator,
/1]

L£'f = LM, f) — LY, f — f) > — (LM, f - )T

2D XV



5.5 Mixing rates and error bounds 137

Since the same relation holds with f replaced by g, put

o, 111

"/)f,g = max{ 9D XU;y — (ﬁn(an - f))+ - (ﬁn(Hng - g))+} .

It is obvious that v 4 is a lower bound for both £" f and L"g, the only remaining
parts of the theorem to check are the norm and variation estimates:
For the norm, because [y L™(I,f — f) =0,

N = £y f = O TS — £1I
2 2

(£ (L, f - f
Since the same is true with g replacing f, it follows from (5.12) that

sl 2 71 (7L - 2D,

Finally,

Vx(ihrg) < ml(ano)% + Vx (L (I, f = f)) + Vx (£"(IIyg — g))-
But the Géra—-Boyarsky inequality implies that

VX(['n(an - f) < UnVX(an - f)+ AnHan = fll-

However, since Vx(II,f — f) < Vx(II,f) + Vx(f), the last estimate in the
theorem follows from (5.12) and (5.13). O

REMARK. To generalise Theorem 5.3 to R", /r should replace v/2, and a
slightly larger value for n would be required (c.f. the comments following
(5.10)). O

Theorem 5.3 is a multi-dimensional version of Proposition 3.1, although the
construction is considerably more complicated, drawing on arguments from the
proofs of Theorem 3.3 and Proposition 3.3. The application to Ulam’s method
now follows exactly as before.

5.5 Rate of mixing and an error bound theorem

With important inequalities established in Theorems 5.2 and 5.3, the proofs
of the two theorems—rate of mixing for £ and approximation error for Ulam’s
method—involve almost the same manipulations as in Section 3.3. The error
bound theorem for Ulam’s method is Theorem 5.5 below, and a slight variation
is stated as a corollary. The error bound for Ulam’s method is far from optimal.
However, for the sake of remaining parallel to the argument in Chapter 3, we
present this less than optimal version.

Let the transformations T be as in Theorem 5.3, and let o, and A,, be as defined
above.
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Theorem 5.4 (Mixing Theorem for £) Suppose that M, > 0 and n, > 0
are such that

on. M.+ Ap, + m1(23DUio) + 2 (o’n*(l + \/i)M* + Ap, %)
< M,
1— m(UiO) -
2D

and U

diam(x) oA < i)

20M+V/2D
Then for any function f € BVy(X),
1£% fllm. < (L=m(Ui,)/4D)| £ as..,

where || - | a1, s the difference norm of the difference cone T'yy, .
Proof: Follows immediately from Theorems 1.1 and 5.3. O

REMARK. It is always possible to choose a pair (n., M,) to satisfy the hypoth-
esis of the Mixing Theorem. Certainly o, converges to zero exponentially fast
as n increases, and provided that

3+ 2v2
an< +2v2 ><1,

1— m(Us)/2D

a sufficiently large value of M, will satisfy the first hypothesis of the theorem
whenever n, > n. Hence, after fixing M,, one can simply increase n to obtain
an n, which satisfies the second condition. We will not discuss how to make an
optimal choice! [

To obtain an error bound theorem for Ulam’s method, let us start by establish-
ing some notation. Let ng > 0 be such that

OnoV2 < 1,

where o,,, corresponds to ng in Theorem 5.2. Let o = On, and let Ay be such
that
Vx (L™ f) < aoVx (f) + Aol f]l

for each f € BV(X). Let
Ny \/§A0
0~ 1-— \/50’0
so that
[,ROCMO C CMO/\/§ and Hﬂ o ﬁnOCMO C CMO (5.14)

whenever 7 is a regular rectangular partition. Therefore, for every regular
rectangular partition 7,

3fp € Cmp such that II,oL™f, = fo, |fyll = 1.
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Next, suppose that (n,, M,) is a pair such that Theorem 5.4 holds, and assume
without loss of generality that

for some fixed integer k..

Finally, let A(n) be the longest side-length of a regular rectangular partition 7,

put
M, = max{%,M*} ,
and let k, > 0 be such that
LEmoCy C Chr,
(c.f. Corollary 5.3.3).
Theorem 5.5 (Error bound in multi—-dimensions) Let the transformation

T be as above, let ng, My, k, be as just described, let n be a regular rectangular
partition of X, with h(n),ky, as above. If f >0 is such that

Lef=f and |fl =1,

then

4D
17 = ol = (g bt ) Moo

where f, € Cpr, is the Ulam approzimate density (c.f. subsection 5.3.2).

Proof: 'The proof of the theorem mirrors the proof of Theorem 3.2; some of the
details are omitted here. First of all,

If = fall = [Td= L") (fy— L™ fy)]
< 2(Td+ L™ + .. ) (Id+ L™ + ... LU1noy ghano( g pno £y
+knll fn — L fall-

By Corollary 5.2.3 and (5.14),
1fn = L7 fyll = |y = Id)L™ fy|| < () Mo.
By the choice of k, and the definition of the norms ||-||as (c.f. Lemma 3.2.3 (5)),

h(n) Mo

1£5m0 (fy = £7° fi)llaz, < I1f — L7 Fgllas, < B

The theorem now follows from Theorem 5.4. O

REMARK. If n partitions X into rectangles of side-length 1/N, then h(n) =
1/N and an O(log N) bound on k, follows easily from Theorem 5.2. Therefore,
we have established an O(log N/N) error bound for Ulam’s method. O
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DEFINITION (Ulam’s method in multi-dimensions) Suppose that n(N) is
a regular rectangular partition of X of side-length 1/N. Let fy be an invariant
density of the operator

Iy vy © £77,

and put

no—1

1
gy =— Y Ty o Lifx.
ng
k=0
Then gx will be called an Nth Ulam approzimation for T. O

Corollary 5.5.1 Suppose that f is an invariant density for T™, and that

1 no—1
_ k
=S e
k=0
Then g is an invariant density for T, and
1 log N
lg — oxll < (er + by + D)Moy < O ( §: )

whenever gn s an Nth Ulam approzimation for T (cr is a constant depending
only on T).

Theorem 5.5 and Corollary 5.5.1 are the main results of the chapter. By com-
paring the development here with that of Chapter 3, it is clear that the only
extra complications in the multi-dimensional situation are technical matters to
do with the behaviour of variation. The fact that most of the effort in this
chapter has been devoted to a constructive derivation of some key properties
of multi—dimensional variation should not detract from the significance of the
error bounds for Ulam’s method in multi-dimensions. Although Keller [40]
states that his results (which include a non—constructive O(log N/N) approxi-
mation rate for Ulam’s method) extend to multi-dimensional cases, the results
of this section appear to be unique: I am not aware of any other construc-
tive attempt to obtain rigourous error bounds for multi-dimensional expanding
transformations.

On the other hand, the error bounds from Theorem 5.5 may be quite bad (one
may have to take an extremely fine grid to guarantee an accurate approxima-
tion). In practice, better bounds will be obtained by numerical computation
like that described in Chapter 4: Theorem 5.5 guarantees an O(log N/N) ap-
proximation rate, but better constants in the O(-) notation can be got from
Theorem 4.1. Furthermore, Proposition 4.3 can be easily generalised to a multi—
dimensional situation, so that a priori control of the variation of an invariant
density, together with numerical computation can also yield error bounds for
Ulam’s method. In Chapter 4, several (one-dimensional) examples were consid-
ered, and the numerical methods consistently produced the best error bounds.
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Indeed, some of these were many orders of magnitude better than the corre-
sponding error bounds from Chapter 2; it is reasonable to assume that this con-
trast would be reproduced—perhaps even amplified—in the multi-dimensional
setting.

REMARK. Recall that the proof of mixing rates for £ was proceeded by con-
structing lower bound functions which “boot—strapped” off the case of piecewise
constant initial densities. For Ulam’s method, this entails a slight inefficiency:
a Ulam approximation is of the form

I1,, o L™,

and each such operator acts only on piecewise constant densities. Now, if h(n)
is the shortest side-length of a regular rectangular partition 7, Remark 5.4.1
implies that

Lrm f >\ f|| (1 = 32h(n)) xv,

if f is piecewise constant on 1 and diam(X)CA %m0 < (h(n))2. Then, as in
the proof of Proposition 3.3, a lower bound can be obtained for (II,, o L)k f.
An alternative error bound for Ulam’s method can be constructed in this way
(c.f. Theorem 2.2). This may give a smaller analytical bound on the ap-
proximation error, although it cannot out—perform the numerical method in
Proposition 4.3. [

5.6 Example: the Jacobi—Perron transformation

In this section, we illustrate the main results of the chapter with the classical
Jacobi-Perron transformation on R?. The quantitative results obtained are not
particularly impressive, but the Jacobi-Perron transformation has long resisted
this kind of analysis [36, 3].

The Jacobi—Perron transformation 7T is one attempt to generalise Diophantine
approximation by the one-dimensional continued fraction algorithm to a multi—
dimensional setting. Hence, it is an example of a nontrivial multi-dimensional
transformation, whose ergodic properties are of interest [36, 14, 62]. There are
many interesting and deep mathematical questions surrounding the Jacobi-
Perron transformation (and other algorithms for multi-dimensional Diophan-
tine approximation), and the ideas in this chapter can be applied to make a
small amount of progress towards one of these questions: the rate of Diophan-
tine approximation of the Jacobi—-Perron algorithm.

Now, there is a unique ergodic acim for the Jacobi—Perron transformation, but
no exact formula exists [2]. Many other properties, both elementary and ad-
vanced, may be found in Schweiger’s monograph [62] (which may be taken as a
general reference for this section). A more up to date account is [14]. Exploiting
our results, we show here that the invariant density of T' has bounded varia-
tion, and that it can be approximated by Ulam’s method. This goes part way
towards constructing a rigorous method for calculating the rate of convergence
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of the associated Jacobi—Perron algorithm for simultaneous approximation of
real numbers by rationals with a common denominator [36, 3]. The algorithm
may be defined in arbitrary dimensions; our account is confined to R?.

The transformation

Let X = [0,1]?, and let

o (2).{2)):

where {-} denotes the fractional part of a number. Thus, there exist unique
integers ko > 1 and 0 < k; < k9 such that

i) 1
T(IEl,LL‘Q) = (— - kl, —_— — kg) -
z1 z1
The pairs of integers (ki,k2) index the monotonicity sets of the transforma-
tion T, we write this partition as {B, ,)}- The partition is illustrated in
Figure 5.4.

(2,2)
(1,1
(1,2
(0,1)
, /|
p /1 02
,/
> x1

Figure 5.4: Partition of [0,1]? into monotonicity components of the
Jacobi-Perron transformation.

The monotonicity components of T' consist of two kinds of pieces: trapezia
(indexed by pairs (k1, ko) with k1 < k2) and triangles (indexed by pairs (k1, k2)
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with k; = k2). Under one application of T', the trapezia map over the entire
square, whilst the triangles map over the triangular region

S = Ukszlle(/ﬁ,kz) = {(.771,332) (S RQ 0< 21 <29 < 1}.

Therefore, T has a finite range structure consisting of two subsets {5, [0,1]%}.
In fact, the transformation is Markov, and is conjugate to a subshift of finite
type on the set of symbols

{(ky,k2) 1 0 < ky < ko, 1 < ko).

The transition
(klakQ) = ( ,l’kIQ)

is admissible if either k1 < kg or if k1 = ko and k] > 0 (this is easily checked from
the geometry of the map T'). A string o™ = (kgo), kéo)), e, (le_l), ké"_l)) is
called admissible if every transition (ky ),kéj)) — (ky H),kéjﬂ)) is admissible.
It is obvious that o{™ is an admissible string if and only if the cylinder set
T(;(Z) ([0,1]2) has non-zero measure. (To make the conjugacy with the subshift
well-defined, all preimages of the vertical and integer slope lines which partition
the monotonicity components of 7' must be removed from the square (c.f. [62]).
Since these together have Lebesgue measure zero, generic ergodic properties are

unaffected.)

Multi—-dimensional Diophantine approximation

Before deriving the expansivity and distortion constants for T, we establish
some notation, and describe the Jacobi—Perron algorithm for simultaneous ap-
proximation of two real numbers by rationals with a common denominator.

Fix z = (z1,22), and let k(x) = (k1(x), k2(x)) be the integers obtained by one
application of the Jacobi-Perron transformation. Put

=1, q=k(z), r =k(x)

and for each n > 1

Pn+1 Pn—2 Pn-1 Pn 1
dn+1 = dn—-2 49n—-1 d4n Ky (Tn(w)) s
T'n+1 Tn—2 Tpn—-1 Tn k2(Tn($))

where the initial conditions p_1 = py = g9 = r_1 = 0 and q_1 = 79 = 1 have
been adopted. Obviously, each of the sequences {p,},{qn},{rn} is increasing.
Then the nth Jacobi—Perron approximation to z is the pair

P dn
‘l"n"f'n )

Each triple (pn, gn,75) is in one to one correspondence with an admissible string
a™ = (ki(z), k2(2)), ..., (k1 (T" X)), k2 (T™~1(z))), so that each z € B ) =
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T o, 1]2 has the same nth Jacobi-Perron approximation. An open ques-
tion [36, 3] is the rate of approzimation in the algorithm. The quantity of
interest is the value of the maximal constant v > 0 such that

1
max{pn }S—l
rp it

o
T'n

for m—a.e. pair (z1,z2). If v > 0, then the Jacobi-Perron algorithm is said
to converge exponentially. (In the case of one-dimensional Diophantine ap-
proximation by ordinary continued fractions, the analogous value of 7 is 1, so
that the continued fraction algorithm converges exponentially). For a modified
version of the Jacobi-Perron algorithm, Ito et. al. [36] prove exponential con-
vergence, and numerical estimates of 7y (which suggest exponential convergence)
are given in [3]. Indeed, a formula for -y is known: Let A(2) < X\(!) be the almost
everywhere Lyapounov exponents of T, and let \(?) be defined as

n

bl

A0 — _/logml dp(z1, T2)

where p is the acim for T'. Then

A2

(1) 4 2@ = 3)0) -2
AV A 3\ and ~y+1 OB

Both these facts follow easily from the consideration of a certain matrix co-
cycle over the dynamical system induced by T'; a particularly coherent account
is in [3].

Therefore, calculating v requires the calculation of a Lyapounov exponent of
T, and the number \(?). Below, we show that Theorem 5.5 can be made to
apply to the Jacobi—Perron transformation, implying a rigorous procedure for
estimating the quantity A0

Expansivity constants for T

For quantitative estimates of the expansivity and distortion constants of T', the
following relations are useful:

Lemma 5.6.1 (Basic properties of Jacobi—Perron [62]) LetT be the Jacobi—
Perron transformation, and for each n > 0 let o™ be an admissible string. If
(Pn, qn,Tn) is the corresponding triple of integers, then

1. for each z = (z1,z3),

T (z) = (pnﬂl +Pn-1T2 +Pn Gn-2%1+qp-1T2 + Qn)
al(m Tn—9T1 + Tn_1T2 + Tn Tn_oT1 + Tn 172 + Ty

2. also 1
|det DT " (z)| = 7
(Th—2@1 + Tp_122 + 1)

a(n)
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3. and

o ()

Proof: Part (1) is Lemma 1.2, Part (2) is Lemma 2.4 and Part (3) follows from
the proof of Theorem 9.6 in [62]. O

dn dn—2

Tn Tn—2

Eﬂ __pnfl
Tn Tn—1

Bﬁ __pnf2
Tn Tn—2

gg __anl
Tn Tn—1

7 7 bl

We can now estimate the expansivity and distortion constants of the Jacobi—
Perron transformation:

Corollary 5.6.2 For each inverse branch Ta_(:) of T":

1. for any z,y € T"(Bywm)),

det DT 7 ()
6]
det DT 7 (y)

B g\ /2]
praa|<2(5)

< 3%

2. while

3. and for each x,

Oé(n) a(")

‘v det DT—" (x)‘ < 32| det DT~ ().

Proof: The first part follows immediately from Lemma 5.6.1 (2) since
0<=z,z9,91,y2 <1 and Tn—2 < Tp-1 <7y

(c.f. [62, Lemma 2.6]).

For Part (2), notice that

T o = Tt (P 1), ).

Tpn—2T1 + Tp—1Z2 + Tn \Tn—2

By Lemma 5.6.1 (1), (T, (2))1 can be written as a convex combination of

Pn—2 Pn-1 Pn
’ s .
Th—2 Tn—1 Tn

Therefore, since the sequence {r,} is increasing and 0 < z1,z5 < 1,

g\ /2]
o (0

by Lemma 5.6.1 (3). The other entries of DT ;) can be estimated in the same
way, and this part of the corollary follows from standard properties of the matrix
2-norm.

0

- Pn  Pn-1
2 () bu_ bact

Tn Tn—1

Pn  Pn-—2
Tn Tn—2

7
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The last part of the corollary also follows from Lemma 5.6.1 (1) by differentia-
tion. [l

The expansivity constants above are surely far from optimal. Rather than
trying to improve them, the bounds have been lifted directly from Schweiger [62]
to illustrate that the Jacobi—Perron transformation does indeed lie within the
class we have considered.

Application of results

With the above estimates, the main results of the chapter may be applied to
the Jacobi-Perron transformation.

Proposition 5.3 Let T be the Jacobi—Perron transformation on R?, and let L
be its Perron—Frobenius operator. Then

1. For everyn >0 and g € BV,

V(L) < 2 (g) " (1+2\/4+2\/§) V(g)

+ (3\/§+ 42 +V2)\/4+ 2\/§> lgll-

2. T has an invariant density f with

V() < (m L@+ \/i)\/4+2\/§> <40,

3. if ng > 50, then the Ulam’s method with the operator
II, o L7

converges to an invariant density for T as the reqular rectangular partition
n is refined. The approzimation error is at most O(—h(n)logh(n)).

Proof: The first part follows from Theorem 5.2 using the expansivity and dis-
tortion estimates from Corollary 5.6.2, together with the following estimates on
the geometry of the finite range structure of T: Recall from above that each
monotonicity piece of T™ maps either over the whole square, or over the triangle

S={0<z; <z9 <1}.
From subsection 5.3.3, we can compute

_ 1

™
8 Vi+2v/2

i(S) = and a(S) =sin
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in the notation of subsection 5.3.3, we put ¢ = 1/2, so that

2 2
/as [trysg] < a(S) (/int(s) |dg| + m/s |Q|)

for any g € BV(S). Since the geometry of the square [0, 1]2 is less restrictive,
the same inequality holds for the square, and the Géra—Boyarsky inequality

implies the result.

The second part follows from the first part and the uniqueness of the invariant
density (c.f. Remark 5.3.4), and the final part follows from Theorem 5.5 because
every monotonicity piece for 7" maps over S. g

So far as I am aware, Proposition 5.3 is the first attempt to control the regularity
of the invariant density for the Jacobi-Perron transformation. Moreover, the
proof that Ulam’s method will converge strongly to the invariant density is
the first time that a numerical procedure has been shown to exhibit a good
approximation to the invariant measure. The implications for the computation
of the quantity A(9) are obvious.

One obstacle in the implementation of Ulam’s method in multi-dimensions
is the volume of computation involved. In the one-dimensional examples pre-
sented in Chapter 3, it was seen that even for relatively regular expanding maps,
good error bounds on the density approximations require quite fine partitions.
For a grid of side-length 10™*, this corresponds to 10 cells for a partition of
the unit square in R%. If every row of the associated Ulam’s matrix had only a
handful of non—zero entries, then this level of precision would be implementable
on a powerful work—station. However, the geometry of the Jacobi—Perron trans-
formation is such that many of the cells in the grid map over the entire phase
space in one iteration, requiring all entries of the corresponding row of the Ulam
matrix to be non-zero. Therefore, the amount of storage required to represent
the Ulam matrix may be very large.

On the other hand, the Monte—Carlo strategy discussed in Chapter 3 is no more
difficult to implement in multi-dimensions than it is in the one—dimensional
case: Recall that sample paths of the Markov Chain associated to Ulam’s
method can be calculated as a combination of exact iteration of T' and a small
amount of noise to “spread” uniformly around the phase-space cell correspond-
ing to the appropriate state of the Markov chain. Moreover, because the analysis
of the mixing properties of £ in multi-dimensions is in complete analogy with
the one-dimensional situation, estimates of the sample path variance of the
Monte—Carlo simulations can be done in the same way. Figure 5.5 depicts the
results of such an experiment. No analysis is done of the sample path variance
and approximation error; the figure is included as an illustration only:

The density depicted in Figure 5.5 is a histogram over 50 x 50 uniform cells
of the the visits made by a sample path of length 10”7 of the Markov chain
corresponding to Ulam’s method on the partition 7 consisting of 10* x 10%
equal sub-rectangles. The discontinuity along the diagonal z; = x5 is because
of the range structure of 7. The undulations in the density shown in the
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10”7 points on 10Mx1074 grid as 50x50 histogram

Figure 5.5: Histogram of Monte-Carlo simulation of invariant density
for the 10000 x 10000 Ulam approximation for the Jacobi—Perron trans-
formation.

picture are a natural feature of histograms of sample paths of Markov chains,
and the smooth macroscopic structure is because the exact invariant measure
has bounded variation (c.f. Proposition 5.3).

For the record, the value of A(%) obtained by averaging — log z1 along the Monte—
Carlo sample path is
A© ~1.201

(Baladi and Nogueira [3] estimate A(?) =~ 1.206 by an “exact” average of a long
computed trajectory of T—rather than a Ulam approximation).

5.7 Final comments about Ulam’s method in more
dimensions

From a theoretical point of view, the bounded variation techniques developed
in this chapter have provided very satisfactory convergence results for Ulam’s
method in multi-dimensions.

Substantial effort has been directed towards the explicit construction of O(logn/n)
error bounds for the invariant density approximations, yet the results we have
proved (Theorems 5.4 and 5.5) are still far from optimal. There is much that
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could be done to refine the estimates in the proofs of error bounds, but such a
project would be rather complicated and may not lead to significant improve-
ments for general transformations.

At the end of Section 5.5, we noted that the numerical approach to error bounds
(described in Chapter 4) is applicable to multi-dimensional transformations.
Even though the computational requirements of this method may be very large
for multi—-dimensional transformations, it is likely that significantly better error
bounds would be obtained than with the analytical models constructed above.
In one sense, this suggests that the results of this chapter are mostly of theo-
retical interest. However, as well as providing a guarantee that the numerical
scheme will converge, BV techniques can be employed to account for the effects
of numerical errors®. Therefore, we consider our results to constitute a sound
mathematical foundation for the rigorous analysis of Ulam’s method.

Of course, the usefulness of these theoretical developments is limited by the
extent to which they can be applied in practice. Throughout the thesis, the
error bounds presented have been controlled by the diameter of the cells over
which the Ulam approximation is constructed. In multi-dimensions, enforcing
a small diameter requires a large number of cells, and the consequent memory
requirements may become very demanding. While the necessary calculations
(construction of transition matrices and iterated multiplication of vectors) are
ideally suited to parallel implementation, Ulam’s method remains computation-
ally intensive.

As suggested several times in the thesis, Monte—Carlo simulations of the Markov
chains corresponding to Ulam’s method provide a computationally modest al-
ternative to precise implementations. Our analysis of Ulam’s method can be
applied to guarantee Central Limit Theorem type convergence of such simu-
lations (c.f. Section 3.5). For large Markov chain models, this convergence
is rather slow, but (as illustrated in Figure 5.5 above) Monte-Carlo meth-
ods quickly provide a heuristic picture of the densities under approximation.
However, rigorous statements about the accuracy of Monte-Carlo simulations
are rather difficult to obtain [26]. One recent area of enquiry in Monte-Carlo
methods is the statistical estimation of the rate of mixing for the underlying
transition matrices [25]. Since the mixing properties of the Ulam approxima-
tions determine our error bounds (c.f. Proposition 4.3), this approach offers a
promising direction for further enquiry.

Overall, we perceive the outlook for the approximation of ergodic objects in
higher dimensions to be encouraging. In this thesis we have established several
mathematical results about the approximation of invariant densities by Ulam’s

Qur analysis above has consistently assumed that the transition probabilities P;; are com-
puted exactly. The essential idea in accounting for numerical errors is that small errors in the
computed transition probabilities result in a small diffusion of mass between adjacent cells
of the partition 1. In analogy with Proposition 5.1, this “averaging” phenomenon will not
adversely affect the total variation of a BV function, so that arguments similar to subsec-
tion 5.3.2 will demonstrate the convergence of the “Ulam approximation” which is actually
computed.
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method, and illustrated these with numerical calculations. Some of these cal-
culations® have exceeded the framework of our theory, and suggest possibilities
for future work.

5.8 Summary of the chapter

This chapter has considered the approximation of invariant densities for ex-
panding transformations in multi-dimensions.

Rather than the classical case of expanding endomorphisms of a boundary-
less manifold [43], we have chosen to concentrate on the more general prob-
lem of piecewise C? transformations on R", with non-degenerate monotonicity
pieces. The first proof of the existence of an acim for these transformations
came relatively recently [30]. The fundamental tool is the Gdra—Boyarsky in-
equality, which generalises the now classical Lasota—Yorke inequality to higher
dimensions. Because of its importance to the constructions of this chapter,
Section 5.3 was devoted to the Géra—Boyarsky inequality, which we generalised
(Theorems 5.1 and 5.2). With this result, and a careful examination of the
behaviour of multi-dimensional variation under the discretisation induced by
the projections II,, we were able to prove Theorem 5.5, an error bound for
Ulam’s method in multi-dimensions. Just as in Chapter 3, bounds on the rate
of mixing for the associated Perron—Frobenius operator were proved en route.

The techniques developed in the chapter were applied to the Jacobi—Perron
transformation on R?. We proved that the invariant density (whose existence
is well known [62], but explicit form is not [2]) has bounded variation, and that
it can be approximated by Ulam’s method.

However, the Jacobi—Perron transformation illustrated more: the relative infea-
sibility of exact implementation of Ulam’s method in multi-dimensions. This
motivated a discussion of the implications of our results for practical approxi-
mation of invariant densities.

SEspecially the Monte-Carlo experiments of Sections 3.5 and 5.6, and Adapted Ulam
method of Section 4.5.



Appendix A

Proofs of some Lemmas

Proof of Lemma 3.2.1: For each I, Vi,(f) > (ess sup f) — (essI inf f). Hence,
Ig B

- Fal < Vi () m(Ig) < eVi,(f),

B

so that
/|f—f| =Z/ =l <X Vi (f) < eV(f). O
I 3 /s 3

Proof of Lemma 3.2.2: By the Mean Value Theorem, there exists y € I such
that
7™ o T (y) Im(Lom) = m(I) = 1.

a(n)

The lemma follows from (3.4). O
Proof of Lemma 3.2.3: The infimum in the definition of the norm is attained
because the collection of functions with uniformly bounded variation is compact.

In the remainder of the proof, if we write f = f() — ) it will be understood
to mean that f1), f® € C, and ||fD| = ||| = || f]a-

(2): Ifa < band f € Ty, write f = f& — f@_ Then V;(fV) < o fV| <
bl f D] so fO) € Cy and [|flly < [IfD = 1lla-

(3): Let f € Ty and write f = f) — f@_ Then, both 77 f1) Tnf® ¢ TnC,
Co and T"f = Tmf1) — 77 £(2) Hence,

1T flla < N7 FOU <D0 = 11F1lo-
(4): Write f = f0) — f®_. Then, for the norm estimate, f(!) > f* and
f@ > £~ so that
I1£1 =211 < 211 £V = 201 la-
For the variation estimate, recall that both f ) f ) e ¢, so that

Vi(f) < Vi(f) + vi(f®) < all fON + all £ @) = 2l f]la-
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(5): Suppose first that

V(s <alll o p).

Then, both fT, f~ € C,, so that | f|lo = ||f*]| = ||f]|/2. Otherwise, put
D=ft+V(f)fa=|fl/2) and ¢ =f=+V(f)/a—|fll/2),
so that g > f+ and ¢» > f~. Then
V(g") = V() <V(f) = algW].

An identical estimate holds for ¢, so that ¢(V), ¢® € C,. Since f = fT—f~ =
gt — g® | the definition of || - ||, implies that

V()

a

L1 < g™l =

The bound on || f||, follows in either case.

(6): The inequalities follow immediately from Parts (4) and (5) above. The
other part is obvious. [

Proof of Lemma 8.1.1: The first part is straight—forward, and the other part
follows from Lemma 3.2.1 because

z€B;=1,f(z / f/m(B [ess 1nff,esssupf]
B;

3

Proof of Lemma 3.5.1: Let f € D,,. Because f is constant on each subinterval

Bi — qi—1 z)
n’n n
f=>_ fixs
i=1
where each f; > 0 and || f|| = Y1, fi/n. Also,
n—1 n
Vi(f) =i+ ) firr = fil + fn <2 fi = 20|l £,
i=1 i=1

so f € Ca,,. The other part follows because if g € A,,, obviously g*,g~ € D,,.
O
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Optimal choice of constants
for BV error bounds

Recall from Chapter 3 that an essentially arbitrary choice of the constants
Qx, Thi, Mg Was made to get the simply expressed error bounds in Theorem 3.2.
We now describe how a more optimal choice can be made.

Suppose that the constants A, s, D are given for the map and that the order n
of the Ulam approximation is fixed. As in the proof of Theorem 3.2, take the
function h,, — Lh,, to be in the cone I'y,, and consider the estimates of the norm
of

(Id—L)~": (BVos || - lan) = (BVa, || - 1)
provided by Proposition 3.2.

Suppose that there exists a, > sA/(A — 1), n.,n, > 0 and constants c, €
(0,1),c €]0,1) such that for any f € BV,

£ fla.
1£7 fla.

(1 =c)llflla,
(L =) llan-

<
<

Then the argument in the proof of Proposition 3.2 implies that

|7 = £) £l < mall £+ 225 (1 = ) | Fllan-

*

The error bound in Theorem 3.2 then follows. It is our objective to minimise
the expression

Ng + E(1 - ) (B.1)

Cx
subject to the above constraints, and available techniques.
From the proof of Theorem 3.1, any triple (a., n., c.) satisfying

A ™ a, + %s

- < ay, (B.2)
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where
¢ <(1=X"™a,)/D

will satisfy the first constraint above. Since it is desirable to have ¢, as large
as possible, put
cx = ci(ax) = (1 —A"™a,)/D

for given choice of a, 1.

Now, put

. "logsi\o/g(/)\\— 1)} |

and choose a.(n,) to be minimal such that

_\—n
A ™a, + llf‘Tfs

<a
1 — cu(ay) -

is satisfied (for fixed n., a larger value of a, yields a smaller value of c,).
Compare with the proof of Theorem 3.3. It is easy to see that this choice of a,
and ¢, minimises n,/c,(a.(n)), the first part of the product in (B.1) for a fixed
choice of n,. Because n,/c.(n,) is a conver function of n,, it can be minimised
by successively increasing 7, by 1 until n./c«(n.) stops decreasing. In this way,
we minimise the first part of the product in (B.1), fixing a. in the process.

We can get a good estimate of the minimal value of (B.1) by fixing n,,a, and
choosing n, such that

L7 fllaw < N1 fllan-
Suppose that f(l), f(Q) € I'yy, are such that

LFDN = 1PN = 11 lan-
We need to choose a value of n, such that

(et fU) <a. ] fO.
By iterated application of the Lasota—Yorke inequality,

g (dn—s/(L=A) /(an —s/(L=X))
e = log A

will suffice. As above, once such an n, is chosen (say the minimal such n,),
then if ¢ = ¢(n,) satisfies
A" Medn + 11__)‘;_? s
1-¢

< ay,
and
d <(1—X"4n)/D

then it follows that
LrefO — M) e c.
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and we deduce

1£7 flla. < (1= IS llan-

The minimal choice of n, and corresponding value of ¢’ satisfies the constraints
listed at the beginning of the discussion, and provides a good estimate of the
minimal value of n
ng + —(1—¢).
Cx
A slightly improved approximation may be obtained by successively increment-
ing ng, until

na+ (1 — ¢ (ny))

Cx
stops decreasing (of course, this may not result in any improvement).
Throughout the thesis, whenever we have claimed “an optimal choice of con-

stants in Theorem 3.2”, it is the above procedure that has been performed to
optimise the error bounds.
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More on 1—variation

If f is a BV function on a rectangle A = (a1,b1) X ... X (a,,b;) € R", we want
to know that the 1-variation of f can be computed by Fubini’s theorem. That

Jon=2 [ (L

ox;

where A; = {z € A : £1 = a;} and the partial derivatives 0/0z; are interpreted
in a distributional sense. If f is differentiable everywhere on A, then |df|; =
Y i1 |0f /0zildm, and the formula follows immediately from Fubini’s Theorem.
The only other case to consider is where f has a discontinuity along a C?
surface I of finite (r — 1)-dimensional measure. Since I and f are at least C!,
it suffices to establish the formula in the case where f is piecewise constant and
T is linear:

d:vi> dmy_1,4; (C.1)

Sketch proof of (C.1) when f is piecewise constant on a cube A C R, with a
jump along an (r — 1)—dimensional plane T': Let I" have unit normal v, and
assume without loss of generality that

£ ) = 0 ifre Aand z-v <0,
T ®r) =V 1 ifzcAdandz-v>0

where - denotes the usual scalar product.

Let S =T'N A be the portion of the surface I' which crosses A, and let S; be the
orthogonal projection of S onto the coordinate plane A; = {x € R" : z; = a;}.
See Figure C.1. Since the vector v is a unit normal to T,
mr—1,4;(S) = [vi| my1,7(S5).
Now, foreachi=1...7, z € A; N 0A put
fi(z,t) =f(z+te,~), te [O, b; —ai],

where e; is the unit vector in the ith coordinate direction. Then the one-
dimensional distributional derivative df; is given by the formula

dwi:{ 0 if (z+te) v #0,

_|9f
dfi(z,8)| = ‘B—wi(z+t62) dé if (z+te) v =0,
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XI=C

Figure C.1: Projection of surface area S onto the faces of a coordinate
box. A ray oriented in the ith coordinate direction only crosses I' inside
the box if it also intersects S;.

where dé is the distribution of a point mass oriented in the ith coordinate

direction. Hence,
b._a. .
i |1 ifze s,
/t_o ldfi(=, 1)] = { 0 otherwise.

Integrating over A; N 0A, one obtains

bi—a;
/ / |dfi (2, t)|dme—1,4; = mr_1,4;(5;)-
2€A;n0A Jt

T
’i:ZI /A, NOA /az

Formula (C.1) follows.

Therefore,

T

d.’I?Z dmp_1.4; = Z'W'mr—l,r(s)'
i=1




Appendix D

Proof of Lemma 5.2.2

All partial derivatives should be interpreted in a distributional sense, and the
purpose of integrating over int(By,.. k,) is to treat separately the contributions
to the variation of any discontinuities of f on the boundary. Figure D.1 illus-
trates the effect of (); on the function f, and may be a helpful reference for the
proof of the lemma. Without loss of generality, assume that 7 = 1.

Sigmat Sigma

g —— e
Figure D.1: The projected function Q;f. The planes I'* are as in Fig-

ure 5.2. The heavily dotted lines denote the trace of f before application
of the projection Q;.

Part (1): First of all, let u = a1 + ki(x)h1 so that
1 u+t+hi
‘M i_/ f(ta'T?a"'axT)dt

8.’17j 8.77j hy t=u

@)

158



Appendix D 159

1| e+t of
- t Ty, ... z,)dt
h1 /t:u Bl‘j ( z2, » T ) ‘
1 [t of
< — i, . dt.
>~ hl [“)xj( z2, ;-7;7‘)

Therefore, letting ' = Fkl , and applying Fubini’s Theorem (twice),

oo Vo /:io( £

8:Ej &Ej
z1=0 (/[ 0

z+te
8£EJ 1)
1= 0( Bkl kp

) dxq
/B
k1. ko

3:1:]
Part (2): For each t € [a1 + kihi,a1 + (k1 + 1)h1) let
Ty =T'N{z:z, =t}

(Z + wlel)

dmr_l,p(z)> dzy

IN

dt dmr_l,p(z)> d.’IIl

6:1:]

Then T'; is (r — 2)-dimensional and if z € T'y there exist unique 2’ € T'(4, £,4,)
and s =t — (a1 + k1h1) € [0, h1) such that

z:z'+561.

It is easy to see that m,_; r;—a.e.

h1
(tri;Q1f) (7' + se1) = hi / (tri f) (7' + s'e1) ds’,
1 Js'=0

so that the lhs of this expression depends only on z’, and not on s. Since the
same holds for tr; Q1 f,

h1
(tri;Quf —trr; Quf) (2 + ser) = / (tri f —tro, f) (2' + s'er) ds'.

Then, letting u = a1 + k1h1,

[ e (Quf) — trzy (@i iy

u+hi
- / / |14 (Qif) — tri (Qu)| (2) dimy—sp, (2) ey

u+hi
= / / / (tri f —tro, f) (2" + s'er) ds’
hl z1 Tay
u+hi
< </ / |triis f —tri; f| (2 + s'ex) ds' dm, a1, (z')) dxy

T1=u

u+hi N
= h_ (/ |t7‘rj —t’f‘rjf| dm,,-_l’rj) dzy
1 Jzi=u Iy

= / ‘tr;']f trrjf‘ dm,_ 1,19 -
T

dmr—2,I‘m1 (2) dzy
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Part (3): Fix z € I'" and consider the one-dimensional function
f2(s) = f(z + se1), s € (0,h1).
Extending f, such that
f200) = (#ri_f) (z) and  f.(h1) = (trpif) (2 + hier),

it is easy to see that for m,_; ,-a.e. z

h1
hil B () ds = Q1f(2) = (tr{_Q1f) (2) = (trp, Q1f) (2 + hyer)
and
h1
1£2(0) = Q1f(2)| + | f2(h1) — Q1f (2) < Vijony)(f2) = / (z + se1)| ds.

=0 0z

The result follows by integrating this point—wise inequality over the set I'".

Part (4): In the same notation as above, for each z € Iy, and s € [0, h],

essinf f, < f,(s) < ess sup f,.
[07h1] [O,hl]

Therefore,

of

Er ds.

h1
|f(z + se1) — Q1f(2 + se1)| < esssup f, —ess inf f, < /
[0,h1] [0,h1] 5=0

The conclusion follows from Fubini’s Theorem by integrating first over s €
[0, h1], and then over T’y .



Appendix E

Construction of the partition (

Since f is constant on each element of 7, all of the variation of f arises from the
discontinuities on the boundary of elements of 7. The idea is to group together
elements of £(™) to obtain new sets which are approximately rectangular, and
cover the boundaries between sets in 7. The partition ( is partially depicted in
Figure E.1; the construction is described below.

Notice that the choice of n guarantees that for any B, ) € & (n), diam(B,n)) <
h/5.

Figure E.1: The set X is partition into three kinds of pieces: Types 1,
2, and 3. The partition —a grid of side-length h—is depicted, as is the
finer grid of side-length h/5, and the monotonicity partition £ (n),

We work first on the interiors of cells from 7. For B € 7, let B’ C B be the
central rectangle of a further partition of B into a 5 x 5 sub—grid. Let

Yp = {UBa(n) : Ba(n) S §(n) and B'N Ba(") 75 (b}

161
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Because each B, () has diameter less than or equal to h/5 while the distance
from OB to B’ is greater than equal to 2h/5, the distance from Yz to 0B is
strictly greater than h/5, so that

B' C Yp C int(B).

Therefore, the function f is constant on each Yp. Having worked through all
the cells B € 7, the collection {Yp} is the collection of Type I pieces. The
construction is illustrated in Figure E.2.

. ol G
7% § - Xl D
Figure E.2: Construction of Type 1 and 2 pieces of (.

Next, we work on the boundaries of cells from 7. Suppose that I'g is the
boundary of two adjacent cells from 7. Let I'j be the rectangle obtained by
taking the union of the two h/5 x h/5 squares which border the middle 1/5th
of T'y, and let I'j be the union of 12 h/5 x h/5 squares in a 4 x 3 configuration
which is bisected by the middle 3/5th of I'y; see Figure E.2. Then, put

Y, ={UB:Bc¢™ and BcCTy}.

Then Yr, is a Type 2 piece. Now, let {I';}Y, be the collection of all the
boundaries I'; of adjacent cells from 7, and for each : =1... N put

Yy, ={UB:B€¢™ and BCI}\{UjYr,}

Each Type 2 piece Yr satisfies
h 3h
5

<mi(YrnNT) <

£ < and I"CYr CI”, (E.1)

because the diameter of each B € ¢(™) is bounded by h/5.

Finally, each connected component of

X\ {{upYp}U{UrYr}}
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is a Type 3 piece. By the construction of Type 1 and 2 pieces, each Type 3 piece
contains a unique vertex w at which 4 cells from 1 meet. As such, a Type 3
piece will be denoted by Y,,. By construction, if W' denotes the 2h/5 x 2h/5
square centred on W, and W" denotes the 4h/5 x 4h/5 square centred on w,
then

w'cY, c w”

The situation is depicted in the left-hand diagram in Figure E.3.

Figure E.3: The left-hand diagram depicts the construction of Type 3
pieces of (. The right—-hand diagram displays the partition of a Type 3
piece which is mentioned in the proof of (5.10).

The partition ¢ consists of the collection of all Type 1, Type 2 and Type 3
pieces.

Proof of (5.10): To prove the inequality, it suffices to prove that for every Y € ¢,

8h
[ 1= essint 1< S Vo ) (E.2)

First of all, if Y is a Type 1 piece, then f is constant on Y (by construction)
so that both sides of (E.2) are zero.

Next, suppose that Y = Yp is a Type 2 piece. Then f|y is piecewise constant,
with a discontinuity along I'. Denoting

Jr = |trf§f—trff|,

it follows from (E.1) that
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and 12
6

— inf f| < Jp——.

/Y|f ess in fl<Jr 5

Thus,
. 6h
[ 15 = essnt 112 SVinir ()
Y

Finally, suppose that Y =Y, is a Type 3 piece. Then partition Y into quad-
rants Y7 ...Y, as depicted in Figure E.3, and let

'y =90Y1NdYs,...,T'y = 9Y, NoYs.
Denoting by J; = |trit f — tri. f], it is easy to see that
s I

h h? 4h?
ngi < Vim)(f) and - <m(Y;) < ——.

Similar to the Type 2 case, it follows that

4h? h?
/Y |[f —ess inf f| < (J1 + J3) 5 + maX{JQ,J4}82—5-

Inequality (E.2) now follows easily. [



Appendix F

A weak—x metric

In this appendix, we recall a metric for the weak— topology on M(X), the
set of all Borel probability measures on a compact set X. Some useful and
interesting properties are stated; proofs are in [54, In preparation).

The Lipschitz metric

The weak—+ metric is defined by integration against Lipschitz functions: Recall
that a function g : X — R is Lipschitz continuous with Lipschitz constant L if

lg(z) —g(y)| < Lp(z,y) Vz,y € X;

we write Lip(g) < L. Let C(X) be the collection of all continuous real-valued
functions on X, and denote

G(X)={g€C(X):Lip(g) <1 and ||gllec <1}.

Then
DEFINITION (Lipschitz metric) Define a function d* : M(X) x M(X) - R

by
d*(pu,v) = sup ‘/ gdu—/gdv
ge6(X) |/ x X

for p,v e M(X). O

Proposition F.1 The function d*(-,-) is a metric on M(X), and the topology
induced by d*(-,-) is the topology of weak—* convergence.

If p,v € M(X) are absolutely continuous with respect to the Lebesgue measure

m, then
/gdu—/gdu
X X

165

d*(u,v) = sup
geg
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IN

sup

hdu — h dv

{(hEL:||h||=1} /X H /X

\/ $a)da ~ [ pie)ds] =19~ vl
X X

wher p, v have densities ¢, ¥ respectively. Hence, if a function g has Lip(g) < L,
‘ / gdp— / gdv
X X

Computer representations of measures and estimation
of functionals

< Ld*(p,v) < L|l¢ — 4. (F.1)

Let n be a measurable partition of X, and for any u € M(X) recall the his-
togram measure fi, defined according to the formula

m(AN B)
A) = —————u(B
Ben
where A C X is any Borel set, and m(-) is the Lebesgue measure on X. Then
Proposition F.2 Let u,v be two probability measures on X. Let n be a mea-

surable partition of X, and let §(n) = maxpe, diam(B) £ diam(n). If pe = vg,
then d*(u,v) < 6(n).

Therefore, the representation of arbitrary measures from M(X) by histogram
measures is “continuous” in d*(-, ).

One useful and important corollary is:

Proposition F.3 Let p, be a histogram measure over n, and let X; C X be a

collection of points, indexed by the elements of n such that

Xy,={zp:xp€B VBeEn}
1. If g is a continuous function such that Lip(g) < L then
/ gdpy — Y pn(B) g(z )| < Li(n).
X Ben

2. If py has density ¢,, and v is an absolutely continuous measure with
density 1, then (using (F.1))

/X gdv— 3" ug(B) g(w)| < LI — bl + ().

Ben

An application of Proposition F.3 to the estimation of Lyapounov exponents is
given in Chapter 4.
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Convergence of stochastic discretisations

Recall from Chapter 1 the definition of a stochastic discretisation of a dynamical
system (X,T). The Lipschitz metric provides a straight—forward proof of the
following;:

Proposition F.4 Let T : X — X be continuous, and let (n,,{P,(-;-)}) be
a sequence of stochastic discretisations such that 6(n,) — 0. If {u,} denotes
the sequence of invariant measures for the stochastic discretisations, then any
weak— limit point of the sequence {(tn)y, } is an invariant measure for T.

In particular, Proposition F.4 implies that d(n) — 0 is a sufficient condition
for the weak—* convergence of Ulam’s method to some invariant measure. This
result is neither surprising, nor new [23], but is very easy to prove with the
Lipschitz metric.

Historical Remarks

The Lipschitz metric has appeared several times in the literature [35, 63, 18].
In [35], it is used to proof the existence of an invariant measure for an Iterated
Function System consisting of finitely many affine contractions applied in an
ii.d. fashion. Stark [63] proposed a Neural network model for computing the
metric, and in [18], the authors were concerned with characterising the collection
of invariant measures for a dynamical system which are amenable to numerical
approximation. There, d*(-,-) was mentioned as an example of a weak— metric,
although a stronger metric was used for their calculations. Finally, we note that
many results about small random perturbations of dynamical systems [42] have
easy proofs using the Lipschitz metric.
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Cq, uniformly Lipschitz (on S*),
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Cq, 4, uniformly Lipschitz (on R),

31
Ca’ Ak discrete Lipschitz, 33

Cq, of uniformly bounded varia-

tion, 56
Cnr, multi-dimensional, 128
definition of, 19

difference, see difference cone
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norm for, 20
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Finite Range Structure, 73
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Markov operator, 13
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regular rectangular, 117
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